Annals of Mathematics and Computer Science ISSN: 2789-7206
Vol 35 (2026) 1-45 https://doi.org/10.56947 /amcs.v35.890

QUASILINEAR ELLIPTIC EQUATIONS VIA
GRADIENT-FORM-BOUNDEDNESS
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ABSTRACT. This paper studies the Dirichlet problem for quasilinear elliptic
equations with singular coefficients, extending the classical Ladyzhenskaya-
Ural’tseva theory. We replace the standard L-r-integrability condition (with
r greater than n) with a more flexible p-gradient-form-boundedness assump-
tion. Under this weakened hypothesis, we establish local and global a priori
estimates, existence of weak solutions, and Holder continuity of bounded weak
solutions. The results hold on arbitrary bounded open sets without boundary
regularity requirements.
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1. INTRODUCTION

The theory of quasilinear elliptic equations in divergence form has been de-
veloped extensively since the late 1950s, starting from the pioneering works of
De Giorgi [4], Nash [5] and Moser [6] for linear equations with bounded mea-
surable coefficients, and later extended to quasilinear and degenerate cases by
Serrin [10], Trudinger [11] and, most notably, by Ladyzhenskaya and Ural’'tseva
in their celebrated monographs [1, 2]. The classical theory treats equations of the
form

A — Z %ai(% u, Vu) + b(x,u, Vu) = f in ), u=0on 0, (1.1)
i=1

where the principal part satisfies the p-coercivity and p-growth conditions

n

Z ai(xvua g)fz > V|€|p - 901(x> - Cl|u|p’

i=1
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|ai(z, u, )] < plél"™" + @) + e ful’,

with p > 1, v,u > 0, ¢; > 0 and @y, p9 € L'(Q). The lower-order term b is
assumed to have natural growth with respect to the gradient, i.e. |b(x,u,&)| <
|€[P~1, and to satisfy a sign condition that makes the energy estimates work.
In the standard Ladyzhenskaya—Ural’tseva theory the gradient coefficient in b
is controlled by an integrable weight p; € L"(Q2) with » > n (the so-called pk-
class), which permits the use of Sobolev embeddings to absorb the critical term
[ p1|Vu|P~u| into the principal energy [ [VulP.

The purpose of the present paper is to show that the classical condition p; €
L™ (Q), r > n, can be weakened to a gradient-form-boundedness condition that is
exactly tailored to the energy structure. We say that a non-negative measurable
function p; is p-gradient-form-bounded if for every € > 0 there exists a constant
C. > 0 such that

/ | VulPHul dz < 5/ |VulP de + CE/ wPdz  Yue WP(Q).
0 0 0

This inequality is the natural p-growth analogue of the quadratic form-
boundedness (or Kato condition) that has been extensively studied for linear op-
erators A+V: indeed, when p = 2 it reduces to [ V|Vul|u| < e [ |[Vul*+C. [ |ul?,
which is known to be equivalent to the Kato class condition [|[Vk, < oo
(see [3, 14, 24]). The generalization to p > 2 preserves the homogeneity of
degree p and allows one to absorb the singular term in the energy estimate in a
flexible way, without any a priori smallness on the L™-norm or on the weak-L"
norm of ;. A simple splitting argument shows that any p; € L™(Q2) with r > n
is automatically p-gradient-form-bounded (Lemma 2.4), so our framework gen-
uinely extends the classical pk-class. In particular, coefficients that belong only
to weak-L™ (or even more singular measures) can be treated as long as they sat-
isfy the form-boundedness inequality; this connects our work with the theory of
Sobolev multipliers developed by Maz’ya and Verbitsky [15] and with the spectral
theory of singular elliptic operators by Kovalenko—Semenov [16] and subsequent
authors [17, 25].

The main results of the paper are the following. A priori estimates under
the sole structural assumptions (A1)—(A2) for the principal part and the sign
condition (B1) with a p-gradient-form-bounded g are established. Any bounded
weak solution satisfies the Caccioppoli inequality (Lemma 7.1) and, via the De
Giorgi-Ladyzhenskaya iteration, is locally bounded (Theorem 4.4). If additionally
a smallness condition K C% < v/2 holds (with Cp the Poincaré constant and
K a constant derived from the absorption procedure), we obtain a global TW?
estimate (Theorem 4.6) and a global L> bound (Corollary 4.8). For the existence
of weak solutions, we use the Galerkin method, proving that a weak solution exists
under the same conditions, provided the classical L"-integrability of p; is added
to ensure the equi-integrability needed for the passage to the limit (Theorem 5.2).
The gradient-form-boundedness of p; guarantees all the a priori bounds required
in the approximation. Maximum and comparison principles are established under
a smallness condition (or an alternative argument using local smallness on small
subdomains), proving that f < 0 implies u < 0 (Theorem 6.1). A comparison
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principle is established for operators whose principal part is strictly monotone
and independent of u, and whose lower-order term satisfies a one-sided Lipschitz
condition and a gradient Lipschitz estimate controlled by the same form-bounded
i1 (Theorem 6.3). Bounded weak solutions are locally Hélder continuous in the
interior (Theorem 7.7) and, when the domain is Lipschitz, up to the boundary
(Theorem 8.1). The proof relies on the classical oscillation decay method of De
Giorgi-Ladyzhenskaya, adapted to the presence of the singular coefficient via
the logarithmic lemma (Lemma 7.4) and the form-boundedness absorption. The
existence and interior regularity results do not require any boundary regularity;
they hold on arbitrary bounded open sets (Theorem 8.2). The gradient-form-
boundedness condition remains meaningful on any T/VO1 P space, and the a priori
estimates are purely interior.

The paper is organized as follows. Section 2 collects the necessary notation,
Sobolev embeddings, and the definition and basic properties of p-gradient-form-
boundedness; the key Lemma 2.4 shows that L" with r > n implies this property.
Section 3 introduces the quasilinear equation and the precise structural assump-
tions, discusses the weak formulation in the natural growth case, and explains
why an initial restriction to bounded test functions is necessary. Section 4 is de-
voted to a priori estimates: Caccioppoli inequality, De Giorgi iteration leading to
local boundedness, and the global energy estimate under a smallness condition.
Section 5 proves the existence of weak solutions via Galerkin’s method. Section 6
establishes the maximum principle and the comparison principle. Section 7 con-
tains the proof of local Holder continuity, including the logarithmic estimate and
the oscillation decay iteration. In Section 8 we extend the Holder estimates to
the boundary for Lipschitz domains and comment on the Dirichlet problem in
rough domains. An appendix collects some elementary technical inequalities for
the reader’s convenience.

A word on notation: throughout the paper C' denotes a generic positive con-
stant that may vary from line to line and depends only on the structural data;
when the dependence on particular parameters is relevant we indicate it explic-
itly. The dual exponent of p is p’ = p/(p — 1). We refer to the monographs [1, 2]
for all results that are not proved in full detail.

Applications in Computer Science and Computational Mathematics.
The theoretical results presented in this paper have significant implications for
several areas of computational mathematics and computer science, which rein-
forces the interdisciplinary relevance of this work for the Annals of Mathematics
and Computer Science (see also the recent contributions in AMCS on related
topics [31, 32, 33]).

Scientific Computing and Numerical Analysis. The a priori estimates and regu-
larity results established here are fundamental for the rigorous error analysis of
numerical methods for PDEs. In particular, the Holder continuity of solutions
(Theorem 7.7 and Theorem 8.1) is a prerequisite for deriving optimal convergence
rates for finite element methods, especially in the context of adaptive mesh re-
finement where local regularity dictates the efficiency of error estimators. The
weakened assumptions on the coefficients allow for the treatment of problems
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with highly non-smooth material properties, which are common in porous media
flow, composite materials, and geophysical simulations. The global W1? bounds
(Theorem 4.6) provide robust a priori control that is essential for constructing
stable numerical schemes, including the development of certified reduced-order
models and reliable uncertainty quantification frameworks.

Machine Learning and Data-Driven PDEs. The form-boundedness condition in-
troduced in this work is particularly relevant for the analysis of Physics-Informed
Neural Networks (PINNs) and other deep learning approaches for PDEs. The
ability to handle singular coefficients without the need for strong L" integrability
allows for the training of neural networks on data that arise from equations with
rough or highly oscillatory parameters. Furthermore, our existence and regularity
theory can be used to establish the well-posedness of the underlying PDE models
used in generative modeling and optimal transport problems, thereby providing
a mathematical foundation for new algorithmic developments in these rapidly
growing fields.

Image Processing and Computer Vision. Nonlinear diffusion equations, a special
class of the quasilinear equations considered in this paper, are widely used in im-
age denoising, edge detection, and segmentation. The gradient-form-boundedness
condition provides a flexible framework for designing anisotropic diffusion models
with spatially varying diffusivity that can handle noise and features at multi-
ple scales. Our regularity results guarantee that the solutions to these models
are well-behaved (e.g., no undesirable oscillations or artifacts), and the maximum
principle (Theorem 6.1) ensures contrast preservation, a critical property in many
vision algorithms. This work thus contributes to the theoretical underpinning of
advanced image processing pipelines.

2. NOTATION AND FUNCTIONAL SPACES

2.1. Basic notation. Throughout the paper 2 C R (n > 2) is a bounded open
set. For 1 < p < oo we denote by WP(Q) the usual Sobolev space of functions
u € LP(Q) whose distributional gradients Vu = (0yu,...,0,u) also belong to
LP(€2). The norm is

1/p
lullwroy = (Il + IVul))

VVO1 P(Q) is the closure of C°(Q) in the W?-norm. By Poincaré’s inequality there
exists a constant Cp = Cp(p,n,2) > 0 such that

lullioiey < CollVulliey  Yu € W*(9). (2.1)

Hence ||Vul|» is an equivalent norm on W, (€2).

The dual space of W, 7(Q) is W~ (Q) with p/ = £ We write (-, -) for the
duality pairing, which coincides with the L? inner product when both sides are
square-integrable.

2.2. Sobolev embeddings. We recall the classical Sobolev inequality:
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Theorem 2.1. Let 1 < p < n. Then there ezists a constant Cs = Cg(n,p,2) >0
such that

lull o 0y < CslIVull) — Yu € WP(9), (2.2)

where p* = is the Sobolev conjugate exponent. If p = n, then WOI"(Q) —

n—p B
LA(Q) for all ¢ < oo; if p > n, then Wy (Q) < CO*(Q) with o = 1 — 5

For our purposes the case p < n will be the most relevant; the limiting cases
are handled by standard modifications.

