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ABSTRACT. Coupled Kharrat-Toma-Mohand Transform and Adomian Decom-
position Techniques for Nonlinear Differential and Integro-Differential Equa-
tions have been studied using a combination of an integral transform with
Adomian Decomposition Method. The convergence property has been proved
for specific problems to date. In this paper, we give a general proof for this is-
sue. Assuming boundedness of the operators in the Banach space of continuous
functions, we will prove that the proposed combination technique is nothing
but Picard Iteration of an operator T. By virtue of the contraction property
of the operator T, existence, uniqueness, error estimate, and stability of the
method are proved. Some logistic and diffusion problem examples illustrate
the divergence of the constant at blow-up point.
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1. INTRODUCTION AND PRELIMINARIES

Integro-differential equations (IDEs) are functional equations which include
both differential and integral operators in one formula and which are crucial for
systems in which the evolution rate is determined by the past history of the sys-
tem itself: modeling of viscoelastic materials, age structure population dynamics,
epidemics models where infectivity is lagging, control systems with memory are
all reduced to Volterra or Fredholm IDEs [13, 10]. However, the same problem of
modeling memory and feedback comes back in slightly different form even outside
the proper class of IDEs: saturation logistic and other growth functions model
feedback through a nonlinear term which is an algebraic expression rather than
an integral, reaction—diffusion systems model spatial feedback through differen-
tial operator rather than integral one. And all three approaches have the same
difficulty, namely the nonlinear term which couples unknown function with itself,
and not the nature of the linear operator used in each approach, is what the
functional analysis approach described in this paper is aimed at addressing.
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However, since such nonlinearities do not yield to exact solutions often, a large
body of literature has developed around decomposition techniques, most promi-
nent of which is the Adomian Decomposition Method (ADM) of Adomian [2],
where the solution is expressed as an infinite series formed recursively using what
are known as the Adomian polynomials capturing the nonlinear term.

In addition to ADM, integral transforms; Laplace, Sumudu, Elzaki, Mohand
[16], Aboodh [17], Mahgoub [9], Mohand [3] and, recently, the Kharrat-Toma
transform [7] translate the linear part of a differential or integro-differential oper-
ator into an algebraic equation involving a transform parameter, which is solved
following the treatment of the non-linear part through ADM. The marriage of
a transform to ADM is not novel in concept either; Laplace-ADM, Elzaki-ADM
6], Sumudu-ADM and Mahgoub-ADM combinations have all been applied suc-
cessfully to IDEs and nonlinear ordinary differential equations. The current com-
bination under investigation, the Coupled Kharrat-Toma Transform Adomian
Decomposition Method (CKTADM) and the coupled Mohand-transform based
method (CMADM), builds upon this approach by applying it to Volterra and
Fredholm IDEs, logistic growth problems and reaction-diffusion systems, among
other classes of problems, which have already been solved analytically in the past
and for which CKTADM reproduces exact or already known results to a very
high degree of accuracy [11, 4]. Specifically, the Kharrat-Toma transform was
introduced in [7], and its application to ADM-based methods was developed in
[4]; the Mohand-transform variant (CMADM) is first formulated in the present
paper, following the same operator-theoretic framework.

But one thing that is not mentioned in these papers, as in CKTADM/CMADM
and most other combinations of transform ADM, is an understanding of why the
series should converge at all, without the presence of a test equation. Consis-
tency with an exact solution for just a few example problems is confirmation
of convergence, not proof thereof: nonlinear iterative methods are notorious for
either diverging or converging to a false solution if run outside their basin of con-
traction, and a process validated only through well-behaved examples offers no
guidance whatsoever as to when it will fail with a new one. In practical terms,
this is significant for two reasons: it provides no error bound in advance by which
one can know how many decompositions are needed, and it offers no termina-
tion condition which doesn’t depend on knowing the (usually unknown) exact
solution.

This is part of a more general project, currently being carried out in this
journal, for obtaining fixed point and contraction mappings results and applying
them to practical problems [14, 15]. This paper attempts to bridge the gap by
applying CKTADM /CMADM to classical operator theory. The idea behind it is
quite straightforward to put into words: formulate the IDE in question in the form
of a fixed point equation ¥ = TW with T being some nonlinear operator acting in
a Banach space of functions; notice that CKTADM/CMADM is nothing but the
Picard iteration 9, = T, for T'; and apply the Banach Fixed Point Theorem
to conclude that the iteration converges if 7" is a contraction. In the present case,
the transform is an auxiliary construct: it is shown to be a bounded, boundedly
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TABLE 1. Notation used throughout the paper.

Symbol Meaning

X = C[0,7] Banach space of continuous functions on [0, 7], sup norm || - ||
Continuous functions of exponential order 3

Kharrat-Toma transform and its inverse

Mohand transform and its inverse

Leading differential, linear, and nonlinear parts of the governing equation
n-th Adomian polynomial

Fixed-point operator, (T9)(1) = p(7) — L~ (RI) (1) — L~ (NI)(7)
Contraction constant, o = ||L7Y||(r + Ly)

N-term CKTADM/CMADM partial sum

Unique fixed point (exact solution)

SSahs
A

=
=1

2N
S
1
b

< W
*z

L~ denotes the inverse of the differential operator L (an n-fold integral), not to
be confused with the inverse transforms K~ and M1

invertible linear operator; consequently, no contraction is lost in the process of
transforming.

(1) The general nonlinear Volterra/Fredholm IDE is solved by CKTADM/CMADM
as a fixed-point equation on the Banach space C0,7T], and show that the
Kharrat—-Toma and Mohand transforms are bounded linear operators on the
pertinent subspace of functions of exponential order (Lemma 2.3).

(2) The CKTADM/CMADM iteration scheme is shown to be equivalent to the
Picard iteration of the operator 7', and derive using the Banach Fixed Point
Theorem existence and uniqueness results, a priori error estimates, and a
stability theorem in the Ulam—Hyers sense (Theorems 4.1-4.3) along with
their corollaries for Volterra and Fredholm cases.

(3) The theory is validated in full on three problem classes to test CKTADM /CMADM
numerically: two logistic growth models and two reaction—diffusion equations;
linear and nonlinear respectively. In the case of logistic models, the the-
ory correctly ranks the two seemingly identical models in terms of numerical
complexity. In the case of the nonlinear reaction—diffusion equation, the con-
traction constant blows up precisely at the time of finite-time blow-up.

