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WEAK SOLUTIONS OF FRACTIONAL p-KIRCHHOFF
PROBLEM WITH NONLOCAL NEUMANN CONDITION

Y. C. BASSONON'*, K. KANSIE2, A. OUEDRAOGO?

ABSTRACT. The existence of a weak solution to a Schrodinger-Kirchhoff- type
problem involving the fractional p-Laplacian with a homogeneous Neumann
type boundary condition is the focus of this essay. This p-Neumann boundary
condition arises from a simple probabilistic consideration. The Berkovits degree
theory is used to establish the existence of weak solutions under certain suitable
conditions.
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1. Introduction

The fractional p-Laplacian equation of the Schrodinger-Kirchhoff type is
investigated in this paper. We consider the following nonlocal problem :

Mm(1)

5 ) [(C230) + B@IIP20] = M. 9) + g(a) 91720 in 0,

N59 =0 in RM\Q,
(1.1)

where  is a bounded open domain of RY, Q = (RY x RM)\(RM\Q x RV\Q),
M Rt — RT, 8 : RY — R" is a potential function and g(x) > 0. The
fractional p-Laplacian operator (—A); is defined for 0 < s < 1 < p < oo with
ps < N :

v 9(@) = I 20 = 9W)
(=A)d(x) P.V/RN [V dy, © € R™.
Moreover,

NE9(z) = / ) '19(5”)_ﬂy(j!p;%f*ﬁ(y))dy, reRN\Q,  (12)
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is the nonlocal p-derivative, also called the nonlocal p-Neumann boundary condi-
tion, which and describes the natural Neumann boundary condition in presence
of the fractional p-Laplacian. This type of condition is referred to as a nonlocal
Neumann boundary condition; we refer the readers see to [2, 13] for the case
p =2 and [4, 17] for the general case. In our setting, p > 1 and s € (0, 1).

The definition in (1.2) was introduced in [4] where the basic integration-by-parts
formula was established. This type of Neumann condition for nonlocal operators
generalizes the classical Neumann boundary condition as a limiting case and ad-
mit a clear probabilistic interpretation.

In recent years, there has been growing interest in the study of fractional Lapla-
cian and non-local operators. Applications for this type of operator arise pop-
ulation dynamics, continuum mechanics, image processing, and phase transition
(3, 8 9, 10]. N. Laskin proposed a nonlinear fractional Schrédinger equation in
the setting of fractional quantum mechanics by generalizing the Feynman path
integral from Brownian-like to Lévy-like quantum mechanical paths [14, 15]. Us-
ing the concentration-compactness concept, Xiang et al. investigated a particular
case of problem (1.1) involving a critial exponent term (see [23]). Additionally,
Pucci et al. examined the following problem under homogeneous Dirichlet con-
ditions via the Ekeland variational principle in [19] :

//R2N |z — ’N+p1’pdxdy>(_A>fa(“) +V(2)|ulP~?u = f(z,u) + g(x) in RY.

Recently, Talibi et al. studied with the following Kirchhoff problem by means of
topological degree theory (see [21]) :

M(/ Q%d:pdy)(—A);(u) — f(z,u) in Q.

u =0 1in RM\Q.

The topological degree technique has gained increasing importance as a tool for
establishing the existence of solutions to nonlinear partial differential equations.
The abstract framework used here is developed in [6] for operators of generalized
monotone type. The authors of [16] studied nonlinear equations for compact
perturbations of the identity in infinite-dimensional Banach spaces, where the
topological degree theory was first formulated in this setting. We refer the reader
o [1, 11], where this theory has been applied to various elliptical problems.
Inspired by the above work, we establish existence results for a fractional p-
Kirchhoff Schrodinger problem under nonlocal Neumann boundary conditions
without assuming standard variational compactness conditions. Our approach
relies on the Berkovits topological degree for pseudo-monotone operators.

The originality of the problem (1.1) lies in the pseudo-monotone structure of the
operator and the absence of the Palais-Smale condition. Moreover, the Berkovits
degree’s use in a fractional p-Kirchhoff framework of Neumann type has not been
addressed previously in the literature. To support these theoretical results, we
make an adaptation with the finite element method. For this, we consider the
recent work of Bassonon et al. in [7] and Padhy et al. in [18].
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This paper is organized as follows. In Section 2, we recall the Berkovits degree
theory and provide some background on fractional Sobolev spaces. In section
3, we set up the functional framework and establish several technical lemmas.
In Section 4, we prove Theorem 4.1 under the stated hypotheses and technical
lemmas, thereby establishing the main result. Finally, we make an application
with the finite element method in Section 5.