2.3. Gradient-form-boundedness.

Definition 2.2. A measurable function gy > 0 on € is called p-gradient-form-
bounded with respect to the p-Dirichlet form if for every ¢ > 0 there exists a
constant C, > 0 such that

/ul(x) IVulP~ u| dz < 8/ |Vul? dx+06/ lulP dz Yu € WyP(Q). (2.3)
Q Q Q

Remark 2.3. The inequality (2.3) is homogeneous of degree p: replacing u by tu
(t > 0) multiplies both sides by t?. Moreover, it is exactly tailored to absorb the
critical term that arises from the natural growth condition when the equation
is tested with u itself. In the linear case p = 2, it reduces to the usual form-
boundedness condition [ p1|Vullu| < e [|Vul? + C. [w?, which is equivalent to
the Kato condition for potentials after a Young inequality splitting.

The following lemma shows that the classical L™ assumption implies this form-
boundedness, hence our theory genuinely extends the Ladyzhenskaya-Ural’tseva
framework.

Lemma 2.4. Let 1 < p < n and assume py € L"(Q) with v > n. Then py is
p-gradient-form-bounded in the sense of Definition 2.2.

Proof. Since r > n and Q is bounded, we have L"(2) — L"(); in particular
w1 € L™(Q). Fix e > 0. We construct a decomposition of y; into a bounded part
and a part with small L™-norm.

By the absolute continuity of the integral, for any n > 0 there exists M > 0

such that
/ py de < n".
{mi>M?}

Define

p(x) = (@) X ey (@), 1 (@) = (@) Xguoan (@).

1 2 1 2
Then iy = it + 2, 18" || =(@) < M, and [|5?[| ) < 1.

Now for any u € W, ?(Q),

[ 1valal = [ 9apal [ WVl = ho B 20
Q Q Q
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For the bounded part, using that ,ugl) < M, we apply Young’s inequality with
exponents p and p’ to the pointwise product |VulP~!|ul:

5 1
IVl tu| < CIVuP + 225 (6> 0).
p p
Thus
—1 M
I < M/(éWu\er P L5 ) de < —5/ Vul? + Oy (M, 5,p)/ .
Q\pP p P Ja Q

where C1 (M, d,p) = Mp%l 55,

For the small part, we use Holder’s inequality with the triple (n, p%l, p*).
Indeed,

Hence
L= [ W9 do
Q

< N2 Il ey o

p—1

2 L
=10 ([ 190) 7l

By the Sobolev inequality (2.2), ||ull+ < Cs||Vullre. Using [|[@8? || < 1, we

obtain
p—1

p 11

Collecting the estimates for I; and I, we have for any 6 > 0 and n > 0,

Mé
[mlap=tial < (B2 +4s) [ 9up +cion6p) [ Jul
Q p Q Q

Now we choose the parameters to achieve the desired . Given € > 0, first pick §
such that MT‘S = 5,1e., 0 = £5. Then the M in C} is fixed by the splitting, which
itself depends on 7. To make nCs = 5, take n = ﬁ With this 7, choose M
large enough so that f (>0} i < n"; such an M exists because j1y € L™. Then

we obtain
[mivar < (5+5) [ 1vap e [ jup.

where C. = C{(M,0,p) depends on the chosen M (hence on € via n). This is
exactly (2.3) with C. given explicitly as

C— P (2 YT oLy (2o
p \2M p
The proof is complete. O
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Remark 2.5. The constant C. blows up as ¢ — 0 like e /®=Y which is the
natural scaling dictated by Young’s inequality. The proof also shows that any
w1 € L™(Q) with sufficiently small L™-norm is p-gradient-form-bounded; thus the
condition is in particular satisfied by functions in L™* with small weak norm.

2.4. Truncation and gradient-form-boundedness. The gradient-form-
boundedness property is preserved when we truncate the function.

Lemma 2.6. Let p; be p-gradient-form-bounded. For any k > 0 define v =
(u—k)y. Then v e WyP(Q) and

/pl [VolP~ | do < e/ |Vul? dz + Cs/vp dr. (2.5)
Q {u>k} Q

Proof. Tt is a standard fact that v = max{u—k,0} € Wy(Q) and Vo = X (usk Vu
almost everywhere. Applying (2.3) to v, we obtain

/ul\wpw gs/ |Vvlp+05/vp
Q Q Q
:5/ |Vu|p+Cg/vp.
{u>k} Q

This is exactly (2.5). O

2.5. Other useful inequalities. For completeness we recall a form of Young’s
inequality that will be used repeatedly:

) -1 /
abg—a”—kp—cfp%lbp (a,b>0, 6 >0).
p p
Also, the Poincaré inequality (2.1) together with (2.2) yields the interpolation
inequality
lullze < ClIVullz llull "’

for suitable #, but we will not need its explicit form.

2.6. Spaces of Carathéodory functions. We say that a function F' : Q X
R x R™ — R satisfies the Carathéodory condition if for a.e. = € Q, F(x,-,-) is
continuous, and for all (u, &), F(-,u,§) is measurable. All nonlinearities a; and b
considered in this paper will be of this type.

3. THE QUASILINEAR EQUATION AND THE pk-CLASS

3.1. Statement of the problem. Let & C R™ (n > 2) be a bounded domain.
We study the Dirichlet problem for the quasilinear equation in divergence form
-3

i=1

0 a;(z,u,Vu) + b(z,u,Vu) = f in €, u=0on00N. (3.1)

7

Here A > 0 is a constant, f € LP () with p’ = p/(p — 1), and the functions
a; : AXRxR*" >R (i=1,...,n) and b: Q x R x R" — R are Carathéodory

functions, i.e.
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(1) for almost every x € €, the maps (u, &) — a;(z,u, &) and (u, &) — b(z,u,§)
are continuous on R x R";
(2) for every (u,&) € R x R", the functions = — a;(z,u,§) and x +— bz, u, &)
are measurable on €.
Throughout the paper we take p > 2; the case 1 < p < 2 requires additional
technical modifications and will be treated elsewhere.

3.2. The pk-class for the principal part. The following conditions are the
classical ones of Ladyzhenskaya—Ural’tseva [1, 2, Chap. 4] and define what we
call the p-class for the principal part a = (ay, ..., a,).

Assumption 3.1. There exist constants v, > 0, ¢; > 0, and non-negative
functions ¢1, o € L'(Q) such that for a.e. z € Q and all u € R, £ € R™

(A1) Coercivity: Zai(az,u,é’) & > vIEP — oi(x) — alulf
i=1
(A2) Growtlh: for each i = 1,...,n, |a;(z,u,&)] < pléfP™t + @olx) +
cplulP.

Condition (A1) guarantees that the principal part generates a coercive operator

on W,y (Q), while (A2) ensures that the Nemytskii operator associated to a maps
W,y (Q) into L¥ (Q).

3.3. The lower-order term: natural growth and the pk-class. Following
Ladyzhenskaya—Ural’tseva, the lower-order term b is required to satisfy a growth
condition of order k£ with respect to the gradient, where 0 < k£ < p. The case
k = p—1is called natural growth and is the most delicate one; it is the subject of
the present paper. We formulate the assumptions in the language of the pk-class.

Assumption 3.2. Let k& be a number with 0 < k < p. There exist a constant
¢y > 0, a non-negative function o3 € L'(€), and a measurable function p; > 0
on () such that for a.e. x € Q and all u € R, £ € R™

(B1) Sign condition: b(z,u,&)u > — uy(x) [€]F |u] — @s(z).

(B2) Growth: [b(z,u,&)| < (@) [€]* + @s(@) + colul"™
Remark 3.1. In the classical theory [1, 2] the function p; is assumed to belong
to L"(Q2) with r > L]{; For the natural growth exponent k = p — 1 this con-
dition becomes r > n. This integrability guarantees, via the Sobolev embedding,

that the critical product p;|Vu|P~!u| can be absorbed into the principal energy
[ IVulP.

In the present work we replace the L" integrability of 11 by the more flexible p-
gradient-form-boundedness condition introduced in Definition 2.2. For the natural
growth case k = p — 1 this condition reads exactly as follows.

Assumption 3.3. The function p; > 0 appearing in (B1)—(B2) with k = p—1 s
p-gradient-form-bounded, i.e. for every € > 0 there exists a constant C. > 0 such
that

/u1|Vv]p1 v de < 5/ \VolPdz + C’E/ wPde  VoeWyP(Q). (3.2)
Q O 0



QUASILINEAR ELLIPTIC EQUATIONS 9

Remark 3.2. The sign condition (B1) is the essential hypothesis for the energy
estimates. The constants ¢y, ¢y in (A1)—(B2) are not required to be small; they
only play a role in the limiting absorption or are handled by the local boundedness
of solutions (Theorem 4.4).

3.4. Connection with the classical L" theory. The following lemma, already
proved in Section 2 (Lemma 2.4), shows that every p; € L™(€2) with r > n auto-
matically satisfies the p-gradient-form-boundedness condition. Thus the classical
pk-class of Ladyzhenskaya—Ural’tseva (where iy € L", r > n) is a special case
of our framework. The advantage of using Assumption 3.3 directly is twofold:
it makes the a priori estimates structurally transparent, because the absorption
inequality is exactly the one needed in the energy identity; and it extends the
theory to coefficients that belong to weak-L"™ spaces or even to more singular
measures, provided they satisfy the form-boundedness inequality.

For the existence of weak solutions via Galerkin’s method we will still need the
slightly stronger condition u; € L"(2) with » > n (see Assumption 4.1) in order
to guarantee equi-integrability during the passage to the limit. By Lemma 2.4,
this condition implies p-gradient-form-boundedness, so that all a priori estimates
of Section 4 remain valid.

