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CERTAIN GEOMETRIC PROPERTIES OF FUNCTIONS
INVOLVING GALUE TYPE STRUVE FUNCTION

EZEKIEL ABIODUN OYEKAN

ABSTRACT. In this work, we make use of the Galué type Struve function
(GTSF) aw;"’é"c’g (2) to define a normalized analytic function

— ()" 1
— 4 n+
Ipbec(2) =2+ 2T
e ; (1) an(7)
Strong star-likeness, strong convexity and uniform convexity properties results
for the normalized analytic function are obtained. Relevant connections of
these results with certain results for the Struve functions are pointed out as
corollaries.

1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of a function f(z) normalized by f(0) = f'(0) —1 =10
and is of the form

f2) =2+ an", (1.1)

which are analytic in the open unit disk U = {2z : |z| < 1}. Denote S to be the
subclass of A consisting of univalent functions. Also, let 5™, C, 5*(«), S*(«) and
C(a) denote the subclasses of S which are star-like, convex, star-like of order «,

strongly star-like of order a, and strongly convex of order a respectively, and
defined as:
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S*:{f:fGSandSR(Z]{;S))>O,zeU},
C={f: fESandﬂ%(l—l— fﬂ()))>0,z€U},

a, ze U, 0<a<1},

)

S*(a) ={f: fESandi)%(

>
S*(a):{f:fEScmd )‘ %,ZGU,OSO&<1},

and

//
1+ f >‘>%,26U, 0<a<l),

C(a)={f:feSand |a

It is evident that
S°(1) = 5*(0) = $*, C(1) =C(0) =C.

For more insight on these classes, see ([2], [3], [4] and [7]).

Among the special functions whose interest has attracted the attention of many
researchers is the Struve function and its other variant, the generalized Struve
function.

The function H, is called the Struve function of order p and is defined as a
particular solution of the second-order inhomogeneous differential equation

4(%)p+1

2w (z) + zw'(2) + (22 = p)w(z) = NN ] (1.2)
such that
> (—1)" 2\ 2ntp+1
Hp(z):;F<n+%)F(p+n+%) (§> . (zeU). (13

Also, let us consider the following differential equation which only differs in the
coeflicient of w:

4 (%)p—l—l

Val(p+3)
and whose particular solution L,(2) is called the modified Struve function of order
p and is defined as:

2w’ (2) + zw'(2) — (22 + pHw(z) = (1.4)

Ly(2) = —ie 2

gy B GED)

n=0
(1.5)
For more in-depth discussion on Struve function and other works related to it,
interested reader may refer to ([6] and [7]).
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Next, consider the following differential equation [3]:
2w (2) Fbzw' (2) + [cz? —p* + (1 —b) plw(z) = 4G (1.6)
Val(p+3)

when b,c,p € C. If b =1 and ¢ = 1, then equation (1.6) becomes (1.2), and if
b=1and ¢ = —1, then we get (1.4). Which means that (1.6) generalizes (1.2)
and (1.4). The generalization given by (1.6) permits the study of (1.2) and (1.4)
together. A particular solution of (1.6) which is denoted by w,;.(2) and whose
series representation is defined as

CL)rer B ceny

Wype(z) = =
wel?) = T T T s 5 2

is referred to as the generalized Struve function of order p.
Although, the series defined by (1.7) is convergent everywhere in the complex
plane C, the function is generally not univalent in U (see [9]).

