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NOTES ON THE NORMAL SOFT INT-GROUPS OF A SOFT
INT-GROUP

RASUL RASULI

ABSTRACT. In this study, we generalize the concept of normal soft int-groups.
We introduce the concept of normal soft int-groups of a soft int-group and
investigate some of their properties and structured characteristics. Also we
introduce the concepts of homomorphisms and isomorphisms of soft int-groups,
and use them to develop results concerning soft int-groups of a soft int-group.

1. INTRODUCTION

In 1999, Molodtsov [19] proposed an approach for modeling, vagueness and
uncertainty, called soft set theory. A soft set is a parameterized family of subsets
of the universal set. We can say that soft sets are neighborhood systems, and
that they are a special case of context dependent fuzzy sets. In soft set theory
the problem of setting the membership function, among other related problems,
simply does not arise. This makes the theory very convenient and easy to applyin
practice. Some researchers have applied soft sets theory to many different areas

such as decison making [7, 12, 13], algebras [1, 2, 3, 4, 14, 18], topology [5, 1],
fuzzy sets [9, 10, 23] and matrix theory [0, &]. The author, investigated some
properties of soft algebraic structures [15, 16, 20, 21, 22]. The purpose of this

paper is to deal with the algebraic structure of normal soft int-groups, homo-
morphisms and isomorphisms of them . In Section 2, we summarize some basic
concepts which will be used throughout the paper. In Section 3, we introduce
the concept of normal soft int-groups of a soft int-group and investigate some of
their basic properties. In Section 4, we define the concepts of homomorphisms
and isomorphisms of soft int-groups and prove some important results.

2. PRELIMINARIES

This section contains some basic definitions and preliminary results which will
be needed in the sequal. Throughout this work, U refers to an initial universe
set, E is a set of parameters and P(U) is the power set of U.
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Definition 2.1. ( [19]) For any subset A of E, a soft set f4 over U is a set, defined
by a function f4, representing a mapping fa : E — P(U), such that fs(z) =0
if © ¢ A. A soft set over U can also be represented by the set of ordered pairs

fa=A{(z, fax)) |z € E, fa(x) € P(U)}. Note that the set of all soft sets over U
will be denoted by S(U). From here on, ”soft set” will be used without over U.

Definition 2.2. ( [7]) Let f4 € S(U). Then,

(1) fa is called an empty soft set, denoted by @4, if fa(x) =0 for all z € F,

(2) fa is called a A-universal soft set, denoted by f; , if fa(z) =U for all x € E,
(3) fa is called a universal soft set, denoted by fz , if fa(x) =U for all z € E,
(4) the set Im(fa) = {fa(z) : @ € A} is called image of f4 and if A = FE, then
Im(fg) is called image of E under f,.

Definition 2.3. ( [7]) Let fa, fg € S(U). Then,

(1) fa is a soft sub set of fz, denoted by faCfs, if fa(z) C fp(x) for all z € E,
(2) fa and fp are soft equal, denoted by fa4 = fg, if and only if fa(z) = fp(zx)
forall z € F,

(3) the set (faUfp)(x) = fa(z) U fp(x) for all z € E is called union of f4 and

va
(4) the set (faNfp)(z) = fa(z) N fp(x) for all x € E is called intersection of f4

and fp.
As an illustration, let us consider the following example.

Example 2.4. Let U = {uy, us, ug, ug, us} be an initial universe set and E =
{x1, 9, x3, 24, x5} be a set of parameters. Let A = {x1, 29, 23}, B = {x3, x4, 25}, C =
{1,229}, D = {3, 24}. Define

fa =Lz, {ur, ua}), (w2, {us}), (w3, {us, us})},
f = A{(zs, {ur, ua}), (24, U), (w5, {us})},
fo ={(21,U), (22, U)},
fo =A{(zs,{}), (@, {})}.

Then for all z € E we have

(faOfp) (@) = {(z1, {ur, ua}), (w2, {us}), (w3, {us, us, wr), (24, U), (w5, {us})}
and
(fanfp)(z) = { (23, {us)}.
Also fc = fz and fp = Pp.

Remark 2.5. foC fg does not imply that every element of f, is an element of fz.
Then the difinition of classical subset is not valid for the soft subset. For example,

let U = {Ul, Ug, U3, Uy, ’LL5}, E = {l‘l, To, T3, I4}, A= {5(71, 1'2}, B = {Il, 9, ZL’4}. If
fa= {(Jilv {ula u2})7 (:132, {U4})} and fp = {(mla {ulv Uz, u3})’ (IQ’ {U4, u5})7 (1'4, {ul})}v
then faCfp but fa € fp as classical subset.
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Definition 2.6. ( [2]) Let ¢ be a function from A into B and fa, fg € S(U).
Then soft image ¢(fa) of f4 under ¢ is defined by

_J U{fal@) [z € Ap(x) =y} if o l(y) #
o) = { s

and soft pre-image (or soft inverse image) of fp under ¢ is
fB(p(x)) for all z € A.