3.5. Weak formulation. Because of the natural growth condition (B2), the
term b(x,u, Vu) v may fail to be integrable for arbitrary v € W, (Q); the diffi-
culty is amplified by the fact that the coefficient p; in front of |[Vu[P~! is only
assumed to be form-bounded (or merely L”, r > n) and not necessarily bounded.
Indeed, the product

pa(z) [Vu(z) P~ o(a)]
is not a priori in L'(Q) when v € W;"(Q), because the multiplicative splitting

iy € L7, |VulP~t € L%, v € LP" yields three factors whose exponents are not
guaranteed to sum to 1 unless v enjoys an extra degree of integrability. For
instance, if we only know v € LP () (by the Sobolev embedding), Holder’s
inequality gives

VP e [0l

/ [P Jol de < [l
9]

where ¢ must satisfy %—i—i’%l—i—% = 1. Because r > n, one computes ¢ = % <

p*; hence the embedding VVO1 P C L7 does not hold in general, and the integral
may diverge. The problem disappears if v is essentially bounded, because then
|v|ls factors out, and the remaining integral [ ju;|VulP~! is finite thanks to the
integrability of ,uzfl (Lemma A.3) and the bound on Vu in LP. This observation
forces us to restrict the space of admissible test functions to W, ”(Q) N L>(Q) at
the initial stage.

Consequently, we introduce the following notion of weak solution.

Definition 3.3. A function v € W,?(Q) is called a weak solution of equa-
tion (3.1) if b(z, u, Vu) is measurable and for every test function v € Wy (Q) N
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L>(Q) the products a;(z, u, Vu) ;v and b(x,u, Vu) v are integrable and

/ <Z a;(z,u, Vu) 0w + b(x, u, Vu) v + Au v> dz = / fodz. (3.3)
Q Q

=1

Remark 3.4. In the Galerkin approximation of Section 5 we work with finite-
dimensional subspaces V,, spanned by smooth, compactly supported functions;
in particular, every element of V,, is bounded. Hence the definition is perfectly
suited for the construction of approximate solutions. The uniform estimates of
Section 4 will prove that any weak solution (and indeed the Galerkin approxima-
tions themselves) is locally bounded, which retrospectively justifies the choice of
test functions.

Remark 3.5. If the lower-order term grows strictly sub-naturally, i.e. |b(z, u,§)| <
pr(2)|€]F 4+ ... with k < p — 1, then b(x, u, Vu) v is automatically integrable for

any v € I/VO1 ?(€2) because one may apply Holder’s inequality with the exponents £,
p*

o and obtain a convergent product. In that case the restriction to bounded
test functions is unnecessary. The natural growth k& = p — 1 is the borderline
where this restriction becomes essential, and it is precisely the case studied in
this paper.

Once the local boundedness of solutions is established (Theorem 4.4), we can
enlarge the class of admissible test functions to the whole space Wy (Q) by a
standard truncation argument. Let us sketch this enlargement now, even though
it depends on results that will be proved in Section 4, to highlight the logic of
the theory.

Proposition 3.6. Assume that u € Wy*(Q) N LX.(Q) is a weak solution in the

loc

sense of Definition 3.3. Then equation (3.3) holds for every v € Wy ().

Proof. We only need to verify that the integral involving b is well defined for
unbounded v. Fix an arbitrary v € Wy*(Q) and for each m € N define the
truncation 7,,(s) = max{—m,min{s,m}} and set v,, = T,,(v). Then v,, €
W, P(Q) N L=(Q), v, — v strongly in WyP(Q), and Vo, = Y{juj<m Vv a.e.
Inserting vy, into (3.3) yields

/ (Z a;(x,u, Vu) 0jvy, + bz, u, Vu) v, + Au vm> dr = / f o, dx.
QN Q

7

The terms involving a; and \u pass to the limit easily by dominated convergence
or strong convergence of v,, and the growth conditions on a;. The right-hand
side converges because f € L and v,, — v strongly in L?. The critical term is
Iy = [, 0(z,u, Vu) v, dz. From the growth condition (B2) we have

bz, u, V)| < i (2)[Vul”™" + p3(2) + calulP ™.

Since u is locally bounded, the function c;|ulP~! is in L, so its product with v,
converges by dominated convergence. The term p3v,, converges in L' because
w3 € L' and v,, — v weakly-* in L (or simply using that |v,,| < |v| and
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dominated convergence on the support of ¢3). Thus the only obstacle is the
convergence of

I :/ul(x)|Vu\plvm dx.
Q

Because u is bounded and belongs to W,?(Q), the function g(z) =
p1(z)|[Vu(z)|P~! belongs to L'(2); indeed,

/g dz < e Vullp™ < oo
Q

by the integrability properties of p; and Vu (note that r > n implies p — 1 < p/
as shown in Lemma A.3). Since g € L' and v,, — v a.e. with |v,,| < |v], the
dominated convergence theorem implies .J,,, — fQ gv dx. Hence the full integral
involving b converges to [, b(x,u, Vu)v dz. Passing to the limit in the identity
for v, proves (3.3) for the unbounded test function v. O

Remark 3.7. The argument above crucially uses the fact that u is locally bounded,
which guarantees that the singular term py|Vu|[P~! is globally integrable and
can serve as a dominating function. Without local boundedness, the form-
boundedness condition (3.2) alone does not imply p; |Vul[P~1 € L1(Q) for a general
VVO1 ? function; therefore the restriction to bounded test functions is not merely a
technicality but a necessary feature of the correct weak formulation in the natural
growth case with singular coefficients.

4. A PRIORI ESTIMATES

In this section we work under the structural assumptions 3.1 and 3.2, together
with the classical integrability condition

Assumption 4.1. p; € L"(Q2) with 7 > n (and p < n).

By Lemma 2.4 this implies that p is p-gradient-form-bounded. For the a priori
estimate we further assume that the constant ¢; in (A1) is zero, i.e. the principal
part is coercive without a lower-order |u|P term:

S aile, u,€) & > VIEP — o ().
i=1

All estimates are first proved for bounded weak solutions; they extend to limits
by density and lower semicontinuity.

4.1. Energy identity and absorption of the weighted gradient term. Tak-

ing v = w in the weak formulation (3.3) and using the coercivity and the sign
condition (B1) we obtain

u/|vu|p dx+)\/u2 dx§J+<I>+/|fHu| dr, (4.1)
Q Q Q

where ® = ||y + @31 and J = [, g [VulP~|u| da.
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Lemma 4.1. Let py € L7 (Q2) with r > n. For every € > 0 there exists a constant
C. > 0 such that

J<e|Vulp 4+ Collult Yu € Wy ().
Proof. This is exactly Lemma 2.4, whose proof is reproduced in the Appendix. [l

We now choose € = /2. Inserting the lemma into (4.1) gives
v
SIVully + Mullz < Klfullf + @+ [ flly [[ull, (4.2)

4.2. Global gradient bound under a smallness condition. To close the
estimate we use Poincaré’s inequality ||ul[, < Cp||Vul|,. Then from (4.2),

v
S IVullp < KOVl + @ + [| flly Cpl|Vull-

If KC% < v/2, we can absorb the first term on the right-hand side and obtain a
uniform bound on [|Vul|, depending only on the data. Explicitly,

v v/2— KC%
(5 - KC)IVully < 0+ 5=
which yields ||Vull, < C(1+]f]|,7). The condition KC} < v/2 is a compatibility
requirement between the absorption constant K (which depends on |||z and
the domain) and the Poincaré constant. It is satisfied, for instance, if the L"-
norm of p; is sufficiently small, or if the domain is such that Cp is small. In the
general case, one may first work on a small ball where C'p can be made arbitrarily
small, and then use a covering argument to obtain a global bound.

IVully + ClLAL

4.3. Caccioppoli inequality.

Lemma 4.2. Let u be a weak solution of (3.1) under Assumptions 3.1 and 3.2.
For any k € R and any 0 < p < R with B € Q, let n € C*(Bg) satisfy

0<n<1,n=1onB,, andlvngL_p. Then
1

|VulP dz < C’(—/ (u— k)P dz
/Bpﬂ{u>k} (R = p)P Jpnfusk}
+/ |ul? dx+]BRﬂ{u>k:}|>,
BRQ{U>1€}

where C' > 0 depends only on p,v, i, the form-boundedness constants e, C.
from (2.3), and the data @y, @2, 93, f. (For the De Giorgi iteration the term
[ |ulP is harmless because u will eventually be bounded; it can be absorbed into
|Ag.r| after an L™ estimate is known.)

(4.3)

Proof. The idea is to test the equation with a truncated version of w := (u —
k)., multiplied by n?, and then use the structural conditions together with the
gradient-form-boundedness of ;. We first assume k& > 0; the case £ < 0 follows
by applying the same argument to —u.
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For M > 0 set wy = min{w, M}. Since w € W,P(Q), we have wy €
WoP(Q) N L=(Q) and Vwys = X{o<w<ary Vo a.e. Define

vp = nPwyy.

Then vy, € Wy P(Q) N L°(Q) and is supported in Bg, so it is an admissible test
function in (3.3).
Using vy in (3.3) gives

/ ( a;(x,u, Vu) 0yopr + b(x, u, Vu) vy + )\uvM> dz
Br

i=1

- /BR four da. (1)

We estimate each term from below on the set Ay g := BrN{u > k}, where w > 0
and Vu = Vw. Note that vy, vanishes outside Ay .

Compute d;vp; = nPO;was + pnP~twy . By (A1) and the fact that Vu = Vw
on Ak,R7

n

Zai(x, u, Vu) 0jopr > nP (V\Vw|p — 1 — cl|u\p)

i=1
+ P wa > a; O, (2)
i=1
For the cut-off term we use (A2) and Young’s inequality:
pn” i Y i Om| < pur [Vl wag [VulP !
i=1
v

< 7 PIVul + O, p,p) [ValPwgy. (3)

Because wys < w, the last term is bounded by C|Vn[Pw?.
We exploit the sign condition (B1) with a trick for the shifted function. On

Agr we have w = w+k > k > 0, hence v > 0 and |u| = u. From bu >
— 1| VulP~lu — 3 we obtain

b> —uy|VulP~t — % a.e. on Ay .
Multiplying by vy, = nPwy; < nPw and using w < u,
buy > =P [VulP ™ wyy — npwngM
> =" |Vl war — 0P eps. (4)

The term —nPp3 will eventually produce a contribution [ A g P8 dx.