2. Preliminaries

2.1. Fractional Sobolev spaces.
To properly define our functional spaces, we recall the hypotheses on the potential
5. We assume that

(b)) B € C(RY) satisfies i%fNﬁ(m) > [y > 0 where [, is a constant.
Te

(by) There exists h > 0 such that lim sup meas({a: € Bi(y) : B(z) < c}) =0

[y|—>+00

for any ¢ > 0
where as already noted Bg(x) denotes any open ball of RY centered at x and of
radius R > 0, while we simply write Bg when z = 0.
Condition (by), which is weaker than the coercivity assumption: f(x) — oo as
|z| — oo was originally introduced by Bartsch and Wang in [5] to overcome the
lack of compactness.
Then, we recall some notations and definitions, and some of the results that will
be applied to this work.
Let 0 < s < 1 < p < oo be real numbers and we define p? the fractional critical
exponent giving by

Np
pi=3 N—sp

00 if sp>N.

Let © an open set in RY and Q = (RN x RY)\(RVM\Q x RM\Q). It is obvious
that € x Q is strictly contained in Q.

Next, we define the fractional Sobolev space, which can be suitably modeled to
deal with fractional Neumann boundary conditions. To do that, fix a bounded
domain with Lipschitz boundary 2 ¢ RY, N > 1 and ¥ : RV — R measurable.
W is a linear space of Lebesgue measurable functions from RY to R such that
the restriction to €2 of any function ¥ in W belongs to LP(2) and

[ [ Bt o
Q

if sp <N,

|z — y|Ntes

The space W is equipped with the norm

I z) —JIy)lP 1/p
e (o =

|z —y| Ve
And the closed linear subspace

Wo={90eW : 9=0ae in R"\Q}.
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In Wy, we may also use the norm

19w, = (/ , wdxdy>l/p_

|z — y|NVtrs

It is known that (Wo, || - ||w,) is a uniformly convex reflexive Banach space (see
[22]), it dual is indicated by (W, || - [lws).

Lemma 2.1. [12] The following embedding Wy — L(2) is compact for all
1 <0 < p:, and continuous for all 1 < 6 < pi.

For the rest of the work, we introduce the space adapted to our problem. For
this, we define the function space

X,, = {9 :RY — R measurable : |||

Xop < OO}

Xop = </Qﬁ($)|19(:n)|pd$+/ Q%du@ym.

Let us note further that

where

1]

191 = [ Blo@Pds.
Lemma 2.2. X, is a reflexive Banach space with norm || - |

Proof.
First, we show that [ - ||x,, is a norm. If |||
¥ =0 a.e. in 2. Moreover, we have

— p
[ By,
R2N\ (C)2

Xsp*

x,, = 0, we have ||J|,3 = 0, so

|z — y|Ntrs

hence [9(x) — J(y)| = 0 in R?2M\(CQ)?%. In particular, we can take x € CQ) and
y € Q to obtain

V(z) =9 (x) —I(y) =0.
In this way, we have ¥ = 0 a.e. in RV,
Now, we prove that X, is complete, and to do this we take a Cauchy sequence
(Ug)r in Xs,. In particular, ¥y is a Cauchy sequence in LP(2) and so (up to a
subsequence) there exists ¥ € LP(§2) such that ¥ converges to u € LP(€2) and
a.e. in Q. This means that there exists Z; C €2 such that

|Z1] = 0 and 9 (z) — V(z) for every z € Q\ 7. (2.1)
We also define for every U : RN — R and (z,y) € R*Y

(U (x) = U (y)) XE2N\(CQ)2 ()
|z — y|N/pts

Ty(x,y) =

)
SO

(91(2) = Vn2) = ely) + Va(y) ) xarmcorzio)
|z — y|N/p+s )

Tor(zy) — Topwy) =



WEAK SOLUTION FOR NEUMANN TYPE p-KIRCHHOFF PROBLEM 5

So, Ty, is a Cauchy sequence in LP(R?"), and up to a subsequence we can assume
that Ty, converges to some Ty in LP(R*Y) and a.e. in R?Y. This means that there
exists Z, C R?N such that

|Zy| = 0 and Ty, (2) — Tu(x,y) for every (z,y) € R?M\ Z,. (2.2)
For any z € (), we set