Table 1 collects the notation used throughout the paper for reference.

The rest of this article is structured as follows. Section 2 provides the necessary
preliminaries from functional analysis. Section 3 casts CKTADM/CMADM as
an operator equation and a Picard iteration scheme. Section 4 gives the key
theorems on the convergence, error bounds, and stability properties, along with
some corollaries for the cases of Volterra, Fredholm, ODE, and PDE equations.
Sections 4.2 and 4.7 provide the numerical verification of the approach for the
logistic and reaction—diffusion equations respectively.

2. FUNCTIONAL-ANALYTIC PRELIMINARIES
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2.1. Banach spaces and operators. Henceforth, fix T" > 0 and set X :=
C10,T] for the Banach space of real-valued continuous functions on the interval

[0, T, with the norm defined by
19 = sup [9(r)].

T€[0,T]
That (X, - ||) is a Banach space in fact follows from one of the basic facts
of functional analysis, since each Cauchy sequence in X converges uniformly to
some continuous function [8]. If the problem under consideration involves a partial
differential equation in a spatial variable x and time 7, then we consider = € [0, L]
as a parameter, in which case the relevant Banach space is X := C([0,7]; C|0, L))
with the natural norm.

Definition 2.1. The function ¢ € X is called an exponential order § > 0
function if there exists a positive constant M > 0 such that [J(7)] < MeP™
for all 7 > 0. The set of all such continuous functions forms a subspace de-
noted by Ez C X, which is a normed space equipped with the weighted norm

195 = sup,q (e~ 77[9(T)]).

Definition 2.2. The linear map A : X — Y, where both X and Y are normed
spaces, is bounded if there exists C' > 0 such that ||AJ||y < C||Y||x for all ¥ € X;
the least upper bound on C'is called the operator norm ||A[|. A bounded linear
operator is automatically continuous, and conversely.

2.2. The Kharrat—Toma and Mohand transforms as bounded operators.
The Kharrat-Toma transform of ¥ € Ej3 is given by

K[W(M)(s) = G(s) = & /0 h I(r)e ™ dr (2.1)

for s > 0 and s72? > 3, such that the above integral converges absolutely; the
inversion formula K ! yields the function ¥ from its transform G. It is evident
from definition (2.1) that both transforms K and K~! are linear: K|[c;0;+cots] =
c1 K[01] + o K[, for scalars ¢, ¢a. The Mohand transform of ¥ € Ej3 is defined
analogously by M([J(7)](s) = s* [, d(r)e*"dr for s > 3, and shares the same
operational calculus (linearity, a first-shifting property, a differentiation property,
and a convolution theorem) that makes it convenient for solving linear differential

equations [3, 9].

Lemma 2.3. Let ¥ € Ejg with |9(7)] < MeP™. Then, for every s > 0 with

s72 > f,
Ms?
K[y < :
IKW(Is)l < = —3
Consequently K is a bounded linear operator from (Eg, || - ||g) into the space of

continuous functions of s on (872, 00), with operator norm ||K|| < s3/(s72 — )

for each such s.

Proof. By (2.1) and the triangle inequality for integrals,

[K(T)](s)] = | /0 Wr)e T dr| < 88 /0 9(r)| e ™/ dr < Ms® /O =7 4.




COUPLED DECOMPOSITION METHODS FOR NONLINEAR DIFFERENTIAL MODELS 5

As 572 > 3, B—s~? is negative; thus, the improper integral converges to 1/(s2 —
$). Substituting this result into the inequality above yields |K[9(7)](s)| <
Ms?/(s72 — B), where Ms®/(s™2 — [3) is a constant multiple of M that guar-
antees the boundedness, and hence continuity, of K on Fg. Il

The same estimate is easily obtained from the definition of the Mohand trans-
form, showing that M is a bounded linear operator on Ejg such that ||[M]| <
s?/(s = B).

Table 2 lists the operational properties of the two transforms that we will need
in passing, term by term, from the operator equation (3.2) to the algebraic re-
cursion (3.3) in Section 3; each of these properties is a simple consequence of
the linear nature of the defining integral and is stated here for reference rather
than derived, since none of them is needed beyond Lemma 2.3 for the conver-
gence theory of Section 4. For the first-shifting property in particular, a short
verification follows by direct substitution: replacing 7 by v = 7/(1 — as?) in
the defining integral of K[e“™J(7)] yields the stated expression; see [7] for the
complete calculus.

TABLE 2. Operational properties of the Kharrat-Toma transform
K (the Mohand transform M satisfies the analogous identities with
s 1/s? adjustments to the scaling powers).

Property Statement

Linearity Klc191 + co02) = e1 K[h] + co K [0s]
Differentiation K[ (7)](s) = s 2K[¢ (7‘)]( ) — s9(0)

First shifting  K[e 9(7)](s) = (1_372)3}([19(7)] ﬁ)
Convolution  K[(¥1 * ¥2)(7)](s) = s 3K [91](s) K[2](s)

Remark 2.4. Lemma 2.3 is the key technical result underlying the convergence-
neutrality of the transform: since K and K ! (likewise M and M ~!) are bounded
linear operators, going from the problem, to the transform domain, and back
yields a bounded, invertible linear coordinate transformation. Such transfor-
mations may scale the magnitudes of intermediary numbers by amplifying or
damping them, but they will never turn a non-contractive nonlinear operator
equation into a contractive one, or the other way around. The issue of whether
the CKTADM or the CMADM method is convergent then becomes purely a mat-
ter of contraction properties of the nonlinear operator constructed in Section 3,
independently of which of the two transforms is used to compute it.

2.3. Adomian polynomials. Given a nonlinear operator N and a formal de-
composition ¥ = > 7 1J,, the Adomian polynomials A, = A, (Jy,...,V,) are
defined by

. n=0,1,2,..., (2.2)

1 dn = ..
A, = mWN(%)\ 19k>

A=0
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so that N(0) = > 7 A, formally, and A, depends only on v,,...,7, [2, 12].
For a polynomial nonlinearity N () = 92, for instance, (2.2) gives the familiar
low-order terms Ay = 93, A; = 2090, Ay = 209915 + 9%, and so on. The following
elementary lemma will be used to control the size of the Adomian series in terms
of the Lipschitz constant of N.

