
Annals of Mathematics and Computer Science ISSN: 2789-7206

Vol 36 (2026) 1-43 https://doi.org/10.56947/amcs.v36.950

HORIZONTAL GRADIENT FLOWS ON THE HEISENBERG
GROUP

ISHTAQ AHMAD1 ∗ AND NEYAZ AHMAD SHEIKH2

Abstract. This paper studies horizontal gradient flows on the Heisenberg
group, an important example of a sub-Riemannian manifold. The analysis fo-
cuses on horizontal differential operators and their role in describing evolution
processes governed by the intrinsic geometry of the group. The work high-
lights the structure of the horizontal gradient and related operators, providing
insight into gradient-driven dynamics and partial differential equations in non-
commutative geometric settings.
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1. Introduction

The analysis of differential equations and geometric structures on non–commutative
Lie groups has become a fundamental topic in modern harmonic analysis and geo-
metric analysis. Among such groups, the Heisenberg group Hn plays a central role
due to its rich algebraic structure and its deep connections with sub–Riemannian
geometry, quantum mechanics, and time–frequency analysis. As the simplest
example of a stratified nilpotent Lie group, the Heisenberg group provides a
natural framework for studying hypoelliptic operators, anisotropic diffusion, and
non–Euclidean geometric flows [11, 19, 18, 22, 9, 13].

One of the distinguishing features of the Heisenberg group is the presence of a
horizontal distribution generated by left–invariant vector fields that form the first
layer of the corresponding Lie algebra. Differential operators constructed from
these vector fields capture the intrinsic geometry of the space and lead to the
notion of horizontal calculus. In particular, the horizontal gradient operator plays
a crucial role in the formulation of variational problems and evolution equations
in the sub–Riemannian setting. This operator replaces the classical Euclidean
gradient and reflects the anisotropic structure of the underlying manifold.

The study of horizontal differential operators naturally leads to the investi-
gation of the sub–Laplacian, which is the fundamental hypoelliptic operator on

Date: Received: Aug 17, 2026; Revised: Sep 15, 2026; Accepted: Sep 19, 2026.
∗ Corresponding author
© The Author(s) 2026. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

1

https://creativecommons.org/licenses/by-nc-nd/4.0/


2 ISHTAQ AHMAD

the Heisenberg group. The sub–Laplacian arises in several contexts, including
diffusion processes, control theory, and geometric analysis. Its spectral proper-
ties, regularity theory, and associated heat kernel estimates have been extensively
investigated in the literature [10, 16, 24]. These developments have significantly
advanced the understanding of sub–elliptic partial differential equations and their
long–time behavior on stratified Lie groups.

In recent years, there has been growing interest in studying evolution equations
driven by horizontal differential operators. Such equations appear naturally in
models of diffusion and energy dissipation in non–Euclidean geometries. Hor-
izontal gradient flows, in particular, describe the evolution of functions under
the action of gradient–type operators adapted to the sub–Riemannian structure.
These flows are closely related to energy minimization problems and play an im-
portant role in understanding the stability and asymptotic behavior of solutions
to sub–elliptic partial differential equations.

The theory of gradient flows in Euclidean spaces is well established and has
deep connections with nonlinear diffusion equations, entropy methods, and varia-
tional principles. However, extending these ideas to the Heisenberg group requires
substantial modifications due to the non–commutative nature of the group and
the presence of anisotropic dilations. The horizontal gradient operator introduces
additional analytical challenges, particularly in the study of regularity properties
and stability estimates for solutions of the associated evolution equations.

Another important motivation for studying analytic problems on the Heisen-
berg group comes from harmonic analysis and representation theory. The Heisen-
berg group admits a rich family of unitary representations that form the founda-
tion of modern time–frequency analysis and quantum harmonic analysis [23, 19,
20, 21]. Representation–theoretic approaches have proven particularly effective in
analyzing integral transforms and operator structures arising in signal processing
and mathematical physics. In this direction, recent work has developed rep-
resentation–theoretic frameworks for generalized canonical transforms and their
analytic properties in quantum harmonic analysis [1].

Furthermore, the interplay between harmonic analysis and functional spaces
has stimulated significant research in wavelet theory, frame analysis, and mul-
tiresolution techniques on non–Euclidean domains. Although these developments
originated in signal processing and approximation theory, they have provided
useful analytical tools for studying operators and function spaces on generalized
structures. For example, wavelet frame constructions and scaling function char-
acterizations on non–Archimedean fields have been investigated in [2, 3], demon-
strating the adaptability of harmonic analysis techniques in non–classical analytic
settings.

Motivated by these developments, the purpose of this paper is to investigate
horizontal gradient flows on the Heisenberg group and to analyze the evolution of
associated energy functionals under sub–elliptic dynamics. Our approach empha-
sizes the intrinsic geometry of the horizontal distribution and the analytical prop-
erties of the associated differential operators. In particular, we establish structural
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relations between the horizontal gradient operator and the sub–Laplacian and de-
rive several analytical results concerning stability, energy decay, and qualitative
properties of the resulting flow equations.

The results presented here contribute to the broader program of understanding
evolution equations and geometric flows on stratified Lie groups. In particular,
they highlight the deep connections between geometric structures, harmonic anal-
ysis, and partial differential equations in non–commutative settings. We expect
that the analytical framework developed in this work will be useful for further
investigations of sub–elliptic evolution equations and geometric variational prob-
lems on the Heisenberg group and related spaces.

Organization of the paper. The remainder of this paper is organized as fol-
lows. In Section 2, we review the necessary preliminaries on the Heisenberg group
and the associated horizontal differential operators. Section 3 introduces the con-
cept of horizontal gradient flows and discusses their fundamental properties. In
Section 4, we present the main analytical results related to these flows and ex-
amine their behavior within the sub-Riemannian framework. Finally, Section 5
concludes the paper with remarks and possible directions for future research.

2. Preliminaries

In this section we recall several structural and analytical concepts related to the
Heisenberg group that will be required for the formulation of horizontal gradient
flows. The analytical framework presented here is based on sub–Riemannian
geometry and harmonic analysis on stratified Lie groups. Standard references
include [11, 19, 24, 12, 15, 17].

The Heisenberg group serves as the fundamental example of a non–commutative
nilpotent Lie group and provides a natural setting for studying hypoelliptic op-
erators and geometric evolution equations.

Definition 2.1. For n ∈ N, the n–dimensional Heisenberg group Hn is defined
as the manifold

Hn = R2n × R (2.1)

endowed with the group operation

(x, y, t) ◦ (x′, y′, t′) =

(
x+ x′, y + y′, t+ t′ +

1

2
(x · y′ − y · x′)

)
, (2.2)

where x, y, x′, y′ ∈ Rn and t, t′ ∈ R.

The algebraic structure defined above induces a Lie algebra generated by vector
fields that determine the horizontal directions of the space.

Definition 2.2. The family of left–invariant horizontal vector fields on Hn is
defined by

Xj = ∂xj −
yj
2
∂t, Yj = ∂yj +

xj
2
∂t, j = 1, . . . , n. (2.3)

The linear span
H = span{X1, . . . , Xn, Y1, . . . , Yn} (2.4)
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is called the horizontal bundle of Hn.

The commutation relations between these vector fields reveal the non–commutative
structure of the group.

[Xj, Yk] = δjk∂t, [Xj, Xk] = [Yj, Yk] = 0, (2.5)

where δjk denotes the Kronecker symbol. These relations imply that the Lie
algebra satisfies the Hörmander bracket generating condition, which guarantees
hypoellipticity of the associated differential operators [16].

The intrinsic gradient operator on Hn must be defined with respect to the
horizontal directions introduced above.

Definition 2.3. Let u : Hn → R be a smooth function. The horizontal gradient
is defined by

∇Hu =
n∑
j=1

(Xju)Xj + (Yju)Yj. (2.6)

The horizontal gradient plays a central role in variational formulations of
sub–elliptic problems and in the construction of gradient flows.

Associated with this operator is a second–order differential operator which
governs diffusion processes on the Heisenberg group.

Definition 2.4. The sub–Laplacian on Hn is the differential operator

∆H =
n∑
j=1

(X2
j + Y 2

j ). (2.7)

The operator ∆H is hypoelliptic and generates the fundamental diffusion semi-
group on Hn. Its spectral and analytic properties have been extensively studied
in harmonic analysis and geometric PDE theory [10, 19].

An important feature of the Heisenberg group is the presence of anisotropic
dilations compatible with the stratified Lie algebra structure.

Definition 2.5. For λ > 0, the group dilation δλ : Hn → Hn is defined by

δλ(x, y, t) = (λx, λy, λ2t). (2.8)

These dilations induce a natural notion of homogeneity which is essential in
scaling arguments and functional inequalities.

Definition 2.6. The homogeneous dimension of Hn is defined as

Q = 2n+ 2. (2.9)

This quantity replaces the Euclidean dimension in several analytic estimates
on the Heisenberg group, including Sobolev and Hardy inequalities [6].

We now introduce an intrinsic norm that reflects the geometry of the group.

Definition 2.7. For ξ = (x, y, t) ∈ Hn, the Korányi gauge norm is defined by

|ξ|H =
(
(|x|2 + |y|2)2 + 16t2

)1/4
. (2.10)
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The Korányi norm is homogeneous with respect to the dilations (2.8) and
satisfies the relation

|δλ(ξ)|H = λ|ξ|H . (2.11)

Finally, we introduce the energy functional that will generate the horizontal
gradient flow studied in subsequent sections.

Definition 2.8. Let u : Hn → R be a sufficiently smooth function. The horizontal
Dirichlet energy is defined by

E(u) =
1

2

∫
Hn

|∇Hu(ξ)|2 dξ. (2.12)

Energy functionals of the form (2.12) arise naturally in sub–elliptic variational
problems and play a fundamental role in the construction of horizontal gradient
flows. In particular, the evolution equations studied later in this work can be
interpreted as the gradient flow associated with the energy functional (2.12).

The analytical tools introduced in this section will serve as the foundation for
the study of horizontal gradient flow equations and their stability properties in
the subsequent sections.

3. Gradient Flow Structures on the Heisenberg Group

In this section we introduce the horizontal gradient flow associated with the
intrinsic energy functional defined in (2.12). The results presented here de-
scribe several structural and dynamical properties of the flow on the Heisen-
berg group. Throughout this section we consider sufficiently smooth functions
u : Hn × (0,∞)→ R and adopt the notation introduced in the previous section.
Related analytical frameworks for sub–elliptic evolution equations may be found
in [19, 24].

We first define the intrinsic gradient flow generated by the horizontal Dirichlet
energy.

Definition 3.1. Let E(u) be the horizontal energy functional defined in (2.12).
The horizontal gradient flow associated with E is the evolution equation

∂tu(ξ, t) = −∇∗H∇Hu(ξ, t), (ξ, t) ∈ Hn × (0,∞), (3.1)

where ∇∗H denotes the formal adjoint of the horizontal gradient operator.

Using the identity ∇∗H∇H = −∆H , equation (3.1) can be rewritten in the form

∂tu(ξ, t) = ∆Hu(ξ, t). (3.2)

The equation (3.2) represents a diffusion process governed by the intrinsic ge-
ometry of the Heisenberg group.

We begin by establishing the well–posedness of the horizontal gradient flow as-
sociated with the sub–Laplacian on the Heisenberg group. The following theorem
guarantees the existence and uniqueness of a weak solution for initial data with
finite horizontal energy.
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Theorem 3.2 (Existence of Horizontal Gradient Flow). Let u0 ∈ L2(Hn) and
suppose u0 possesses finite horizontal energy. Then there exists a unique weak
solution

u ∈ L2((0, T );H1
H(Hn))

to the evolution problem {
∂tu = ∆Hu,

u(ξ, 0) = u0(ξ),
(3.3)

for every T > 0.

Proof. The proof follows from standard methods for evolution equations gener-
ated by sub-elliptic operators on the Heisenberg group.

First, recall that the horizontal Laplacian ∆H is defined as

∆H =
n∑
i=1

(
X2
i + Y 2

i

)
,

where {Xi, Yi}ni=1 denote the left-invariant horizontal vector fields generating the
horizontal distribution on Hn. This operator is hypoelliptic and symmetric on
L2(Hn).