So={y €R": (z,y) e R*"\Zp},
W= {(z,y) e R*V: z € Qandy e RM\S,},

Vi={zeQ: |RV\S,| =0}

If we take (x,y) € W, we have y € R\S,, so (z,y) 2 R*¥\ Z, that is (x,y) € Zs.
From this, we get

W C Z,. (2.3)
From (2.2) and (2.3), we obtain |IW| = 0, so by the Fubini’s Theorem we have

0= W= / RV S, |dz.
Q

which implies that [RV\S,| =0 a.e. x € Q. It follows that |Q\V| = 0.
This together with (2.1) implies that

[\NVAZ)] = [(A\V) U Zi| < IQ\V| + |Z1] = 0.
In particular, V\Z; # 0 (nay, |V\Z1| = Q), so we can take xy € V\Z;. From
(2.1), we have
lim Yy (xo) = V(xp).

k— 400

In addition, since zy € V, we get [RV\S;o| = 0. This means that for a.e. y € R,
(mo,y) € R*N\ Zy and so

lim Tﬁk (IOJ y) - T(LU07 y)

k— 400

Moreover, since 2 x (CQ) C R*V\(CQ)?, we have
(o) — Vi(y)

Ty, (x0,y) := 20— g7 for a.e. y € CA.
From this, we obtain
fim 0u(p) =l [duao) = oo — 9T, (200)]
k—> 400 k— 400

= 19(33'0) - \SUO - y|N/p+sT19k (x(by)

for a.e. y € CQ. This and (2.1) imply that u, converges a.e. in RY, so we can
that 9, converges a.e. to some 9 € RY. Now, since 9 is a Cauchy sequence in
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X, p, for any € > 0 there exists N, > 0 such that, for any h > N,
e’ = liminf [l — iy,
> liminf / B(x)[9n — Ou[Pdz +
Q

k—+o00

— — p
L G RO
k—>+oo Jrany ()2 |z — y|Ntps

/ Wy — O da
Q

v

_ _ p
Iy L= L U
k—+oo Jr2n\ (c)2 |z — 9|
= |1Un =9Ik,

where we used Fatou’s Lemma. So, 9, converges to ¥ in X ,. Starting this pro-
cedure with a generic subsequence, we conclude that X, is complete.

To prove that it is reflexive let us define the space
A = LP(Q(Q),dxdy) x LP(S2, dx). By the standard results, this product space is
reflexive. Then the operator 7" : X ,(€2) — A defined as

V() = 9(y)]|

T, =
o —y|v+

Xo@) (2, Y), Uxq

where xS(+) denotes the characteristic function of a measurable set S, is an
isometry from X ,,(£2) into A (the space A is also equipped with the norm ||| x, ).
Thus, since X, is a Banach space T'(X;,(€2)) is closed subspace of A, so that
T(X;,(€)) is reflexive and therefore, using the fact that 7" is an isometry, X,
as well. O

Lemma 2.3.
The embedding X, — Wy is continuous. As a consequence, X, — LQ(Q) s a
compact embeddings for every 0 € [1,p%).

Proof. From the condition (b;) and the definition of || - ||x,, we have, for each
u€ Xgp

min{1, fo}|[ullw, < [lul
From this, it is follows that X? < Wj.

Since the classical fractional Sobolev space W, compactly embeds in LY(§) (see
[12, Theorem 7.1]), the proof is complete. OJ

Xsp-

2.2. Topological degree framework.

Let V be a real separable reflexive Banach space and V* be its dual space, and let
() be a nonempty subset of V. We recall that — represents the weak convergence
and (-,-) is continuous dual pairing.

Let VW be another real Banach space. Now, we introduce some topological degree
results and properties.



WEAK SOLUTION FOR NEUMANN TYPE p-KIRCHHOFF PROBLEM 7

Definition 2.4. Let F': 2 C V — W be an operator. We recall that a mapping
F'is:
(1) Bounded, if it takes any bounded set into a bounded set.
(2) Demicontinuous, if for any sequence 95 C Q, ¥, — ¢ implies
F(9y) — F(0).
(3) Compact, if it is continuous and the image of any of any bounded set is
relatively compact.
(4) (S1) type, if any sequence (¢5) C Q with 95 — ¥ and
kirioo sup(F g, v — ) <0, we have ¥, — 0.