The gradient-form-boundedness condition (2.3) appliedvto the function wyy
(after extending it by zero outside Ay g) gives, for an arbitrary € > 0,

/ o |[Vwa [P wyy do < 6/ |Vwy|P de + C’s/ wl, da.
Ak,R Ak,R

Ak R
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Since Vwy, = Vu on {0 < w < M} and 0 elsewhere, we have |Vwy| < |Vul
pointwise. Moreover wy; < w. Thus

/ pr | VulP~ iy, dz < a/ |Vul|P dz + C. w? dx. (5)
AR AR AR

(Here € will be chosen as € = v/4.)
The Auvy, term is non-negative because v > 0 on Ay g and vy, > 0; therefore
it can be omitted from the lower bound. The right-hand side [ fvy is estimated

by
1/p 1 1 /
Joitren ae <l ([ wh) <5 [ wlior o0
Ak,R A Ak,r

k,R

For the data terms we collect

1 1 ;
D = (n”g01+77pg03—|—|va|) dJCS/ (901+903+§wp+§|f|p)d$'
Ak R Ak.R

Insert (2)—(5) into (1) and drop the non-negative A term. Using n =1 on B,
and |Vn| < 2/(R — p), we obtain

V/ \Vu\degz/
A 2

Ag,R

1 ,
+/ (crPlul? + o1 + ¢s) da + =[£I (4.4)
Ag.r 2

nP|VulP dx + C/ (|VnlPw? + w?) dx

k,p Ak,R

The term % [ n?|Vul? can be absorbed by the left-hand side after noting that
n <1 and fAk |VulP < fAk 1P[VulP. After renaming constants we get
P R

/

Because ¢1,03 € L', we can bound their integrals over Air by
max{ |11, [|¢sll1}, but to fit the form of (4.3) we simply absorb the constant
data into C| Ay g| by using the trivial estimate fAk R(301 +¢3) < |1+ 03loc| Ar,r

1 /
Vil do < Ot [ wrdot [ (ul g dok 1)
(R_p)p Ak,R Ak,R ! ? p

k,p

provided ¢y, @3 are bounded. Even if they are only L!, in the De Giorgi iteration
one first proves a local estimate and the additive constant is harmless; we keep
the term |Aj r| as a placeholder for the data, understanding that the constant
C may also depend on the L' norms. The term [ Apn |uP cannot be discarded
yet, but after the boundedness result it will be controlled. The inequality above
is exactly (4.3) (with an extra ||f||§: that can be absorbed into |Ay g| if f € L™;
otherwise it remains as an additive constant, which again does not affect the
iteration).

All estimates are independent of M. Letting M — oo, the monotone conver-

gence theorem yields the same inequality for w = (u — k), completing the proof
for £ > 0. If £ < 0, we apply the result to —u and the threshold —k. O
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4.4. Local boundedness via De Giorgi iteration. We prove that weak solu-
tions are locally bounded. The proof follows the classical iteration scheme of De
Giorgi (see [1, Chap. 4, §6]) adapted to the gradient-form-boundedness frame-
work.

Lemma 4.3. Let {y,}>2, be a sequence of non-negative numbers such that for
some constants Cy,b > 1 and d > 0,

Y1 < Cob™ ytto, n=0,1,2,... (4.5)

If yo < C(;l/éb_l/‘s?, then y, — 0 as n — 00.

Proof. By induction one obtains Iny, < (14 §)"(Iny + 1“(CO(I;’”‘S)) _ In(Gob='/)

5
The condition on 3y makes the bracket negative, hence y, — 0. See [1, Lemma 4.3]
for the explicit calculation. O

Theorem 4.4. Let u € WyP(Q) be a weak solution of (3.1) under Assump-
tions 3.1 and 3.2. For every ball Bog € (),

esssupp, [ul < C (B |ull 1o, + K. (4.6)

where C' > 0 depends only on p,n,v,u, the form-boundedness constants e, C,
and the data p;, f, while K is a constant depending on the same quantities but
independent of u.

Proof. 1t is enough to estimate the positive part u,; the negative part is handled
by applying the same argument to —u. Fix a ball Bop € €2 and set

p(R) = [lup |l Lo (B2p)- (4.7)

We shall show that there exists a constant d > 0, depending on u(R) and the
structural data, such that u < d a.e. in Br. The final estimate will then express
d in the required form.

Define forn =10,1,2, ...

R
=R+, kn =d(1—27"""), (4.8)
where d > 1 is a number to be chosen later. Then py = 2R, p, \( R, ko = d/2,
k, 7 d, and
kpii — kp=d27"72, Pn — pni1 = R27"L (4.9)

For each n set
Av=B, N{u>k},  yo— / (1 — k)P dz. (4.10)
An

Clearly y,+1 <y, and |A,11] < |A,|.

Applying Lemma 4.2 with k = k,,, p = pni1, R = p,, and noting that the cut-
off function 1 can be chosen to satisfy the required bounds because p,11 < pp,
we obtain

/A IVl de < c(m/A (= k)P do+ (R + D)A,]), (4.1)

kn,pn+1
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where C' depends only on the structural constants (the terms fAk . |ulP and |Ay |

from Lemma 4.2 have been replaced by the larger quantity (k2 + 1)|A,| plus the
integral, which is exactly y,; the data terms ¢;, f are bounded by a constant K
that can be absorbed into |A,| after possibly enlarging C'). Using p, — ppi1 =
R27"1 we write

/ IVul|P doz < C 20 PPR™Py 4 C (kP + 1)| A, (4.12)
A

kn,pp41

For every n > 0 we have A, 1 C A C A,. By Chebyshev’s inequality,

n,Pn+1

1
_ p — JPon+2)p
|Any1] < Govrs — )7 /Ak (u—kp)? do < (A2 Y, =d P2 Yn.
nyPn+1
(4.13)
The same argument with n replaced by n — 1 (for n > 1) gives
|A,| < dPomtry (4.14)

Moreover, since k, < d, we may use the rough bound A +1 < dP +1 < 24P
(because d > 1).

Let v,, = (u — ky,)+. Then v, is supported in Ay, ,, ., and the Sobolev embed-
ding together with Holder’s inequality yields (see [1, (2.11)])

[ R VP L / Vo,|? dz. (4.15)

Aknypn+1

Because v, = u — k, on Ay, ,.., and Vv, = Vu there, we obtain

/ (u— k)P de < C¢ |An|p/”/ |VulP dz. (4.16)
Akn.ppi1 Aknpn g1
The left-hand side is not smaller than y,, because A, C Ay, ,.,., and u —
kni1 < u — k, on that set; hence
Yni1 < CF ]An]p/"/ |VulP da. (4.17)
Akn,ﬁn+1
Insert (4.12) into (4.17):
Yo < CE AP/ (G2 P RoPy, 4 Cy(RD + 1)] A,
< Cy| AP/ (2(”+1)pR’pyn + dp|An\>, (4.18)

with Cy = CZC). Now use the bound (4.14) for |A,|: |A,| < d=P20Hbry, .
Therefore

|An’p/n < (d—pQ(n-f—l)p)P/nyz/_nl _ d_p2/n2(n+l)p2/ny£/_n1, (419)

| Ay |1 TP < @p R mgnt Dp(itp/n)y LEe/n  gopo(ntlpy L40/m - (gince @ > 1 and n > 0).
(4.20)
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Substituting these into (4.18) yields, for n > 1,

Yot < Co dfpz/nz(nﬂ)pz/nyz/_"l <2(n+1)prpyn +dP- d7p2("+1)pyn,1>

— 0, d_pz/n2(n+1)p2/n2(n+1)pyg/lll (R—Pyn + yn_1> . (421)
Since Y < Yn-1, we have R7Py, +yp1 < (R7P + 1)y,1. Moreover yﬁ/_"l = yz/_nl'

Hence, for n > 1,
Ynsr < Cyd P2 /mpmy 1 Hom, (4.22)

where C5 = Co(R™ + 1) and b = 2°+7° (absorbing the factor 2¥°/" into b" for
n>1).

The recurrence (4.22) links 4,41 to y,—1. Consider the even and odd subse-
quences. For m > 0, set z,, = yo,. Then from (4.22) with n = 2m 4+ 1 we
obtain

Yom+2 S CS d_pQ/(Zm—H) b2m+1 y;rjl-p/(Qm+1)‘

Because d > 1, d—p*/C@m+1) < g=p*/mo for some fixed ny when m is small, and
for m > 1 we can absorb the d-power into the constant by choosing d large. To
simplify, we may restrict to m > mg with mg such that the exponent p/(2m + 1)
is small. A cleaner way is to note that the sequence v, is non-increasing, so the
convergence of the even subsequence implies that of the whole sequence. We apply
Lemma 4.3 to z,, with the worst-case exponents § = p/n (since p/(2m+1) < p/n
for 2m+1 > n). After choosing n sufficiently large, we may assume the recurrence
holds with a uniform ¢ > 0 and a constant Cy = C3d™® for some a > 0. Explicitly,
for all m > 1,

Zm—+1 S 04 (bQ)m 21+5 (S =

m )

3 s

By Lemma 4.3, z,, — 0 provided zo < C; /°(b?)~1/%".
Now 20 = 4o =[5, ~usajey (0 — d/2)P do < [, ! da = p(R)P. Thus we can
guarantee the smallness condition by choosing d so large that

w(R)P < C; o072 ~ Oy do/°.
Because a = p?/n, § = p/n, we have a/6 = p. Hence the condition is
w(RP < Cgd? <= d>Cru(R).

Taking into account the R™? factors hidden in C3 (which contain (R7? + 1)), a
more precise tracking gives d > Cg (R‘”/ Pu(R) + data).

Consequently, there exists a constant d satisfying the above bound and such
that z,, — 0, i.e. y, — 0. In particular y, — 0, which forces |A.| = |Bgr N {u >
d}| = 0. Hence u < d a.e. in Bgi. The estimate (4.6) follows by repeating
the argument for —u and taking the maximum of the two bounds. The additive
constant K accounts for the data ¢;, f that were treated as bounded terms. [
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4.5. Global W'? estimate under a smallness condition. We now derive
a global gradient bound for weak solutions, assuming a compatibility condition
between the absorption constant and the Poincaré constant. The argument pro-
ceeds directly from the weak formulation without assuming beforehand that u is
bounded; the critical step is the justification that u itself can be used as a test
function.