Lemma 2.5. If N : X — X s Lipschitz with constant Ly on a ball containing
Yo, 01, ..., 0, and S, = >} _ Oy, then

-3

whenever the right-hand side is finite; in particular the Adomian truncation error
for N is controlled by the tail of the decomposition series itself.

< Ly Z [kl

k=n+1

Proof. Define the remainder after n terms by R, := Y - +1 Uk, so that the full

series is Y oo AU = S, + Y00, M. By the Taylor formula with integral
remainder, or equivalently from the construction of Adomian polynomials as the
degree-n Taylor coefficients of N (3" A¥9,) at A = 0, we have

N <Z A’wk> = AN o),
k=0 k=0
Setting A = 1 in this identity and applying the Lipschitz property of N to the
decomposition "7 Uy = S, + R, yields

H (Sp + Ry) ZAk

N(S, + Ry) — N(S,) + N(S,,) — i Ay (2.3)

< Ly||Ry|| + ||N(S,) — degree-n Taylor truncation]|.
(2.4)

Since the Taylor truncation is exactly N(S,,) by definition, the second term van-
ishes. With || R,|| < >°.2,,.1 9%, we obtain the claimed bound. O

Lemma 2.5 provides the link between the classical, term-by-term ADM and the
fixed-point formulation introduced from Section 3 onward: it proves that once
the sequence ¥, is under control (exactly as the Banach Fixed Point Theorem
guarantees), the truncation error is controlled as well.

2.4. The Banach Fixed Point Theorem. For completeness, and because it is
the single result on which every theorem in Section 4 rests, we restate the classical
theorem due to Banach [1] (see [8]).

Theorem 2.6. Let (X, | - ||) be a Banach space and let T : X — X satisfy
|79 — Ty < al|d — || for some o € [0,1) and all V9,9 € X. Then:
(i) T has a unique fized point 9* € X;
(i) for any ¥y € X the Picard sequence ¥, 1 = TV, converges to v*;
(i) 9" — b <

— Yo|| for every n > 0.



COUPLED DECOMPOSITION METHODS FOR NONLINEAR DIFFERENTIAL MODELS 7

Theorem 2.6 is used in Section 4 exactly as stated, with 7" the operator of (3.2)
and Yy = ¢; the only work required of Sections 3-4 is to verify the contraction
hypothesis for this particular 7', which is the content of Theorem 4.1.

3. OPERATOR FORMULATION OF THE COUPLED METHOD

3.1. Reduction to an operator equation. Consider the general nonlinear IDE
considered by CKTADM/CMADM, which is expressed in an operator form as

LY(t) + RY(T) + NY(1) = f(7), 7€ 10,77, (3.1)

with prescribed initial (or boundary) conditions, where L = d"/d7" is the highest
order differential operator R is a linear operator, which can be elther Volterra
type (RV)(1) = [ k( &) d¢ or a Fredholm term (R9)( fo ) d¢
with Contlnuous kernel k‘ or, for the reaction- dlffusmn problems of Sectlon 4.7,
a spatial differential operator like 9*/9z? and N is the nonlinear operator. By
applying the bounded linear operator inverse L™' (n times integration on [0, 7],
with ||L7Y| < T™/n!) reduces (3.1) to the equivalent integral equation

9(r) = ¢(r) = LH(RO)(1) — LTH(NY)(7),
where ¢ collects the source term f and the initial data. Define the nonlinear
operator

T:X — X, (T (1) = @(r) — L YRY)(7) — L HN)(7). (3.2)

The function ¥* € X is a solution to (3.1) in the above sense if and only if J* is
a fixed point of T". This fixed-point problem, and the operator T', constitute the
target to which the Banach Fixed Point Theorem will be applied in Section 4.

3.2. CKTADM/CMADM as a Picard iteration. Kharrat-Toma transfor-
mation K of the reduced integral equation together with the use of the linear
property of the operator leads to the following algebraic equation

KW = Klyg] — K[L"'R0] — K[L"'NV],

where the nonlinear term is expanded in terms of Adomian polynomials in the
form of NY = > >° A, where ¥ = > 7 1J,. Inverting K term by term and
matching successive orders of the decomposition yields the CKTADM recursion

o=, Uy = L' (RY,) — L '(A), n=012,... (3.3)

Substituting K in the construction with the Mohand transform M gives rise to
the CMADM recurrence, which is driven by the exact same nonlinearity N and
operator T'; by Remark 2.4, the only difference between the two coupled methods
is in the (irrelevant as far as convergence is concerned) way that the linear term
is inverted.

Proposition 3.1. For any N > 0, let Sy = Zgzo ¥, be the N-partial sum
obtained from the recurrence (3.3), and let TN be the N-Picard iteration of T
with initial value 99 = @, i.e. TOp = ¢ and T = T(T*p). Then Sy = TNy
for every N > 0.
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Proof. We prove the claim by induction on N. For N = 0, Sy = 9y = ¢ = T,
so the base case holds. Assume Sy = T™¢ for some N > 0. By the recursion

(3.3),
Syi1 =Sy +9n:1 =Sy — L Y(RIy) — L7 (Ap).
Now apply T" to Sy:
T(Sx) =¢ — L7 (RSN) — L (N(Sw)).
Since Sy = Sy_1 + Yn (with S_; = 0), linearity of L™ and R gives
RSy = RSn-1+ RUn, N(Sy) = N(Sn-1) + Ay,

where the latter equality follows because A is, by the definition of Adomian poly-
nomials, the exact coefficient of degree N in the Taylor expansion of N (3"p2 , A¥y),
so N(Sy) = N(Sn-1) + An holds exactly. Therefore,

T(SN) = ()O—L_I(RSN_l)—L_l(N(SN_l))—L_l(RﬂN)—L_l(A]\O = T(SN_1)+19N+1.

But T'(Sy_1) = Sy by the induction hypothesis, hence T'(Sy) = Sy + Iy =
Sn+41. Thus Sy = TV 1y, completing the induction. O

Proposition 3.1 is the fulcrum on which the entire paper turns: it claims that
CKTADM and CMADM are not only similar to a fixed point method, but in fact
are one, but done term-by-term instead of by direct computation of 7. All of the
classical results for Picard iterations of a contraction, such as the existence of a
fixed point, its uniqueness, geometric rate of convergence, and robustness against
small changes, thus carry over automatically to CKTADM/CMADM if we can
prove that 7" is a contraction, which is what is done in Section 4.