(5) Quasimonotone, if ¥, — ¢ implies . lim sup(Fg, v — ) > 0.
—+00
(6) (Sy)r type, with T': Q; C V — V* be a bounded operator such that

Q C Qy, if for any sequence (V) C Q with ¢, — 0, y, := TV, — y and
. lim  sup(F%, yp — y) < 0, we have ¥, — 0.
—+00

Remark 2.5. [24]
We can see that any compact map in a set is quasimonotone in that set. Moreover,
any demi-continuous map of type (Sy) in a set is quasimonotone in that set.

Let O be the collection of all bounded open set in V. For any Q2 C V, we
consider the following classes of operators :

Hi(Q2) = {F:Q— V" /F is bounded, demicontinuous and of type (S;)},

Hrp(Q) = {F:Q—V /F is bounded, demicontinuous and satisfies condition (S )r},
Hr(Q) = {F:Q—V /F is demicontinuous and satisfies condition (S )z},
Hp(V) = {FeFrp(E)/ EcO, TecF(E))}.

Throughout the paper, T € H;(FE) is called an essential inner map to F.

Lemma 2.6. [_6, Lemmas 2.2 and 2.4]
Lets T € Hi(E) be continuous and S : Dg C V* — V be demicontinuous such

that T(E) C Dg, where E is a bounded open set in a real reflexive Banach space
V. Then the following statements are true :

(1) If S is quasimonotone, then I + S oT € Hy(E), where I denotes the
identity operator.

(2) If S is of class (Sy), then So T € Hr(E).

Definition 2.7. Suppose that £ is bounded open subset of a real reflexive Banach
V, T € Hr(E) be continuous and let F, S € Hr(E). The affine homotopy
T:[0,1] x E — V defined by

Y(t,9) = (1 —t)F9 +tSV for (t,9) € [0,1] x E

is called an admissible affine homotopy with the common continuous essential
inner map T

Remark 2.8. ([6]) The above affine homotopy satisfies condition (Sy)z.
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Now, we introduce the Berkovits topological degree for class Hg()V) for more
details see [6].

Theorem 2.9. Let
Mr={(F,E,h) \ E€O, T e Hy(E), F € Hrp(E), h ¢ F(OE)}.

There exists a unique degree function d : My — 7 which satisfies the following
properties :
(1) (Normalization) For any h € E, we have d(I,E,h) = 1.
(2) (Additivity) Let F € Frp(E). If By and E, are two disjoint open
subsets of B such h ¢ F(E\(E, U Ey)), then we have

d(Fa Ea h) = d(F> E17h> + d<F> E2yh)'

(3) (Homotopy invariance) If Y : [0,1] x E — V is a bounded admissible
affine homotopy with a common continuous essential inner map and
h:[0,1] — V is a continuous path in V such that h(t) ¢ Y(t,0F) for all
t € [0, 1], then the value of d(Y(t,-), E, h(t)) is constant for all t € [0, 1].

(4) (Existence) If d(F,E,h) # 0, then the equation F9 = h has a solution
n B

3. Framework of problem

In this part, we will define a weak solution for the problem (1.1). We start by
assuming the following hypothesis :

(A1) : The potential function [ is such that g € L>*(Q) and f(x) > 0 a.e. in
Q.
Moreover, g(x) > 0.

(Ag) : H is a Carathéodory function from 2 x R to R satisfying :

0 <~ < p—1such that |H(z,&)| < Q(a(m) + |f|7>

for all £ € R and a.e. x € (), where g is a positive constant, a(x) is a
positive function in LP'(€2).
(A3) M is a continuous and nondecreasing function from R* to R* and satisfies

mos" "t < M(s) < mysT,

for all s > 0 and mg, m; are real numbers such that 0 < my < m; and

n=1
Definition 3.1. We say that a function ¥ € X, is a weak solution of the problem
(1.1) it
|9z Y2 (x) — 9(y))
v(ioig, )| [ [ = ) - oty

+ 6 I[P = AH (2,0 + 9"
/ (x)|V] ¢dx} / (x,0)p(x)dx / g(x)|Y| o(z)dx
for all ¢ € Xsp-
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Let denote L : X, — X7, defined by

O R e e T

—l—/gﬁ(m)]ﬂ|p21§‘¢dx , (3.1)

(L(V), 9) = ||19|

for all ¥, ¢ € X .
Take into account the following functional

1
V() = M (IWH%S,,,) for all ¥ € X, (3.2)

Also, M be the primitive of the function M, defined by
M [0, 400 — [0,400]

t /A[
Lemma 3.2. Assume that (Ay) — (A3z) holds, then L is bounded and coercive.

