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CONTROLLABILITY OF VARIABLE-ORDER CONFORMABLE
SYSTEMS

RACHID BAHLOUL1 AND HOUSSAME RACHAD1∗

Abstract. We study controllability of semilinear evolution systems with in-
finite memory governed by a generalized conformable derivative of variable
order. Since the time-change reduction to semigroups fails, we construct a
two-parameter evolution family and the corresponding integral representation
in a Banach space. Under Lipschitz and Hale-Kato hypotheses we prove exis-
tence and uniqueness of mild solutions, introduce a variable-order controllabil-
ity Gramian, and characterize exact and approximate controllability. We also
obtain a quantitative observability inequality with explicit constants. Approx-
imate controllability in the semilinear case follows from a regularized feedback
and a fixed point scheme. An application and a numerical illustration are in-
cluded.
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1. Introduction

1.1. Motivation and physical context. Dynamical systems with hereditary
effects and time-varying anomalous transport arise in a wide range of applica-
tions: viscoelastic materials whose memory kernels evolve with ageing, anoma-
lous diffusion in heterogeneous media, neural-type delay equations with attenu-
ated long-range memory, and control-theoretic models with deformed local time
scales. A unifying feature of these settings is the presence of two simultane-
ous nonlocal effects: the state at time t depends on the entire past trajectory
through an infinite-memory term, and the local rate of change is modulated by a
fractional-type operator whose order may itself depend on time, reflecting variable
anomalous behaviour.

The conformable calculus of Khalil et al. [10] and Abdeljawad [1] offers a local-
in-time alternative to classical fractional derivatives, and the generalized con-
formable framework of Nápoles Valdés and coauthors [6] and of Bahloul, Rachad
and Abdeljawad [2] extends it further by incorporating a deformation function
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F (·, α) that locally modulates the time scale; conformable models of this type are
also widely used in nonlinear wave propagation, see [25], and in the companion
mild-solution study for general fractional evolution equations with nonlocal con-
straints [18]. In its constant-order form, the associated derivative N α

F enjoys a
particularly convenient feature: the deformation reduces to a strictly monotone
time reparametrization Gα, and the operator family {TαF (t)}t≥0 is obtained from
a classical C0-semigroup {S(t)}t≥0 through TαF (t) = S(Gα(t)).

1.2. Why variable order matters. The constant-order assumption is, how-
ever, restrictive. In several recent applications, including anomalous diffusion
with depth-dependent porosity, viscoelastic models with ageing memory and neu-
ral transmission with state-dependent damping, the effective fractional order is
more accurately modelled as a function α = α(t) of time; see [21, 19, 12] for
surveys of the variable-order paradigm. When α depends on t, a fundamental
analytical difficulty emerges: the deformation no longer reduces to a single time
reparametrization. The integrated deformation Θ(t) :=

∫ t
0
F (s, α(s)) ds is still

well defined, but the operator family t 7→ T
α(·)
F (t) ceases to be a semigroup, be-

cause the local time scale changes along the trajectory. Consequently, all results
that are typically established by reducing the conformable problem to a classical
C0-semigroup problem, including the controllability theorems of [23, 13, 11, 20, 27]
in the constant-order setting, do not apply directly. A genuinely new operator-
theoretic object is needed.

1.3. Related work and the remaining gap. Controllability analysis for frac-
tional and delay evolution equations has been extensively developed in the constant-
order setting. For Caputo-type fractional systems, exact and approximate con-
trollability criteria are typically expressed through a controllability Gramian; we
refer to [23, 13, 11, 20, 27] for representative results. Closely related contributions
include Kang and Fan [9] on second-order stochastic neutral evolution equations
with infinite delay, Mshary, Ahmed and Ghanem [15] on Hilfer fractional systems
with noise and impulses, Moumen et al. [14] on Hilfer-driven stochastic equa-
tions with finite approximate controllability, and Hajji, Lahmoudi and Lakhel
[7], where existence and uniqueness of mild solutions for mean-field neutral sto-
chastic functional equations with delay are obtained in a Hilbert space setting.
Closely related null-controllability results have been obtained by Cui and Lu
[4]. The general theory of infinite-dimensional linear systems and Gramian-based
controllability is developed in the monographs [5, 17, 22], building on [26].

To the best of our knowledge, however, three features have not yet been ad-

dressed simultaneously: a variable-order generalized conformable derivative N α(·)
F

for which the time-change trick is not available; an infinite-memory phase space
of Hale–Kato type; and a unified treatment of both exact and approximate con-
trollability together with quantitative observability estimates whose constants
depend explicitly on α(·). The present paper is intended to fill this gap.

1.4. Main contributions. In Section 3 we construct a two-parameter evolution

family {U(t, s)}0≤s≤t≤T adapted to N α(·)
F , prove its strong continuity and a sharp

exponential bound in terms of the integrated deformation Θ(t), and show that
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the constant-order semigroup of [2] is recovered as a particular case. Using this
family, Section 4 formulates the semilinear controlled system (4.1) together with
a variation-of-constants formula in an abstract Banach space, the history segment
being taken in an axiomatic Hale–Kato phase space B; under a global Lipschitz
condition on the nonlinearity, global existence and uniqueness of mild solutions
follow from a contraction argument in a weighted solution space (Theorem 4.4).

Section 5 introduces a controllability Gramian Γ
α(·)
T adapted to the evolution

family and characterizes exact and approximate controllability of the linear sys-
tem in terms of its bounded invertibility and its injectivity, respectively (Theo-
rems 5.2 and 5.3). The technical core of the paper is the quantitative observability
inequality of Theorem 5.4,

‖ζ‖2
X ≤ C(T, α(·))

∫ T

0

∣∣F (s, α(s))
∣∣2 ∥∥B∗U(T, s)∗ζ

∥∥2

U ds, ζ ∈ X, (1.1)

in which the constant C(T, α(·)) is explicit in terms of T , of the integrated de-
formation Θ(T ) and of the growth bound of the underlying classical generator.
The estimate quantifies the way the deformation α(·) affects the minimum-energy
steering cost, it generalizes the known constant-order results, and to our knowl-
edge it is new even when α is constant. For the semilinear problem with infinite
memory, approximate controllability is then obtained through a regularized feed-
back strategy in which, for each ε > 0, a fixed-point argument produces a mild
solution xε whose terminal state satisfies xε(T )→ x1 as ε→ 0+ (Theorem 5.7).

The framework is illustrated in Section 6 on a variable-order generalized con-
formable diffusion equation with distributed internal control and an infinite-
memory nonlinearity, and in Section 7 on numerical experiments in which a
constant-order regime is compared with two genuinely variable profiles, first on
a low-dimensional system and then on a semi-discretized parabolic problem of
dimension 199, where the dependence of the steering error, of the control energy
and of the computational cost on α(·) is exhibited.