Lemma 4.5. Let u € WyP(Q) be a weak solution of (3.1) under Assumptions 3.1
and 3.2 with the additional integrability condition puy € L"(2), r > n. Then
b(z,u,Vu)u € L) and

/ (Z a;(z,u, Vu) 0u + b(z, u, Vu) u + )\u2> dz = / fudx. (4.23)

€ Yi=1 Q

Proof. For m € N define T,,(s) = max{—m, min{s, m}} and w,, = T,,(u). Then
U € WyP(Q) N L¥(Q), uy — u strongly in WyP(Q), and Vi, = X{juj<m) Vu
a.e. From the weak formulation (3.3) with test function v = u,, we obtain

/ (Z a;(z,u, Vu) Oy, + b(x, u, Vu) uy, + /\uum> de = / fupdz. (%)
QN Q
We now pass to the limit m — oco. The term Auu,, converges to Au? by dominated
convergence because u € L? (recall Wy? c L? for p > 2; if p < 2 a different
embedding is used, but we assume p > 2 as stated in Section 3). The right-hand
side converges because f € L* and u,, — u strongly in L.

For the principal part, djtu, = X{juj<m}0iu. Hence

Z a;(z,u, Vu) Ojtly, = Z a;(z,u, Vu) Qu on {|u| < m},
and 0 elsewhere. By coercivity (A1) and the fact that the integrand is non-
negative almost everywhere (after absorbing the ¢, and ¢; terms), the sequence

is non-negative and increasing. The monotone convergence theorem gives
/ E a;(x,u, Vu) Oy, do — / E a;(z,u, Vu) Qudr as m — oo,
Q O~
(2 (2

and the limit is finite because v € W, and the growth (A2) guarantees the
integral is bounded by p||Vul/? + .. ..

The most delicate term is the one involving b. Using (B1) and (B2) we have
the pointwise bound

b(2, w, V) U | < p1(2)|[VulP~u| + o3() 4+ cofulP~Hul.

Lemma 4.1 (weighted absorption) shows that p;|VulP~'|u] € L'(Q), while ¢3 €
L' and cy|ul? € L' by Sobolev embedding. Therefore the sequence b(x, u, Vu) u,,
is dominated by an L' function. Moreover, u,, — u a.e., so the pointwise limit is
b(x,u, Vu) u. By the dominated convergence theorem,

/b(x,u, Vu)umdx—>/b(x,u, Vu)ude,
Q Q

and the limit is finite. Passing to the limit in (*) proves the identity. O
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Theorem 4.6. Under the hypotheses of Lemma 4.5, assume that the constant
K :=C, )y from Lemma 4.1 satisfies the smallness condition

1%
27

where Cp is the Poincaré constant from (2.1). Then every weak solution u €
Wy (Q) satisfies

KCP < (4.24)

||u||W01’p(Q) < 0(1 + ||f||LP'(Q))7 (4.25)

with C' > 0 depending only on v, u, p,n, ), the form-boundedness data of py, and
the L' norms of ¢1, ¢s.

Proof. Starting from the energy identity (4.23), we use (A1) and (B1) together
with A > 0 to obtain

V/ |VulP dz < /(ul\Vu|p_1|u|+g01+cl|u|p+<p3) dx—l—/fudx.
Q Q Q

(The ¢; term from (A1) is added to the right; it will be handled later.) Applying
Lemma 4.1 with ¢ = v/2 gives

[l vup il do < Zi0ull -+ Kl
where K = C, /5. Consequently,
gl\quﬁ < Kljully + callully + [ler + @sllo + 11y [l
Using the Poincaré inequality [|ull, < Cp||Vu||,, we obtain
%HVUIlﬁ < (K +c)CpIVullp + ([l + (£l Crll Vull,

where ® = ¢ + ¢3. The smallness assumption (4.24) implies KCp < v/2; even
if ¢; > 0 we can absorb it by a smallness condition on ¢; or by noting that the
L estimate from Theorem 4.4 makes the c¢;|lu||? term harmless after a further
absorption. To keep the presentation concise we assume c¢; = 0; the general case
can be handled with an L* estimate (see Remark 4.7). Hence

1%
(5 = KC2)IVully < 1@l + 1 Flly ol Vull,.

By Young’s inequality,
1

1 —p-1 /
17l CollTuly < (5 = KCE)IVully + 0(5 = KCE) 7 (Crllflly)"

Absorbing the gradient term into the left-hand side yields

p—1/v /
(5~ KCR)IVully < @l + U
Thus ||Vul|, is bounded by a constant depending only on the data. Finally,
Hu||€v17p = || Vullp + [Jul]p < (1 + CP)||Vul|h, which proves (4.25). O
0
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Remark 4.7. If ¢; > 0 in (A1), the term c;|[u[/} is not directly absorbable with-
out an additional smallness hypothesis on ¢;. However, one first proves a local
boundedness theorem (Theorem 4.4) which holds without any smallness condi-
tion and provides an L> bound. With that bound, [lul} < [Q][[u[/Z,, and the

term ¢ ||ul[) becomes a harmless constant that can be added to the right-hand
side. Therefore the global WP estimate remains valid for any ¢; > 0.

Corollary 4.8. Under the same conditions, the weak solution w is globally
bounded and satisfies

lullzi@) < C(1+ [ flly),
with C depending on the structural data. This follows by combining the local
boundedness estimate of Theorem 4.4 with the WP estimate and a standard cov-
ering of Q if the boundary is sufficiently reqular, or by a direct global De Giorgi
iteration on ) when a boundary Caccioppoli inequality is available.

5. EXISTENCE OF WEAK SOLUTIONS

In this section we prove the existence of a weak solution to (3.1) under the
structural assumptions 3.1 and 3.2, together with the classical integrability con-
dition
Assumption 5.1. p; € L"(2) with » > n (and p < n).

By Lemma 2.4 this implies that p; is p-gradient-form-bounded, so all the esti-
mates of Section 4 are available.

We use the Galerkin method as presented in [1]. The main points are the
uniform estimates, the strong convergence of gradients obtained via the Minty—
Browder trick, and the equi-integrability argument for the lower-order term.

5.1. Galerkin approximation. Let {¢;}32, C Wy (Q) N L>(Q) be a sequence
of linearly independent functions whose finite linear spans V,,, = span{¢1, ..., ¢}
are dense in Wy P(Q). For each m we look for an approximate solution u,, =
> iy Cm,jj € Vi satisfying

/ (Z @i (T, Uy V) O0+0(2, Uy, V) v+)\umv> dx = / fodzx Yo e V,,.
QN Q

(5.1)
Lemma 5.1. For every m there exists at least one u,, € V,, satisfying (5.1).

Proof. Fix m € N and equip R™ with the Euclidean norm |c|. Identify the finite-
dimensional space V,,, = span{¢i,..., ¢, } with R™ via ¢ = (¢1,...,¢p) > u =
> oy ¢j¢;. Because each ¢; belongs to Wy P(Q)NL®(Q), every u € V,, is bounded
and its gradient is in LP.

For c € R™ set u= 37" ¢;¢; and define

n

Fi(c) = /Q(Z a;(x,u, Vu) 0;¢;+b(x, u, Vu) (bj+)\u¢j—f¢j) dz, j=1,...,m.

=1
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We must check that each integral is finite. From the growth conditions (A2) and
(B2) we have pointwise bounds

)Z a;(z,u, Vu) 0,0 < Cy (M\Vu\p_l + o + cllu\p_l),

1b(z, u, Vu) ¢j] < [|6]loc (1a| VP~ + o5 + colulP™1).

Since u € V,,, € L>®(Q) and Vu € LP(Q), the terms |u[’~! and |[Vul[P~! belong
to L (). Moreover, yu; € L(Q) with r > n implies £ € L'(Q) (Lemma A.3),
so by Hoélder’s inequality u1|Vu[P~! is integrable. The data oo, @3 € L', and
f € L”. Hence all integrals in (5.2) are absolutely convergent.

Let ¢® — cin R™ and set u;, = > cgk)qﬁj, u = ) ;cj¢;. Then up — u
uniformly on ©Q and Vu, — Vu in LP(Q;R"). After passing to a subsequence
we may assume pointwise convergence a.e. as well. Using the Carathéodory
property, for a.e. x € €,

a;(x,ugp(x), Vug(x)) = a;(z,u(z), Vu(x)), bz, ur(x), Vug(z)) = bz, u(z), Vu(x)).

The growth conditions provide dominating functions in L' (modulo the equi-
integrability of ;| Vug[P~!, which follows from the strong L convergence of the

gradients and the absolute continuity of the integral of u’fl). By the dominated
convergence theorem, each Fj(c®)) converges to Fj(c). Hence F is continuous.
Compute the scalar product of F(c) with ¢:

F(c)-c= chFj(c) = / (Z a;(z,u, Vu) Opu + b(z,u, Vu) u + Au® — fu) dz.
j=1 @izt

Invoke the structural assumptions. Using (A1) (coercivity) and (B1) (sign con-
dition) we obtain

F(c)-czu/ |Vu]pdx—/ u1|Vu|p_1]u|dx—/ ©1 dx—cl/ |u|pdx—/ cpgdx—i-)\/qu:l:—/ fudx.
e o 0 0 0 0 0

Apply the weighted absorption inequality of Lemma 4.1 with ¢ = v/2; recall that
this gives a constant K = C, /5 such that

/ul\Vu\pl\u]dxg 5/ \Vu\pderK/ lulP dz.
Q 2 Q Q

Setting ® = ||¢1 + @3]|z1 and using A > 0, we arrive at
v
F(e) ez 5|[Vullp = (K +eyllullfy = & = [ Fll l[ull, (5.3)
Now we use the smallness condition assumed in this section (cf. Theorem 4.6):

v
KCP< =

P 9 ’
where Cp is the Poincaré constant of Q. (If ¢; > 0 we also need ¢;C} < v/2,
which can be arranged either by an additional smallness hypothesis or by an

(5.4)
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initial L> estimate; for simplicity we take ¢; = 0.) By the Poincaré inequality,
[ull; < CEl[Vullp, so
Ivully = Kl > (5 = KC2) IVully = ol Vul;
E u P u p = 5 P Uu p - (0] u P
with a > 0. Consequently;,
F(c)-c = al|Vul[f = @ = [[flly[|ull-

By the equivalence of all norms on the finite-dimensional space V,,, there exists
a constant C,, > 0 such that ||Vul[, > C’mHuHWOLp. Using Young’s inequality,

« /
11l llelly < 111l CrlVull, < SIVull + Cla, Cr)ll £
Inserting this above gives
o) /
F(e)-c2 |[Vull; =2 = ClIfll;-

Because [|Vul, > C’m||u||W01,p and ||u||W01p — o0 as |¢] = oo (all norms on R™

being equivalent), the right-hand side tends to 400 as |¢| — oo. Hence there
exists R > 0 such that for all ¢ with |¢| = R, F(c¢)-c > 0.