Now, consider the function u, (%) defined as follows:

b+ 2

Uppel2) = 2 V7 T (p n T) o w0 (V). (18)

Using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma

function, by (), = ng(t)n) =v(y+1)---(y+n—1), the following form of the

function u, (%) can be written:

up,lxc(z):Z%Zﬂzbo*'hzﬂngf—l—“-, (1.9)
n—0 \2/n n

Whenk:p%—HTQ#O,—l,—Q,--- and
_ (=)™ C”F(%)F(k)
4T (n+3) T(n+k)

This function defined in (1.9) is not analytic in C but satisfies the second-order
inhomogeneous differential equation

422" (2) +2(2p+b+3)zu'(2) + (cz+2p+b)u(z) =2p+b (1.10)

as well as the condition wu,(0) = 1.

for n > 0.

n

We note that the normalized form of the Struve function defined by (1.9) which
is analytic in C is defined as

(1.11)
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The functions defined by (1.9) and (1.11) were first introduced and studied in [(]
and very recently, the function defined by (1.11) was further investigated in ([10],

[11])-

Mahmood et al. [12], studied the geometric properties of the generalized Struve
function defined by (1.11) and obtained the following results:

Theorem 1.1. If ¢ > 71‘ d then Viy. € 5 (a),

9 2
where: o = — arcsin (w 1— % + % V1-— ¢2>
T

4lc|

MY = S~ 1d)

15 such that arcsin% + arcsinvy € [%ﬂ, g] .

4 3
Theorem 1.2. If g > %, then Vip. € C(a),

2 2
where: o = — arcsin (¢ 1— % + % J1— ¢2>
T

2]c|

and o = —
3q — 2|c])

15 such that arcsin% + arcsin ) € [%ﬂ, g] .

19
Theorem 1.3. Let q > #, then Vi€ U CV.

Furthermore, arising from the function wu, .(2) is the function 7, .(z) which is
obtained from the convolution of f € A and g,p.(2) = 2 uppc(2), i€,

Tpbe(z) = (f * gppe)(2) = 2+ Z (;i an 2", (zeU) (1.12)

where p,b,c € C and a« = p + b+72 Tpp.c(2) was first introduced by Raza and
Yagmur [I 1] while for other works on the geometric properties for the function

Tppe(z), one may refer to ([13] and [11]).

In [1], the Galué type Struve function (GTSF), another generalized Struve
function was introduced by Nisar et al. and is defined as:

i": (—c)" <Z>2n+p+1 N b C
aw = - , ae N, p,bcc
phe? —T(An+p) F((m—l—%—i—’%z) 2 b

(1.13)

where A > 0, £ > 0 and p is an arbitrary parameter
It is evident that when A = a = 1, p = 2 and £ = 1 in (1.13), it reduces to
generalization of Struve function Wthh is deﬁned by Orhan and Yagmur ([9, 10]).
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Let us now consider the function w, . ¢(2) which is defined as follows:

D p+2 —(p+1)
Uppeg(2) = 2P/ F( 5 ) 2T awy (V)

o 1.14
:ﬁp<2+p_”) 3 (=e)” o
2 3 2 ) Z4rT(n+ p)T(an + & + B2)
Let v — (g i 1%2) £0,-1,-2,- - in (1.14), we get
3 . (o)
=T (=T ", 1.1
psce(2) (2) ™ nz:% 2 TOn + ) Tan+7) (119)

Using Pochhammer (or Appell) defined in terms of the Euler’s gamma function

by (7)n = (FW(JF)") v(y+1)---(y+n—1). By working on (1.15) it is possible to

have the following form of w,.¢(2):

Up b2 Z =l bzt byt (1.16)
n:O
r + I'(An + b+ 2 ) ,
where (’y)an:%> (M)An:%,ﬁ/:g—i— 5 and p is an arbi-

trary parameter.

Next, we let

gp,b,c,é( )—Zupbcg —2—1—2( >Zn+1
S n—1
_ Z( (%) )z” .

— )\(n 1) (’y)a(n—l)

(1.17)

The equation defined in (1.17) is the normalized form of the Galué type Struve
function and is analytic on C.

Consequently, by making use of the concept of convolution on (1.1) and (1.17),
we define another function

a Lppee(2) = (f * Gppee)(2)

00 _eyn—1
(—C) (1.18)
=24+ 4 an 2", zelU
Z( —1) (’Y)a(nq))
b+ 2
Wherep,bcECv—Zé—kL#O—l c,a € NJAE>0(orA>0,€>0)

and p is an arbitrary parameter.