1.5. Implications for computer science. Although our results are stated in
the language of infinite-dimensional systems theory, they carry several conse-
quences of a computational nature. The integrated deformation Θ defines a
nonuniform time scale: a scheme that is uniform in the deformed variable σ =
Θ(t) is automatically adaptive in physical time and refines the grid exactly where
F is large, which connects the present framework with the design and the conver-
gence analysis of time-stepping schemes for evolution problems, a subject of con-
tinuing activity, see for instance [16] for recent explicit multiderivative methods.
The regularized feedback (5.14) is, moreover, an algorithm: its cost is dominated
by the assembly of the Gramian and by the solution of the regularized linear sys-

tems associated with εI+Γ
α(·)
T , so that conditioning, low-rank approximation and

the parallel evaluation of operator exponentials become the decisive issues as soon
as the state space is a discretized partial differential equation; these questions are
quantified in Section 7.5.

Dynamics with unbounded memory and with a time-dependent local scaling
also occur inside computer science itself. Long-range dependent network traffic,
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congestion-control loops in which acknowledgements arrive with unbounded de-
lay, distributed consensus and gossip protocols operating on stale information,
and continuous-time recurrent architectures such as neural differential equations
are all naturally written as evolution systems with a history segment; in the
last example the trainable time-scaling parameter plays precisely the role of α(·),
and controllability is exactly the question of which terminal states such an ar-
chitecture can produce. For all these models the practical question, namely how
much control energy is required in order to steer a memory-dependent system
to a prescribed state, is answered quantitatively by the observability constant
of Theorem 5.4, while the stochastic delay models of [7] describe the randomly
perturbed versions of the same networks.

1.6. Organization of the paper. Section 2 recalls the generalized conformable
derivative, the associated constant-order semigroup theory and the axiomatic
infinite-delay phase space B. Section 3 introduces the variable-order derivative

N α(·)
F and constructs the associated two-parameter evolution family. Section 4

formulates the abstract controlled system with infinite memory, introduces mild
solutions and proves well-posedness. Section 5 contains the main controllability
results, Section 6 provides an application to a variable-order anomalous diffusion
model, Section 7 gives the numerical illustration, and Section 8 collects concluding
remarks and directions for future research.

2. Preliminaries

This section collects the basic definitions and auxiliary results used throughout
the paper. We recall the generalized conformable fractional derivative N α

F in
the constant-order case and the associated notion of a C0–N α

F semigroup, which
serves as a benchmark for the variable-order extension developed in Section 3.
Throughout, X denotes a Banach space over R (or C), and L(X) denotes the
Banach algebra of bounded linear operators on X. Two distinct objects are
denoted by related symbols and should not be confused: the scalar deformation
function is written F (·, α), while the history-dependent nonlinearity of Section 4
is written F .

2.1. The generalized conformable fractional derivative. The generalized
conformable derivative N α

F extends the classical conformable derivative of Khalil
et al. [10] and Abdeljawad [1] by incorporating a deformation function F (·, α)
that locally modifies the time scale. The following definition is the one adopted
in [2].

Definition 2.1. Let α ∈ (0, 1] and let f : [0,∞) → R be continuous. Assume
that F (·, α) : [0,∞) → R satisfies F (t, α) 6= 0 for all t ≥ 0. The generalized
conformable fractional derivative of order α associated with F is defined by

N α
F f(t) := lim

h→0

f
(
t+

h

F (t, α)

)
− f(t)

h
, t ≥ 0,

whenever the above limit exists.
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Several important cases are recovered from Definition 2.1. If F (t, α) ≡ 1, then
N α
F f(t) = f ′(t), whereas the choice F (t, α) = tα−1 for t > 0 gives N α

F f(t) =
t1−αf ′(t), which is the conformable derivative of [10]; more general choices of
F allow one to model deformed local dynamics and time-scaling effects, see for
instance [6]. In the constant-order setting the deformation induced by F (·, α) can
be equivalently encoded through a strictly increasing time reparametrization Gα,
which is used to state the semigroup property in [2].

2.2. Semigroups associated with the constant-order derivative. Let Gα :
[0,∞)→ [0,∞) be strictly increasing and continuous with Gα(0) = 0, and denote
its inverse by G−1

α . The next two statements are taken from [2].

Definition 2.2. A family {TαF (t)}t≥0 ⊂ L(X) is called a C0–N α
F semigroup if

(i) TαF (0) = I;
(ii) for all t, s ≥ 0, TαF

(
G−1
α (t+ s)

)
= TαF

(
G−1
α (t)

)
TαF
(
G−1
α (s)

)
;

(iii) for every x ∈ X, limt→0+ T
α
F (t)x = x in X.

When G−1
α (t) = t, one recovers the classical C0-semigroup [17].

Proposition 2.3. Let {TαF (t)}t≥0 be a C0–N α
F semigroup. Then

(i) the family S(t) := TαF (G−1
α (t)) is a classical C0-semigroup on X;

(ii) conversely, if {S(t)}t≥0 is a classical C0-semigroup, then TαF (t) := S(Gα(t))
defines a C0–N α

F semigroup;
(iii) there exist constants M ≥ 1 and ω ≥ 0 such that ‖TαF (t)‖ ≤MeωGα(t) for

all t ≥ 0.

Remark 2.4. Proposition 2.3 is the time-change trick that makes the constant-
order theory essentially a transcription of classical C0-semigroup theory. This
trick fails in the variable-order setting, as we shall see in Section 3: when α = α(t),

the family t 7→ T
α(·)
F (t) is no longer a semigroup and a more general two-parameter

object is required.

2.3. The infinite-delay phase space. To handle initial histories defined on the
entire half-line (−∞, 0] we adopt the axiomatic framework of Hale and Kato, see
[8, 24]. Throughout, B denotes a vector space of functions ϕ : (−∞, 0] → X,
endowed with a seminorm ‖ · ‖B satisfying the following axioms.

Assumption 2.5. The space (B, ‖ · ‖B) satisfies:

(P1) if x : (−∞, T ] → X is continuous on [0, T ] with x0 ∈ B, then the map
t 7→ xt is continuous from [0, T ] into (B, ‖ · ‖B);

(P2) there exist positive constants KB, MB and NB, with KB locally bounded
on [0,∞), such that for every t ∈ [0, T ] and every x, y : (−∞, T ] → X
continuous on [0, T ] with x0, y0 ∈ B,

‖xt‖B ≤ KB sup
τ∈[0,t]

‖x(τ)‖X +MB‖x0‖B, (2.1)

‖xt − yt‖B ≤ KB sup
τ∈[0,t]

‖x(τ)− y(τ)‖X ; (2.2)

(P3) (B, ‖ · ‖B) is complete and, for each θ ≤ 0, the point-evaluation map
ϕ 7→ ϕ(θ) is continuous from B into X.
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Example 2.6. The following standard spaces satisfy Assumption 2.5. Let first
g : (−∞, 0] → [1,+∞) be continuous and nonincreasing, with g(0) = 1 and
g(θ)→ +∞ as θ → −∞, and define the fading-memory space

Bg :=
{
ϕ : (−∞, 0]→ X measurable : ‖ϕ‖g := sup

θ≤0

‖ϕ(θ)‖X
g(θ)

< +∞
}
.