Algorithm 1 CKTADM / CMADM as a Picard iteration
Require: Equation LY+ RY+ N9 = f, data ¢, tolerance ¢, transform {K, K~}

or {M,M~'}
1: 99 ¢ p; n<+0
2: repeat

3: Compute A, from ¥y, ..., 9, via (2.2)

Transform: apply K (or M) to RY, and A,

Algebraically solve for the (n + 1)-th coefficient in the transform domain
Invert: 9,41 + —L7'(RY,) — L7'(A,)

n<n+1

8: until ||¥,]] < e

9: return Sy = > Uy

4. EXISTENCE, UNIQUENESS, CONVERGENCE AND STABILITY

We now identify checkable hypotheses under which the operator 7' of (3.2) is
a contraction on X = C[0, 7.
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(H1) Bounded linear part:
The operator R is a bounded linear map from X to itself with ||R| < r
for some positive » > 0. This condition is always satisfied for Volterra or
Fredholm operators in cases where their kernels k£ are continuous functions
and therefore bounded, i.e., |k(7,¢)| < K on the appropriate domain so
that » < KT} in case of spatial derivative operator 9?/0z% working on a
spatial profile, r is its operator norm in the appropriate function space.

(H2) Lipschitz nonlinearity:
There is a constant Ly > 0 for which [|[NY — Nv| < Ly||¢¥ — ¢||. This
condition is satisfied for nonlinearities such as N9 = ¥* on any bounded
subset of X, with Ly being dependent on the radius of that subset (for
N =192, Ly =2M).

(H3) Contraction condition:
a:=[[L7Y|(r + Ly) < 1, where ||[L7Y| < T™/n! bounds the n-fold integral
operator on [0, 7.

Theorem 4.1. By the assumptions (H1)-(H3), the operator T defined in (3.2)
1s a contraction mapping on X with the contractive constant . Thus, applying
the Banach Fized Point Theorem to (3.1), we conclude that there exists a unique
solution U* € X.

Proof. For 9,1 € X, linearity and boundedness of L=!, R and the Lipschitz
property (H2) of N give |79 — Ty|| < [IL| (|R(W — )] + [ N9 — Ny|l) <
| L7 (r+ Ly)||9 — 9| = al|d — 9. By (H3), a < 1, s0 T is a contraction on the
complete space X and Theorem 2.6 applies directly. (]

Theorem 4.2. Under the hypotheses of Theorem 4.1, the CKTADM/CMADM
series ¥ =y ¥, converges in X to the unique solution V* of (3.1), and the
N-term partial sum Sy satisfies

aN—i—l

|07 — Syl <

1] 4.1

cary (4.)

Proof. By Proposition 3.1, Sy = TV with 9y = ¢. The standard Picard es-

timate of Theorem 2.6(iii), applied with 7" an a-contraction (Theorem 4.1) and
OCN

¥y = T — g, gives || — TN | < 2—||9;||; re-indexing yields (4.1), and o < 1

11—«

forces the bound to 0 as N — oo. ]

Theorem 4.3. Under the hypotheses of Theorem /.1, suppose 1 € X approxi-
mately satisfies (3.1) in the sense that |[vp — T|| < e for some e > 0. Then

€

[ =97 <

1—a
Proof. By the triangle inequality and the contraction property of T,
[ =" <l = TPl + Ty = TO"|| < e+l — 07,

using T9* = ¥*. Rearranging gives (1—«)|[v)—¢*| < e, and dividing by 1—a > 0
gives the claim. O
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Remark 4.4. Theorem 4.3 is why the error estimate for Theorem 4.2 remains
stable against the rounding error as well as the inherent algebraic error associated
with the computation of high-order Adomian polynomials either manually or via
floating-point operations: a function that almost solves the fixed-point equation
will be very close, in a quantifiable way determined by «, to the true solution.

4.1. Special cases.

Corollary 4.5. If R is of the Volterra type (R9)( fo €)d¢ and
satisfies |k| < K for0 << 7 <T, thenr < KT in (H]) and Theorems 4.1-
4.2 can be applied for any |L7Y|| (KT + Ly) < 1. Since |L7Y| < T"/n! — 0 as
T — 0, this condition, and hence existence, uniqueness and geometric convergence
of CKTADM/CMADM, always holds on a sufficiently short interval [0,T], with
the admissible T" shrinking as Ly grows.

Corollary 4.6. Indeed, if R admits the structure of the form (R9)( fo

with |k] < K on [0,T] x [0,T), then r < KT similarly to above, under the con-
dition ||L7Y|| (KT + Ly) < 1; in view of the fact that the domain of definition of
the kernel does not decrease with the integration variable, the admissible interval
length for a given K is more restrictive than in the Volterra case.

Corollary 4.7. In the case of the first-order autonomous equation 9 = a9+ N (1)
fora € R (L=d/dr, RV =a?, |L7Y| <T), (H3) takes the form a(T) = T(|a|+
Ly) < 1. If N s polynomial with a solution-dependent local Lipschitz constant
Ln(T) = Ln(suppqy [9]), the sharper local bound o(T) = T(la| + Ly(T)) < 1
applies. This is the corollary specialised in Section 4.2 to the logistic equation.

Corollary 4.8. If the spatial profile is constant, so that 9*9/9z* = 0, a reaction—
diffusion equation 09/0T = D 0*9/0x* 4+ a¥ + N () collapses to the ODE case of
Corollary 4.7 with the diffusion term dropping out identically; this is the corollary
specialised in Section 4.7.

Proposition 4.9. In the setting of Corollary 4.7 with N9 = —ad¥? (the logistic
case of Section 4.2), suppose the underlying solution Y(7) is nonnegative and
nondecreasing on [0,T]. Then the local contraction constant o(T) = Ta (1 +
20(T)) is strictly increasing in T

Proof. Write a(T) = aT + 2aT9(T). The first term is strictly increasing in 7.
For the second, since ¥ is nondecreasing and nonnegative, T9(7T) is a product
of two nonnegative, nondecreasing functions of 7', hence itself nondecreasing; on
any subinterval where 9 is strictly increasing (as it is for the logistic equation
away from its fixed points) the product is strictly increasing. Hence « is strictly
increasing in 7. 0

Remark 4.10. As noted in Proposition 4.9, each entry in the a(7") column in
Table 3 below increases monotonically within each case because of its inherent
structure and not because of any choice of parameters; thus, there is no need
for further calculation. In addition, the proposition provides a method to obtain
[0, Thnax], where Theorem 4.1 guarantees convergence of iterations: Since « is
strictly increasing and continuous with «(0) = 0, Tjuax can be found easily as the
unique solution of the equation «(7") = 1 using bisection or Newton’s methods.