0
0
e N (fB)(x) =

The following Proposition extends the algebraic structures of soft sets.

Proposition 2.7. Let ¢ be a mapping from A into B and b a mapping from B
into C. Then the following assertions hold:
(1) Let (fa); € S(U),i € I, where I is a nonempty index set, then ©(Uierfa)

Uzel(@((fA)i). Also for any (fa)1,(fa)2 € S(U), if (fA)lé(fA)Z; then o(fa)i ;
p(fa)2
(2) f}(fr any (fg)i € S(U),i € I, where I is a nonempty index set,

¢ ' ((UierfB)i) = Viere™  ((fB):),

e (MierfB)i) = Niere™ ((fB):),
also for any (fp)1, (f8)2 € S(U), if (f5)1S(fB)2, then ™' ()1 C ¢ (f5)2.
(3) Let f4 € S(U), then o (o(fa)) 2 fa. In particular, if ¢ is an injection, then

0 Y (o(fa)) = fa, and hence, fa — @(fa) is an injection and fz — ¢ (fB) is a
surjection.

(4) If fg € S(U), then o(0™'(f) C fp. In particular, if @ is an a surjection,,
then p(¢~'(fB) = fB, and hence, fo — ©(fa) is an surjection and fg — ¢ ' (fB)
18 @ injection.

(5) Let fa, fg € S(U). Then o(fa) C fp if and only if fa C o~ (fB).

(6) Let fa, fo € S(U). Thenp(p(fa)) = (p)(fa) and o~ (¥~ (fe)) = (p) ' (fo).

Proof. 1t is clearly that the assertions (1) and (2) hold.
(3) For any z1 € X, f4 € S(U) we have that

o (o(fa) (1) = @(fa)(p(x1) = U{fa(z2) | 22 € A, 0(21) = @(22)} D (1).

In particular, when ¢ is an injection o~ (¢(fa))(z1) = ©(x1).
(4) For any y € Y, fg € S(U) we have that
Pl (fB)(y) = Vi ' (fp)(2) | € A, 0(2) = y}
=U{p (f)(e(@)) |z € A p(x) = y}
= U{/alp(2)) 2 € A, o(z) =y}
:{ faly) ify € p(A)
0 ify ¢ p(A)

C fa(y).

If o is a surjection, then o(o ' (fp) = 5.
(5) Assertion is an immediate consequence of the four preceding assertions.
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(6) Let fa € S(U),c € C. Then

Y(e(fa)(c) = UH{e(fa) () |y € B,w(y) = ¢}
=U{U{fa(z) |z € A,p(x) =y} |y € B,9¥(y) = c}
= U{/fa(z) [z € A, (Yp)(z) = y}
= (Y)(fa)(c).
Also if fo € S(U),xz € A, then

(W) (fo))(x) = fe(W(p(2) = v (fo)(p(@)) = ¢~ (7 (fe) ().
0J

Definition 2.8. ( [2]) Let G be a group and fg € S(U). Then, f¢ is called a soft
intersection group (int-group) over U if fo(zy) 2 fa(x) N fo(y) and fo(z™!) =
fo(x) for all x,y € G.

Throughout this paper, G denotes an arbitrary group with identity element e
and the set of all soft int-groups with parameter set GG over U will be denoted by
Sc(U). For short, instead of 7 fg is a soft int-group with the parameter set G
over U7 we say ” fg is a soft int-group.”

Definition 2.9. ( [I7]) Let G be a group and A, B C G. Then, the soft product of
soft sets fa and fp is defined as (faofp)(z) = U{fa(u)Nfp(v) | uv = z,u,v € G}
for all z € G.

Definition 2.10. ( [2]) Let G be a group. Then, the soft set fg is called normal
soft int-group if fg(xyz™!) = fa(y) for all z,y € G. Let NSg(U) denotes the set
of all normal soft int-groups in G.

Definition 2.11. ( [2]) Let f4 € S(U) and a € P(U). Then, a-inclusion of the
soft set fa denoted by f¢ , is defined as f§ = {z € A| fa(z) 2 a}. If = () then
the set fi = {x € A| fa(zx) # 0} is called support of fa.