Motivated by the above geometric properties of generalized Struve function given
in section 3 of [1] and as given by the Theorem 1.1 — Theorem 1.3 above in section
2, we now derive the geometric properties of the function g, ¢(2) involving the
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Galué type Struve function as a generalization of the one in section 3 of [1]. In
order to achieve this objective, the following results are indispensable:

Lemma 1.4 ([15]). Let G(z) be conver and univalent in the open unit disk with
condition G(0) = 1. Let f(z) be analytic in the open unit disk with condition
F(0) =1 and F < G in the open unit disk. Then, ¥V n € NU {0}, we obtain

(n+1)z1”/0 t"E(t)dt < (n+1)z_1_"/ t" G(t) dt.

zg"(2)
g (2)

2. MAIN RESULTS

1
Lemma 1.5 ([10]). If g € A satisfies: ‘ <3 then g e U e V.

The Geometric properties of Galué type Struve function are shown in the theo-
rems below. Unless, it is otherwise stated, every parameter used henceforth is as
earlier defined.

Theorem 2.1. If v* > , then dppee € S*(a), where

7(2[5D)a I¢]
- 12

B:%arcsin<¢ 1——+¢\/7> (2.1)

4]c]

O = S B (A7 — )

s such that arcsing ~+ arcsin ¢ € [_TW, g] .

Proof. From equation (1.17) we have that

(0. ]
gpbcg Z Zn,

n=1 OéTL

so that by triangle inequality,

, > c|™(n+1
G pee(2) — 1] < ZW

Now, if (t1)an > (2[5])a(n + 1), (V)an = 7",V n > 1. Then

n=1

2])>\7 n—1 47
(2.2)
4lc| <]
= = o, ,ya > =
2(2[5])x (4 = |e]) 4
For v* > % it is clear that ¢ € (0, 1].

Again, from (2.2), we can conclude that
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Ippee(2) <1+ 0(2)
(2.3)

= larg (g,p.0e(2))] < arcsing

By making use of Lemma 1.4, taking n = 0, with F'(z) = g,, ..(2) and G(z) =
1+ ¢ z, we obtain

gglabcg(z) 0]
. <1+52 (2.4)
So that
! z
arg <gpbc—§<)) ' < arcsin% (2.5)
z

Using the relations (2.3) and (2.4), we get

Zg;),b,c,f(z)> ‘ ( z ) , ’
arg (== ) | = larg () = arg (g).¢(2
< gp,b,c,f(z) ( D,b, ,g( ))

gp,bvcvé(z)
< d ’
CL’f’g —_—
Tppee(2)

< larg (—Z ) ‘—l—
Ip,b.ee(2)
. ¢ .
< arcsin 5 + arcsin ¢
Since ¢ € (0, 1], one can write the above last expression as:
Z0hpe 5(75 ) ¢
arg (p—) <aresin [ ¢p4/1 — — —i— \/1 — ¢? (2.6)
Ipbee(?)
which shows that &,.¢(2) € S*(a) for

ﬁzgarcsin (ng 1—%2+§M>,

OJ

Remark 2.2. Since ¢ = % when 7 = %” + HTQ and g is an arbitrary

parameter.

By suitably varying the parameters involved, such that for y = %,f =A=a=1;
we have the following corollary

Corollary 2.3. If ¢ > %, then Vi p. € S*(a), where:

a:%arcsin (1& 1——+¢\/1—1p2>
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4]c]

3 (4q — |cl)
arcsin ¥ + arcsin 1) € (5%, %] which is Theorem 1 as established in [1].

and ¢ = =) when,u:%,ﬁzl,)\:azlissuchthat

8 (2[4 .
Theorem 2.4. If v* > W, then gppee € C (), where:
2
B = — arcsin (9\/1——4— \/1—92) (2.7)
T
4 (2[5])x ]
and 6= 2 is such that arcsin £ 4+ arcsin§ € [=Z, =].
97 — 4(2[EDnle]) 2 53]