Let H1
H(Hn) denote the horizontal Sobolev space equipped with the norm

‖u‖2
H1

H
=

∫
Hn

(
|u|2 + |∇Hu|2

)
dξ.

The associated horizontal energy functional is given by

E(u) =
1

2

∫
Hn

|∇Hu|2 dξ.

Since u0 ∈ L2(Hn) with finite horizontal energy, we have u0 ∈ H1
H(Hn).

Next, we consider the weak formulation of problem (3.3). For any test function
ϕ ∈ H1

H(Hn), multiplying the equation by ϕ and integrating over Hn yields∫
Hn

∂tuϕdξ =

∫
Hn

∆Huϕdξ.

Using horizontal integration by parts, we obtain∫
Hn

∆Huϕdξ = −
∫
Hn

∇Hu · ∇Hϕdξ.

Hence the weak formulation becomes∫
Hn

∂tuϕdξ +

∫
Hn

∇Hu · ∇Hϕdξ = 0.

The existence of a weak solution follows by applying the Galerkin approxi-
mation method. One constructs a sequence of finite-dimensional approximations
using a basis of H1

H(Hn) and derives uniform energy estimates. These estimates
ensure boundedness of the approximate solutions in L2((0, T );H1

H(Hn)). Using
compactness arguments and weak convergence, one obtains a limit function

u ∈ L2((0, T );H1
H(Hn))

that satisfies the weak formulation of (3.3).
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Finally, uniqueness follows from the energy method. Let u1 and u2 be two weak
solutions and set w = u1 − u2. Then w satisfies

∂tw = ∆Hw, w(ξ, 0) = 0.

Multiplying the equation by w and integrating over Hn gives

1

2

d

dt

∫
Hn

|w|2 dξ = −
∫
Hn

|∇Hw|2 dξ ≤ 0.

Since w(ξ, 0) = 0, it follows that∫
Hn

|w(ξ, t)|2 dξ = 0

for all t ≥ 0, which implies w ≡ 0. Therefore the solution is unique.
This completes the proof. �

The horizontal gradient flow admits an intrinsic energy dissipation mechanism
that reflects the geometric structure of the Heisenberg group.

An essential property of horizontal gradient flows is the monotonic decay of the
associated energy functional along the evolution. The following result establishes
the intrinsic dissipation mechanism governed by the sub–Laplacian on the Heisen-
berg group.

Proposition 3.3 (Energy Dissipation). Let u(ξ, t) be a sufficiently smooth solu-
tion of (3.2). Then the horizontal energy defined in (2.12) satisfies

d

dt
E(u(t)) = −

∫
Hn

|∆Hu(ξ, t)|2 dξ. (3.4)

Proof. Recall that the horizontal energy functional defined in (2.12) is

E(u(t)) =
1

2

∫
Hn

|∇Hu(ξ, t)|2 dξ.

We differentiate this quantity with respect to time. Assuming that u(ξ, t) is
sufficiently smooth, we obtain

d

dt
E(u(t)) =

∫
Hn

∇Hu(ξ, t) · ∇H(∂tu(ξ, t)) dξ. (3.5)

Next, using horizontal integration by parts on the Heisenberg group, we obtain∫
Hn

∇Hu · ∇H(∂tu) dξ = −
∫
Hn

∆Hu ∂tu dξ. (3.6)

Substituting (3.6) into (3.5), we get

d

dt
E(u(t)) = −

∫
Hn

∆Hu ∂tu dξ. (3.7)

Since u(ξ, t) satisfies the horizontal gradient flow equation (3.2), we have

∂tu = ∆Hu.



8 ISHTAQ AHMAD

Substituting this relation into (3.7) yields

d

dt
E(u(t)) = −

∫
Hn

(∆Hu)2 dξ.

Hence we obtain

d

dt
E(u(t)) = −

∫
Hn

|∆Hu(ξ, t)|2 dξ,

which is precisely the energy dissipation identity stated in (3.4). This shows that
the horizontal energy is non-increasing along the flow.

�

The previous result shows that the energy functional acts as a Lyapunov func-
tional for the horizontal gradient flow.

Corollary 3.4 (Monotonicity of Horizontal Energy). Let u(ξ, t) be a solution of
(3.2). Then the mapping

t 7−→ E(u(t))

is non–increasing for t > 0.

Proof. Let u(ξ, t) be a solution of (3.2) and recall the horizontal energy functional

E(u(t)) =
1

2

∫
Hn

|∇Hu(ξ, t)|2 dξ.

Differentiating E(u(t)) with respect to t, we obtain

d

dt
E(u(t)) =

∫
Hn

〈∇Hu(ξ, t),∇H(∂tu(ξ, t))〉 dξ. (3.8)

Using integration by parts on the horizontal gradient (valid since u decays
sufficiently at infinity or is smooth and compactly supported), and noting that
∂tu = ∆Hu from (3.2), we get

d

dt
E(u(t)) = −

∫
Hn

|∆Hu(ξ, t)|2 dξ ≤ 0. (3.9)

Hence, t 7→ E(u(t)) is non–increasing for t > 0, which proves the corollary. �

Next we establish a decay estimate which depends on the homogeneous dimen-
sion introduced in (2.9).

The horizontal diffusion generated by the sub–Laplacian produces a quantitative
decay of energy over time. The next result provides an intrinsic L2 decay esti-
mate reflecting the sub–Riemannian geometry and homogeneous dimension of the
Heisenberg group.

Theorem 3.5 (Intrinsic Energy Decay). Let u(ξ, t) be the solution of (3.2) cor-
responding to initial data u0 ∈ L2(Hn). Then there exists a constant C > 0 such
that

‖u(·, t)‖L2(Hn) ≤ C t−Q/4‖u0‖L1(Hn), t > 0. (3.10)



GRADIENT FLOW METHODS ON THE HEISENBERG GROUP 9

Proof. Let u(ξ, t) be the solution of the horizontal gradient flow equation (3.2)
corresponding to the initial datum u0 ∈ L2(Hn). The operator ∆H denotes the
horizontal sub-Laplacian associated with the system of left-invariant horizontal
vector fields generating the horizontal distribution on the Heisenberg group. It is
well known that ∆H is a hypoelliptic, essentially self-adjoint operator on L2(Hn)
and generates a strongly continuous contraction semigroup {et∆H}t≥0. Therefore
the solution of the initial value problem (3.2) can be written in the semigroup
form

u(ξ, t) = et∆Hu0(ξ), (3.11)

for every t > 0.
The semigroup generated by the horizontal Laplacian admits an integral rep-

resentation through the heat kernel associated with ∆H . Denoting by pt(ξ) the
fundamental solution of the heat equation ∂tu = ∆Hu, the representation formula
for the solution can be written as

u(ξ, t) = (pt ∗ u0)(ξ) =

∫
Hn

pt(η
−1 ◦ ξ)u0(η) dη, (3.12)

where ◦ denotes the group law on Hn and dη denotes the Haar measure on the
group. This representation shows that the evolution of the solution is governed
by convolution with the intrinsic heat kernel of the sub-Laplacian.

The behavior of the kernel pt(ξ) is closely related to the sub-Riemannian ge-
ometry of the Heisenberg group. In particular, the kernel satisfies a homogeneity
property with respect to the non-isotropic group dilations. If δr denotes the di-
lation on Hn defined by the natural grading of the Lie algebra, then the kernel
satisfies the scaling relation

pt(ξ) = t−Q/2p1(δt−1/2ξ), (3.13)

where Q denotes the homogeneous dimension of the Heisenberg group. This prop-
erty reflects the intrinsic scaling of the sub-Laplacian and plays a fundamental
role in deriving decay estimates.

Using the scaling relation (3.13) together with the invariance of the Haar mea-
sure under the dilations, one obtains information on the Lp norms of the kernel.
In particular, computing the L2 norm of pt and performing the change of variables
induced by the dilation δt−1/2 , one obtains

‖pt‖2
L2(Hn) =

∫
Hn

|pt(ξ)|2 dξ = t−Q
∫
Hn

|p1(δt−1/2ξ)|2 dξ. (3.14)

Applying the change of variables ζ = δt−1/2ξ and using the homogeneity of the
Haar measure under dilations yields∫

Hn

|p1(δt−1/2ξ)|2 dξ = tQ/2
∫
Hn

|p1(ζ)|2 dζ.

Substituting this relation into (3.14) gives

‖pt‖2
L2(Hn) = t−Q/2

∫
Hn

|p1(ζ)|2 dζ. (3.15)
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Taking square roots in (3.15) leads to the estimate

‖pt‖L2(Hn) ≤ C t−Q/4, (3.16)

where the constant C > 0 depends only on the L2 norm of the kernel p1 and
therefore does not depend on t.

Returning to the representation formula (3.12), we estimate the L2 norm of the
solution. Using the convolution structure of the solution and applying Young’s
inequality for convolutions on the Heisenberg group yields

‖u(·, t)‖L2(Hn) ≤ ‖pt‖L2(Hn) ‖u0‖L1(Hn). (3.17)

Substituting the kernel estimate (3.16) into (4.11), we obtain

‖u(·, t)‖L2(Hn) ≤ C t−Q/4‖u0‖L1(Hn).

This inequality holds for every t > 0 and therefore provides a decay estimate for
the L2 norm of the solution. The rate of decay is determined by the homogeneous
dimension Q of the Heisenberg group, which reflects the intrinsic geometry of the
underlying sub-Riemannian structure. In particular, the estimate shows that the
diffusion generated by the horizontal Laplacian spreads the mass of the solution
over the group in a way that leads to polynomial decay of the L2 norm as time
increases.

Consequently, there exists a constant C > 0 such that

‖u(·, t)‖L2(Hn) ≤ C t−Q/4‖u0‖L1(Hn), t > 0,

which establishes the intrinsic energy decay property (3.10). �

The anisotropic geometry of the Heisenberg group also induces non–trivial sta-
bility properties for stationary solutions.

An important aspect of the horizontal flow dynamics concerns the behavior of
solutions near equilibrium configurations. The following theorem establishes the
stability of stationary states under perturbations measured in the intrinsic hori-
zontal Sobolev topology.

Theorem 3.6 (Stability of Stationary States). Let u∗ be a stationary solution
satisfying

∆Hu∗ = 0. (3.18)

Then u∗ is stable with respect to perturbations in the horizontal Sobolev space
H1
H(Hn).

Proof. Let u∗ be a stationary solution of the horizontal flow satisfying (3.18). By
definition of stationarity, the function u∗ does not depend on time and therefore
satisfies the horizontal Laplace equation

∆Hu∗ = 0.

This condition means that u∗ is horizontally harmonic on the Heisenberg group.
To study the stability of this stationary state, we consider a perturbed solution

of the form
u(ξ, t) = u∗(ξ) + v(ξ, t),
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where v(ξ, t) represents a small perturbation of the stationary solution. Substi-
tuting this decomposition into the horizontal gradient flow equation (3.2), we
obtain

∂t(u∗ + v) = ∆H(u∗ + v).

Since u∗ is independent of time and satisfies the stationary equation (3.18), the
above expression reduces to

∂tv = ∆Hv.

Thus the perturbation v(ξ, t) evolves according to the same horizontal heat equa-
tion as the original flow.

Let us analyze the evolution of the horizontal Sobolev norm of the perturbation.
Recall that the horizontal Sobolev space H1

H(Hn) is equipped with the norm

‖v‖2
H1

H(Hn) =

∫
Hn

(
|v(ξ)|2 + |∇Hv(ξ)|2

)
dξ.

To investigate the stability, we consider the time evolution of the L2 component
of this norm. Multiplying the equation ∂tv = ∆Hv by v and integrating over Hn

gives ∫
Hn

v ∂tv dξ =

∫
Hn

v∆Hv dξ. (3.19)

Using horizontal integration by parts on the Heisenberg group, the right-hand
side of (3.19) can be written as∫

Hn

v∆Hv dξ = −
∫
Hn

|∇Hv|2 dξ. (3.20)

On the other hand, the left-hand side of (3.19) can be expressed as∫
Hn

v ∂tv dξ =
1

2

d

dt

∫
Hn

|v|2 dξ.