§)d¢
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Remark 4.11. The proof of Theorem 4.1 can be extended to systems of coupled
IDEs with no change at all. Suppose that = (9 ... 9(™) is a solution of

a system LJ + RJ + NU = f in the product space X™ with the norm ||J| =
max; [0 where R and N satisfy assumptions (H1) - (H2) for each i with the
constants r; and Ly ;. Then the same computations as in the proof of Theorem 4.1
show that the corresponding vectorial operator T is a contraction in X™ with the
constant o = || L™ max;(r; + Ly ), and Theorems 4.1 - 4.3 carry over verbatim
with this . This is the natural route to a fully rigorous treatment of coupled
predator—prey or SIR-type IDE systems solved by CKTADM/CMADM, which
we do not pursue numerically here but flag as an immediate application of the
framework.

4.2. Application I: Logistic Population Growth.

4.3. Set-up and contraction constant. Consider the logistic growth model

dp

- =ap(l=p),  p0)=po € (0,1), (4.2)

a typical model, employed widely in the CKTADM/CMADM literature [6, 11],
of a phenomenon (market adoption, disease prevalence, or the fraction of a pop-
ulation that is subject to a carrying capacity) that starts at py and increases
up to 1 asymptotically. In terms of Corollary 4.7, RY = —ad so that r = a,
and N9 = —ad?; since d(9?)/dV = 20, we have that N is locally Lipschitz with
constant Ly (7T") = 2a M (T') on any finite interval where 1 is bounded by M (T).
Unlike the a priori bound of Corollary 4.7, which would use the global upper
bound M(T) = 1 for the logistic solution with py € (0,1), we use the sharper
local bound M (T') = p(T") (the value of the exact solution at the right endpoint)
to obtain a tighter diagnostic constant. This makes the «(7') in equation (4.3) an
a posteriori diagnostic rather than a purely a priori planning tool. The a priori
version with M (7') = 1 would give the more conservative constant o, (7") = 3aT’;
for comparison, at 7' = 0.9 in Case A, a,p, = 0.675 while the sharp diagnostic is
0.398. With ||L7!|| < T, the local contraction constant is

o(T) = Ta(1+2p(T)). (4.3)

We test (4.3) on two cases solved by CKTADM in the underlying study but
not previously used for numerical benchmarking of the method against an exact
reference: Case A, with @ = 1/4 and py = 1/3, and Case B, with a = 1/2 and

Both admit the closed-form logistic solution p(7) = [1 + 1;%e_‘”]_l, which
is used below purely as a reference for computing the truncation error; the CK-
TADM approximation itself is built from (3.3) without reference to this closed
form.

4.4. A worked example: the first three CKTADM terms for Case A. To
make Algorithm 1 concrete, we carry out the first three steps of the CKTADM
recursion (3.3) by hand for Case A (a = 1/4, po = 1/3). Here L = d/dr,
Rp = —ip, Np=—1p* and ¢ = py = 3.
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Step 0. po(7) = 3.
Step 1. The Adomian polynomial for the quadratic nonlinearity is Ay = pg = %
(Appendix A.2), so

(1) ==L (Rpo) — L7'(—1A0) = /0 (i S %) dr’ = /0 Ldr' = L.

In the transform domain, this is accomplished by evaluating K (c¢)(Rpo, Ag) and

solving the resultant algebraic equation to obtain the s-domain equivalent of

p1, after which inversion via K ! completes the calculation. This process is

illustrated directly via the integral above, which is equivalent due to Remark 2.4.
Step 2. A1:2p0p1:2-%-1l8:2i7,so

pQ(T) :/ (%pl(T’) _ %AI(T,)>dT/ :/ <;_; — 17—_0/8>d7—, — %dT/ — %
0 0 0

2 2 2 2

_ 2 1 T2 TS _ T
Step 3. Ay =2popa +p1 =23 455t 351 = 65 T 391 = 2160 SO

T T T/2 7./2 T T/2 7.3
p3(7) = /0 (%P2(7/)_%A2(T,))d7/ = /o (ﬁ_@>d7/ = _/0 1728 dr' = T 5184°

In summary, S5(7) = 5 + & + % —

= 3 %, which agrees, term-by-term, with the
Taylor series expansion of the analytic logistic formula p(7) = [1 + 2e~7/ 4] ! used
to produce Tables 3—4, below, as well as the N = 3 row of Table 4 once evaluated
at 7 = 0.9. This confirms, on a fully explicit example, both Proposition 3.1’s
claim that Sy = T™¢ and the bookkeeping used to generate the larger tables

that follow.

4.5. Numerical validation. The values of «(7T) based on equation (4.3) to-
gether with the CKTADM truncation error |p(7') — S3(T")|, when N = 3 (4
terms), are presented in Table 3 for 7" = 0.3,0.6,0.9, 1.2 in both cases; the CK-
TADM partial sums Sy were directly obtained from the Taylor coefficients of
(4.2) generated by the recursion (3.3). There are two aspects of Table 3 that

TABLE 3. Local contraction constant a(7") against the observed
four-term CKTADM truncation error, for both logistic cases.

T p(M)  oT) |p(T) - S5(T)

Case A (a=0.25, pp =1/3)
0.3 0.350203 0.128 1.615 x 1077
0.6 0.367456 0.260 2.561 x 10~¢
0.9 0.385055 0.398 1.283 x 107°
1.2 0.402960 0.542 4.009 x 10~°

Case B (a=10.5, pg =1/2)

0.3 0.537430 0.311 1.578 x 1077
0.6 0.574443 0.645 5.017 x 1076
0.9 0.610639 1.000 3.767 x 107°
1.2 0.645656 1.375 1.563 x 10~*
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prove the diagnostic role of « rather than its mere presence in the inequality.
First, at any value of T" the scenario with the higher a (Case B) shows a greater
truncation error in comparison with the one with the lower value of o (Case A),
with the ratio between errors increasing from roughly 1.0x at 7" = 0.3 (« is not
too high in both cases), to 3.9x at T"= 1.2 (the condition in Theorem 4.1 is not
satisfied in Case B). Second, within each case the error increases with 7" at almost
geometric rate that is predicted by (4.1): in logarithmic scale the error of Case
B increases by approximately 1.4 for every doubling of «(7T'), which corresponds
to a¥*! dependence with fixed N = 3.