Then (Bg, ‖ · ‖g) is a Banach space satisfying (P1)–(P3) with KB = 1 and MB =
1. Let next p ∈ [1,+∞) and let µ : (−∞, 0] → (0,+∞) be measurable with
µ ∈ L1(−∞, 0), and define the weighted space

Bµ,p :=
{
ϕ : (−∞, 0]→ X : ‖ϕ‖µ,p :=

(∫ 0

−∞
‖ϕ(θ)‖pX µ(θ) dθ

)1/p

< +∞
}
.

Then (Bµ,p, ‖ · ‖µ,p) satisfies (P1)–(P3) with KB =
(∫ 0

−∞ µ(θ) dθ
)1/p

and is widely
used in the study of integro-differential equations with unbounded delay [8].

3. Variable-order conformable dynamics and the two-parameter
evolution family

This section develops the operator-theoretic backbone of the paper. We in-

troduce the variable-order generalized conformable derivative N α(·)
F , show that

the time-change trick of Proposition 2.3 no longer reduces it to a C0-semigroup,
and construct in its place a two-parameter evolution family {U(t, s)}0≤s≤t≤T that
plays the analogous role for the variable-order problem.

3.1. Variable-order derivative and integrated deformation.

Definition 3.1. Let T > 0 and let α : [0, T ]→ (0, 1] be continuous. Assume that
F (t, α(t)) 6= 0 for every t ∈ (0, T ]. The variable-order generalized conformable
derivative of f : [0, T ]→ X at t ∈ (0, T ) is defined by

N α(·)
F f(t) := lim

h→0

f
(
t+

h

F (t, α(t))

)
− f(t)

h
, (3.1)

whenever the limit exists in X. The integrated deformation associated with α(·)
is

Θ(t) :=

∫ t

0

F (s, α(s)) ds, t ∈ [0, T ]. (3.2)

Remark 3.2. When α(t) ≡ α0 is constant, Θ(t) = Gα0(t) is the classical time
reparametrization of [2] and the operator family constructed below reduces to
the constant-order C0–N α0

F semigroup of Proposition 2.3. In the genuinely vari-
able case, by contrast, Θ is still well defined and strictly increasing as soon as

F (s, α(s)) > 0, but the family t 7→ T
α(·)
F (t) defined naively from a C0-semigroup

{S(t)} through S(Θ(t)) does not satisfy the semigroup law in t unless α is con-
stant. The semigroup property is replaced by an evolution-family identity, derived
below.

Assumption 3.3. Throughout the variable-order theory we assume the follow-
ing.
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(V1) The order α : [0, T ] → (0, 1] is continuous, the map s 7→ F (s, α(s))
is continuous on (0, T ] and belongs to L2(0, T ), and there is a constant
Fmin > 0 with F (t, α(t)) ≥ Fmin for every t ∈ (0, T ]. In particular Θ
is continuous, strictly increasing and bijective from [0, T ] onto [0,Θ(T )],
with continuous inverse Θ−1 : [0,Θ(T )]→ [0, T ].

(V2) The operator A : D(A) ⊂ X → X generates a strongly continuous C0-
semigroup {S(t)}t≥0 on X with ‖S(t)‖ ≤Meωt for all t ≥ 0, where M ≥ 1
and ω ≥ 0.

Every bounded deformation which is bounded away from zero satisfies (V1).
The square-integrability requirement is slightly weaker than boundedness and is
exactly what is needed for the input-state operator (5.3) to be bounded; it admits
deformations with an integrable singularity at the origin, such as the conformable
choice F (t, α) = tα(t)−1 with α(0) > 1/2, which is used in Section 7.

3.2. The two-parameter evolution family.

Definition 3.4. Under Assumption 3.3, the family {U(t, s)}0≤s≤t≤T ⊂ L(X)
associated with (A,F, α(·)) is defined by

U(t, s) := S
(
Θ(t)−Θ(s)

)
, 0 ≤ s ≤ t ≤ T. (3.3)

Proposition 3.5. Let Assumption 3.3 hold. Then

(i) U(t, t) = I for all t ∈ [0, T ];
(ii) for all 0 ≤ s ≤ r ≤ t ≤ T ,

U(t, r)U(r, s) = U(t, s); (3.4)

(iii) for every x ∈ X the map (t, s) 7→ U(t, s)x is continuous on {0 ≤ s ≤ t ≤
T};

(iv) the exponential bound

‖U(t, s)‖ ≤M exp
(
ω(Θ(t)−Θ(s))

)
, 0 ≤ s ≤ t ≤ T, (3.5)

holds;
(v) if α(t) ≡ α0 ∈ (0, 1], then U(t, s) = Tα0

F

(
G−1
α0

(Gα0(t) − Gα0(s))
)

recovers
the operator appearing in the variation-of-constants formula of [2].

Proof. Properties (i) and (v) follow directly from (3.3) and Assumption 3.3. For
(ii), fix 0 ≤ s ≤ r ≤ t ≤ T ; then Θ(t) − Θ(s) = (Θ(t) − Θ(r)) + (Θ(r) − Θ(s))
and the semigroup law of {S(·)} yields

U(t, r)U(r, s) = S
(
Θ(t)−Θ(r)

)
S
(
Θ(r)−Θ(s)

)
= S

(
Θ(t)−Θ(s)

)
= U(t, s).

For (iii), Θ is continuous by (V1) and S(·)x is strongly continuous by (V2), hence
(t, s) 7→ S(Θ(t) − Θ(s))x is continuous. Finally (iv) follows from the bound on
‖S(·)‖ in (V2). �

Remark 3.6. For fixed s, the map t 7→ U(t, s) is not a C0-semigroup in t when α
is genuinely variable: in general U(t1 + t2, s) 6= U(t1, s)U(t2, s). The correct alge-
braic structure is the two-parameter identity (3.4), which is the natural analogue
for variable-order conformable dynamics.
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Lemma 3.7. Let Assumption 3.3 hold and let f ∈ L1(0, T ;X). Then, for suf-
ficiently regular initial data x0 ∈ X, the unique mild solution of the abstract
Cauchy problem

N α(·)
F x(t) = Ax(t) + f(t), t ∈ (0, T ], x(0) = x0, (3.6)

is given by

x(t) = U(t, 0)x0 +

∫ t

0

F (s, α(s))U(t, s) f(s) ds, t ∈ [0, T ]. (3.7)