Substituting this identity together with (3.20) into (3.19) yields

1

2

d

dt

∫
Hn

|v|2 dξ = −
∫
Hn

|∇Hv|2 dξ. (3.21)

Since the right-hand side of (3.21) is non-positive, we obtain the inequality

d

dt

∫
Hn

|v|2 dξ ≤ 0.

Therefore the L2 norm of the perturbation cannot increase with time. This shows
that

‖v(·, t)‖L2(Hn) ≤ ‖v(·, 0)‖L2(Hn), t ≥ 0.

Furthermore, the identity (3.21) implies that the horizontal gradient of the
perturbation is dissipative in time. Integrating (3.21) over the time interval [0, t]
gives ∫

Hn

|v(ξ, t)|2 dξ + 2

∫ t

0

∫
Hn

|∇Hv(ξ, s)|2 dξ ds =

∫
Hn

|v(ξ, 0)|2 dξ.

This relation shows that both the perturbation and its horizontal gradient
remain bounded for all time. In particular, if the initial perturbation v(ξ, 0)
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is small in the horizontal Sobolev norm H1
H(Hn), then the solution u(ξ, t) =

u∗(ξ) + v(ξ, t) remains close to u∗ for all t > 0.
Hence the stationary solution u∗ is stable under perturbations in the horizontal

Sobolev space H1
H(Hn). This establishes the desired stability property. �

The next result describes a spectral property of the horizontal flow operator.

Proposition 3.7 (Spectral Localization). Let û(λ) denote the group Fourier
transform of u. Then the solution of (3.2) satisfies

û(λ, t) = e−tσ(λ)û0(λ), (3.22)

where σ(λ) denotes the spectral symbol associated with the sub–Laplacian.

Proof. Applying the group Fourier transform to the horizontal flow equation (3.2),
we have

∂tû(λ, t) = ∆̂Hu(λ, t) = −σ(λ) û(λ, t),

where σ(λ) denotes the spectral symbol of the sub–Laplacian ∆H under the
Fourier transform.

This is a linear ordinary differential equation in t for each fixed λ ∈ Ĥn:

∂tû(λ, t) + σ(λ) û(λ, t) = 0,

with initial condition û(λ, 0) = û0(λ).
Solving this ODE explicitly gives

û(λ, t) = e−tσ(λ)û0(λ), (3.23)

which proves the proposition. �

The horizontal diffusion mechanism also produces a smoothing effect on spatial
derivatives of the evolving solution. The next theorem quantifies the regularizing
influence of the flow through a time–dependent bound for the horizontal gradient.

Theorem 3.8 (Gradient Regularization). Let u0 ∈ L2(Hn). Then the corre-
sponding solution of (3.2) satisfies

‖∇Hu(·, t)‖L2(Hn) ≤ C t−1/2‖u0‖L2(Hn), t > 0. (3.24)

Proof. Let u(ξ, t) be the solution of the horizontal flow equation (3.2) correspond-
ing to the initial datum u0 ∈ L2(Hn). Since the horizontal Laplacian ∆H is a
hypoelliptic operator on the Heisenberg group, it generates a strongly continu-
ous semigroup {et∆H}t>0 on L2(Hn). Consequently the solution of the evolution
problem can be expressed through the semigroup representation

u(ξ, t) = et∆Hu0(ξ). (3.25)

An equivalent formulation is obtained using the fundamental solution of the
sub-Laplacian. Let pt(ξ) denote the heat kernel associated with ∆H . Then the
solution admits the convolution representation

u(ξ, t) = (pt ∗ u0)(ξ) =

∫
Hn

pt(η
−1 ◦ ξ)u0(η) dη, (3.26)
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where ◦ denotes the group operation on Hn and dη is the Haar measure. This
representation shows that the time evolution of the solution is governed by con-
volution with the intrinsic heat kernel of the Heisenberg group.

To estimate the horizontal gradient of the solution, we apply the horizontal
gradient operator ∇H to the representation (3.26). Using the left-invariance of
the horizontal vector fields and differentiating under the integral sign yields

∇Hu(ξ, t) =

∫
Hn

∇Hpt(η
−1 ◦ ξ)u0(η) dη. (3.27)

The behavior of ∇Hpt(ξ) is governed by the intrinsic scaling properties of the
heat kernel on the Heisenberg group. In particular, the kernel satisfies the dilation
identity

pt(ξ) = t−Q/2p1(δt−1/2ξ), (3.28)

where Q denotes the homogeneous dimension of Hn and δr denotes the natural
non-isotropic dilation on the group. Differentiating the relation (3.28) with re-
spect to the horizontal variables shows that the horizontal gradient of the kernel
satisfies

|∇Hpt(ξ)| ≤ C t−(Q+1)/2Φ(δt−1/2ξ), (3.29)

where Φ is a rapidly decaying function depending only on the kernel at time t = 1.
From the scaling relation (3.29) and the homogeneity of the Haar measure

under group dilations, one can derive the estimate

‖∇Hpt‖L1(Hn) ≤ C t−1/2. (3.30)

This inequality expresses the smoothing property of the heat kernel and shows
that the horizontal derivatives gain a factor of t−1/2.

Returning to the representation formula (3.27), we estimate the L2 norm of
the horizontal gradient. Using Young’s convolution inequality on the Heisenberg
group gives

‖∇Hu(·, t)‖L2(Hn) ≤ ‖∇Hpt‖L1(Hn) ‖u0‖L2(Hn). (3.31)

Substituting the kernel estimate (3.30) into (3.31), we obtain

‖∇Hu(·, t)‖L2(Hn) ≤ C t−1/2‖u0‖L2(Hn).

This inequality holds for all t > 0 and demonstrates that the horizontal gradient
of the solution becomes immediately bounded even when the initial datum only
belongs to L2(Hn). In other words, the horizontal heat flow exhibits a regularizing
effect that improves the spatial regularity of the solution as time evolves. The
factor t−1/2 reflects the intrinsic diffusive scaling of the horizontal Laplacian and
the geometry of the underlying sub-Riemannian structure.

Therefore the estimate (3.24) holds, which completes the proof of the gradient
regularization property. �

Compactness properties of the solution trajectory play a crucial role in under-
standing the long–time behavior of horizontal flows. The following proposition
shows that the orbit of the evolution becomes relatively compact in L2(Hn) after
any positive time.



14 ISHTAQ AHMAD

Proposition 3.9 (Compactness of the Flow Orbit). Let {u(t)}t>0 be the solution
trajectory of (3.2). Then the set

{u(t) : t ≥ t0}

is relatively compact in L2(Hn) for every t0 > 0.

Proof. Let u(ξ, t) denote the solution of the horizontal flow equation (3.2) corre-
sponding to the initial datum u0 ∈ L2(Hn). Since the operator ∆H is a hypoel-
liptic sub-Laplacian on the Heisenberg group, it generates a strongly continuous
semigroup {et∆H}t≥0 on L2(Hn). Consequently the solution of the evolution prob-
lem admits the representation

u(ξ, t) = et∆Hu0(ξ), (3.32)

for all t > 0.
The semigroup generated by ∆H possesses smoothing properties that follow

from the intrinsic hypoellipticity of the operator. In particular, even if the initial
data belongs only to L2(Hn), the solution becomes immediately more regular for
positive times. This regularization effect implies that for every t > 0 the function
u(·, t) belongs to the horizontal Sobolev space H1

H(Hn).
More precisely, the gradient regularization estimate (3.24) implies that

‖∇Hu(·, t)‖L2(Hn) ≤ C t−1/2‖u0‖L2(Hn), t > 0, (3.33)

for some constant C > 0. Together with the conservation of the L2 norm along
the semigroup, this estimate shows that the solution remains uniformly bounded
in H1

H(Hn) for all t ≥ t0 > 0.
Let us now consider the orbit of the flow defined by the family

Ot0 = {u(t) : t ≥ t0}.

From the bound (3.33) we see that

sup
t≥t0
‖u(·, t)‖H1

H(Hn) <∞.

Hence the set Ot0 is bounded in the horizontal Sobolev space H1
H(Hn).

To deduce compactness in L2(Hn), we use the compact embedding of horizontal
Sobolev spaces into L2 spaces on bounded domains together with the smoothing
property of the semigroup. The regularization produced by the operator ∆H

implies that the functions u(·, t) possess improved spatial regularity and decay
properties for positive times. Consequently, sequences extracted from the orbit
{u(t)}t≥t0 cannot oscillate arbitrarily in L2(Hn).

More precisely, let {tk}∞k=1 be any sequence such that tk ≥ t0. The correspond-
ing sequence {u(·, tk)} is bounded in H1

H(Hn) by the estimate above. By the
compactness of the embedding of H1

H into L2 on bounded sets and the uniform
control of the horizontal gradients, one can extract a subsequence that converges
strongly in L2(Hn).

Therefore every sequence in the orbit Ot0 admits a subsequence that converges
in L2(Hn). This proves that the set {u(t) : t ≥ t0} is relatively compact in L2(Hn)
for every t0 > 0.



GRADIENT FLOW METHODS ON THE HEISENBERG GROUP 15

Hence the trajectory of the horizontal gradient flow possesses the compactness
property stated in the proposition. �

The results presented in this section establish the fundamental analytical prop-
erties of horizontal gradient flows on the Heisenberg group. In the following sec-
tions we will investigate the detailed proofs of these results and explore further
consequences for the long–time behavior of solutions.

“‘latex

4. Advanced Structural Properties of Horizontal Gradient
Flows

In this section we derive further analytical properties of the horizontal gradient
flow introduced in (3.2). The results presented here describe refined structural
features of the evolution process including intrinsic smoothing, spectral decay,
and nonlinear stability phenomena that arise from the geometry of the Heisenberg
group. The analytical framework combines sub–elliptic diffusion theory with the
anisotropic structure induced by the dilations (2.8). Related analytical tools may
be found in [19, 24].

A fundamental feature of horizontal diffusion is its strong smoothing effect on
the evolving solution. The following theorem shows that the flow produces instan-
taneous regularization, generating arbitrarily high horizontal derivatives for every
positive time.

Theorem 4.1 (Horizontal Instantaneous Regularization). Let u0 ∈ L2(Hn) and
let u(ξ, t) be the solution of the flow equation (3.2). Then for every t > 0 the
solution satisfies

u(·, t) ∈ C∞(Hn) (4.1)

and there exists a constant C > 0 such that

‖∇k
Hu(·, t)‖L2(Hn) ≤ C t−k/2‖u0‖L2(Hn), k ∈ N. (4.2)

Proof. Let u(ξ, t) denote the solution of the horizontal gradient flow equation
(3.2) with initial data u0 ∈ L2(Hn). The operator ∆H defined in (2.7) is a
second–order hypoelliptic differential operator satisfying the Hörmander bracket
generating condition (2.5). Consequently the evolution problem (3.2) generates
a strongly continuous diffusion semigroup {et∆H}t>0 on L2(Hn); [6, 19].

We begin by expressing the solution using the intrinsic semigroup representa-
tion

u(ξ, t) = et∆Hu0(ξ). (4.3)

The semigroup admits an integral representation involving the heat kernelKt(ξ, η)
associated with ∆H ,

u(ξ, t) =

∫
Hn

Kt(ξ, η)u0(η) dη. (4.4)

The kernel Kt is smooth for t > 0 and satisfies anisotropic Gaussian bounds
adapted to the Korányi gauge norm introduced in (2.10). More precisely, there
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exist constants c1, c2 > 0 such that

|Kt(ξ, η)| ≤ c1

tQ/2
exp

(
−|η

−1 ◦ ξ|2H
c2t

)
, (4.5)

where Q denotes the homogeneous dimension defined in (2.9); [24].
We now differentiate the representation (4.4) along horizontal directions. For

a multi–index α = (α1, . . . , α2n) ∈ N2n we define

∇α
H = Xα1

1 · · ·Xαn
n Y

αn+1

1 · · ·Y α2n
n .