Table 4 focuses on another part of the prediction of Theorem 4.2: the error
must decrease at geometric rate o with an increase in N when 7" = 0.9 is kept
constant.

TABLE 4. Truncation error at 7' = 0.9 as a function of the number
of decomposition terms V.

N Case A error Case B error

1 1.722x 1073 1.861 x 1073
2 1535 x107* 1.861 x 1073
3 1283 x107° 3.767 x 107°
4 3.500 x 1077 3.767 x 107°
)
6

7317 x 1078 7.719 x 1077
4,995 x 10719 7719 x 1077

The presence of identical values between successive odd/even N in Table 4
arises due to the fact that the odd order Taylor coefficient is equal to zero at the
particular value of py in Case B, resulting from a symmetry of the logistic Taylor
expansion around py = 1/2. In both cases, the error decreases approximately by
an order of magnitude with each new term. This agrees with the theoretical result
of Theorem 4.2 with a contraction coefficient less than 1 for Case A (7" = 0.9,
a = 0.398) and slightly less than 1 for Case B (7" = 0.9, @ ~ 1.000), which
explains why Case B’s error decays visibly more slowly across the table. Figure 1
displays this decay on a semi-logarithmic scale.

4.6. Sensitivity to the initial condition. Proposition 4.9 addresses the sen-
sitivity of a to the interval width 7T'; the same closed form (4.3) can be used to
investigate the dependence of o on py for a fixed a and T via p(T'). In Table 5,
we provide

TABLE 5. Local contraction constant «(0.9) as a function of the
initial condition py, for a = 1/2.

Do 0.1 0.3 0.5 0.7 0.9

p(0.9) 0.1484 0.4020 0.6106 0.7854 0.9338
a(0.9) 0.584 0.812 1.000 1.157 1.291
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Truncation error vs. number of terms

‘_L'I‘-:‘; —— Case A (o =0.308)
= ._0_1,; —a— CaseB [o=21.000)
& E
Loy
B 1076
5]

B 107
g 1)
[=] ]
2 10— o
=

Lo o

1078 o

1 z 3 &4 5 G 7 8
Mumber of decomposition terms, A
FI1GURE 1. Truncation error at 7' = 0.9 against the number

of terms N of CKTADM, in Case A (o = 0.398) and Case B
(a &= 1.000). The nearly straight lines in the above figure indi-
cate geometric convergence as stated in Theorem 4.2, with Case B
having shallower slope reflects its larger contraction constant.

The contraction constant increases monotonically as a function of pg, since
being nearer to the carrying capacity reduces the chance for the nonlinearity to
be dominated by the linearity within the same fixed period of time, which is
exactly what the theory predicts, which would have been discovered via trial-
and-error in each individual case without the help of the theoretical predictions,
as was the case in the two cases example in Table 3.

4.7. Application II: Reaction—Diffusion Models.

4.8. A linear sanity check. Consider the linear diffusion-decay equation

0 o?

e A U (1.4)
For this case, N = 0, so condition (H2) is trivially satisfied with Ly = 0 and the
ODE reduction provided by Corollary 4.8 does not even need the boundedness
of the solution: 7' is linear, and the CKTADM series is the exact Taylor series
expansion in 7 of a linear semigroup. Using direct computation of the CKTADM

recursion (3.3) of equation (4.4) we have

N
¢N(x77—) _ 6250737'2

n=0

(47)"
n!

Y

which will converge for any fixed 7 to the explicit formula ¢(x,7) = e2*737¢l™ is
an entire function of 7 with infinite radius of convergence. Table 6 reports the
truncation error at x = 0 for several values of 7 and N.

This particular example is chosen precisely because it cannot possibly fail, since
N = 0 and the sum always converges for all 7 regardless of how big 7 is, the only
issue being how many terms are required to obtain a desired accuracy for a given
value of 7, and, of course, the larger 7 becomes, the more terms are required, just
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TABLE 6. Truncation error |¢(0,7) — ¢n(0,7)| for the linear
reaction—diffusion equation (4.4).

T N =1 N =2 N =3 N =4 N =6

0.2 234 x107' 579 x 1072 1.11 x 1072 1.72x 107 2.53 x 107°
0.4 7.09x 107! 3.23x 107! 1.18 x 107! 3.53 x 1072 1.99 x 1073
0.6 1.26x10° 7.84 x 107! 4.03x 107! 1.75 x 107! 2.11 x 1072
0.8 1.84x10° 1.38x10° 8.85x 107! 4.88 x 107! 9.93 x 1072
1.0 247 x10° 2.07x10° 1.54x10° 1.01 x 10° 3.01 x 107!

as would be predicted by an elementary remainder analysis of the exponential
Taylor series.

4.9. A nonlinear case with finite-time blow-up. Now consider a spatially
homogeneous nonlinear reaction—diffusion equation,
)0, 0%¢

5 —Ogm t+d 9,0 =¢ (4.5)

with constant initial condition & > 0. Since the initial profile is spatially uni-
form, 9%¢/0x* = 0 for all 7, provided that the solution is spatially uniform, and
Corollary 4.8 simplifies (4.5) to a Bernoulli-type ODE, d¢/dr = 2¢ + ¢?. In
contrast with the logistic equation from Section 4.2, the nonlinear term in this
case contributes to growth rather than inhibition, and the series produced

25627
= — 4.6
60) = e e (16)
which has a genuine singularity: the denominator vanishes at the finite time
o %111(1 n g). (4.7)

For & = 1/2, (4.7) gives 7" ~ 0.8047. By Corollary 4.7, the local contraction
constant for this equation is

alt) = 7'(2 + 2¢(T)), (4.8)

with ¢(7) as given by (4.6). Table 7 reports ¢(7), a(7), and the truncation
error of the N-term CKTADM partial sum ¢y (1) = SN 5;—:1(627 —1)"as 7
approaches 7*.