Sketch of proof. For sufficiently smooth x the variable-order derivative (3.1) re-

duces to N α(·)
F x(t) = F (t, α(t))−1x′(t), so that (3.6) is equivalent to x′(t) =

F (t, α(t))
(
Ax(t) + f(t)

)
. Setting y(τ) := x(Θ−1(τ)) with τ = Θ(t) and applying

the chain rule gives y′(τ) = Ay(τ) + f̃(τ), where f̃(τ) = f(Θ−1(τ)). The clas-
sical variation-of-constants formula for A then yields y(τ) = S(τ)x0 +

∫ τ
0
S(τ −

σ)f̃(σ) dσ, and undoing the change of variable σ = Θ(s), dσ = F (s, α(s)) ds,
produces (3.7). The argument is standard once justified in the regular case, and
it extends to general f ∈ L1(0, T ;X) by density, using the strong continuity of
U . �

4. Problem formulation and well-posedness

We now formulate the abstract semilinear control system driven by N α(·)
F with

infinite memory, define the associated notion of mild solution and prove well-
posedness.

4.1. The controlled system. Let (X, ‖ · ‖) be a Banach space, let U be a
separable Hilbert space, the control space, and let L(U , X) denote the bounded
linear operators from U into X. For a trajectory x : (−∞, T ]→ X and t ∈ [0, T ],
the history segment is xt(θ) := x(t+ θ) for θ ≤ 0, and the initial datum is ϕ ∈ B.
We consider the variable-order controlled system

N α(·)
F x(t) = Ax(t) + F(t, xt) +B u(t), t ∈ [0, T ], x0 = ϕ ∈ B, (4.1)

where A : D(A) ⊂ X → X generates the C0-semigroup {S(t)}t≥0 of (V2) and
{U(t, s)} is the associated evolution family of Section 3, B ∈ L(U , X) is the
control operator, u ∈ L2(0, T ;U) is the control, and F : [0, T ] × B → X is the
history-dependent nonlinearity.

Assumption 4.1. In addition to Assumptions 2.5 and 3.3, we suppose the fol-
lowing.

(H1) There exist M ≥ 1 and ω ≥ 0 such that ‖S(t)‖ ≤ Meωt for all t ≥ 0;
equivalently, by Proposition 3.5(iv), ‖U(t, s)‖ ≤Meω(Θ(t)−Θ(s)).

(H2) The map F : [0, T ] × B → X is continuous and globally Lipschitz in its
second argument, that is, there exists LF > 0 with

‖F(t, φ1)−F(t, φ2)‖X ≤ LF‖φ1 − φ2‖B, t ∈ [0, T ], φ1, φ2 ∈ B,
and supt∈[0,T ] ‖F(t, 0)‖X ≤ mF < +∞.

(H3) There exists CB > 0 with ‖Bu‖X ≤ CB‖u‖U for all u ∈ U .
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4.2. Mild solutions.

Definition 4.2. Assume that Assumption 4.1 holds and fix u ∈ L2(0, T ;U) and
ϕ ∈ B. A function x : (−∞, T ] → X is a mild solution of (4.1) on [0, T ] if
x|[0,T ] ∈ C([0, T ];X), x0 = ϕ in B, and for every t ∈ [0, T ]

x(t) = U(t, 0)ϕ(0)+

∫ t

0

F (s, α(s))U(t, s)F(s, xs) ds+

∫ t

0

F (s, α(s))U(t, s)Bu(s) ds.

(4.2)

The mild-solution formulation (4.2) is consistent with the variation-of-constants
approach developed for general fractional evolution equations with nonlocal con-
straints in [18].

Remark 4.3. When α(t) ≡ α0, formula (4.2) reduces to the constant-order repre-
sentation through the identification U(t, s) = Tα0

F

(
G−1
α0

(Gα0(t)−Gα0(s))
)
.

4.3. Existence and uniqueness. Define the space of admissible trajectories

XT :=
{
x : (−∞, T ]→ X : x0 = ϕ, x|[0,T ] ∈ C([0, T ];X)

}
,

endowed with ‖x‖∞,T := supt∈[0,T ] ‖x(t)‖X , and let Λ : XT → XT be given by

(Λx)(t) :=



ϕ(t), t ≤ 0,

U(t, 0)ϕ(0) +

∫ t

0

F (s, α(s))U(t, s)F(s, xs) ds

+

∫ t

0

F (s, α(s))U(t, s)Bu(s) ds, t ∈ [0, T ].

(4.3)

Theorem 4.4. Under Assumption 4.1, set

MΘ := MeωΘ(T ), q := MΘLFKBΘ(T ). (4.4)

If q < 1, then system (4.1) admits a unique mild solution on [0, T ].

Proof. The control terms in (4.3) cancel in a difference, so for x, y ∈ XT and
t ∈ [0, T ] the bounds (H1)–(H2) together with (2.2) give

‖(Λx)(t)− (Λy)(t)‖X ≤MΘLFKB

(∫ t

0

F (s, α(s)) ds
)
‖x− y‖∞,T ≤ q ‖x− y‖∞,T ,

because
∫ t

0
F (s, α(s)) ds = Θ(t) ≤ Θ(T ). Since q < 1, the Banach fixed-point

theorem applies to Λ on the complete metric space (XT , ‖ · ‖∞,T ) and yields a
unique mild solution. �

Remark 4.5. If q ≥ 1, condition (4.4) still holds on a sufficiently small interval
[0, T0] on which Θ(T0) is small enough, which gives local existence and uniqueness;
a continuation argument then provides a maximal interval of existence.

5. Exact and approximate controllability

In this section X and U are Hilbert spaces and adjoints are denoted by (·)∗.
We establish the variable-order analogues of the classical Gramian-based criteria,
together with our central quantitative observability inequality.
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5.1. The linear system and the variable-order Gramian. The linear con-
trol system associated with (4.1) is

N α(·)
F x(t) = Ax(t) +Bu(t), t ∈ [0, T ], x(0) = x0 ∈ X, (5.1)

whose mild solution is

x(t) = U(t, 0)x0 +

∫ t

0

F (s, α(s))U(t, s)Bu(s) ds. (5.2)

The input-state operator WT : L2(0, T ;U)→ X is

WTu :=

∫ T

0

F (s, α(s))U(T, s)Bu(s) ds, (5.3)

which is bounded because F (·, α(·)) ∈ L2(0, T ) by (V1), and the variable-order

controllability Gramian Γ
α(·)
T : X → X is

Γ
α(·)
T := WTW

∗
T =

∫ T

0

F (s, α(s))2 U(T, s)BB∗ U(T, s)∗ ds. (5.4)

Definition 5.1. System (5.1) is exactly controllable on [0, T ] if Ran(WT ) = X,

and approximately controllable on [0, T ] if Ran(WT ) = X.