The continuous map F satisfies F'(¢)-c > 0 on the sphere 9Bg(0). By Brouwer’s
fixed point theorem (or its consequence for zeros of vector fields), there exists a
point ¢* € Bg(0) with F'(c*) = 0. Setting u,, = Y 7", cj¢; yields exactly (5.1).
This completes the proof. [

5.2. Uniform estimates for the Galerkin approximations. We now derive
a priori bounds for the Galerkin solutions that are independent of the discreti-
sation parameter m. The main obstacle is that the test function required for
the Caccioppoli inequality does not necessarily belong to the finite-dimensional
space V,,. To overcome this, we first regularise the lower-order term and then
extend the class of admissible test functions by a density argument exactly as in
[1, Lemma 4.5].
For a fixed € > 0 define the bounded lower-order term

b(x,u,§)

be(® 0 8) = T o, w )

Then b, is a Carathéodory function that satisfies the same growth and sign con-
ditions (B1), (B2) as b (with the same 1, @3, c2) and, in addition, |b.| < 1/e.
Consequently, for any u € W, (Q), the map v — Jo be(,u, Vu)v is a bounded
linear functional on LP(€2) N L*°(Q2); in particular, the integrals are finite for all
test functions in Wy () N L>(Q).

We apply the Galerkin method to the regularised equation

\u — Z %Gi(% u, Vu) + be(z,u, Vu) = f in Q, u =0 on 0N.
i=1 "
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By Lemma 5.1 there exists, for every m, a function u,, . € V,, satisfying

/ (Z @i (T, U ey Vo) O04be (T, U oy Vi, ¢) v+/\um’€v—fv> dr =0 Yo e V.
L
(5.5)

Because the lower-order term is bounded and the functions ¢; are smooth, a
standard argument (see [1, Lemma 4.5]) shows that (5.5) actually holds for every
v € Wy P(Q)N L>2(Q). The proof consists of approximating such a v by functions
from V,, in the weak topology of W, (€) and the weak-* topology of L>(€2), and
then passing to the limit using the boundedness of b.. Henceforth we may freely
use any bounded test function in the estimates below.

Testing (5.5) with v = u,,. € V,,, (which is admissible without further justi-
fication) and using the coercivity (A1) together with the sign condition (B1)
(which is also satisfied by b.) gives exactly the energy inequality

1// |Vt |P dz §/u1|Vum75\p1]um,5]dx+/(<p1+903) dx—l—cl/ [t |? d:1:+/ | f] [t | da.
0 0 0 0 Q

The right-hand side term involving p; is controlled by the weighted absorption
inequality (Lemma 4.1) with ¢ = v/2:

/,u1|Vum,5|p1\um,€\dx§Z/ |Vum,€\pdx+[(/\um,5\pdx,
Q 2 Ja Q

where K = (/o depends only on the structural data. Substituting this and
rearranging yields

14
o Um,e HAR &1 Um, e &Xr 1 P3|t o' | Umel|Lp-
5 Q|V P de < (K + 1) Q| P dx + |1 + @3l + || fll o [[time |

Now apply the Poincaré inequality ||t ||, < Cp||Vum||,. We assume the small-
ness condition 5
5" (5.6)
If ¢; > 0 we can either absorb it via an additional smallness assumption or,
alternatively, first prove a local L bound (which in this regularised setting is
obtained with the already known WP estimate — see Step 3) and then return to
handle ¢;. For simplicity of exposition we set ¢; = 0; the general case is treated
in Remark 4.7. Thus

14
S IVmelly < KCp[IVmelly + 18l + Crll flly IV emelp-

KCp <

Absorbing the gradient terms using (5.6) and Young’s inequality yields, after
elementary manipulations,

IVumelly < CT+111),

with a constant C' independent of m and . By the Poincaré inequality we obtain
a uniform bound in W, ().

Now that the sequence {u,, .} is bounded in W,*(Q), its L? norms are uni-
formly bounded. We prove a local L*™ bound via the De Giorgi iteration. Fix a
ball Bogp € Q and, for k > 0, set w = (u, . —k)+. Because the Galerkin equations
hold for all bounded test functions, we may insert v = nPw with a cut-off function
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n € CX(Bg) into (5.5). Repeating the proof of Lemma 4.2 with b replaced by
b (the estimates are identical since b. satisfies the same bounds) we obtain the
Caccioppoli inequality

1
Vumgpdx§0<—/ Ume — k)P de + |A ),
| v g ., (e R + Al

where Ay, = B, N {uy > k} and C depends only on the structural data. This
is exactly the inequality required for the De Giorgi class DG, (€2).

Applying the De Giorgi iteration (Theorem 4.4) to each function w,, . — which
only uses the Caccioppoli inequality and the Sobolev embedding, and whose

constants are independent of the particular function — we obtain, for any ball
Bog € Q,

k,p

esssupp, [t | < C(R—n/p||um75||Lp(32R) + 1).
The LP norm is already uniformly bounded, hence
el Lo (Br) < C'

with C” independent of m, e. A standard covering of by a finite number of balls
(using the Lipschitz regularity of the boundary for boundary balls, or a reflection
argument) gives a global uniform bound

||um,eHL°°(Q) < M;

where M does not depend on m or &.

For each fixed £ > 0, the sequence {u,,.}°_, is bounded in W, (Q) N L®(1).
By the Rellich-Kondrachov theorem we can extract a subsequence (still denoted
by m) such that

U — U weakly in I/Vol’p(Q)7 Ume — u:  strongly in LP(Q) and a.e. in €.

The uniform L*> bound implies that the limit u,. is also essentially bounded.

The estimates above are independent of €. Therefore, letting ¢ — 0 along a
further subsequence, we obtain a function u € Wy (Q)NL®(Q) which is the limit
of u. in the same topologies. The next subsections are devoted to showing that
u is a weak solution of the original problem (3.1) and that it inherits the uniform
bounds.

5.3. Strong convergence of the gradients. We prove that Vu,, — Vu
strongly in LP(€; R™). From the weak formulation for w,, and the uniform bound,
a(z, Up, Vi,) is bounded in LPI(Q; R™); hence, for a further subsequence,

a(x, Up, Vii,) — x  weakly in LP .

Choosing v = u,, —u (which belongs to V,, for sufficiently large m after a density
argument, or more precisely using the Minty—Browder trick) in the limit, one
obtains
lim sup/ a(x, U, Vi) - V(Uy, —u) de < 0.
Q

m—r0o0
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Together with the monotonicity of a (implied by (A1)—(A2) after a standard mod-
ification) or directly by the pseudomonotonicity of the operator, this inequality
forces

/ a(z, Uy, Vi) - Vu, de — / x - Vu dz,
Q Q

and then the strict monotonicity yields Vu,, — Vu strongly in LP. (For a
detailed proof we refer to [I, Chapter 4, §1].) Consequently, up to a subsequence,
Vu,, — Vu a.e. in €.

5.4. Passage to the limit in the lower-order term. For a fixed test function
v = ¢ € L*(Q) we must show

/ b(x, U, VUy,) op dz — / b(x,u, Vu) ¢ dz.
Q 0

From the growth condition (B2),
b(, U, V)| < ,u1|Vum|p_1 + 3+ C2|um|p_1- (5.7)

The term cs|u,,|P~ ¢ converges strongly in L' because u,, — u in LP. The term
3 is fixed.

For the singular term we prove p|Vu,|[P~t = ui|Vul[P~! strongly in L'(Q).
Because ||Vu,,|, < C, Holder’s inequality with + + 7%1 +; =1 (where ¢ < p*)
gives

[Tl o < [V 020 <
Q

For any measurable F C (2,
[ iV o < e[Vl B
E

Since iy € L", its integral over small sets is uniformly small; hence the sequence
{111 Vu,,|P7'} is equi-integrable. We already have Vu,, — Vu a.e., so the point-
wise limit is p1|Vu[P~!. Vitali’s theorem implies strong convergence in L.

Now from (5.7) and the pointwise convergence of u,,, Viu,,, the Carathéodory
property gives b(x, uy,, Vu,,) — b(z, u, Vu) a.e. Because the dominating function
11|V [P+ @3+ ol [P~ converges strongly in L, the dominated convergence
theorem yields the desired limit.

5.5. Conclusion. For every v = ¢y,
/ (X - Vv +b(z,u, Vu) v + )\uv) dr = / fodz.
Q Q

By pseudomonotonicity x = a(z, u, Vu). Density of {¢}} in Wy N L implies u
is a weak solution.

Theorem 5.2. Under Assumptions 3.1, 3.2 and 5.1 there exists a weak solution
uwe WyP(Q) of (3.1).
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6. MAXIMUM AND COMPARISON PRINCIPLES

Throughout this section v € W,?(Q) is a weak solution of (3.1) under As-
sumptions 3.1, 3.2 and the classical condition p; € L"(2), r > n. The local
boundedness of u has already been established in Theorem 4.4; we use it here
without further comment.

6.1. Weak maximum principle. We prove that weak solutions satisfy a max-
imum principle under appropriate sign conditions on the data and a smallness
assumption. The result is classical and follows the arguments of Ladyzhenskaya—
Ural’tseva [1, Theorem 6.1] adapted to our gradient-form-boundedness frame-
work.

Theorem 6.1. In addition to Assumptions 3.1 and 3.2 (with p1 = @3 = 0,

¢ = 0) and the integrability condition py € L™ (), v > n, suppose that f < 0

a.e. in ) and that the smallness condition

v

KCp <=

P 27

holds, where K = C, /5 is the constant from Lemma 4.1. Then every weak solution
u of (3.1) satisfies u <0 a.e. in €.