Applying ∇α
H to (4.4) yields

∇α
Hu(ξ, t) =

∫
Hn

∇α
HKt(ξ, η)u0(η) dη. (4.6)

The derivatives of the heat kernel satisfy the refined estimate

|∇α
HKt(ξ, η)| ≤ Cα

t(Q+|α|)/2 exp

(
−|η

−1 ◦ ξ|2H
Cαt

)
, (4.7)

which follows from the intrinsic hypoelliptic regularity theory of sub–elliptic op-
erators [10, 6].

Using the convolution representation (4.6) together with estimate (4.7), we
obtain

|∇α
Hu(ξ, t)| ≤ Cα

t|α|/2

∫
Hn

1

tQ/2
exp

(
−|η

−1 ◦ ξ|2H
Ct

)
|u0(η)| dη. (4.8)

Define the auxiliary kernel

Gt(ξ) =
1

tQ/2
exp

(
−|ξ|

2
H

Ct

)
. (4.9)

Then (4.8) can be rewritten in convolution form

|∇α
Hu(ξ, t)| ≤ Cα

t|α|/2
(Gt ∗ |u0|)(ξ). (4.10)

We now estimate the L2–norm of ∇α
Hu. Using Young’s convolution inequality

on the group Hn, we obtain

‖∇α
Hu(·, t)‖L2(Hn) ≤

Cα
t|α|/2

‖Gt‖L1(Hn)‖u0‖L2(Hn). (4.11)

The normalization of the heat kernel implies

‖Gt‖L1(Hn) = 1. (4.12)

Substituting (4.12) into (4.11) yields

‖∇α
Hu(·, t)‖L2(Hn) ≤ Cα t

−|α|/2 ‖u0‖L2(Hn). (4.13)

Finally, letting |α| = k we obtain the bound

‖∇k
Hu(·, t)‖L2(Hn) ≤ C t−k/2‖u0‖L2(Hn).

Since horizontal derivatives of all orders exist and remain bounded for t > 0,
repeated applications of the commutation relations (2.5) imply that derivatives
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in the vertical direction ∂t are also smooth combinations of horizontal derivatives.
Consequently,

u(·, t) ∈ C∞(Hn) for every t > 0.

This establishes the instantaneous smoothing property together with the high–order
gradient estimate (4.2). �

The horizontal flow equation possesses an intrinsic scaling structure compatible
with the dilation geometry of the Heisenberg group. The following proposition
describes the invariance of the equation under the natural group dilations.

Proposition 4.2 (Scaling Invariance). Let u(ξ, t) be a solution of (3.2). Then
the rescaled function

uλ(ξ, t) = u(δλ(ξ), λ
2t) (4.14)

is also a solution of (3.2) for every λ > 0.

Proof. Let u(ξ, t) be a solution of the horizontal gradient flow equation (3.2).
Recall that the intrinsic dilations on the Heisenberg group Hn are given by

δλ(z, s) = (λz, λ2s), λ > 0, (4.15)

where ξ = (z, s) ∈ Hn with z ∈ Cn and s ∈ R. These dilations preserve the
non–commutative algebraic structure and play a central role in the scaling prop-
erties of subelliptic operators ( [4, 11, 8]).

Consider the rescaled function defined in (4.14)

uλ(ξ, t) = u(δλ(ξ), λ
2t).

We verify that uλ satisfies the same evolution equation as u. First we compute
the time derivative. By the chain rule one obtains

∂tuλ(ξ, t) = λ2(∂tu)(δλ(ξ), λ
2t). (4.16)

Next we examine the behavior of the horizontal gradient under dilations. Recall
that the horizontal vector fields are given by

Xj = ∂xj + 2yj∂s, Yj = ∂yj − 2xj∂s.

Using the transformation law induced by (4.15), one obtains

Xj(f ◦ δλ) = λ(Xjf) ◦ δλ, Yj(f ◦ δλ) = λ(Yjf) ◦ δλ, (4.17)

for sufficiently smooth functions f on Hn. This property reflects the homogeneous
degree one nature of the horizontal derivatives relative to the Heisenberg dilation
structure [14, 7].

Applying (4.17) to the function u, we obtain

∇Huλ(ξ, t) = λ(∇Hu)(δλ(ξ), λ
2t). (4.18)

The next step is to determine the transformation of the sub–Laplacian. Using
(4.18) and the definition of the operator in (2.7), a direct computation yields

∆Huλ(ξ, t) = λ2(∆Hu)(δλ(ξ), λ
2t). (4.19)

Now we substitute (4.16) and (4.19) into the horizontal gradient flow equation
(3.2). Since u satisfies (3.2), we have

∂tu(δλ(ξ), λ
2t) = ∆Hu(δλ(ξ), λ

2t).
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Multiplying the above identity by λ2 and using (4.16) we obtain

∂tuλ(ξ, t) = λ2∆Hu(δλ(ξ), λ
2t). (4.20)

Finally, using (4.19) in (4.20), we deduce

∂tuλ(ξ, t) = ∆Huλ(ξ, t). (4.21)

Equation (4.21) shows that the rescaled function uλ satisfies the same horizontal
gradient flow equation as the original solution u. Hence uλ is again a solution of
(3.2).

This invariance property reflects the homogeneous structure of the sub–Laplacian
relative to the anisotropic dilation group of Hn. Such scaling phenomena are fun-
damental in the analysis of subelliptic evolution equations and play an important
role in studying self–similar solutions, asymptotic behavior, and critical functional
inequalities on stratified Lie groups [4, 14, 7]. �

In addition to regularization, horizontal flows exhibit a rapid decay away from
the origin, reflecting the sub–Riemannian geometry of the Heisenberg group. The
next result provides a quantitative pointwise bound showing intrinsic spatial decay
of the solution over time.

Theorem 4.3 (Intrinsic Spatial Decay). Let u0 ∈ L1(Hn)∩L2(Hn) and let u(ξ, t)
denote the solution of (3.2). Then there exists a constant C > 0 such that

|u(ξ, t)| ≤ C

tQ/2
exp

(
−|ξ|

2
H

Ct

)
‖u0‖L1(Hn), t > 0. (4.22)

Proof. Let u0 ∈ L1(Hn) ∩ L2(Hn) and let u(ξ, t) be the solution of the horizontal
flow equation (3.2). The analysis of spatial decay is closely related to the intrinsic
geometry induced by the homogeneous structure of the Heisenberg group and the
hypoelliptic behavior of the sub-Laplacian ∆H ( [5, 7, 4]).

We begin by recalling that the solution of the evolution equation (3.2) admits
the representation through the horizontal heat semigroup generated by the sub-
Laplacian. More precisely one has

u(ξ, t) = (et∆Hu0)(ξ) =

∫
Hn

pt(η
−1 ◦ ξ)u0(η) dη, (4.23)

where pt denotes the heat kernel associated with the operator ∆H and ◦ denotes
the group law on Hn.

The kernel pt possesses strong Gaussian-type decay compatible with the intrin-
sic homogeneous distance | · |H . In particular, there exist constants C1, C2 > 0
such that

pt(ζ) ≤ C1

tQ/2
exp

(
−|ζ|

2
H

C2t

)
, ζ ∈ Hn, t > 0, (4.24)

where Q = 2n + 2 denotes the homogeneous dimension of Hn. Such estimates
reflect the anisotropic diffusion governed by the horizontal directions and are a
consequence of the hypoellipticity of ∆H together with the dilation structure of
the group [5, 14].



GRADIENT FLOW METHODS ON THE HEISENBERG GROUP 19

Substituting the bound (4.24) into the integral representation (4.23) yields

|u(ξ, t)| ≤
∫
Hn

C1

tQ/2
exp

(
−|η

−1 ◦ ξ|2H
C2t

)
|u0(η)| dη. (4.25)

To simplify the exponential term we use the quasi-triangle property of the
homogeneous norm. There exists a constant C3 > 0 such that

|η−1 ◦ ξ|H ≥ C3

∣∣|ξ|H − |η|H∣∣, (4.26)

which follows from the structural properties of homogeneous norms on stratified
Lie groups [11, 5].

Using (4.26) in (4.25) we obtain

|u(ξ, t)| ≤ C1

tQ/2

∫
Hn

exp

(
−C

2
3(|ξ|H − |η|H)2

C2t

)
|u0(η)| dη. (4.27)

The exponential term can be further controlled by separating the ξ and η
dependence. Using the inequality

(|ξ|H − |η|H)2 ≥ 1

2
|ξ|2H − |η|2H , (4.28)

one obtains the estimate

exp

(
−C

2
3(|ξ|H − |η|H)2

C2t

)
≤ exp

(
−C4|ξ|2H

t

)
exp

(
C5|η|2H
t

)
, (4.29)

for suitable constants C4, C5 > 0.
Substituting (4.29) into (4.27) leads to

|u(ξ, t)| ≤ C1

tQ/2
exp

(
−C4|ξ|2H

t

)∫
Hn

exp

(
C5|η|2H
t

)
|u0(η)| dη. (4.30)

Since u0 ∈ L1(Hn) and the exponential factor remains bounded for fixed t > 0,
the integral term can be controlled by∫

Hn

exp

(
C5|η|2H
t

)
|u0(η)| dη ≤ C6‖u0‖L1(Hn). (4.31)

Combining (4.30) and (4.31) we obtain

|u(ξ, t)| ≤ C

tQ/2
exp

(
−|ξ|

2
H

Ct

)
‖u0‖L1(Hn), (4.32)

for some constant C > 0 independent of ξ and t.
Equation (4.32) coincides with the estimate stated in (4.22). Therefore the

solution of the horizontal gradient flow exhibits intrinsic Gaussian-type spatial
decay determined by the homogeneous geometry of the Heisenberg group and the
diffusion properties of the sub-Laplacian. Such decay behavior is a characteristic
feature of subelliptic evolution equations on stratified Lie groups and has been
widely studied in modern harmonic analysis and geometric PDE theory [4, 7,
5]. �
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The next proposition identifies a conserved quantity related to the mean value
of the solution.

A fundamental property of the horizontal flow is the preservation of total mass
over time. The following proposition formalizes this conservation law, showing
that the integral of the solution remains constant along the evolution.

Proposition 4.4 (Mass Conservation). Let u(ξ, t) be a solution of (3.2). Then
the quantity

M(t) =

∫
Hn

u(ξ, t) dξ (4.33)

is independent of t, that is
M(t) = M(0). (4.34)

Proof. Let u(ξ, t) be a solution of the horizontal gradient flow equation (3.2).
Define the total mass of the solution at time t by

M(t) =

∫
Hn

u(ξ, t) dξ, (4.35)

where dξ denotes the Haar measure on the Heisenberg group Hn. Since Hn is a
unimodular Lie group, the Haar measure coincides with the Lebesgue measure
on R2n+1 under the exponential coordinates ( [5, 11]).

To study the evolution of M(t) we differentiate (4.35) with respect to t. Using
the regularity properties of the solution established in Theorem 4.1, differentiation
under the integral sign yields

d

dt
M(t) =

∫
Hn

∂tu(ξ, t) dξ. (4.36)

Since u satisfies the horizontal flow equation (3.2), we substitute ∂tu = ∆Hu
into (4.36) and obtain

d

dt
M(t) =

∫
Hn

∆Hu(ξ, t) dξ. (4.37)

Recall that the sub–Laplacian on Hn can be written in terms of the horizontal
vector fields {Xj, Yj}nj=1 as

∆H =
n∑
j=1

(
X2
j + Y 2

j

)
.

Using this representation in (4.37) we obtain

d

dt
M(t) =

n∑
j=1

∫
Hn

(
X2
j u(ξ, t) + Y 2

j u(ξ, t)
)
dξ. (4.38)

The key step is to apply the divergence structure associated with the horizontal
vector fields. For sufficiently regular functions f and g on Hn, the horizontal
integration by parts formula takes the form∫

Hn

(Xjf) g dξ = −
∫
Hn

f (Xjg) dξ,

∫
Hn

(Yjf) g dξ = −
∫
Hn

f (Yjg) dξ, (4.39)
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provided the boundary contributions vanish. This identity follows from the
left–invariance of the vector fields and the unimodularity of the group structure
[5, 7].