5.2. Exact and approximate criteria.

Theorem 5.2. The linear system (5.1) is exactly controllable on [0, T ] if and

only if Γ
α(·)
T is boundedly invertible on X. In this case, for any target x1 ∈ X, the

control

u(t) = F (t, α(t))B∗ U(T, t)∗
(
Γ
α(·)
T

)−1(
x1 − U(T, 0)x0

)
(5.5)

steers (5.1) from x(0) = x0 to x(T ) = x1.

Proof. At t = T , (5.2) reads x(T ) = U(T, 0)x0 + WTu, so exact controllability
amounts to Ran(WT ) = X, which in a Hilbert space is equivalent to the bounded

invertibility of Γ
α(·)
T = WTW

∗
T . Setting u = W ∗

T (Γ
α(·)
T )−1(x1 − U(T, 0)x0) gives

WTu = x1 − U(T, 0)x0, hence x(T ) = x1. �

Theorem 5.3. The linear system (5.1) is approximately controllable on [0, T ] if
and only if

ker
(
Γ
α(·)
T

)
= {0}. (5.6)

Proof. Since Γ
α(·)
T = WTW

∗
T is self-adjoint and nonnegative, 〈Γα(·)

T ζ, ζ〉 = ‖W ∗
T ζ‖2,

so that Γ
α(·)
T ζ = 0 if and only if W ∗

T ζ = 0. In a Hilbert space Ran(WT ) = X is
equivalent to ker(W ∗

T ) = {0}, which is (5.6). �

5.3. A quantitative observability inequality. The Gramian-based criteria
above are qualitative. We now derive a quantitative variant which makes explicit
the way the deformation α(·) enters the steering cost; this is the technical core
of the paper.
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Theorem 5.4. Let Assumptions 2.5, 3.3 and 4.1 hold and assume that the un-
derlying C0-semigroup {S(t)} satisfies the constant-order observability inequality:
there exists cS > 0 such that

‖ζ‖2
X ≤ cS

∫ Θ(T )

0

∥∥B∗S(Θ(T )− σ)∗ζ
∥∥2

U dσ, ζ ∈ X. (5.7)

Then the variable-order observability inequality

‖ζ‖2
X ≤ C(T, α(·))

∫ T

0

∣∣F (s, α(s))
∣∣2∥∥B∗U(T, s)∗ζ

∥∥2

U ds, ζ ∈ X, (5.8)

holds with the explicit constant

C(T, α(·)) =
cS

inf
s∈(0,T ]

F (s, α(s))
≤ cS

Fmin

. (5.9)

In particular C(T, α(·)) collapses to cS in the homogeneous case F (s, α(s)) ≡ 1,
and it is finite whenever the deformation is bounded away from zero on (0, T ].

Proof. Fix ζ ∈ X and perform the change of variable σ = Θ(s) in (5.7), so that
dσ = F (s, α(s)) ds and σ ∈ [0,Θ(T )] corresponds to s ∈ [0, T ]. By (3.3) we have
S(Θ(T )− σ) = S(Θ(T )−Θ(s)) = U(T, s) and, taking adjoints, S(Θ(T )− σ)∗ =
U(T, s)∗. Substitution into (5.7) gives

‖ζ‖2
X ≤ cS

∫ T

0

∥∥B∗U(T, s)∗ζ
∥∥2

UF (s, α(s)) ds.

Writing the weight as F = |F |2/F and using the lower bound of (V1) in the
denominator, we get

‖ζ‖2
X ≤

cS
infr∈(0,T ] F (r, α(r))

∫ T

0

∣∣F (s, α(s))
∣∣2∥∥B∗U(T, s)∗ζ

∥∥2

U ds,

which is (5.8) with the constant (5.9). Its finiteness follows from (V1), which
provides the uniform positive lower bound Fmin. �

Remark 5.5. Inequality (5.8) is the variable-order analogue of the classical observ-
ability estimate that underlies the controllability of finite-energy linear systems,
and it quantifies a basic principle: the slower the deformed local time scale, that
is, the smaller inf F , the larger the energy required in order to steer the system.
When F is in addition bounded above one may replace (5.9) by the cruder bound

C(T, α(·)) ≤ cS
sups∈(0,T ] F (s, α(s))(
infs∈(0,T ] F (s, α(s))

)2 ,

in which the oscillation of the deformation is apparent; the form (5.9), however,
remains finite for deformations that are unbounded near the origin, such as the
conformable choice F (t, α) = tα(t)−1 used in Section 7, and it is therefore the one
we retain. This makes the variable-order Gramian framework not only qualitative
but also quantitatively useful.
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Corollary 5.6. Under the assumptions of Theorem 5.4, the linear system (5.1)
is approximately controllable on [0, T ] and the minimum-energy control satisfies

inf
{
‖u‖2

L2(0,T ;U) : x(T ) = x1

}
≤ C(T, α(·)) ‖x1 − U(T, 0)x0‖2

X (5.10)

for every reachable target x1 ∈ Ran(WT ).

Proof. Approximate controllability follows from Theorem 5.3, since (5.8) implies

that W ∗
T ζ = 0 forces ζ = 0, hence ker(Γ

α(·)
T ) = {0}. For (5.10), inequal-

ity (5.8) reads ‖ζ‖2 ≤ C(T, α(·))‖W ∗
T ζ‖2

L2 , that is, Γ
α(·)
T ≥ C(T, α(·))−1I on

Ran(WT ); the minimum-energy control associated with a reachable target x1

is u = W ∗
T (Γ

α(·)
T )−1(x1 − U(T, 0)x0), whose squared norm is 〈(Γα(·)

T )−1z, z〉 with
z = x1 − U(T, 0)x0, and this is bounded by C(T, α(·))‖z‖2. See [22, Ch. 6] for
the corresponding constant-order argument. �

5.4. Regularized control and convergence. For ε > 0 define the regularized
linear control

uε(t) := F (t, α(t))B∗ U(T, t)∗
(
εI + Γ

α(·)
T

)−1(
x1 − U(T, 0)x0

)
. (5.11)

The associated terminal state is

xε(T ) = U(T, 0)x0 + Γ
α(·)
T

(
εI + Γ

α(·)
T

)−1(
x1 − U(T, 0)x0

)
, (5.12)

and xε(T )→ x1 as ε→ 0+ whenever ker(Γ
α(·)
T ) = {0}.

5.5. Approximate controllability for the semilinear system. For x ∈ XT
define the accumulated nonlinear term

Φ(x) :=

∫ T

0

F (s, α(s))U(T, s)F(s, xs) ds, (5.13)

and, for ε > 0 and a target x1 ∈ X, the feedback control

uxε(t) := F (t, α(t))B∗ U(T, t)∗
(
εI + Γ

α(·)
T

)−1(
x1 − U(T, 0)ϕ(0)− Φ(x)

)
. (5.14)

Theorem 5.7. Assume Assumption 4.1 and ker(Γ
α(·)
T ) = {0}. For each ε > 0

define Ψε : XT → XT by

(Ψεx)(t) :=



ϕ(t), t ≤ 0,

U(t, 0)ϕ(0) +

∫ t

0

F (s, α(s))U(t, s)F(s, xs) ds

+

∫ t

0

F (s, α(s))U(t, s)Buxε(s) ds, t ∈ [0, T ].