Proof. By the Holder inequality and the hypothesis (As), we get
Iz )[P2 -
o] = [pr(i,)[ [ [ = o) — oy

|x — y|Ntps

+ / 6(m)|19|p_219¢dx] ‘

) 19 ot + ([ swras)”™" ([ o)™

< Gl + ([ s@lora)”"] [ielw, + 161,
< il

For the coerciveness, we can write, as n > 1 :

IN

a(

Xsp-

V(x
wn) = w(oig,)[ [ [ sy + [ sjora
n—
> mo(l1%.,)" (191, + 1912,
> IR,

We conclude that
(L(9),9)

9]l x,,, —+o0 |||

XS,P

O

Lemma 3.3. Assume that (Ay) — (As) hold, then the operator L is continuous
operator, strictly monotone and is of type (S.).
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Proof.
According to (3.2), Wy is continuously Gateaux-differentiable in X, and

(W (9), 9) = (L(V),¢) for all ¥, ¢ € Xy,

then L is continuous.
To prove that L is strictly monotone, we define a functional £ : X, — R as

_ 1 [9(z) = d(y)I” / »
E(ﬁ‘)—p/ ) oy dedy + — | B(z)|9|Pdx,
by virtue of [23, Lemma 3.3] , we get £ € C'(X,,,) and

9a) — V)P (x) — 010) g4
.o = [ [ PO o) ~otdoays | swop-oods

Taking into the Simon inequalities [20], for all z,y € RV,

2 —ylP < ¢p(|z]P~2z — |y[P2y) (x — y) for p > 2,

2
=yl < G| (222 — lyl2y) (@ — )| (2l + yP) T for 1 < p < 2,

(3.3)
1

1\-»r
where ¢, = (§> and C, = Pt
We obtain that £’ is strictly monotone. According to [24, Proposition 25.10] ,
L is strictly convex. Moreover as M is nondecreasing, then M is convex. This
prove that W, is strictly convex, since W), = L in X} | as a result L is strictly

$,p?
monotone in X .
Let (Jg)x be a sequence in X, such that
ﬁk — ¢ in Xs’p,
‘ (3.4)
limsup(L(¥y) — L(9), 9 — 1) < 0.
k— 400

We will prove that ¥, — 9 in X .
For each 9 € X, we take into account the functional F(J) : X, — X7 by

9() ~ )20 ) o
F0).0 = [ [ R G = o) —otyysdy + [ a(a)lor-2iod

for all ¢ € X;,. Then, F(¥) is continuous linear function in X;, and

(F@),0)1 < (190" + 1915l

Let ¥ — ¥ in X;, and let {U;}, satisfies (3.4). Then, the weak convergence of
{0k }x in X, implies that

x,, for all ¢ € X, .

lim (F(9), 9 — ) =0,

k—+4oc0



WEAK SOLUTION FOR NEUMANN TYPE p-KIRCHHOFF PROBLEM 11

and {U}}, is bounded in X, ,. The continuity of M implies that {M(Hﬁk] @p)}k

is bounded, then

Jim M (921, , ) (F (00, 90— 9) = 0, (35)
Similarly, we obtain
lim M<||19H§<s,p> <J—"(19), 9y — 19> —0. (3.6)

It follows from (3.4) that

lim <M(Hz9k]

k—>400

Hence, by (3.5) and (3.6),

kirEOOM(ywkngw) <]—“(79k) — F(¥), 04 — q9> —0.

S ) F O = M9, ) 05— 9) = 0.