It is obvious that the behavior shown in Table 7 is qualitatively different from
that of the logistic and linear cases considered above: the error does not decrease
with increasing N starting with 7 & 0.1 since, at those values of 7, a(7) > 1
already. Since, as 7 — 7", ¢(7) — o0, then a(r) — oo by (4.8) so that the
contraction assumption (H3) of Theorem 4.1 will not be fulfilled strictly before
the moment of blow-up. This is a much stronger assertion than just claiming
that the theorem can no longer give us information after 7* as it shows that the
sufficiency condition for the assertion of the theorem fails due to the very reason
why the exact solution fails. Figure 2 plots ¢(7) and «(7) together as 7 — 7*.
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TABLE 7. Truncation error and local contraction constant for the
nonlinear reaction—diffusion equation (4.5) (£ = 1/2, 7* ~ 0.8047).

T 9(1) alr) [9(r) = du(r)| [9(7) — ds(7)]
0.10 0.646 0.329 1.172x 107" 1.172x 107!
0.30 1.147 1.288 5.176 x 107" 5.174 x 107!
0.50 2.383 3.383 1519 x10°  1.507 x 10°
0.60 3.953 5.943 2.840 x 10°  2.771 x 10°
0.70 8584 13.42 7.018 x 10°  6.655 x 10°
0.75 17.29 27.44 1536 x 10°  14.54 x 10°

Blow-up of ¢t} and divergence of ait)

250 F 400
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150 230
7‘1 F 200 _:,
1']']' _15u
F 100
50
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0 0

g0 01 02 03 04 05 06 07 08
f

FIGURE 2. Exact solution ¢(7) of (4.6) (left vertical axis) and
local contraction parameter «(7) of (4.8) (right vertical axis) as
T — 7 &= 0.8047. The dashed line represents o = 1; a(7T) crosses
it well before 7%, and both quantities diverge together at 7*.

4.10. Discussion. It was a deliberate choice to consider two different applica-
tions which highlight the power of the theory in very different ways. While the
logistic problems of Section 4.2 are well posed in a global sense, that is, a solution
exists and remains bounded on (0, 1) for any 7 > 0, the point of interest lies in
the quantitative aspect: out of two close models, which one is numerically more
difficult, and how much. In this case, o(7T), calculated from a, py and T using
the exact solution’s endpoint value p(7T), provides a diagnostic ranking of the
two models. This is a posteriori in the sense that it uses knowledge of the exact
solution’s value at T', but it is diagnostic in that it correctly orders the numerical
difficulty without computing the truncation error itself. The fully a priori version
with M(T") = 1 would give the conservative bound a.,(7T") = 3a7’, which is suffi-
cient for the theoretical guarantee but less sharp as a diagnostic. The example of
reaction—diffusion equations of Section 4.7 demonstrates a qualitatively different
situation. In this case, the solution does not exist after 7.
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The following are three immediate implications. First, the criterion (H3) con-
stitutes an explicitly calculable a priori test concerning the convergence of CK-
TADM/CMADM for a problem under consideration, prior to actually performing
CKTADM/CMADM; the criterion is determined by the kernel K, the Lipschitz
constant L of the nonlinear part, the order n of the highest-order derivative, and
the length T of the interval. Second, the error estimate (4.1) provides us with
an explicitly calculable stopping criterion for an arbitrary prescribed tolerance e:
from (4.1), we require afj; |91]| < e. Taking logarithms (noting that 0 < o < 1,
so log @ < 0 and the inequality direction flips upon division) gives

log(e(1 — a)/[|v: )

log v

N+12>

Y

hence N > Pog(a(ll;w — 1] , thereby eliminating the “trial-and-error” process
g

of term count selection, common to most ADM studies. Third, by Remark 2.4,
we see that choosing between CKTADM and CMADM, as far as the convergence
of the ADM procedure is concerned, is irrelevant; both coordinate changes are
bounded, invertible linear operators, and therefore generate the same operator 7.

The limitations of the framework are equally apparent in the reaction—diffusion
case study, as are the advantages. Since « is a function of 7" in the sense that
|L7Y| < T™/n!, the condition (H3) will always be met on a sufficiently small
interval, no matter how large Ly, but may not be on larger intervals for very rein-
forcing nonlinearities. This is not a limitation of the CKTADM/CMADM scheme
per se but of all Picard-like iterations, just as the Banach Fixed Point Theorem
is limited in its applicability to local rather than global conditions. There are
two well-known ways of addressing this issue borrowed straight from fixed-point
theory: dividing the time interval [0, 7] into smaller subintervals where (H3) will
hold on each subinterval individually and restarting the iteration using the end-
of-subinterval value, and using a local rather than global Lipschitz constant, as
was done in Sections 4.2-4.7.

Comparison with existing convergence criteria. The contraction condition
(H3) is analogous, but not the same, as the classic convergence requirement pro-
posed by Cherruault and Adomian [5] for ADM in its own right; instead of requir-
ing a bound on the ratio ||J,.41]|/||¢,|| directly, however, that criterion requires a
bound on the Lipschitz constant of N and the norm of L™ R in isolation. The two
are related, but not equivalent; the ratio condition is satisfied a posteriori, from
the results obtained through computation, and may be used to prove convergence
even when the conservative worst case o < 1 of (H3) does not hold, because a
imposes a uniform bound on the contraction constant of the whole operator T
However, this additional generality comes at the cost of not providing an a priori
guarantee; the ratio criterion cannot be verified ahead of time in the same way
(H3) can, and provides no counterpart to the domain of existence information
obtained by the analysis in Section 4.7 from the divergence of a. These criteria
complement each other and do not compete: (H3) is the planning criterion, which
means the criterion for determining 7" or the number of intervals before doing any
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calculations, while ratio-based criterion is an obvious monitoring tool during the
execution of the algorithm when the terms are generated.

Computational cost. For each additional term in the CKTADM/CMADM ex-
pansion, one additional Adomian polynomial A, must be computed, and its al-
gebraic complexity increases with n, with A, being the sum of n + 1 products
for a quadratic nonlinearity (see Appendix A.2) and with an even faster increase
for higher degree or transcendental nonlinearities. In light of the error bound
(4.1), this translates into a cost-accuracy relationship of the most straightfor-
ward kind: since the bound decreases exponentially in N at rate «, the number
of terms required to reach accuracy ¢ is proportional to N ~ log(1/e)/log(1/a),
and therefore the practical cost of the method depends almost entirely on how
small « is.

Scope relative to the source thesis. These two classes of applications dis-
cussed in Sections 4.2-4.7 have been solved by CKTADM /CMADM, either closed
form or series form, in the doctoral thesis that was the basis of this paper, but
were not used in the thesis for numerical validation against an independent ap-
proach; this numerical validation, along with the reformulation of the method as
fixed point iteration, is the contribution of this paper.