If Ψε is a contraction on (XT , ‖·‖∞,T ), a sufficient condition being given in Lemma
5.8 below, then Ψε admits a unique fixed point xε, which is a mild solution of (4.1)
driven by uxεε . If, moreover, the family {Φ(xε)}ε>0 is bounded in X, then

xε(T ) −→ x1 as ε→ 0+, (5.15)

and (4.1) is approximately controllable on [0, T ].
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Proof. A fixed point xε of Ψε is a mild solution by construction, and at t = T it
satisfies xε(T ) = U(T, 0)ϕ(0) + Φ(xε) +WTu

xε
ε . By (5.14),

WTu
xε
ε = Γ

α(·)
T

(
εI + Γ

α(·)
T

)−1(
x1 − U(T, 0)ϕ(0)− Φ(xε)

)
,

hence xε(T )−x1 = −ε(εI+Γ
α(·)
T )−1

(
x1−U(T, 0)ϕ(0)−Φ(xε)

)
. Since ker(Γ

α(·)
T ) =

{0}, the spectral theorem gives ε(εI + Γ
α(·)
T )−1z → 0 in X for every z ∈ X, which

together with the boundedness of {Φ(xε)} yields (5.15). �

Lemma 5.8. Let CW := supt∈[0,T ] ‖Wt‖L(L2(0,t;U),X). If

q +
q CW‖WT‖

ε
< 1, (5.16)

with q as in (4.4), then Ψε is a contraction on (XT , ‖ · ‖∞,T ).

Proof. For x, y ∈ XT write (Ψεx − Ψεy)(t) = I1(t) + I2(t), where I1 collects
the nonlinear terms and I2 the control terms. Arguing as in Theorem 4.4 gives

‖I1‖∞,T ≤ q‖x− y‖∞,T . For I2, one has uxε −uyε = W ∗
T (εI + Γ

α(·)
T )−1(Φ(y)−Φ(x))

together with ‖(εI + Γ
α(·)
T )−1‖ ≤ 1/ε and ‖Φ(x)− Φ(y)‖ ≤ q‖x− y‖∞,T , whence

‖uxε − uyε‖L2 ≤ (q‖WT‖/ε)‖x − y‖∞,T and ‖I2‖∞,T ≤ (CW q‖WT‖/ε)‖x − y‖∞,T .
Condition (5.16) then implies contractivity. �

6. Application to variable-order anomalous diffusion

We illustrate the abstract theory on a variable-order generalized conformable
diffusion equation with infinite memory and distributed internal control. This
model is motivated by anomalous transport in heterogeneous media with a time-
varying anomaly index [21, 19, 12].

6.1. Model description. Let Ω ⊂ Rd, d ≥ 1, be a bounded domain with smooth
boundary, let T > 0 and let α : [0, T ] → (0, 1] be continuous. Fix a nonempty
open subset ω ⊂ Ω, the control region, with characteristic function χω. Let
µ : (−∞, 0]→ (0,+∞) satisfy µ ∈ L1(−∞, 0) and let k : (−∞, 0]→ R satisfy∫ 0

−∞
|k(θ)|2µ(θ) dθ < +∞. (6.1)

We consider the variable-order controlled system

N α(·)
F y(t, ξ) = ∆y(t, ξ) +

∫ 0

−∞
k(θ)σ

(
y(t+ θ, ξ)

)
dθ

+ χω(ξ)v(t, ξ), (t, ξ) ∈ (0, T ]× Ω,

y(t, ξ) = 0, (t, ξ) ∈ (0, T ]× ∂Ω,

y(θ, ξ) = y0(θ, ξ), (θ, ξ) ∈ (−∞, 0]× Ω.

(6.2)
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6.2. Abstract reformulation and verification of the hypotheses. Set X :=
L2(Ω), U := L2(ω) and Az := ∆z with D(A) := H2(Ω)∩H1

0 (Ω); then A generates
an analytic C0-semigroup {S(t)}t≥0 on X [17]. Define (Bu)(ξ) := χω(ξ)u(ξ),
choose the phase space B := Bµ,2 of Example 2.6 and the nonlinearity(

F(t, φ)
)
(ξ) :=

∫ 0

−∞
k(θ)σ

(
φ(θ)(ξ)

)
dθ. (6.3)

With x(t) := y(t, ·) and u(t) := v(t, ·)|ω, system (6.2) takes the abstract form
(4.1), and the two-parameter family U(t, s) = S(Θ(t)−Θ(s)) of Section 3 governs
its evolution.

The hypotheses of Assumption 4.1 are readily verified. The bound (H1) holds
by Proposition 3.5(iv). If σ is globally Lipschitz with constant Lσ and σ(0) = 0,
then by the Cauchy–Schwarz inequality and Fubini’s theorem

‖F(t, φ)−F(t, ψ)‖X ≤ LF‖φ−ψ‖B, LF := Lσ

(∫ 0

−∞
|k(θ)|2µ(θ) dθ

)1/2

< +∞,

(6.4)
which gives (H2), while ‖Bu‖L2(Ω) ≤ ‖u‖L2(ω) gives (H3) with CB = 1.

6.3. Well-posedness and approximate controllability.

Proposition 6.1. Let σ be globally Lipschitz with σ(0) = 0, let k satisfy (6.1),
let u ∈ L2(0, T ;U) and assume that

qapp := MeωΘ(T )LFKBΘ(T ) < 1. (6.5)

Then system (6.2) admits a unique mild solution y ∈ C([0, T ];L2(Ω)).

Proof. This is a direct consequence of Theorem 4.4. �

Proposition 6.2. Under the hypotheses of Proposition 6.1, assume in addition

that ker(Γ
α(·)
T ) = {0}. Then, for every target x1 ∈ X and every ε > 0, there is a

control uε in L2(0, T ;U) for which the terminal states converge to the target, that
is,

‖yε(T, ·)− x1‖L2(Ω) −→ 0 as ε→ 0+.