Moreover, assumption (Ajg) implies that

lim <J—“(19k,) — F(0), 9y — 19> —0.
o If p > 2, then
19, = 9%, < 03<f(19k) ~ F(9), 0 — q9>.

e For 1 < p < 2, we have in the one part
_ _ p/2 2—p/2
W =95 < Co| (Rl dn = 19IE59) Wk = )| (104l 5 + 19155
p/2 2—p/2
< Coa[(F@) = F@), 0 =)™ (10015 + 1912,5)

< Cl{F @)~ Fo).0, - 19>]”/ ’ (194! f?@,,,)”/ " 3.7)

Xap 7]

On the other hand, we have

_ _ p/2
(Iell2ox — 102000~ 0)] " (el + 191,

< O [(Fw0) 7,00 - 0)]" (Wi, + WI%,)T " 39

Finally, by combining (3.7) and (3.8) we obtain

P 2—p/2
19k =97, < Gy

., + 7]

195 = 91k, < Col (F (o) = F ), s - 19>]p/2 (194 ’S(S,p)“h,

therefore, ¥, — ¥ strongly in X .
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Lemma 3.4. Suppose that the hypothesis (As) holds. Then the operator
S Xsp —> X[, defined by

(50.6) = - | (M(a.0) + g(@)l0l2)ola)do, 0,0 € X,y
Q
18 compact.

Proof. We split the proof into three steps.
Step 1
Let ¢ : X,, — L” () be the operator defined by

Yu(z) == —AH(x,9) for ¥ € X, v €.

We show that the operator v is bounded and continuous.
Let ¥ € X, by using the growth condition (A), we obtain

Il < / N (z,9) | dx
Q
< (QA)p’/ (|a(x)|p’+|19|<p—1>p’)da;
Q
< @V [ lae)ldo+ @ [ oFds
Q Q

(N [lall + (oM 917

<
S Om”19||Xs,p

where C,, = max((g)\)p/HaHZ;,(Q)\)p/) (due to a(z) is a positive function in

L” ().
Therefore, 1 is bounded on X ,,.

Next, we show that ¢ is continuous. Let ¥, — ¢ in X,,, then ¥, — ¥ in
LP(Q2), thus there exists measurable function y € LP(2) and a subsequence still

denoted by (¥) such that
Up(x) — I(x)
Oi(x) < x(x)
for almost every = € €). Thanks to (As3), we obtain
H(z,9(x)) — H(z,¥(x)) a.e x € Q
and therefore
[H (2, 04(2))] < o(a(w) + [x(x)")
for a.e. z € (L

Since a(z) + |x(z)[P~' € LP'(Q), we get

[ [H@ o) - B, 00
Q
and by using the dominated convergence theorem, we obtain

Y — 0 in L' (Q).

p/
dr — 0,
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Thus the entire sequence (1) converges to ¥ in L” (Q) and then 1 is contin-
uous.

Step 2

We establish that the operator ¢ defined from X, , into L () by

ed(z) == —g(z) 9], for ¥ € X,, and x €

is bounded and continuous. Let ¥ € X,,. We use the compact embedding
Xs,p == LP(Q) to obtain

ooty = [ |- gt@loro
<l [ 07
Q

e / 9] dz
Q

where s = (r — 1)p’ with s < p. By the continuous embedding LP(Q2) — L*(Q2)
and the compact embedding X, <— LP(Q2), we obtain

led iy < Csllo)]

p/
dx

p
Xsp

This implies that ¢ is bounded on X, .

Step 3

As the embedding I : X,, — LP(Q) is compact, we have that the adjoint
operator I* : LP(Q) — X +, is also compact. Therefore, the compositions I* o
and [* oy from X, into (X, ,)* are compact. We deduce that S = [*o¢)+[* o
is compact, which completes the present proof. O

4. Proof of the main Theorem

In this section, we transform the problem (1.1) into a problem determined by a
Hammerstein equation. Using the Berkovits topological degree theory introduced
in the above section, we prove the existence of weak solution for our problem.

Theorem 4.1. Suppose that (Ay) —(As) holds, then the problem (1.1) has a weak
solution ¥ in X .