Theorem 2.12. ([17]) Let fo € S(U) and o € P(U). Then fo € Sq(U) if and

only if f& is a subgroup G, whenever it is nonempty.

Definition 2.13. ( [2]) Let fo € Sg(U). Then, e-set of fg denoted by ey, is
defined as ey, = {x € G | fa(x) = fa(e)}.

Theorem 2.14. ([2]) Let fo € Sq(U). Then fa(e) 2 fa(x) for all x € G.

3. NORMAL SOFT INT-GROUPS OF A SOFT INT-GROUP

In this section, we define normal soft int-groups of a soft int-group and study
some of their basic properties.

Definition 3.1. Let G be a group,A C G,a € P(U). We define oy € S(U) as

follows:
() = a forze A
PAI=1 0 forx e G\ A
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In particular, if A is a singleton, say, y, then a4 is denoted by ay,;. We refer to
14 as the characteristic function of A as follows:

() = U forxzecA
ANT) = 0 forzreG\A

Definition 3.2. Let fg, g¢ € Sq(U) and fCgq. Then fg is called a normal soft
int-group of gg, written fo>gq, if fo(zyz™) D fa(y) Ngg(x) for all x,y € G.

Corollary 3.3. The following statements are immediate from Definition.

(1) If Gy and Go are two subgroups of G, then Gy is a normal subgroup of Gy if
and only if 1g, is a normal soft int-group of 1¢,.

(2) Let fa € NSa(U), go € Sa(U) and faCga. Then fa>ga-

(8) Every soft int-group is a normal soft int-group of itself.

(4) fa € NSq(U) if and only if fo>1g.

Proposition 3.4. Let fq, 9o € Sa(U) and foCgq. Then the following assertions
are equivalent:

(1) fa>ge-

(2) falyz) 2 falzy) Nga(y) for all z,y € G.

(3) fa(e)wofa 2 (faofa(e)iay) Nyga for all x € G.

Proof. (1) = (2) : Assume z,y € G. Then

falyz) = falyzyy™) 2 fa(zy) Nga(y).
(2) = (3) : let z,y € G. Then

(fele)@rofe)y) = U{fa(e) @ (y) N fa(y2) | viye = v, 1,2 € G}
= U{fale) N faly2) [ 2y2 = y, 2,92 € G}
= fa(y2)
= fo(z7"y)
and also (feofa(e)(y)(y) = fa(yz™'). Now (2) completes the proof. .
(3) = (1) : Let x,y € G. By condition (3) we have that fo(z7'y) 2O fo(yz™') N
9c(y). Now

fo(ryr™) = fo((zy)a™") 2 fala™ (zy) Nge(=™) = faly) N ga(2).
0

Proposition 3.5. Let fo,96 € Sq(U). Then fq is a normal soft int-group of ga
if and only if f& is a normal subgroup of g& for all o € P(U).

Proof. Let fg is a normal soft int-group of g5 and a € P(U).

Then from Theorem 2.12 f& is a subgroup of g&. Assume that x € g&,y € f&
then gg(z), fa(y) 2 a and so fo(ryz™) 2 fo(y) Nge(xr) 2 aNa = a. Hence
zyr~' € f& and f& is a normal subgroup of g&.

Conversely, suppose that f& is a normal subgroup of ¢g& for all &« € P(U) so by
Theorem 2.12 fg is a soft int-group of gg. Let z,y € G,«, 5 € P(U) such that
foly) = a,g6(z) = B. If v = an B, then y € f) and so zyz~! € fL. Thus
folzyz™") 2y =anp = fa(y) Nge(x) O
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Proposition 3.6. Let fq,9c € Sq(U) and fg is a normal soft int-group of gg.
Then

(1) If faCga, then ef, is a normal subgroup of e,
(2) If for alla # 0 # B in P(U) , aNB # 0, then f§ is a normal subgroup of gf.

Proof. (1) Let = € ey, and y € ey, then go(z) = ga(e), fa(y) = fa(e). Now
fa(zyz™) 2 faly) N ga(x) = fale) Ngale) = fale).

Also from Theorem 2.14 fg(e) 2 fo(zyxz™"). Then fo(zyx™') = fo(e) and so ey,
is a normal subgroup of e, .