Proof. This follows from Theorem 5.7. The injectivity ker(Γ
α(·)
T ) = {0} reduces,

through the change of variable σ = Θ(s) used in the proof of Theorem 5.4, to the
standard approximate-observability property of the heat semigroup with internal
control on ω, which holds for every nonempty open set ω ⊂ Ω [22, 5]. �

Remark 6.3. Three points deserve emphasis. First, the Lipschitz constant LF in
(6.4) can be made arbitrarily small by choosing a rapidly decaying memory kernel,
which ensures (6.5). Second, exact controllability typically fails for parabolic
equations in infinite dimensions, so that approximate controllability is the natural
achievable property in this setting; this is confirmed numerically in Section 7.4,
where the Gramian of a fine discretization is seen to be injective but severely
ill-conditioned. Third, and most importantly, the variable order α(·) does not
destroy this property, because the change of variable σ = Θ(s) used to prove
Theorem 5.4 transports the unique-continuation property of the heat semigroup
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from physical time t to deformed time σ and back, with explicit constants tracking
α(·).

7. Numerical illustration: constant versus variable order

We present numerical experiments that make the convergence xε(T ) → x1

explicit and, above all, exhibit the impact of the variable order α(·) on the steering
cost. A low-dimensional system is treated first, and a semi-discretized parabolic
problem is treated in Section 7.4.

7.1. Setup. Let X = U = R2, T = 1 and consider the linear system (5.1) with

A =

[
−1 0
0 −2

]
, B = I2, x0 = (0, 0)>, x1 = (1, 1)>.

The deformation is F (t, α(t)) = tα(t)−1 for t > 0, so that F ≡ 1 when α ≡
1 and the conformable family is recovered when α is constant. We compare
three regimes: a constant order α(t) ≡ 3/4, denoted (R1), which reproduces the
constant-order case of the original framework and for which Θ(t) = (4/3)t3/4; a
monotone increasing order α(t) = 3/5 + 2t/5, denoted (R2), which ranges from
3/5 at t = 0 to 1 at t = 1 and models a memory that fades as time progresses;
and an oscillating order α(t) = 3/4 + (1/4) sin(2πt), denoted (R3), which models
a time-periodic anomaly. The classical semigroup is S(t) = diag(e−t, e−2t), so
that

U(t, s) = S(Θ(t)−Θ(s)) = diag
(
e−(Θ(t)−Θ(s)), e−2(Θ(t)−Θ(s))

)
.

The three profiles are admissible in the sense of (V1). Indeed, for the con-
formable deformation one has F (s, α(s)) ≥ 1 on (0, 1], so that Fmin = 1 and, by
Theorem 5.4, C(T, α(·)) = cS in each regime, whereas |F (s, α(s))|2 behaves like
s2α(0)−2 near the origin and is integrable precisely when

α(0) > 1
2
. (7.1)

Condition (7.1) is the sharp admissibility threshold for the conformable defor-
mation: it is what makes the Gramian (5.4) a convergent integral, and it is the
reason why the increasing profile (R2) is started at α(0) = 3/5 rather than at the
borderline value 1/2.

7.2. The variable-order Gramian. With B = I2 and x0 = 0 the Gramian
Γ
α(·)
T is diagonal,

Γ
α(·)
T = diag

(
γ
α(·)
1 , γ

α(·)
2

)
, γ

α(·)
i :=

∫ T

0

F (s, α(s))2e−2λi(Θ(T )−Θ(s)) ds,

with λ1 = 1 and λ2 = 2. The integrals are evaluated numerically in each regime
by adaptive quadrature graded towards the endpoint singularity at s = 0; for

regime (R1) one recovers γ
(R1)
1 ≈ 0.5609 and γ

(R1)
2 ≈ 0.2715, in agreement with

the constant-order computation of the original framework. Representative values
are summarized in Table 1.

In all three regimes γ
α(·)
1 , γ

α(·)
2 > 0, so that the system is both exactly and

approximately controllable in each case. The monotone regime (R2), in which
α(·) increases from 3/5 to 1, produces the largest integrated deformation and the
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Table 1. Integrated deformation and variable-order Gramian
eigenvalues in the three regimes. The constant-order case (R1)
reproduces the values of the underlying constant-order theory.

Regime Profile α(t) Θ(T ) γ
α(·)
1 γ

α(·)
2

(R1) 3/4 1.3333 0.5609 0.2715

(R2) 3/5 + 2t/5 1.5192 0.6936 0.2743

(R3) 3/4 + (1/4) sin(2πt) 1.1966 0.5305 0.2738

largest Gramian eigenvalues, whereas the oscillating regime (R3), in which α(·)
varies around the constant baseline, yields a slightly smaller Θ(T ) and eigenvalues
close to those of (R1). The qualitative behaviour of α(·), monotone against
oscillating, therefore has a clearly visible impact on the controllability map even
before passing to the steering error.

7.3. Regularized control and convergence to the target. With x0 = 0 the
regularized control (5.11) gives the terminal state

xε(T ) =

(
γ
α(·)
1 /(ε+ γ

α(·)
1 )

γ
α(·)
2 /(ε+ γ

α(·)
2 )

)
, (7.2)

and therefore the steering error

‖xε(T )− x1‖ =
( ε2

(ε+ γ
α(·)
1 )2

+
ε2

(ε+ γ
α(·)
2 )2

)1/2

. (7.3)

Table 2. Steering error as the regularization parameter tends to
zero in regimes (R1)–(R3). All three regimes exhibit linear decay in
the parameter, with a prefactor controlled by the Gramian eigen-
values of Table 1.

ε (R1) error (R2) error (R3) error

1 1.0144 0.9821 1.0214

10−1 0.3088 0.2954 0.3110

10−2 0.0396 0.0379 0.0398

10−3 0.00408 0.00391 0.00410

10−4 0.000409 0.000392 0.000411

10−5 0.0000409 0.0000392 0.0000411

Table 2 confirms that xε(T ) → x1 = (1, 1)> as ε → 0+ in all three regimes,
in full agreement with Theorems 5.3 and 5.4. The comparison is illuminating:
the monotone variable-order regime (R2), which produces the largest Gramian
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eigenvalues, yields the smallest steering error at any fixed ε, while (R1) and (R3)
remain very close to each other. Since Fmin = 1 in all three cases, the observability
constant (5.9) is the same for the three profiles, and the differences seen in Table
2 are entirely due to the size of the Gramian, that is, to the way the deformation
redistributes the control effort along [0, T ]: an order that increases towards 1
keeps the deformed clock running fast over most of the interval and enlarges
Θ(T ), whereas an oscillating order essentially compensates its own excursions.

Remark 7.1. Three comments are in order. For the conformable choice α(t) ≡ α0

one has Gα0(t) = tα0/α0, and as α0 → 1 the Gramian coefficients converge to the
classical values γ∗i = (1− e−2λi)/(2λi), i = 1, 2. Next, (7.3) gives

‖xε(T )− x1‖ ≤ ε
(

1/(γ
α(·)
1 )2 + 1/(γ

α(·)
2 )2

)1/2

+O(ε2),

so the decay is linear in ε with a prefactor depending explicitly on α(·) through
the Gramian eigenvalues. Finally, when the nonlinearity F(t, xt) is present, the
feedback law (5.14) replaces x1 by x1 − U(T, 0)ϕ(0) − Φ(x) at each fixed-point
step; under the contractivity condition of Lemma 5.8 the unique fixed point still
satisfies xε(T ) → x1 as ε → 0+, with the same rate up to a memory-dependent
prefactor.