Proof. Let 9 € X, then 9 is a weak solutions of the problem (1.1) if and only if
LY = =89, (4.1)

L and S are two operators defined respectively in (3.1) and Lemma (3.4).
According to Lemma (3.2) and Lemma (3.3), the operator L is bounded, contin-
uous, coercive, strictly monotone and of type (S5 ). Then, the inverse operator
T:=L"':X sp — Xs,p exists according to the Minty-Browder Theorem (see
[24, Theorem 26]). Moreover, it is bounded, continuous and of the type (Sy).
In addition, from Lemma (3.4) the operator S is bounded, quasimonotone and
continuous. Consequently, equation (4.1) is equivalent to

Y =Twand w+ S oTw = 0. (4.2)
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We will use the degree theory discussed in Section 2 to solve (4.2). So, we start
first that the set

B = {weX;p|w—l—tSoTwzoforsometE[O,l}}

is bounded in X7 .
Indeed, let w € B and take v := Tw, as n > 1, we obtain

mol|Twl, = molld

Xs,p
» n
< mo(JI91%.,)
n—1
_ p
- uﬂrxs,,) 9.,

ma(
< M., /5 )|9(x !pdx+//%dd]
_ <L(19 >
(o1

= —t<SoTw,Tw>
t/H(:c,ﬁ)z?d:l:—l—t/g(a:)hﬂ’"dx
Q Q

1
< t[o(llall 9] V1) + lglelvllx.,

This implies that {Tv \v € B} is bounded. Since the operator S is bounded
and from (4.2), it follows that the set B is bounded in X7 . Then, there exists a
positive constant R such that

IA

X, + 1l

Jwl[x:, < R for all w € B.

As a result,
w+tS oTw # 0 for all w € BR(0) and all ¢ € [0, 1].
It follows from Lemma (2.6) that

I+SoTefT(m> andI:LoTefT<m).

Since the operators I, S and 7" are bounded, [ + SoT € Frp (BR(O)> and
I ¢ JT"T,B (BR(O)>
Consider a homotopy given by :
A [0,1] x BR(0) — X7,
(t,w) — w+tSoTw

Applying Theorem (2.9), we have
d(] + S o T, BR(O), 0) = d([, BR(O), 0) = 1,
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and as result, there exists a point w € Br(0) such that
w4+ SoTw =0.

As a conclusion ¥ = T'w is a weak solution of problem (1.1).
This achieves the proof. O

5. Numerical discretization scheme

In this part, we construct a numerical discretization scheme. We consider for
this a fractional finite element method. For this study, we adopt the following
assumptions : 1 <p<oo,0<s <1, sp<N.

Also, we consider 0 < my < M(t)] < my(1+1t7), t > 0 with M continuous and
Lipschitz. Moreover, we suppose € L>(Q2), B(z) > fy > 0 and
0<go<g(z)<ag.

From Definition (3.1), we recall that a weak solution of problem (1.1) satisfy:

Ml Al )+ [ 5@) 3w =2 [ Hiwoda
—|—/g(x)|u]r_2uvdx, Yo e X ).
Q

where
Tp(t) = [t]P~2t

and

A= [ [ 20 =)

|z — y| Ve
We take R > 0 and we define

Dgr = {x cRY . dist(x,Q) < R}.

Or = (Dr % DR)\<(DR\Q) x (DR\Q)>
We substitute A by
Ay = [ [ B0 =),
Qr

|z — y| N

Let 7T;, a regular and uniform triangulation of Dy and

h = max diam(K).

KeTy,
We have
Vi, = {Uh c CO(D_R), Up|K & ]P)1<K), K e 7;1}
Let {¢1,...,¢n, } be the usual nodal functions. We have

Np

up(r) = Z Uj¢;(x).
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The discrete problem is:
( Find uy, € V}, such that Vv, € V),

M(Sh(uh))AR(uh,vh)+/Qﬁ($)|uh|p_2uhvhda::)\/H(x,uh)vh (5.1)

Q

+/ 9(@) |up|" " Pupvpda

Su// [un () — unly )|dd—|—/updx.
hUh i 2z — y[Nrer Y Q| |

For v, = ¢;, we obtain the following nonlinear system

where

F(U)=0,i=1,...,Ny. (5.2)
with
F(U) = (Sh(U))/ Jp(un(z )_|;h_(y)|2v[i,(o ) =6 4,

/ B() T, (un)drddz — X / H(z, up) / 0@ To(un)bsdz. (5.3)

Lemma 5.1. Assume that (A1) — (A3) holds and let u a regular weak solution
of (1.1). Let Iyu € Vj, be its Lagrange interpolation. Then, for R — oo and
h — 0,

sup ’FhVR(Ihu; vh)) — 0 (5.4)
vpEVY,
lonllxs,, <1

where Fy, r denotes the residu of the discrete problem.
More precisely,

Fn.r(Inu; Uh)‘ < C(ﬁh(u) + TR(U)) [[onllx.
with
mn(u) — 0 (h — 0) and 7r(u) — 0 (R — 00).