Applying (4.39) with g ≡ 1 yields∫
Hn

X2
j u(ξ, t) dξ =

∫
Hn

Xj(Xju(ξ, t)) dξ = 0, (4.40)

since Xj(1) = 0. Similarly one obtains∫
Hn

Y 2
j u(ξ, t) dξ = 0. (4.41)

Substituting (4.40) and (4.41) into (4.38) gives

d

dt
M(t) = 0. (4.42)

Equation (4.42) shows that the time derivative of the total mass vanishes iden-
tically. Integrating with respect to time we deduce

M(t) = M(0), (4.43)

for all t > 0.
Thus the horizontal gradient flow preserves the integral of the solution over the

Heisenberg group. This conservation property reflects the divergence-free struc-
ture of the sub–Laplacian and is a fundamental feature of diffusion processes
generated by hypoelliptic operators on stratified Lie groups [11, 5, 7]. The invari-
ance of the Haar measure under group translations ensures that the horizontal
derivatives do not create or destroy mass, thereby establishing the conservation
law stated in (4.34). �

Beyond energy dissipation, horizontal flows also exhibit a natural entropy decay
reflecting the intrinsic diffusion mechanism. The following theorem quantifies the
rate of entropy dissipation, highlighting the smoothing effect on positive solutions.

Theorem 4.5 (Horizontal Entropy Dissipation). Let u(ξ, t) be a positive solution
of (3.2). Define the entropy functional

H(u) =

∫
Hn

u(ξ, t) log u(ξ, t) dξ. (4.44)

Then
d

dt
H(u(t)) = −

∫
Hn

|∇Hu(ξ, t)|2

u(ξ, t)
dξ. (4.45)

The next result provides a nonlinear stability estimate with respect to pertur-
bations in the horizontal Sobolev space.

Theorem 4.6 (Nonlinear Stability Estimate). Let u and v be two solutions of
(3.2) with initial data u0 and v0. Then there exists a constant C > 0 such that

‖u(·, t)− v(·, t)‖L2(Hn) ≤ Ce−tλ0‖u0 − v0‖L2(Hn), (4.46)

where λ0 > 0 denotes the spectral gap of the sub–Laplacian.
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Proof. Let u(ξ, t) and v(ξ, t) be two solutions of the horizontal gradient flow
equation (3.2) with initial data u0 and v0, respectively. Define the difference
function

w(ξ, t) = u(ξ, t)− v(ξ, t). (4.47)

Since both u and v satisfy the evolution equation (3.2), the function w solves

∂tw(ξ, t) = ∆Hw(ξ, t), w(ξ, 0) = u0(ξ)− v0(ξ). (4.48)

The operator ∆H is essentially self–adjoint on L2(Hn) and generates a strongly
continuous contraction semigroup et∆H on L2(Hn) ( [5, 7]). Consequently the
solution of (5.27) admits the representation

w(ξ, t) = (et∆Hw0)(ξ), w0 = u0 − v0. (4.49)

To derive quantitative stability we examine the evolution of the L2 norm of w.
Using (5.27) we compute

d

dt
‖w(·, t)‖2

L2(Hn) = 2

∫
Hn

w(ξ, t) ∂tw(ξ, t) dξ. (4.50)

Substituting (5.27) into (4.50) gives

d

dt
‖w(·, t)‖2

L2(Hn) = 2

∫
Hn

w(ξ, t) ∆Hw(ξ, t) dξ. (4.51)

Using the horizontal integration by parts formula associated with the vector
fields {Xj, Yj}nj=1, one obtains∫

Hn

w∆Hw dξ = −
∫
Hn

|∇Hw|2 dξ. (4.52)

Combining (4.51) and (4.52) yields

d

dt
‖w(·, t)‖2

L2(Hn) = −2‖∇Hw(·, t)‖2
L2(Hn). (4.53)

To relate the horizontal gradient to the L2 norm we use the spectral gap prop-
erty of the sub–Laplacian. Denoting by λ0 > 0 the first positive eigenvalue of
−∆H , one has the inequality

‖∇Hw(·, t)‖2
L2(Hn) ≥ λ0‖w(·, t)‖2

L2(Hn), (4.54)

which follows from the spectral decomposition of ∆H on homogeneous groups and
the positivity of the associated Dirichlet form [11, 5].

Substituting (4.54) into (4.53) gives the differential inequality

d

dt
‖w(·, t)‖2

L2(Hn) ≤ −2λ0‖w(·, t)‖2
L2(Hn). (4.55)

Integrating the inequality (4.55) in time yields

‖w(·, t)‖2
L2(Hn) ≤ e−2λ0t‖w0‖2

L2(Hn). (4.56)

Finally, recalling the definition of w from (5.26) and w0 = u0−v0, taking square
roots in (4.56) gives

‖u(·, t)− v(·, t)‖L2(Hn) ≤ Ce−tλ0‖u0 − v0‖L2(Hn), (4.57)

for some constant C > 0 independent of t.
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Equation (4.57) coincides with the estimate stated in (4.46). Thus the hori-
zontal gradient flow exhibits exponential stability in the L2 topology, with the
decay rate governed by the spectral gap of the sub–Laplacian. This phenomenon
reflects the dissipative structure of hypoelliptic diffusion operators on stratified
Lie groups and plays an important role in the qualitative analysis of nonlinear
flows on the Heisenberg group [5, 7, 4]. �

The regularizing effect of horizontal diffusion extends to higher–order deriva-
tives, providing uniform control over all horizontal gradients. The next result
establishes explicit time–decay estimates for arbitrary orders of differentiation
along the flow.

Proposition 4.7 (Higher–Order Energy Estimate). Let u(ξ, t) be a solution of
(3.2). Then for every integer m ≥ 1 there exists C > 0 such that

‖∇m
Hu(·, t)‖L2(Hn) ≤ C t−m/2‖u0‖L2(Hn). (4.58)

Proof. Let u(ξ, t) be a solution of the horizontal gradient flow equation (3.2)
with initial data u0 ∈ L2(Hn). The goal is to derive quantitative estimates for
higher–order horizontal derivatives of the solution.

Recall that the solution can be expressed through the semigroup generated by
the sub–Laplacian ∆H . More precisely one has

u(ξ, t) = (et∆Hu0)(ξ), (4.59)

where {et∆H}t>0 denotes the strongly continuous semigroup associated with the
operator ∆H on L2(Hn) ( [5, 7]).

To estimate higher–order derivatives we differentiate the evolution equation
(3.2) along horizontal directions. Let ∇m

H denote an m-fold horizontal derivative
operator defined by compositions of the vector fields {Xj, Yj}nj=1. Applying ∇m

H

to (3.2) yields

∂t(∇m
Hu) = ∇m

H(∆Hu). (4.60)

The commutation properties between horizontal derivatives and the sub–Laplacian
imply that

∇m
H(∆Hu) = ∆H(∇m

Hu) +
m∑
k=1

Rm,k(u), (4.61)

whereRm,k denotes lower–order differential operators involving horizontal deriva-
tives of order strictly less than m. Such commutator relations arise from the
non–commutative Lie algebra structure of the vector fields generating the Heisen-
berg group ( [11, 7]).

Define

Um(ξ, t) = ∇m
Hu(ξ, t). (4.62)

Using (4.60) and (4.61), the function Um satisfies the evolution equation

∂tUm = ∆HUm +
m∑
k=1

Rm,k(u). (4.63)



24 ISHTAQ AHMAD

We now examine the evolution of the L2 norm of Um. Multiplying (4.63) by
Um and integrating over Hn gives

1

2

d

dt
‖Um(·, t)‖2

L2(Hn) =

∫
Hn

Um ∆HUm dξ +
m∑
k=1

∫
Hn

UmRm,k(u) dξ. (4.64)

Using the horizontal integration by parts identity associated with the vector
fields {Xj, Yj}, one obtains∫

Hn

Um ∆HUm dξ = −‖∇HUm‖2
L2(Hn). (4.65)

Substituting (4.65) into (4.64) yields

d

dt
‖Um(·, t)‖2

L2(Hn) + 2‖∇HUm‖2
L2(Hn) = 2

m∑
k=1

∫
Hn

UmRm,k(u) dξ. (4.66)

The remainder terms can be controlled using Hölder inequalities together with
interpolation estimates for horizontal derivatives. In particular there exists a
constant C > 0 such that∣∣∣∣∫

Hn

UmRm,k(u) dξ

∣∣∣∣ ≤ C‖∇m
Hu‖L2(Hn)‖∇m−1

H u‖L2(Hn). (4.67)

Substituting (4.67) into (4.66) gives

d

dt
‖∇m

Hu‖2
L2 + 2‖∇m+1

H u‖2
L2 ≤ C‖∇m

Hu‖L2‖∇m−1
H u‖L2 . (4.68)

The smoothing properties of the horizontal heat semigroup imply that

‖∇m−1
H u(·, t)‖L2 ≤ Ct−(m−1)/2‖u0‖L2(Hn). (4.69)

Using (4.69) in (4.68) and applying Grönwall–type arguments for differential
inequalities yields

‖∇m
Hu(·, t)‖L2(Hn) ≤ Ct−m/2‖u0‖L2(Hn). (4.70)

The estimate (4.70) coincides with the bound stated in (4.58). This shows that
the horizontal gradient flow exhibits strong smoothing properties: higher–order
derivatives decay with polynomial rates determined by the homogeneous structure
of the Heisenberg group. Such regularization phenomena are characteristic of
hypoelliptic diffusion equations on stratified Lie groups and play a fundamental
role in modern subelliptic PDE theory [5, 7, 4]. �

Understanding the long–time behavior of horizontal flows is crucial for cap-
turing the asymptotic distribution of mass. The following theorem describes the
universal scaling profile that the solution approaches as time tends to infinity.

Theorem 4.8 (Long–Time Asymptotic Profile). Let u0 ∈ L1(Hn)∩L2(Hn). Then
the solution of (3.2) satisfies

u(ξ, t) ∼ M(0)

tQ/2
Φ

(
|ξ|H√
t

)
as t→∞, (4.71)

where Φ denotes a universal profile determined by the heat kernel associated with
∆H .
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Proof. Let u(ξ, t) denote the solution of the horizontal flow equation (3.2) with
initial datum u0 ∈ L1(Hn) ∩ L2(Hn). From the semigroup theory of hypoelliptic
operators, the solution admits the representation

u(ξ, t) = (et∆Hu0)(ξ) =

∫
Hn

pt(η
−1 ◦ ξ)u0(η) dη, (4.72)

where pt denotes the heat kernel associated with the sub–Laplacian ∆H on the
Heisenberg group Hn ( [5, 11, 7]). The homogeneous dimension of Hn is Q =
2n+ 2.

The kernel pt satisfies a scaling property compatible with the intrinsic dilations
δλ of Hn. More precisely one has

pt(ξ) = t−Q/2p1(δt−1/2(ξ)) . (4.73)

Substituting (4.73) into (4.72) yields

u(ξ, t) = t−Q/2
∫
Hn

p1

(
δt−1/2(η−1 ◦ ξ)

)
u0(η) dη. (4.74)

To analyze the asymptotic behavior as t → ∞, we introduce the rescaled
variable

ζ = δt−1/2(ξ). (4.75)

Using the group law of Hn, the argument of the kernel can be written as

δt−1/2(η−1 ◦ ξ) = δt−1/2(η)−1 ◦ ζ. (4.76)

Substituting (4.76) into (4.74) we obtain

u(ξ, t) = t−Q/2
∫
Hn

p1(δt−1/2(η)−1 ◦ ζ)u0(η) dη. (4.77)

We now expand the integrand around η = 0 in the intrinsic coordinates of
the group. Using Taylor-type expansions for smooth functions on homogeneous
groups, one obtains

p1(δt−1/2(η)−1 ◦ ζ) = p1(ζ)− t−1/2

2n∑
j=1

ηjZjp1(ζ) +Rt(η, ζ), (4.78)

where {Zj} denotes the horizontal differential operators andRt denotes a higher–order
remainder term satisfying

|Rt(η, ζ)| ≤ Ct−1|η|2H(1 + |ζ|2H)−N (4.79)

for sufficiently large N .
Substituting (4.78) into (4.77) yields

u(ξ, t) = t−Q/2
∫
Hn

p1(ζ)u0(η) dη

− t−(Q+1)/2

2n∑
j=1

Zjp1(ζ)

∫
Hn

ηju0(η) dη + E(t, ζ), (4.80)
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where the error term satisfies

|E(t, ζ)| ≤ Ct−(Q+2)/2

∫
Hn

|η|2H |u0(η)| dη. (4.81)

The first integral in (4.80) coincides with the total mass of the initial data,

M(0) =

∫
Hn

u0(η) dη, (4.82)

which is conserved along the flow by Proposition 4.4. Therefore the leading term
in the expansion becomes

t−Q/2M(0)p1(ζ). (4.83)

Since ζ = δt−1/2(ξ) from (4.75), the kernel p1(ζ) depends only on the scaled
homogeneous norm |ξ|H/

√
t. Consequently we define the universal asymptotic

profile

Φ

(
|ξ|H√
t

)
= p1(δt−1/2(ξ)) . (4.84)

Combining (4.80), (4.83), and (4.84), we obtain

u(ξ, t) =
M(0)

tQ/2
Φ

(
|ξ|H√
t

)
+R(t, ξ), (4.85)

where the remainder R(t, ξ) satisfies

|R(t, ξ)| ≤ Ct−(Q+1)/2.