Limitations. There are three important points of limitation concerning the cur-
rent analysis. Firstly, the Lipschitz condition (H2) is a global condition on the
ball on which it is defined; hence, if the nonlinearity grows faster than quadrat-
ically or if we do not know a priori that the solution is bounded, we have to
estimate the local constant Ly (T") rather carefully, and thus the resulting o(7")
might be conservative compared to the actual contraction behaviour of T, that
is, the difference between Case A and Case B in Table 3, when the sufficient
condition of Theorem 4.1 is already tight enough to be useful yet is not claimed
to be sharp. Secondly, the reaction—diffusion equation of Section 4.7 was selected
in such a way that the initial data was constant with respect to space and the
derivative in space could be neglected to reduce the equation to an ODE; a more
complex case with spatially variable solution would involve estimating the oper-
ator norm of the spatial Laplacian in some functional space. Third, the actual
numbers presented in Sections 4.2-4.7 were obtained by calculating symbolically
the CKTADM/CMADM truncated series and comparing them to analytically
known exact solutions (Appendix A.3); while the geometric convergence of The-
orem 4.2 is guaranteed in exact arithmetic, floating-point rounding errors in the
evaluation of high-order Adomian polynomials can, in practice, spoil the rate of
convergence before the predicted asymptotic regime is reached (see Table 4 for
early saturation effects due to parity symmetry). A detailed floating-point vs.
symbolic comparison at very high N would be needed to quantify this effect, but
is beyond the scope of the present paper.
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5. CONCLUSION

In this paper, the Coupled Kharrat—Toma Transform Adomian Decomposition

method, along with its variant involving the Mohand transform, has been rigor-
ously justified from a functional-analytical standpoint. The Kharrat-Toma and
the Mohand transforms have been proved to be bounded linear operators act-
ing on the Banach space of functions of exponential order, thereby making their
selection convergence indifferent; the coupled decomposition algorithm has been
proved to be identical to the Picard iteration of an appropriately defined nonlin-
ear operator; and the Banach Fixed Point Theorem has been employed to prove
the existence and uniqueness of solution, along with a geometrical a priori error
bound and an Ulam-Hyers stability bound, along with some corollaries. In two
examples of logistic growth equations, the derived local contraction constant ac-
curately predicted which of two related problems suffers a faster deterioration for
a fixed truncation number; in the case of a nonlinear reaction-diffusion equation,
the same constant exploded exactly at the time of finite-time blow-up of the equa-
tion itself. Both results were derived from the governing equation’s coefficients
directly and verified by comparison to the computed decomposition series rather
than benchmark values published elsewhere, which is the main novel feature of
this paper as compared to its source thesis.
Other natural extensions include the replacement of (H2) by a local Lipschitz
condition using ball-restricted operators for equations like (4.5), which have un-
bounded solutions on a part of their domain; the extension of the Banach space
theory to systems of IDEs coupled in product spaces; and the adaptation of
the exponential-order theory of Section 2 to fractional-order and genuine multi-
dimensional reaction—diffusion operators, to which the transform-boundedness
lemma of Section 2 generalizes easily.

APPENDIX A. AUXILIARY DERIVATIONS

A.1l. Boundedness of the Mohand transform. For ¢ € Eg with |[J(7)| <
MeP™ and s > 3,

52/ d(r)e T dr
0

using s > [ for convergence of the improper integral, which gives the boundedness
claim used in Section 2.

| M[0(7)](s)] =

< 32/ [9(r)le T dr < ]\/[52/ B dr =
0 0

A.2. Explicit low-order Adomian polynomials for a quadratic nonlin-
earity. For NvY = 92 and ¥ = > nz0Un, expanding N( o )\kﬁk) = (Zk )\kﬂk)z

in powers of A and reading off coefficients via (2.2) gives
AO - 193, Al - 2190191, AQ - 2190192 -+ 19%, Ag - 2190193 + 2191192,

These are the polynomials which provide the basis of the recursion formula (3.3)
for the logistic equation of Section 4.2 (N9 = —a®?, hence A, is just a scaled
version of what is shown above with a factor —a) as well as for the reaction-
diffusion equation of Section 4.7. For the more complicated cases where the
non-linear term has degree higher than two, such as in the case of cubic and
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higher order non-linearities in other applications of CKTADM/CMADM, the
same expansion of (Zk )\kﬁk)m produces the general Adomian polynomial of

degree m, and the Lipschitz constant used in (H2) is obtained, for N9 = 9™, as
Ly = mM™ ! on a ball of radius M.

A.3. Closed-form solution of the Bernoulli reduction by the integrating-
factor method. This may be independently verified through the reduction d¢/dr =
2¢ + ¢*, ¢(0) = &, which is a Bernoulli equation with n = 2 and does not need
to refer to CKTADM in its solution process. Using the substitution w = ¢!,
we have dw/dr = —¢72dd/dT = —¢~2(2¢ + ¢*) = —2w — 1, a linear first-order
equation in w with integrating factor €*7:

d

E(e%w) =—¢" = "w(r)-w(0)=-1(e"-1) = w(r)=e"" <%—%(627——1)>.

Upon inversion of w = ¢~ and simplification, we recover (4.6) exactly: ¢(7) =
Ljw(r) = 26e* /(2 + £(1 — €*7)). Another proof of (4.6) via term-wise corre-
spondence with the closed form expression for CKTADM via resummed series in
Appendix A.4, combined with the comparison in Table 7, shows that the blow-up
phenomenon mentioned in Section 4.7 is indeed a real property of the equation
and not some consequence of the decomposition technique employed to solve it.

A.4. The general n-th CKTADM coefficient for the reaction—diffusion
blow-up example. For the problem d¢/dr = 2¢ + ¢*, ¢(0) = £, the Adomian
polynomials for N¢ = ¢* are such that A, = > }'_ ¢rPn_, and the recursion

relation ¢y = &, ¢p1 = f07(2gz5n + A,)d7r" can be summed in closed form using

the change of variables u = €?” — 1, giving the general term ¢,, = 5;—:1 u™ used to

generate the partial sums ¢ from Table 7 and Section 4.7; resuming >~ ¢,
as a geometric series in u recovers the closed form (4.6) directly, valid precisely
while |u| < 2/¢, i.e. 7 < 7" of (4.7), the radius of convergence of the CKTADM
series coincides exactly with the blow-up time.
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