Proof. We consider e, = Iyu — u.
For p > 2, we use the classical inequality

| Tp(a) = Tp(b)] < C(lal + [b])"~?|a — b].
Therefore, by the Holder inequality, we have

p—2
-AR<Ihu7 vh) - AR(“? vh)‘ < C([[hu]s,p,QR + [U]S,RQR) [eh]Sm,QR [Uh]syp,QR'

Since
||]hu — UHW&P(DR) — O,
we have
Ar(Ipu,v) — Ag(u,vy) — 0.
The continuity of M gives
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Also, J,(Inyu) — Jp(u) in LP(Q) where

/ ﬁ[jp(fhu) — Jp(u)|vp, — 0.

Q

Thanks to the compact embedding W*P(Q2) — LI(2), ¢ < p%, we have
H(zx, Iyu) — H(z,u) in L7 (Q)

and
|| 2 Lo — |u|%u

// lua) )l
RN\Dp \x - y‘NHp

and since Qr T @, we get Tr(u) — 0 by the monotone convergence.
Finally, we obtain

Moreover, as

’}"h,R(Ihu,vh)‘ < C(nh(u) + TR(u)> llvn]

Xsp-

17

O

Lemma 5.2. Suppose that (A1) — (As) holds and 1 < q,r < p. Then, every weak

solution uy, of (5.1) satisfy
[l o + llunly < C
where C' > 0 s independent of h.

(5.5)

Proposition 5.3. For each h > 0 and R > 0, the discrete problem (5.1) admits

at least one solution U, € RV».

Proof. Consider
F: RV — RM
as in 5.3. F'is continuous. Therefore,

F(u) - u= M(Sh(up))[us]? + /Qﬁ|uh|pdx — )\/QH(x,uh)uhdx — /Qg|uh|rd:z.

We get
F( ) U> CHuhHspR C.

Thus F(u) - u > 0 on a sufficiently large sphere of R
The Brower’s Lemma then provides

up, € RV F(uy,) = 0.

Theorem 5.4. Let {uy g} be a family of discrete solutions with h — 0,

O

R — oo. Under the previous assumptions, their exist a subsequence such that

up r — u weakly in X,

and
upr — w strongly in L*(Q), 1 <s < pi.

Moreover, u is a weak solution of (1.1)
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Proof. By (5.5), we have

sup ||up,r|lx,, < oo.
hR

The reflexivity of X, gives
up,r — win Xg .
Therefore, the compact embedings gives
upr — win L°(Q), s < pi.
We have
H(x,upp) — H(z,u) and |up g™ 2upr — |u]""u.
For the main term, we use the Minty’s argument to get
Tp(un,r(x) = unr(y)) = Jp(u(r) —u(y)).
Finally, with h — 0 and R — oo in (5.1), we obtain

W) o) ~ ) u) _)o) = o)

M

T — y‘N+sP

+/ﬁ(aj)]u\p_2uvdm:)\/H(x,u)vdx+/g(x)]u|7"_2uvdx,
Q 0 Q

which is exactly the weak solution to the initial problem. O

1
We take for example Q = (0,1)%, p = 3, s = 3 Also, we consider R = 0.5.

We can take Dp = (=R, 1+ R)%.
We get

M(Jlullxz,)(=A)u + B(a)|ul~*u = A (2, u) + g(z)|u]""u
Therefore, we have
Eh = ||u — Uh“LP(Q)

and
log(Ew/Eh)2)
rate = ————+-~.
log?2

Also, n our subdivision, we consider

_1+2R

h
N

and N, = (N + 1)2.

Refinement N  h Ny, E, rate

1 8 M 81 1.300e-1 0.97
2 16 hy/2 289 2.576e-2 0.99
3 32 hy/4 1089 4.268e-2 1.00
4 64 hy/8 4225 3.271e-2 1.00
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We notice that the error estimate tends towards the value 1. So the Py method

is first order in the L? norm. Thus, when the mesh is refined, the numerical
solution converges to the reference solution with a predictable speed.
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