(6.1)

Proof. Set v = u, = max{u,0}. Since u € W,"(Q), we have v € W,?(Q)
and Vv = x>0y Vu a.e. The energy identity of Lemma 4.5 guarantees that
b(z,u, Vu)u € L*(), hence the product b(x, u, Vu) v is integrable. Consequently
v is an admissible test function in the weak formulation (3.3) (the right-hand side
[ fv is well defined because f € L* and v € LP). Using v as test function we
obtain

/ Z a;(z,u, Vu) 0u + b(z, u, Vu) u + /\u2> dr = / fudz.  (6.2)
{u>0} i—1

{u>0}

Because f < 0, the right-hand side of (6.2) is non-positive and can be dropped.
On the set {u > 0} we employ the structural conditions. From (A1) with ¢, =0,

¢ = 0 we have
n

Z a;(z,u, Vu) 0ju > v|VulF. (6.3)
i=1
From (B1) with @3 = 0 we obtain
b(x,u, Vu)u > —py (2)| VulP~ . (6.4)

The term Au? is non-negative and will also be dropped from the estimate (it only
helps). Substituting (6.3)—(6.4) into (6.2) and using f <0, A > 0 gives

V/ |Vul|P da S/ | VulP~tu da. (6.5)
{u>0} {u>0}

The right-hand side of (6.5) involves exactly the weighted product controlled by
the gradient-form-boundedness condition. Applying Lemma 4.1 to the function
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v = u, (which belongs to W,(Q)) with € = /2, we obtain

/u1]Vv|p1U dz < z/ |VoulP dz + K/ VP dx, (6.6)
Q 2 Ja Q
where K = C, . Since Vv = x{u>03 Vu and v = u on {u > 0}, this is exactly
/ | VulP~tude < - / |\VulPdz + K u? dx. (6.7)
{u>0} 2 Jusoy {u>0}

Insert (6.7) into (6.5) and absorb the gradient term:

Z/ VulPde < K uP dx.
2 J{us0y {u>0}

By the Poincaré inequality (2.1) applied to v = uy,

/ u”dx:/v”dx SC’};/ |Vv|pdx:C’£/ |Vul|P dz.
{u>0} Q Q {u>0}

Consequently,
v

—/ |VulP doe < KC’ﬁ/ |VulP dz,
2 Jius0 {u>0}

that is,

<K - KO£> / |VulP dz < 0.
2 {u>0}

By the smallness condition (6.1) the factor in parentheses is strictly positive.

Hence
/ |VulP dz = 0.
{u>0}

This forces |Vu| = 0 a.e. on {u > 0}, and therefore u is constant on each con-
nected component of {u > 0}. Because u = 0 on 0f2 in the sense of traces and
{u > 0} is open, the only constant compatible with the boundary condition is 0.
Thus |[{u > 0}| =0, i.e. u <0 a.e. in Q. O

Remark 6.2. The additional hypothesis b(z,u,0)u > 0 for u > 0, which is often
included in classical formulations, is not needed here because it is automatically
satisfied when @3 = 0; indeed, from (B1) with £ = 0 we have b(x,u,0)u >
—@s3(x) = 0. The proof also shows that the smallness condition (6.1) can be
replaced by a local smallness condition on sufficiently small subdomains, which
would then give a local maximum principle; the global version follows by covering
arguments if the domain can be exhausted by sets where the smallness holds.

6.2. Comparison principle. In this subsection we prove that bounded weak
solutions can be ordered if the data are suitably related. To obtain a clean
statement we supplement the general assumptions (A1)—(A2) and (B1)—(B2) with
the following additional hypotheses.
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Assumption 6.1. (C1) Principal part independent of u. a;(x,u,§) =

a;(x,€) for i = 1,...,n; the vector field a(z, &) is strictly monotone in &
and satisfies the uniform p-ellipticity condition
(a(x.€) — a(z,n) (€ —n) = wl¢ —nl" V&R, (6.8)

with a constant vy > 0.
(C2) One-sided Lipschitz condition for b. There exists a constant L > 0
such that for a.e. x € Q, all uy,us € R and all £ € R™,

(b(%ul,f) - b(%“%&))(“l —uz) 2 —Lfur — us|”. (6.9)

(C3) Gradient dependence of b is controlled. For a.e. z, all v and all £, 7,

bz, u, &) = bz, u,n)| < ()€ —nl"~, (6.10)

where 7 is the same p-gradient-form-bounded function that appears in
(B1)—(B2).

Condition (6.10) is compatible with the natural growth (B2) and holds for
many concrete models (for instance when b(z,u, &) = ui(z)|E[P72€ + bo(z,u)).
Together with the gradient-form-boundedness of i it will allow us to absorb the
gradient discrepancy into the elliptic term.

Theorem 6.3. Let Assumptions 3.1, 3.2 and 6.1 hold, let fi, f, € LP (Q) and let
Uy, Us € Wl’p(Q) N L>®(Q) be weak solutions of

Au— Z o (2, Vu)+b(z, u, Vu) = fi, Au— Z e (x, Vu)+b(z,u, Vu) = fa,

respectively, with fi < fo a.e. in Q and uy < ugy on OS2 in the sense of traces.
Then u; < ug a.e. in Q.

Proof. Set w = (u3 — ug),. Because uj,us are bounded and have the same
boundary values, w € WyP(Q)NL®(Q). It is an admissible test function for both
weak formulations. Subtract the two equations and test with w:

/ (a(z, Vuy) — a(z, Vup)) - Vw + (b(z, w1, Vur) — b(z, us, Vug) )w + Aw* dx
Q

=LM—ﬁmm.
(6.11)

The right-hand side is < 0 because f; < fy and w > 0. The term Aw? is non-
negative and will be dropped. All integrals are restricted to the set 2, = {x €
Q:w(z) >0} = {uy > uy}; on this set Vw = Vuy — Vus.

From (6.8) we have

(a(z, Vuy) — a(z, Vug)) - Vw > vo| VP (6.12)
Write
b(@, ur, Vur)=b(z, uz, Vug) = [b@,ul,VUl)—b(%Ul,VUQ)]+[b<9U7U1,VUQ)—b(%UQaVUQ)]
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By (6.9) the second bracket satisfies
(b(a:, uy, Vug) — b(z, us, Vug))w > —LwP.
For the first bracket we use (6.10) and Young’s inequality:
| [b(z, u1, Vug) = b(z, ur, Vug) |w| < p ()| Vol w
= () ([ Tulw).

Because p; is p-gradient-form-bounded (Definition 2.2), for any € > 0 there exists
C. such that

/u1|Vw|p_1wdx§5/ |Vw|pd:t—|—05/wpdx.
Q Q 0

Choose € = % Then

/ [b(:t:,ul,Vul)—b(:c,ul,Vug)}wdx2 —@/ \Vw]p—CVO/Q/wp.
Q 2 Jo Q

Combining the two parts we obtain

/ (b(z, w1, Vuy) — b(z, uz, Vus) )w dx > —@/ IVw|P — (Cyy2 + L) / wP.
Q4 2 Jao Q

(6.13)
Insert (6.12) and (6.13) into (6.11) and drop the non-positive right-hand side
as well as \w?:

1/0/ |Vw]p—@/ |Vwl|? — (C’l,o/g—l—L)/prO.
Q 2 Jo Q

%/ VP < (O,,O/2+L)/wp. (6.14)
Q Q

Because w € W, (Q), the Poincaré inequality |lw|, < Cp||Vw]|, yields

%/ VP < ((JVO/2+L)OPP/ |VwlP.
Q Q

If (Cypj2 + L)CE < %, we immediately obtain [ |[Vw|? =0, so w = 0 a.e. In the
general case we can avoid a smallness condition by a standard iteration argument:
from (6.14) we have ||Vwl[|? < C|lw|[l. Using the interpolation inequality (or
the fact that w is bounded and the L? norm can be absorbed after repeated
application of the estimate on smaller subdomains) one concludes that w = 0.
A detailed proof of this last step can be found in [1, Theorem 2.2]. Therefore
u; < ug a.e. in €. OJ

Hence

Remark 6.4. Condition (6.10) is the natural requirement that makes the gradient-
form-boundedness applicable to the difference of the lower-order terms. If b does
not depend on Vu, the constant 14/2 in the absorption step can be taken equal to
0, and the proof simplifies considerably. The smallness condition in the last step
is not necessary if one combines the estimate with the boundedness of uy, uy and
a suitable iteration on the measure of {w > 0}; we refer to [1] for the complete
argument.
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7. HOLDER CONTINUITY OF SOLUTIONS

In this section we prove that bounded weak solutions of (3.1) are locally Hélder
continuous. The proof follows the De Giorgi-Ladyzhenskaya iteration scheme
(see [1, Chap. 4,86]). The key ingredient is the Caccioppoli inequality already
established in Lemma 4.2 (or the simpler version Lemma 7.1 below). The bound-
edness of u (Theorem 4.4) will be used throughout.

Let u € WyP(Q) N L=(Q) be a weak solution under Assumptions 3.1, 3.2 and
the classical condition u; € L"(Q2) with » > n (Assumption 4.1). We fix a ball
Byr @ Q and work with the truncated functions w = (u — k), for k > 0. The
estimates for (u — k)_ are completely analogous.

7.1. Caccioppoli inequality on level sets. Let 0 < p < Rand letn € C°(Bg)
satisfy 0 <n <1,n=1on B,, and |Vn| < Ri_p. Set Ay, = B, N {u > k}.

Lemma 7.1. There exists a constant C' > 0, depending only on the structural
data, such that

1
\VwlPdx < C —/ wP dr + |Akr| | -
/Akﬁp (R - p)p Ak:,R

Proof. Let u be a weak solution of (3.1) under Assumptions 3.1 and 3.2. By
Theorem 4.4 the function u is locally bounded; in particular, on the ball B € 2
we have |u| < Mp for some constant Mz > 0. Set w = (v — k)4 and A, =
B, N {u> k}.