Therefore the dominant contribution to the solution for large times is governed
by the rescaled heat kernel associated with the sub–Laplacian. Taking the limit
t→∞ in (4.85) yields the asymptotic relation

u(ξ, t) ∼ M(0)

tQ/2
Φ

(
|ξ|H√
t

)
, (4.86)

which coincides with the asymptotic profile stated in (4.71). This demonstrates
that the long–time behavior of solutions is governed by the universal diffusion
profile determined by the heat kernel of the sub–Laplacian, reflecting the intrinsic
geometry and scaling structure of the Heisenberg group [5, 7, 11]. �

The analysis of long–time dynamics benefits from compactness properties in
higher–order spaces. The next proposition asserts that, after any positive time,
the flow trajectory is relatively compact in the horizontal Sobolev space H1

H(Hn).

Proposition 4.9 (Compactness in Horizontal Sobolev Spaces). Let {u(t)}t>0

denote the trajectory of the horizontal gradient flow. Then for every t0 > 0 the
family

{u(t) : t ≥ t0}
is relatively compact in the horizontal Sobolev space H1

H(Hn).

Proof. Let u(ξ, t) denote the solution of the horizontal gradient flow equation
(3.2) with initial data u0 ∈ L2(Hn). We consider the trajectory

Tt0 = {u(t) : t ≥ t0}
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for a fixed t0 > 0 and aim to show that Tt0 is relatively compact in the horizontal
Sobolev space H1

H(Hn).
The starting point is the semigroup representation of the solution. Since ∆H

generates a strongly continuous analytic semigroup on L2(Hn), one has

u(ξ, t) = (et∆Hu0)(ξ). (4.87)

Such semigroups possess strong smoothing properties associated with the hypoel-
lipticity of the sub–Laplacian ( [5, 7]).

We first establish uniform bounds in the horizontal Sobolev space. From Propo-
sition 4.7 one has

‖∇Hu(·, t)‖L2(Hn) ≤ Ct−1/2‖u0‖L2(Hn). (4.88)

Hence for every t ≥ t0 it follows that

‖u(·, t)‖H1
H(Hn) ≤ Ct0‖u0‖L2(Hn). (4.89)

Therefore the trajectory Tt0 is bounded in H1
H(Hn). However boundedness

alone does not guarantee compactness because the underlying domain is non–compact.
To overcome this difficulty we analyze the spatial decay induced by the horizontal
diffusion.

From Theorem 4.3 the solution satisfies the Gaussian estimate

|u(ξ, t)| ≤ C

tQ/2
exp

(
−|ξ|

2
H

Ct

)
‖u0‖L1(Hn), (4.90)

where Q = 2n+ 2 denotes the homogeneous dimension of Hn.
Using (4.90) one obtains tail estimates for the L2 norm. For every R > 0 we

define the exterior region

ΩR = {ξ ∈ Hn : |ξ|H ≥ R}.
Integrating the bound (4.90) over ΩR yields∫

ΩR

|u(ξ, t)|2dξ ≤ C

∫
ΩR

t−Q exp

(
−2|ξ|2H

Ct

)
dξ. (4.91)

Using polar coordinates associated with the homogeneous norm, the measure
decomposition reads

dξ = rQ−1 dr dσ,

where dσ denotes the surface measure on the homogeneous sphere. Substituting
this decomposition into (4.91) gives∫

ΩR

|u(ξ, t)|2dξ ≤ Ct−Q
∫ ∞
R

rQ−1 exp

(
−2r2

Ct

)
dr. (4.92)

Performing the change of variables

s =
r√
t

we obtain ∫
ΩR

|u(ξ, t)|2dξ ≤ C

∫ ∞
R/
√
t

sQ−1e−2s2/C ds. (4.93)
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Since the right–hand side tends to zero as R → ∞ uniformly for t ≥ t0, it
follows that the mass of u(t) concentrates in bounded regions of Hn.

Next we analyze equicontinuity in H1
H(Hn). Differentiating (4.87) with respect

to time yields

∂tu(ξ, t) = ∆Hu(ξ, t). (4.94)

Using the energy estimates for higher derivatives we obtain

‖∂tu(·, t)‖L2(Hn) = ‖∆Hu(·, t)‖L2(Hn) ≤ Ct−1‖u0‖L2(Hn). (4.95)

The bounds (5.78) and (4.95) imply that the trajectory Tt0 is uniformly bounded
in H1

H(Hn) and equicontinuous in L2(Hn). Combined with the spatial tightness
derived from (4.93), these properties allow the application of compactness criteria
analogous to the Kolmogorov–Riesz theorem adapted to homogeneous groups.

Consequently every sequence {u(tk)} with tk ≥ t0 admits a subsequence con-
verging in H1

H(Hn). Therefore the trajectory Tt0 is relatively compact in the
horizontal Sobolev space H1

H(Hn).
This establishes the compactness property stated in Proposition 4.9. The result

reflects the combined influence of hypoelliptic regularization and Gaussian spatial
decay generated by the sub–Laplacian on the Heisenberg group, phenomena that
are fundamental in the analysis of diffusion processes on stratified Lie groups
[5, 7, 11]. �

The collection of results established in this section provides a comprehensive
description of the intrinsic dynamics of horizontal gradient flows on the Heisen-
berg group. These structural properties will play a crucial role in the subsequent
analysis of refined stability phenomena and nonlinear perturbations of the flow.

5. Nonlinear and Fractional Horizontal Gradient Flows

In this section we extend the analysis of the horizontal gradient flow introduced
in (3.2) to more general nonlinear and fractional frameworks. Such extensions
arise naturally in sub–Riemannian diffusion theory, geometric evolution equa-
tions, and non–local analysis on stratified Lie groups. The presence of anisotropic
dilations and the non–commutative group structure introduces additional analyt-
ical phenomena that do not appear in classical Euclidean diffusion equations. Re-
lated analytical frameworks for fractional and nonlinear operators on Lie groups
can be found in [19, 24].

We begin by introducing a nonlinear modification of the horizontal gradient
flow associated with a generalized energy functional.

Definition 5.1. Let p > 1 and let u : Hn → R be sufficiently smooth. The
nonlinear horizontal energy functional is defined by

Ep(u) =
1

p

∫
Hn

|∇Hu(ξ)|p dξ. (5.1)

The gradient flow associated with (5.1) leads to a nonlinear sub–elliptic diffu-
sion equation.
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Definition 5.2. The nonlinear horizontal gradient flow corresponding to the
energy functional (5.1) is defined by

∂tu = divH
(
|∇Hu|p−2∇Hu

)
, p > 1. (5.2)

Extending the analysis to nonlinear dynamics, we consider flows driven by the
p–horizontal Laplacian. The following theorem guarantees the existence of weak
solutions for initial data with finite nonlinear horizontal energy.

Theorem 5.3 (Existence of Nonlinear Horizontal Flow). Let u0 ∈ L2(Hn) with
finite energy (5.1). Then there exists a weak solution

u ∈ Lp((0, T );W 1,p
H (Hn))

to equation (5.2) for every T > 0.

Proof. Let u0 ∈ L2(Hn) and assume that the nonlinear horizontal energy (5.1)
is finite. We consider the nonlinear evolution equation (5.2) on the Heisenberg
group Hn. The strategy is to construct approximate solutions via regularization
and then pass to the limit using compactness methods adapted to horizontal
Sobolev spaces.

Let ε > 0 and introduce the regularized problem

∂tuε = divH

(
(|∇Huε|2 + ε)

p−2
2 ∇Huε

)
, uε(ξ, 0) = u0(ξ), (5.3)

where divH denotes the horizontal divergence operator associated with the vector
fields {Xj, Yj}nj=1. The regularization ensures that the operator becomes uni-
formly elliptic in the horizontal directions, allowing the use of standard parabolic
theory on stratified Lie groups ( [5, 7]).

For smooth initial data one obtains a classical solution uε to (5.3). Multiplying
(5.3) by uε and integrating over Hn yields∫

Hn

uε∂tuε dξ =

∫
Hn

uε divH

(
(|∇Huε|2 + ε)

p−2
2 ∇Huε

)
dξ. (5.4)

Using horizontal integration by parts we obtain

1

2

d

dt
‖uε(·, t)‖2

L2(Hn) +

∫
Hn

(|∇Huε|2 + ε)
p−2
2 |∇Huε|2 dξ = 0. (5.5)

Integrating (5.5) over (0, T ) gives

‖uε(·, t)‖2
L2(Hn) + 2

∫ T

0

∫
Hn

(|∇Huε|2 + ε)
p−2
2 |∇Huε|2 dξdt ≤ ‖u0‖2

L2(Hn). (5.6)

From (5.6) we deduce the uniform estimate

‖∇Huε‖Lp((0,T )×Hn) ≤ C‖u0‖L2(Hn). (5.7)

Next we derive bounds for the time derivative. From (5.3) we have

∂tuε = divH

(
(|∇Huε|2 + ε)

p−2
2 ∇Huε

)
. (5.8)

Using the bounds obtained in (5.7), it follows that

‖∂tuε‖Lp′ ((0,T );W−1,p′
H (Hn))

≤ C, (5.9)
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where p′ = p
p−1

denotes the conjugate exponent.

The estimates (5.7) and (5.9) imply that the family {uε} is bounded in

Lp((0, T );W 1,p
H (Hn)) ∩W 1,p′((0, T );W−1,p′

H (Hn)). (5.10)

Compactness arguments adapted to horizontal Sobolev spaces then imply that
a subsequence converges strongly in Lploc((0, T )×Hn) ( [5, 11]). Hence there exists
a function u such that

uε ⇀ u in Lp((0, T );W 1,p
H (Hn)). (5.11)

Passing to the limit in the weak formulation of (5.3) yields∫ T

0

∫
Hn

u ∂tϕ+ |∇Hu|p−2∇Hu · ∇Hϕdξdt = 0 (5.12)

for every test function ϕ ∈ C∞c ((0, T )×Hn).
Equation (5.12) coincides with the weak formulation of the nonlinear flow equa-

tion (5.2). Therefore the limit function u satisfies

u ∈ Lp((0, T );W 1,p
H (Hn))

and is a weak solution of (5.2).
Since the estimates above hold for arbitrary T > 0, the solution exists on

every finite time interval. This establishes the existence of a weak solution to the
nonlinear horizontal flow associated with the energy functional (5.1). The result
reflects the variational structure of the equation and the monotonicity properties
of nonlinear diffusion operators on stratified Lie groups [5, 7, 11]. �

Nonlinear horizontal flows retain a dissipative structure analogous to the linear
case. The next proposition quantifies the decay of the nonlinear p–energy along
the evolution, highlighting the intrinsic damping effect.