7.4. A semi-discretized diffusion problem. The two-dimensional example
above isolates the role of α(·). It does not, however, reflect the infinite-dimensional
setting of Sections 5 and 6, and we therefore repeat the experiment on a semi-
discretization of the model (6.2). Let Ω = (0, 1) and let A be the operator
ν ∂2

ξ with ν = 0.05 and homogeneous Dirichlet boundary conditions, discretized
by centred finite differences on n = 199 interior nodes. The control acts on
ω = (0.3, 0.7) through Bu = χωu, the initial state is zero, and the memory term
is switched off, so that the linear theory of Section 5 applies verbatim. The target
is the smooth profile

x1(ξ) = sin(πξ) + 1
2

sin(3πξ),

and the three order profiles of Section 7 are used again.
The Gramian (5.4) is assembled in the orthonormal eigenbasis {qj} of the

discrete Laplacian, in which U(T, s) is diagonal with entries eλj(Θ(T )−Θ(s)): writing
P := Q>BB∗Q one has(

Q>Γ
α(·)
T Q

)
jl

= Pjl

∫ T

0

F (s, α(s))2e(λj+λl)(Θ(T )−Θ(s)) ds, (7.4)

and the scalar integrals are evaluated with a quadrature graded towards s = 0,
which is required by (7.1). Only the first m = 60 modes are retained, the remain-
ing ones contributing below machine precision. Table 3 reports the relative steer-
ing error ‖xε(T )− x1‖/‖x1‖ and the relative control energy ‖uε‖L2(0,T ;U)/‖x1‖.

The picture is consistent with the theory and complements the two-dimensional
experiment in three ways. First, the ordering of the regimes is unchanged: the
monotone profile (R2) is the cheapest and the oscillating profile (R3) the most
expensive, at every value of ε, exactly as predicted by the Gramian eigenvalues of
Table 1. Second, the convergence xε(T )→ x1 is accompanied by a steady growth
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Table 3. Semi-discretized variable-order diffusion problem with
n = 199: relative steering error (left) and relative control energy
(right) for the three order profiles.

relative steering error relative control energy

ε (R1) (R2) (R3) (R1) (R2) (R3)

1 0.7316 0.6456 0.7558 0.42 0.44 0.41

10−2 0.2007 0.1679 0.2148 2.63 2.34 2.73

10−4 0.0201 0.0168 0.0217 5.07 4.29 5.41

10−6 0.00172 0.00145 0.00184 6.57 5.54 7.02

10−8 0.000140 0.000118 0.000149 7.44 6.28 7.95

of the control energy, which increases by more than one order of magnitude
between ε = 1 and ε = 10−8; this is the numerical signature of Remark 6.3,
namely that only approximate, and not exact, controllability can be expected for
parabolic dynamics. Third, the spectrum of the discretized Gramian illustrates
the same phenomenon quantitatively: in regime (R1) its eigenvalues decay from
6.97 · 10−1 to 1.46 · 10−2, 3.07 · 10−3, 7.28 · 10−4 and 1.00 · 10−7 for the first, fifth,
tenth, twentieth and fortieth modes, so that the Gramian is injective, as required
by Theorem 5.3, but is not boundedly invertible uniformly in the discretization
parameter.

7.5. Computational cost of the regularized feedback.

Remark 7.2. The scheme used above is directly applicable to large discretized
systems, and its cost is dominated by two operations. Assembling (7.4) requires,
at each of the Nq quadrature nodes, the action of U(T, s) = S(Θ(T ) − Θ(s));
for a symmetric discretization one may diagonalize A once, at cost O(n3), after
which each node costs O(m2) in the m� n retained modes, which gives O(n3 +
Nqm

2) in total, whereas for large sparse nonsymmetric problems one replaces
the diagonalization by Krylov approximations of the exponential action, at cost
O(Nq nnz(A)κ) with κ Krylov steps. The assembly is embarrassingly parallel
in the quadrature nodes. Evaluating the control (5.14) then amounts to solving

a system with the symmetric positive definite matrix εI + Γ
α(·)
T , at cost O(m3)

by a direct factorization, or O(
√
κεm

2) by conjugate gradients, where κε ≤ 1 +

λmax(Γ
α(·)
T )/ε; the rapid spectral decay reported above means that a low-rank

truncation at a tolerance matched to ε reduces this to O(rm) per application
with r of the order of ten in the experiment of Section 7.4. Two further points
are specific to the variable-order setting. The quadrature must be graded near
s = 0, since by (7.1) the integrand behaves like s2α(0)−2 there, and a uniform grid
degrades the accuracy of Θ and of the Gramian; and, in the semilinear case, each
iteration of the fixed-point map of Theorem 5.7 requires one further evaluation
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of Φ, so that the total cost is that of the linear scheme multiplied by the number
of contraction steps, which is O(log(1/tol)) under (5.16).

8. Conclusion and outlook

This paper has developed a unified controllability theory for semilinear evo-
lution systems with infinite memory governed by the variable-order generalized

conformable derivative N α(·)
F . The central technical device is the two-parameter

evolution family {U(t, s)}0≤s≤t≤T , defined by U(t, s) = S(Θ(t) − Θ(s)) with

Θ(t) =
∫ t

0
F (s, α(s)) ds, which replaces the constant-order semigroup and remains

well defined precisely where the time-change trick breaks down.
Well-posedness was established under a Lipschitz condition on the nonlinear-

ity and a smallness condition on Θ(T ), by a contraction argument in XT . For
the linear system, necessary and sufficient conditions for exact and approximate
controllability were derived in terms of the invertibility and the injectivity of the

variable-order Gramian Γ
α(·)
T . A central new result is the quantitative observ-

ability inequality with the explicit constant (5.9), which collapses to the known
constant-order estimate when α is constant and remains meaningful for defor-
mations that are unbounded at the origin. For the semilinear case, approximate
controllability was obtained by a regularized feedback strategy combined with a
fixed-point argument, and the numerical experiments, both in low dimension and
on a semi-discretized parabolic problem, illustrate the dependence of the steering
error, of the control energy and of the computational cost on α(·).

Several directions remain open: nonlocal initial conditions [3, 18], impulsive
effects, state-dependent delay, stochastic perturbations in the spirit of [7], sharp
observability constants in specific geometries, structure-preserving and adaptive
discretizations of the deformed time scale Θ in the spirit of [16], and the scaling of
the feedback scheme of Section 7.5 to genuinely large-scale discretizations through
model reduction. We hope that the two-parameter framework introduced here
will provide a useful starting point for these developments.
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