(2) Let z € g5 and y € f4 Then faly) # 0 # ga(x). Since fo(ayz) 2
Jo(y) O ga(@) £ 050 folaya 1) # 0 and 5 g 0

Proposition 3.7. Let fg € NSg(U) and g € Sq(U). Then (faNga)>ga-
Proof. Let x,y € G. Then
(faNga)(xy) = falzy) N ga(zy)
2 fa(z) N faly) Nga(x) Nga(y)
= fa(z) Nga(z) N fa(y) N ga(y)
= (feNge)(z) N (feNge)(y)

fillus (feNge)(zy) 2 (feNge)(z) N (feNge)(y).

(feNge) (@) = falz™") Nga)(z™") = fa(x) Nga)(z) = (fehge)(z)
and so (faNge) € Sa(U). Now feNge C go and
(feNga)(zyz™") = fa(zye™) N ga(ayz™)
= fa(y) Nga(zyz™)
2 fa(y) N ga(x) Ngaly) Ngale™)
= (faNge)(y) N g ().

Hence (feNga)>gc- O
Proposition 3.8. Let fq, 9q, hg € Sq(U) such that fg,ga>hg. Then (faNga)>ha.
Proof. Clearly, (faNge) € S¢(U) and (feMge) C he . If 2,y € G, then

(faNge)(wyz™) = fo(zyz™") N ga(rys™)
2 fa(y) Nha(z) N gay) Nhe(z)
= (faNge)(y) N ha(x).

Therefore (feNga)>ha. O

Lemma 3.9. Let fo € Sq(U) and H be a group. Suppose that ¢ is an epimor-
phism of G onto H. Then ¢(fg) € Sg(U).
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Proof. Let u,v € H. Then u = f(x) and v = f(y) for some z,y € G. Now
p(fa)(uww) = U{fa(2) |z € G,p(2) = uv}

2 U{fa(zy) | =,y € Gou= f(z),v=f(y)}
2 U{fa(@)N fely) |2,y € Gu= f(x),v=f(y)}
= (U{fe(@) |z € Gu= f(x)}) N (W{fcy) |y € G.v=f(y)})
= p(fe)(w) Ne(fe)(v).

Clearly, (fc)(u™) = ¢(fe)(u). Hence ¢(fc) € Su(U). O

Proposition 3.10. Let fg,g9q € Sc(U) and fe>gc. If H be a group and ¢ a
homomorphism from G into H, then o(fq)>¢(9q).

Proof. From Lemma 3.9 and Proposition 2.7 we have that ¢(fa), v(9c) € Su(U)
and ¢(fq) C ¢(gg) respectively. Let z,y € H, then

p(fo)(ayz™) = U{fa(2) | z € G, p(u) = zya™"}
2 U{fa(uvu™)) |u,v € G o= p(u),y = (v)}
2 U{fa(v) Nga(u) |u,v € Goo = p(u),y = p(v)}
= (U{fa(v) [v e Gy =p(v)}) N (U{ge(u) | ue G,z =p(u)})
2 w(fely)) Nelga(x)).

Then ¢(fc)>¢(g6)- D

Lemma 3.11. Let H be a group and gy € Sy (U). If ¢ is a homomorphism of G
into H, then ¢~ (gr) € Sa(U).

Proof. Let x,y € G. Then

Also
o gm) (@) = gule(x™) = gulp ' (2)) = gu(e(x) = ¢ (gu)(x).
Then ¢~ (gg) € Sq(U). O

Proposition 3.12. Let H be a group. Let fy, gy € Sy(U) and fy>gy. Let ¢
be a homomorphism from G into H. Then o ' (fu)>0 (gn).
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Proof. By Lemma 3.11 and Proposition 2.7 we obtain ¢! (fx), o (gx) € Sa(U)
and ¢ (fr) C o Y(gm) respectively. Now for all z,y € G we have that

Hence o' (fu)>0 (gn). =

4. HOMOMORPHISMS AND ISOMORPHISMS OF SOFT INT-GROUPS

Definition 4.1. Let G and H be groups and let fg € Sg(U), gy € Sy(U).
(1) A homomorphism ¢ of G onto H is called a homomorphism of fg onto gy if

¢(fa) = gu and we write forgp.
(2) An isomorphism ¢ of G onto H is called an isomorphism of fs onto gp if

o(fa) = gn and we write fg = gy.

Proposition 4.2. Let fg € Sq(U),N > G and let x € G such that [z] denotes
the coset xN. Define g : G/N — P(U) as g([z]) = U{fc(2) |z € [z]}. Then
g < Sg/N(U).