Proposition 5.4 (Nonlinear Energy Dissipation). Let u(ξ, t) be a solution of
(5.2). Then the nonlinear energy satisfies

d

dt
Ep(u(t)) = −

∫
Hn

|∂tu(ξ, t)|2 dξ. (5.13)

Proof. Let u(ξ, t) be a sufficiently regular solution of the nonlinear horizontal flow
equation (5.2). Recall that the nonlinear horizontal energy functional is given by
(5.1). For convenience we denote

Ep(u(t)) =
1

p

∫
Hn

|∇Hu(ξ, t)|p dξ, (5.14)

where∇H denotes the horizontal gradient associated with the vector fields {Xj, Yj}nj=1

generating the Lie algebra of the Heisenberg group.
To compute the evolution of the energy we differentiate (5.14) with respect to

time. Using the chain rule we obtain

d

dt
Ep(u(t)) =

∫
Hn

|∇Hu|p−2∇Hu · ∇H(∂tu) dξ. (5.15)
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The nonlinear evolution equation (5.2) can be written in divergence form as

∂tu = divH
(
|∇Hu|p−2∇Hu

)
, (5.16)

where divH denotes the horizontal divergence operator. Such operators arise
naturally in the study of subelliptic p–Laplacian type equations on stratified Lie
groups ( [5, 7]).

Substituting (5.16) into (5.15) and using the horizontal integration by parts
formula yields

d

dt
Ep(u(t)) = −

∫
Hn

divH
(
|∇Hu|p−2∇Hu

)
∂tu dξ. (5.17)

Using (5.16) again we rewrite the divergence term in (5.17) to obtain

d

dt
Ep(u(t)) = −

∫
Hn

(∂tu)2 dξ. (5.18)

To justify the integration by parts step we recall that the horizontal vector
fields are divergence free with respect to the Haar measure on Hn. Consequently
the following identity holds for smooth functions f and g:∫

Hn

∇Hf · ∇Hg dξ = −
∫
Hn

f ∆Hg dξ, (5.19)

where ∆H denotes the sub–Laplacian. This structural property reflects the
left–invariance of the horizontal vector fields and the unimodularity of the group
( [11, 5]).

We now provide an alternative variational interpretation of (5.18). The non-
linear flow (5.2) can be interpreted as the L2–gradient flow associated with the
functional Ep. Indeed, the first variation of Ep in the direction ϕ is

d

dε
Ep(u+ εϕ)

∣∣∣∣
ε=0

=

∫
Hn

|∇Hu|p−2∇Hu · ∇Hϕdξ. (5.20)

Integrating by parts in (5.20) gives

d

dε
Ep(u+ εϕ)

∣∣∣∣
ε=0

= −
∫
Hn

divH(|∇Hu|p−2∇Hu)ϕdξ. (5.21)

Therefore the variational derivative of the energy is

δEp
δu

= − divH(|∇Hu|p−2∇Hu). (5.22)

Comparing (5.22) with the evolution equation (5.16) shows that

∂tu = −δEp
δu

. (5.23)

Substituting (5.23) into the time derivative of the energy yields

d

dt
Ep(u(t)) =

〈
δEp
δu

, ∂tu

〉
= −‖∂tu‖2

L2(Hn). (5.24)
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The identity (5.24) coincides with the dissipation law stated in (5.13). Con-
sequently the nonlinear horizontal flow monotonically decreases the energy func-
tional Ep and the rate of decay is precisely given by the squared L2 norm of the
time derivative.

This dissipation mechanism reflects the gradient–flow structure of nonlinear
diffusion processes on stratified Lie groups and plays a fundamental role in the
qualitative analysis of nonlinear subelliptic PDEs ( [5, 7, 11]). �

An important feature of nonlinear horizontal flows is their stability with respect
to perturbations of initial data. The following theorem provides an L2–estimate
showing that small changes in the initial condition result in controlled deviations
of the solution over time.

Theorem 5.5 (Nonlinear Stability). Let u and v be two solutions of (5.2) with
initial data u0 and v0. Then there exists a constant C > 0 such that

‖u(·, t)− v(·, t)‖L2(Hn) ≤ C ‖u0 − v0‖L2(Hn). (5.25)

Proof. Let u and v be two weak solutions of (5.2) corresponding to initial data
u0 and v0. Define the difference function

w(ξ, t) = u(ξ, t)− v(ξ, t). (5.26)

Subtracting the two nonlinear equations satisfied by u and v yields

∂tw = divH

(
|∇Hu|p−2∇Hu− |∇Hv|p−2∇Hv

)
. (5.27)

We now introduce the nonlinear horizontal flux operator

F(ζ) = |ζ|p−2ζ, ζ ∈ R2n. (5.28)

Using this notation equation (5.27) becomes

∂tw = divH

(
F(∇Hu)−F(∇Hv)

)
. (5.29)

To analyze stability we consider the horizontal energy functional

E(t) =
1

2

∫
Hn

|w(ξ, t)|2 dξ. (5.30)

Differentiating with respect to time and using (5.29) gives

d

dt
E(t) =

∫
Hn

w ∂tw dξ =

∫
Hn

w divH

(
F(∇Hu)−F(∇Hv)

)
dξ. (5.31)

Applying horizontal integration by parts on the Heisenberg group yields

d

dt
E(t) = −

∫
Hn

〈∇Hw,F(∇Hu)−F(∇Hv)〉 dξ. (5.32)

Using the identity

∇Hw = ∇Hu−∇Hv (5.33)
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we obtain

d

dt
E(t) = −

∫
Hn

〈∇Hu−∇Hv,F(∇Hu)−F(∇Hv)〉 dξ. (5.34)

A crucial property of the nonlinear map F is its strong monotonicity. For any
ζ, η ∈ R2n the inequality

〈F(ζ)−F(η), ζ − η〉 ≥ cp|ζ − η|2 (|ζ|+ |η|)p−2 (5.35)

holds for some cp > 0. Applying (5.35) with ζ = ∇Hu and η = ∇Hv gives

d

dt
E(t) ≤ −cp

∫
Hn

|∇Hu−∇Hv|2 (|∇Hu|+ |∇Hv|)p−2 dξ. (5.36)

To convert the gradient term into an L2 estimate for w, we employ a horizontal
Poincaré-type inequality intrinsic to Hn:

‖w‖L2(Hn) ≤ C‖∇Hw‖L2(Hn). (5.37)

Combining (5.36) with (5.37) and using the uniform energy bounds of the
solutions derived from (5.13) yields

d

dt
E(t) ≤ −κE(t), (5.38)

where κ > 0 depends on the horizontal energy level of the solutions but is
independent of t.

We now introduce the nonlinear stability functional

Ψ(t) = eκtE(t). (5.39)

Differentiating and using (5.38) gives

d

dt
Ψ(t) = eκt

(
d

dt
E(t) + κE(t)

)
≤ 0. (5.40)

Thus Ψ(t) is nonincreasing and therefore

E(t) ≤ e−κtE(0). (5.41)

Using the definition (5.30) we obtain

‖w(·, t)‖2
L2(Hn) ≤ 2e−κt‖w(·, 0)‖2

L2(Hn). (5.42)

Recalling (5.26) and the identity w(·, 0) = u0 − v0, we finally arrive at

‖u(·, t)− v(·, t)‖L2(Hn) ≤ C‖u0 − v0‖L2(Hn), (5.43)

where C is independent of t.
This establishes the nonlinear stability estimate (5.25). �

We now introduce a fractional generalization of the horizontal diffusion opera-
tor.
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Definition 5.6. For 0 < s < 1, the fractional sub–Laplacian on the Heisenberg
group is defined by

(−∆H)su(ξ) =
1

Γ(−s)

∫ ∞
0

(
et∆Hu(ξ)− u(ξ)

) dt

t1+s
, (5.44)

where et∆H denotes the sub–elliptic heat semigroup.

The fractional operator generates a nonlocal diffusion process on the Heisenberg
group.

Definition 5.7. The fractional horizontal gradient flow is defined by

∂tu = −(−∆H)su, 0 < s < 1. (5.45)

The following theorem describes the existence and stability of the fractional
flow. The extension of horizontal flows to fractional powers of the sub–Laplacian
introduces nonlocal effects while preserving well–posedness. The next theorem
ensures the existence and uniqueness of mild solutions for the fractional horizontal
flow with L2 initial data.

Theorem 5.8 (Fractional Flow Well–Posedness). Let u0 ∈ L2(Hn). Then equa-
tion (5.45) admits a unique mild solution

u ∈ C([0,∞);L2(Hn)).

Proof. Let u0 ∈ L2(Hn) and consider the fractional evolution equation (5.45). We
first introduce the intrinsic fractional horizontal operator through the spectral
functional calculus of the sub–Laplacian ∆H .

Let {φk}∞k=0 denote an orthonormal basis of L2(Hn) consisting of eigenfunctions
of −∆H with corresponding eigenvalues {λk}∞k=0. Then the fractional power of
the horizontal Laplacian is defined through

(−∆H)sf =
∞∑
k=0

λsk〈f, φk〉φk, 0 < s < 1. (5.46)

Using (5.82), equation (5.45) can be written in the abstract evolution form

∂tu+ (−∆H)su = 0. (5.47)

We now define the fractional semigroup

Ts(t) = e−t(−∆H)s , t ≥ 0. (5.48)

Using the spectral expansion (5.82), the semigroup action on f ∈ L2(Hn)
becomes

Ts(t)f =
∞∑
k=0

e−tλ
s
k〈f, φk〉φk. (5.49)

Define the candidate solution

u(ξ, t) = Ts(t)u0(ξ). (5.50)
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We first verify that the series in (5.50) converges in L2(Hn). Indeed using
orthogonality we compute

‖Ts(t)u0‖2
L2(Hn) =

∞∑
k=0

e−2tλsk |〈u0, φk〉|2. (5.51)

Since 0 < e−2tλsk ≤ 1, the right-hand side is bounded by

‖Ts(t)u0‖2
L2(Hn) ≤

∞∑
k=0

|〈u0, φk〉|2 = ‖u0‖2
L2(Hn). (5.52)

Hence the semigroup is a contraction on L2(Hn).
We next verify that the function defined in (5.50) satisfies the mild formulation

of the fractional equation. Using the semigroup property

Ts(t+ h) = Ts(t)Ts(h) (5.53)

we compute the difference quotient

u(ξ, t+ h)− u(ξ, t)

h
=
Ts(t+ h)u0 − Ts(t)u0

h
= Ts(t)

Ts(h)− I
h

u0. (5.54)

Using the spectral representation of Ts(h) we obtain

Ts(h)− I
h

f = −
∞∑
k=0

1− e−hλsk
h

〈f, φk〉φk. (5.55)

Since

lim
h→0

1− e−hλsk
h

= λsk, (5.56)

the generator of the semigroup is −(−∆H)s. Passing to the limit in (5.54)
yields

∂tu = −(−∆H)su. (5.57)

Thus u satisfies equation (5.47).
We now prove continuity in time. Let t1, t2 > 0. Using (5.50) and orthogonality

we compute

‖u(·, t1)− u(·, t2)‖2
L2(Hn) =

∞∑
k=0

(
e−t1λ

s
k − e−t2λsk

)2 |〈u0, φk〉|2. (5.58)

Since the exponential function is continuous, the coefficients converge to zero
as t1 → t2. Dominated convergence then yields

lim
t1→t2

‖u(·, t1)− u(·, t2)‖L2(Hn) = 0, (5.59)

so that

u ∈ C([0,∞);L2(Hn)). (5.60)
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It remains to establish uniqueness. Let u and v be two mild solutions with the
same initial data. Define

z(ξ, t) = u(ξ, t)− v(ξ, t). (5.61)

Then z satisfies

∂tz + (−∆H)sz = 0, z(ξ, 0) = 0. (5.62)

Multiplying by z and integrating over Hn yields

1

2

d

dt
‖z(·, t)‖2

L2(Hn) +

∫
Hn

z(−∆H)sz dξ = 0. (5.63)

The fractional quadratic form satisfies∫
Hn

z(−∆H)sz dξ =
∞∑
k=0

λsk|〈z, φk〉|2 ≥ 0. (5.64)

Hence from (5.63) we obtain

d

dt
‖z(·, t)‖2

L2(Hn) ≤ 0. (5.65)

Since ‖z(·, 0)‖L2(Hn) = 0, it follows that

‖z(·, t)‖L2(Hn) = 0 ∀t > 0. (5.66)

Therefore u = v.
Combining existence, continuity, and uniqueness we conclude that equation

(5.45) admits a unique mild solution

u ∈ C([0,∞);L2(Hn)).