Proof. By using the triangular inequality : |z + 22| < |2z1] + |22],

with the inequalities: (1), < 3(2[5])x, (R +1)2<4", (), >7"VneN

) ’ 425 4" (=) (25D
(Z gp,b,c,g(2)> —1= Z 3n—1(yo)n—1 :

4lc](2[5])x = 4"*1|c|”*1[(2[§]))\]n—1
STae 2 e

n=1

8 (2[5])ale|

It is clear that 0 < p <1 for y* > 9

and from (2.8) we conclude that:

!
arg ( g;,b,c,5<z>)

/
With the help of Lemma 1.4, take n = 0 with F(z) = (z g;’bjc’f(z)> and

/
(Zg;,b,c,g<z)) < 1l+pz = < arcsin p (2.9)

G(z)=1+pz
and we get:
2 Gpbee(?) p
—=— <14 = 2.10
. +57 (2.10)
This implies that
p

gé,b,c,g(z) <1+ 5%
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and  |arg 20,,,..(2)| < arcsing (2.11)

By making use of relations (2.9) and (2.11), we obtain:

zq 2))
arg (( glp,b,c,ﬁ(( ))) ) ‘ _
gp7b7c7£ Z

<

arg (Z g;;,b,cﬁ(’z))/ — arg (gpp.ee(2)) ‘

019 )| + 070 902
< arcsin g + arcsin p.

As 0 < p <1, it is possible to write the above last expression as:

20! 2)) 2
arg<w>’<arcsin(p 1—%—1—% 1—p2>,

p,b,c,& (Z)

which shows that 6,.¢(2) € C(a) for
a == arcsin p\/l—p—Q—i—B 1—p2].
2 4 2

4 2[5 le p b+2
, when v = = + £0,-1,-2,---
3y — 4(2[5])ale| {2

for « = 1 and g is an arbitrary parameter, by suitably varying the parameters
involved such that A = 1 in Theorem 2.4, one would have the result in Theorem

2 of [I]. That is, Theorem 2.4 reduces to the Theorem 2 established in [1]).

(8+ (2[5])A)]¢]
425

Remark 2.5. Since p =

Theorem 2.6. Let v* >

, then dppce €U C V.

Proof. From equation (1.17)

n—+
Gppee(z) =14 Z S z (2.12)

— i n(n DG o (2.13)

Zgzlyl,b,c,f(z>

using the reverse of the well known triangular inequality and the inequalities
(an = 2[5DAn+1), (V)an = 7" (n € N) on (2.12), we have the following:
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, B c > (—c)"t n
oes)| 2 1~ 3 2y o
o 1\
T C DD (%) (214
@D — |e) — | .l
= TARE A ) (” - 4>'

Also by making use of the well known triangular inequality and the inequalities

() > (2[%]),\2"(§+1), (Man = 7" (n € N) on (2.13), we have the following:

,, 3-0) (g
e < g 2 e
3l o (1 )"
< st 2 (1) 21
~ 3|¢| o e
= IR = ("-15)

Combining equation (2.14) and (2.15) yields

“9pbee)| _ 3 el o - (1+C2[ED)]e]
Tppee(2) | QLEDAAY™ = e]) = 2lef” [W 7T ARED, }

O

Hence, by Lemma 1.5, then §,,.¢(2) € U C V.

Remark 2.7. By suitably varying the parameters involved such that £ = 1,\ =

2
and (5), = (2); = 2. Then,

b
o =1, and p = 2 is arbitrary, so that v = p + 3

we have the following:

19
Corollary 2.8. Let g > 1—';‘, then Vip.e€eUCV.

p b+2

Whena:pandvzz—i- 5

This is the Theorem 3 in [1].

q.
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