Proof. Let x,y € G. Then
(1)
9([z][y]) = UW{fe(2) | = € [zy]}
= U fe(w) [u € [z],v € [y]}
2 U{fe(u) N fe(v) |u e [z],v € [y]}
= (UW{fe(u) lu e [z]}) N (U{fc(v) |vely]})
= g([z])g([y)).

g([2]™") = g([=7'])
=U{fa(2) |z € [+7']}
= U{fe(w™) |w™ € [27]}
= U{fe(w) |w € [2]}
= g([=]).
Therefore g € Sg/n(U). O
The soft int-group ¢ defined in Proposition 4.2 is called the quotient soft int-

group of fo of G relative to the normal subgroup N of G and is denoted by
fa/N.



NOTES ON THE NORMAL SOFT INT-GROUPS OF A SOFT INT-GROUP 49

Definition 4.3. Let fg,9c € Sq(U) and fg>gq. If for all a # () # B in P(U),an
B # (), then from Proposition 3.6 f is a normal subgroup of ¢ and so gg| gt €
Sg=(U). Now by Proposition 4.2 the factor soft int-group of galyx relative to f¢
exists. We denote this factor soft int-group by gg/ fe and call it the quotient soft
int-group of gq relative to fg.

Proposition 4.4. Let fo>gc and for all o # 0 # 8 in P(U),aN B # (. Then
9clgz, = 9a/ fa-

Proof. Let ¢ be the natural homomorphism from g, onto g5/ f&. Let x € g and
[x] = x f&- Then o(galg)([2]) = U{gale, (2) | ¢(2) = [2]} = U{ga(y) [y € 2]} =
(9c/fe)([=]).

Hence galy:, ~ ga/ fa- OJ

Proposition 4.5. Let G and H be two groups and gg € Sc(U),hy € Sg(U), 9c =~
hy. If for all « # 0 # 5 in P(U),aN S # 0, then there exists a normal soft int-
group fa of ga such that ga/fc = hun,-

Proof. If go =~ hpg, then there exists an epimorphism ¢ of G onto H such that
©(9g) = hy. Let © € G and define fg : G — P(U) as

folz) = ga(x) for z € Kery
G\t) = () forxze G\ Kerp

Clearly fg C gg and let x,y € G.
(1) If z,y € Keryp, then
fa(zy) = gal(zy) 2 ga(x) N galy) = fa(@) N fa(y)

and

fo(z™) = ga(z™) = go(x) = fo(x).
(2) If x € Kerg,y € G\ Keryp, then

fa(zy) =02 ga(z) N0 = fa(z) N faly)

and

fo(z™") = ga(z™) = go(z) = fo(x).

(3) Ifz,y € G\ Kergp, then fo(zy) = fo(z) = faly) = 0.
Hence fo € Sg(U). Now we prove fo>gg.
(1) If z € Kery,y € G, then yzry~! € Kery and so

(2) Ifz € G\ Kerp,y € G, then fg(x) =0 and fo(yzy™') 2 0 = fao(z)Nga(y).
Hence fo>gq.
Since gg ~ hy then p(gf) = hé. Let ¢ = ¢

gz, and so ¢ is a homomorphism of
G
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g& onto hy, and Kery = f§. Then there exists an isomorphism 7 of g/ f& onto
h%, such that for all x € g, z € h}; we have n([z]) = ¥(z) = p(z) and so

n(9c/ fa)(z) = H(ga/ fe)([2]) | = € g&. n([x]) = =}
=U{Wge(y) |y € 2]} | € g5 (@) = 2}
=U{9c(y) [y € 95 ¥ (y) = 2}
=U{gc(y) |y € G, p(y) = 2}
= hy(z).
So ga/fa = hilns, - O
Proposition 4.6. Let fg, 9q,ha € Sa(U), fa>ga and fq, go>hg. If for all o #
0 # B in P(U),an B #0, then (ha/fa)/(96/fe) = ha/ga-

Proof. From Proposition 3.7 f& > g7 and f5, g5 B hi,. Let o € hy and define
v (ha/ 1696/ 16) — (he/gs) ast p(afe(96/ f6)) = 295 Then ¢ is an iso-
morphism of Groups. Now
o((ha/fe)/(9a/ fe))(xge) = ((ha/ fa)/(9a/ fe)) (@ fe-(9a/ 1e)
=U{(ha/fe)yfec) |y € he ulfc € xfe(96/fa)}
— U{Utha(2) | 2 € ufe} |y € Wiyl € 2fi (o) F2)}
— Ulha(2) | 2 € W 2f5 € 2595/ £2)}
— Ulhe(2) | = € off g/ fo)}
=U{ha(2) | 2 € he, ¢(2) € 29}
= (ha/fe)(xge)-

Therefore (hg/fa)/(9a/fa) = ha/9c. O
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