�

The fractional flow satisfies a nonlocal smoothing effect stronger than the clas-
sical case.

Fractional horizontal flows not only preserve well–posedness but also induce a
smoothing effect on the solution. The following proposition quantifies this regu-
larization in terms of fractional horizontal Sobolev norms.

Proposition 5.9 (Fractional Regularization). Let u(ξ, t) be the solution of (5.45).
Then for every t > 0 there exists C > 0 such that

‖u(·, t)‖H2s
H (Hn) ≤ C t−s‖u0‖L2(Hn). (5.67)

Proof. Let u(ξ, t) denote the mild solution of (5.45). Using the fractional semi-
group generated by the operator (−∆H)s, the solution admits the representation

u(ξ, t) = e−t(−∆H)su0(ξ). (5.68)
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To analyze regularization we employ the spectral decomposition of the hori-
zontal Laplacian. Let {φk}∞k=0 be an orthonormal basis of L2(Hn) consisting of
eigenfunctions of −∆H with corresponding eigenvalues {λk}∞k=0. Then

u(ξ, t) =
∞∑
k=0

e−tλ
s
k〈u0, φk〉φk(ξ). (5.69)

The horizontal Sobolev space H2s
H (Hn) is defined through the norm

‖f‖2
H2s

H (Hn) =
∞∑
k=0

(1 + λ2s
k )|〈f, φk〉|2. (5.70)

Applying (5.70) to the representation (5.69) gives

‖u(·, t)‖2
H2s

H (Hn) =
∞∑
k=0

(1 + λ2s
k )e−2tλsk |〈u0, φk〉|2. (5.71)

To control the factor (1 + λ2s
k )e−2tλsk we introduce the auxiliary function

F (λ) = (1 + λ2s)e−2tλs . (5.72)

Let µ = λs. Then

F (λ) = (1 + µ2)e−2tµ. (5.73)

Differentiating with respect to µ yields

F ′(µ) = 2µe−2tµ − 2t(1 + µ2)e−2tµ. (5.74)

Setting F ′(µ) = 0 gives

2µ = 2t(1 + µ2), (5.75)

which implies the dominant balance

µ ∼ 1

t
. (5.76)

Substituting this scale into (5.73) yields the estimate

F (λ) ≤ C

t2s
. (5.77)

Using (5.77) in (5.71) gives

‖u(·, t)‖2
H2s

H (Hn) ≤
C

t2s

∞∑
k=0

|〈u0, φk〉|2. (5.78)

By Parseval’s identity

∞∑
k=0

|〈u0, φk〉|2 = ‖u0‖2
L2(Hn). (5.79)

Combining (5.78) and (5.79) gives
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‖u(·, t)‖2
H2s

H (Hn) ≤
C

t2s
‖u0‖2

L2(Hn). (5.80)

Taking square roots we obtain

‖u(·, t)‖H2s
H (Hn) ≤ C t−s‖u0‖L2(Hn), (5.81)

which establishes the estimate (5.67).
This shows that the fractional flow generates instantaneous gain of 2s horizontal

derivatives for every t > 0, demonstrating the regularizing effect of the operator
(−∆H)s on the Heisenberg group.

�

Next we establish a spectral decay estimate for the fractional operator.

Theorem 5.10 (Spectral Decay for Fractional Flow). Let û denote the group
Fourier transform of u. Then the solution of (5.45) satisfies

û(λ, t) = e−tσ(λ)sû0(λ), (5.82)

where σ(λ) denotes the spectral symbol of ∆H .

Proof. Let u(ξ, t) be the solution of the fractional flow equation (5.45) on the
Heisenberg group Hn. Recall that the group Fourier transform on Hn is defined
through the family of irreducible unitary representations {πλ}λ∈R\{0} acting on
L2(Rn). For f ∈ L1(Hn) ∩ L2(Hn) the transform is given by

f̂(λ) =

∫
Hn

f(ξ) πλ(ξ)
∗ dξ. (5.83)

Applying the Fourier transform to equation (5.45) and using linearity yields

∂tû(λ, t) + ̂(−∆H)su(λ, t) = 0. (5.84)

To evaluate the second term we use the representation of the horizontal Lapla-
cian under the group Fourier transform. For every λ 6= 0 one has

∆̂Hf(λ) = −σ(λ)f̂(λ), (5.85)

where σ(λ) denotes the spectral symbol associated with the harmonic oscillator
structure appearing in the representation πλ.

Using the spectral calculus of self–adjoint operators we obtain

̂(−∆H)sf(λ) = σ(λ)sf̂(λ). (5.86)

Substituting (5.86) into (5.84) gives

∂tû(λ, t) + σ(λ)sû(λ, t) = 0. (5.87)

Equation (5.87) is an ordinary differential equation in the time variable for
each fixed spectral parameter λ. Rewriting it yields

d

dt
û(λ, t) = −σ(λ)sû(λ, t). (5.88)
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Separating variables gives

d

dt
û(λ, t) û(λ, t)−1 = −σ(λ)s. (5.89)

Integrating with respect to time from 0 to t yields∫ û(λ,t)

û0(λ)

dζ

ζ
= −σ(λ)st. (5.90)

The left-hand side equals

log û(λ, t)− log û0(λ), (5.91)

so that

log û(λ, t) = log û0(λ)− tσ(λ)s. (5.92)

Exponentiating both sides gives

û(λ, t) = e−tσ(λ)sû0(λ). (5.93)

To justify that the expression indeed represents the Fourier transform of the
solution, we verify compatibility with the semigroup formulation of the fractional
flow. The semigroup generated by (−∆H)s satisfies

u(ξ, t) = e−t(−∆H)su0(ξ). (5.94)

Applying the Fourier transform to (5.94) and using the spectral identity (5.86)
yields

û(λ, t) = e−tσ(λ)sû0(λ), (5.95)

which coincides with (5.93).
Thus the Fourier coefficients of the solution decay exponentially with rate de-

termined by the fractional power σ(λ)s of the spectral symbol of the horizontal
Laplacian. This establishes the spectral decay representation (5.82).

�

A key aspect of horizontal flow dynamics is the asymptotic approach to equilib-
rium states. The next theorem establishes the global convergence of solutions to
a stationary profile as time tends to infinity.

Theorem 5.11 (Global Convergence of Horizontal Flows). Let u(ξ, t) be a so-
lution of either (5.2) or (5.45). Then there exists a stationary state u∗ such
that

lim
t→∞
‖u(·, t)− u∗‖L2(Hn) = 0. (5.96)

Proof. Let u(ξ, t) be a solution of either the nonlinear flow (5.2) or the fractional
flow (5.45) on the Heisenberg group Hn. Both equations admit a gradient–flow
structure with respect to suitable horizontal energy functionals. Denote by E(u)
the energy associated with the considered evolution.

For the nonlinear flow one has the p–energy
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Ep(u) =
1

p

∫
Hn

|∇Hu(ξ)|p dξ, (5.97)

while for the fractional flow the energy takes the quadratic spectral form

Es(u) =
1

2

∫
Hn

u(−∆H)su dξ. (5.98)

In both cases the flow can be written abstractly as

∂tu = −δE
δu

(u), (5.99)

where δE/δu denotes the variational derivative of the corresponding energy.
We first establish the monotonic decay of the energy along trajectories. Differ-

entiating E(u(t)) with respect to time yields

d

dt
E(u(t)) =

∫
Hn

δE
δu

(u) ∂tu dξ. (5.100)

Using the gradient representation (5.99) we obtain

d

dt
E(u(t)) = −

∫
Hn

∣∣∣∣δEδu (u)

∣∣∣∣2 dξ ≤ 0. (5.101)

Thus the energy is nonincreasing along the flow.
Let

E∞ = lim
t→∞
E(u(t)). (5.102)

Since E(u(t)) is bounded from below and monotone decreasing, the limit (5.102)
exists.

Integrating (5.101) over the time interval (0, T ) gives

E(u(0))− E(u(T )) =

∫ T

0

∫
Hn

∣∣∣∣δEδu (u)

∣∣∣∣2 dξ dt. (5.103)

Passing to the limit T →∞ yields∫ ∞
0

∫
Hn

∣∣∣∣δEδu (u)

∣∣∣∣2 dξ dt <∞. (5.104)

From (5.104) it follows that

lim
t→∞

∥∥∥∥δEδu (u(·, t))
∥∥∥∥
L2(Hn)

= 0. (5.105)

Next we prove the relative compactness of the trajectory in L2(Hn). Using the
regularization estimates previously established for both flows, one has for every
t ≥ t0 > 0

‖u(·, t)‖H1
H(Hn) ≤ C. (5.106)
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The horizontal Rellich–Kondrachov compactness theorem on Hn implies that
bounded subsets of H1

H(Hn) are relatively compact in L2(Hn). Therefore the
trajectory {u(t) : t ≥ t0} admits a convergent subsequence in L2(Hn).

Let {tk} be a sequence with tk →∞ such that

u(·, tk)→ u∗ in L2(Hn). (5.107)

We now show that u∗ is a stationary state. Passing to the limit in (5.105) along
the subsequence gives ∥∥∥∥δEδu (u∗)

∥∥∥∥
L2(Hn)

= 0, (5.108)

which implies

δE
δu

(u∗) = 0. (5.109)

Hence u∗ satisfies the stationary equation associated with the flow.
Finally we prove convergence of the entire trajectory. Define the Lyapunov

functional

Φ(t) = ‖u(·, t)− u∗‖2
L2(Hn). (5.110)

Differentiating with respect to time yields

d

dt
Φ(t) = 2

∫
Hn

(u− u∗)∂tu dξ. (5.111)

Using the gradient structure (5.99) we obtain

d

dt
Φ(t) = −2

∫
Hn

(u− u∗)
δE
δu

(u) dξ. (5.112)

Since δE/δu(u∗) = 0, the integrand vanishes in the limit t → ∞. Combined
with (5.105), this implies

lim
t→∞

d

dt
Φ(t) = 0. (5.113)

Because Φ(t) is bounded and its derivative tends to zero while the energy
continues decreasing to its minimum, the only possible limit is

lim
t→∞

Φ(t) = 0. (5.114)

Using (5.110), relation (5.114) gives

lim
t→∞
‖u(·, t)− u∗‖L2(Hn) = 0. (5.115)

This establishes the global convergence property (5.96).
�
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The results presented in this section demonstrate that nonlinear and fractional
extensions of horizontal gradient flows exhibit rich dynamical behavior governed
by the geometry of the Heisenberg group. These results provide a broader an-
alytical framework for studying nonlocal and nonlinear evolution equations in
sub–Riemannian spaces.

References

1. I. Ahmad, Representation-theoretic framework for the linear canonical transform in quan-
tum harmonic analysis, Afrika Matematika, 36(4) (2025), Article 158. doi:10.1007/s13370-
025-01377-8.

2. I. Ahmad and N. Ahmad Sheikh, Dual wavelet frames in Sobolev spaces on local fields of
positive characteristic, Filomat, 34(6) (2020), 2091–2099. doi:10.2298/FIL2006091A.

3. I. Ahmed, O. Ahmad and N. A. Sheikh, On the characterization of scaling func-
tions on non-Archimedean fields, Ural Mathematical Journal, 7(1) (2021), 3–15.
doi:10.15826/umj.2021.1.001.

4. H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Partial Dif-
ferential Equations, Grundlehren der Mathematischen Wissenschaften, Vol. 343, Springer,
Berlin, Heidelberg, 2011. doi:10.1007/978-3-642-16830-7.

5. A. Bonfiglioli, E. Lanconelli and F. Uguzzoni, Stratified Lie Groups and Potential Theory for
Their Sub-Laplacians, Springer Monographs in Mathematics, Springer, Berlin, Heidelberg,
2007. doi:10.1007/978-3-540-71897-0.

6. A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni, Stratified Lie Groups and Potential Theory
for their Sub-Laplacians, Springer Monographs in Mathematics, Springer, Berlin, 2007.

7. M. Bramanti, An Invitation to Hypoelliptic Operators and Hörmander’s Vector Fields,
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