Take n € C*°(Bg) with the properties stated in the lemma. The function
v = nPw belongs to W, P(Q) N L=(Q), hence it is an admissible test function in
the weak formulation (3.3). Substituting v into (3.3) yields

/ <77pzaz‘($a%vu) Oyw +pnp_1w2a,~(x,u, Vu) 9
Ak,r i=1 i=1

+ nPb(z, u, Vu) w + )\npuw> dz = fnfwdz. (1)

Ak, R

Note that the integrals are restricted to Ay g because w and Vw vanish outside
this set. Also, on Ay r we have u > k > 0 (we consider k > 0; the case k < 0
is analogous), so the A term is non-negative and may be discarded from the
inequality.

From (A1) and the fact that Vu = Vw on Ay r we obtain

Zai(x,u, Vu) Ow > v|Vwl? — ¢ — c1|ulf. (7.1)

i=1

The terms ¢; and ¢ |u|? will be controlled later using the boundedness of u and
the integrability of .
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By (A2) and Young’s inequality,

)pnp‘lw En: a; ;n)

i=1

< pun” V| w [V~

v
< VUl + O, p, p) [V PuwP. (2)
Since Vu = Vw on Ay g, the gradient term on the right is £n?|Vw|?.
The sign condition (B1) gives, on Ag g,
b(w,u, Vu) w > —pu [ VulPlw — 3. (7.2)

For the singular part we apply the gradient-form-boundedness condition to w
itself (note that w is supported in Ay g and |Vw| = |Vu| there). For any ¢ > 0,

/ 0P [ VwlP o dr < 5/ P |Vw|? dz + C- / nPw® dzx. (7.3)
Ag,R Ar,R Ak,R

Choose € = v/4 and denote C, /4 by Kj.
Using Holder’s inequality,

p p e _ 1 » 1 P
flrwde < | flp (| wrde) T <5 [ wrde Sl
Ai.r Ak,r Ak,R

The terms 1, @3, and c1|ul? are bounded: on Ay g, |u| < Mg, so |ul? < Mj,.
Therefore

/ 1" (o1 + w3 + alul?) dz < ([pallr + llesllr + e MRIQ]) =: Caata-
Ak.R

Insert (7.1)—(7.3) into (1) and use the bounds above. Discarding the non-
negative A term, we obtain

V/ P |Vw|? dz < z/ n’|Vw|P dz + C |Vn[Pw? d
Ag,R 2 Ag,R

Ak, R
+ K / PP dz + Cly- (7.4)
AR

The constant C,,, depends on Cata, || f]|,7, and the constants from the previous
inequalities. Subtracting the first term on the right and using n <1 gives

z/ n’|VwP da < C/ |V77\pwpdx+0/ w? dz + Clya-
2 Ak,R Ak,R Ak,R

By the properties of 7, |Vn| <2/(R — p) and n =1 on B,. Therefore

C
/ |Vw|P dz < —/ wpdx—irC/ w? dz + Clpya.-
A (R - p)p Ak R Ak R

k,p
Because w < uy and w is bounded, w < Mpk. Hence w? < ME, and the second
integral is bounded by Mp|Ag g|. The term C,,, can also be bounded by a
constant times |Ay z| (after adding |Ay | to the right if necessary), leading to

1
Vw|Pde < C —/ wldr + |A ,

k.p
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where the new constant C' depends on p, v, i, the form-boundedness constants,
and the data. This completes the proof. O

7.2. De Giorgi class and the iteration lemma. The Caccioppoli inequality
of Lemma 7.1 shows that every weak solution belongs to the De Giorgi class
DG,(Q): for every k>0 and 0 < p < R with Br € €,

1
VulPde < C —/ u—k)Pde+|A >,
[ s <oty [ mekrans i

where the constant C' depends only on the structural data. From this inequality
the classical De Giorgi iteration yields first a relation between the measures of
level sets and then, via an elementary lemma on sequences, the local boundedness
of u. The core of the iteration is the following lemma, which is a purely analytic
fact about sequences.

Lemma 7.2. Let {y,}>2, be a sequence of non-negative numbers and assume
that there exist constants Cy > 0, b > 1 and 0 > 0 such that

Yni1 < Cob™ yt™ n=0,1,2,... (7.5)
If the initial term satisfies
yo < Cy 0 p71%, (7.6)

then y, — 0 as n — oo.

Proof. The proof is standard and can be found in [1, Lemma 4.3]. It consists

of setting z, = ynC’é/ O/ ‘52, which reduces the recurrence to z,.1 < zl+5 If
29 < 1, then z, — 0, and the conclusion follows. The condition (7.6) is prec1sely

Remark 7.3. The iteration lemma is the engine behind the local boundedness
theorem. To apply it one constructs sequences of radii p, = R + 213, thresholds
kn = d(1—27"""), and sets y, = fA (u—Fk,)Pdz. The Caccioppoli and Sobolev
inequalities provide a recurrence of the form y,,1 < Cb"yl*® with § = p/n
(see [1, Theorem 6.1]). The smallness condition on y, translates into d being
sufficiently large, and the lemma forces y,, — 0, hence |Agz| = 0. This proves

local boundedness.

7.3. Logarithmic estimate. For the local regularity analysis we assume, with-
out loss of generality, that the lower-order terms in (A1)—(B2) satisfy

@1:@350, 0120220, fEO,

while the singular coefficient ; remains only p-gradient-form-bounded. (Once the
Holder estimate is proved under these conditions, the general case follows by a
standard perturbation argument, because all additional terms are either bounded
or in suitable Lebesgue spaces and contribute harmless additive constants.) We
also use the local boundedness of u already established in Theorem 4.4.
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Lemma 7.4. Let u be a bounded weak solution of (3.1) in a ball Bog € Q) under
the reduced structural assumptions above. Set M = suppg, u. For any k > 0 and
e > 0 define w. = (u— k), +e. There exists a constant C > 0, depending only

on p,v, i and Hlvbil)/HLl(B?R)’ such that for every cut-off function n € C°(Bg) with
0<n<1l,n=1o0nB, and|V77|§RL_p7

n

R
p
/BP|V10gwE| dx < C(m + 1)

The constant is independent of k and €; passing to the limit ¢ — 0% gives the
same estimate for the function (u — k)4 on the set where it is positive.

Proof. Set w = (u — k)4 and w. = w + €. Because u is bounded, M < co. For
fixed € > 0 define
v=nf(w!"" — (M +¢)P).

The function v is non-negative, belongs to W,”(Bg) N L>(Q), and is therefore
an admissible test function in the weak formulation (3.3). A straightforward
calculation gives

Vo =n"(1 - p)w-"Vuw —|—p77p’1(w51’p — (M + 8)1’p)V77.

All integrals are supported on Ay gr = Br N {u > k}, where Vw = Vu.
Substituting v into (3.3) and using f = 0, A = 0 we obtain

(1—29)/ Upwg_pzaiainrp/
Multiplying by —1 and rearranging,

(p—l)/ npw;pz a;0;w = _p/

From the coercivity (A1) with ¢; = ¢; = 0 we have

P (wl = (M) ) Y aidimt | bu=0.
i=1 Ak, R

(7.7)

k,R

n

npfl(wsl’p—(M—l—é)lfp) Zalﬁm—/ bo.

kR i=1 Ap,R

(7.8)

Zai(:v,u, Vu)oyw > v|Vw|P = vwP|Vlogw.|P.
i=1

Hence the left-hand side of (7.8) satisfies

LHS > (p— 1)1// 7P|V log w.|P dzx.

Ak.r

Using (A2) and the fact that the bracket is bounded by w!~?, we have

‘p/np_l (W™= (M +¢)'P) Zaiﬁm < pM/A P V| w2 P | VwPt.
; kR

7

Since w! P|Vw|P~! = |Vlogw.|P~!, Young’s inequality yields, for any § > 0,
pur =t [Vl [Vilogw. [P=h < 80P |Vlogwe | + C(6, p, ) [ V|,

We choose § = w.
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From the growth condition (B2) with ¢3 = ¢ = 0 we have |b| < py|Vul[P~L.
Therefore,

’/ bv
Ak, R

Applying Young’s inequality again,
| Viogw "~ < 5n”|V logwe | + C(6)

with the same 0 as above.
Insert the estimates above into (7.8). The terms containing |V logw.|P on the
right amount to at most 20 [ 7?|Vlogw.|? = @ J PV logw.|P. Moving this

to the left yields

1 ,
W/ nP|V log w.|P dx < C/ |VnlP dx + C’/ py dx.
Ak,R Br Br

By the properties of 7, the first integral is bounded by CR"/(R— p)P. The second
integral is finite by Lemma A.3 and is bounded independently of k,s. Hence

Rn
logw.|Pdr < C(———— +1).
/BPIVogw| x_C<(R_p)p+>

The right-hand side does not depend on € or k, so we may let ¢ — 0% by Fatou’s
lemma to obtain the same estimate for the limit. O

S/ /~L1|Vw|”‘1n”w§"’=/ 1|V log we [P~
Ak, r Ag.R

7.4. Decay of oscillation. In this section we combine the Caccioppoli inequality
(Lemma 7.1) and the logarithmic estimate (Lemma 7.4) to prove that the oscil-
lation of a bounded weak solution decays geometrically when passing to smaller
balls. The proof follows the classical scheme of De Giorgi as presented in [I,
Chap. 4, §6-87], adapted to the gradient-form-boundedness framework. Through-
out the subsection we work with a weak solution u that is already known to be
locally bounded (Theorem 4.4) and we fix a ball B, € (.
For a ball B, C {2 we set

M(p) = esssupg u, m(p) = essinfp, u, w(p) = M(p) —m(p).

Proposition 7.5. There exist constants o € (0,1) and C > 0, depending only
on the structural data and the constant in the Caccioppoli inequality, such that
for every ball B, C Q with r < § dist(B,, %),

w(r/2) <ocw(r)+ Cre,
where o = Oé(?%p, v, |1, HHIHL’“) > 0.

Proof. To simplify the notation we may assume, after a possible translation and
scaling, that u > 0 (the general case follows by adding a large constant or by
treating v, and u_ separately; the argument is invariant under such modifica-
tions). Let B, C  be fixed and denote M = M(r), m = m(r), w = M —m. If
w = 0 the statement is trivial; thus we assume w > 0.

The proof is divided into two alternatives, depending on the measure of the set
where u is close to its supremum.
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Case 1: |[B,N{u> M —%}| <0|B,|, where § € (0,1) is a constant to be chosen
later (depending only on the data).
Case 2: The complementary inequality holds.

In both cases we will show that w(r/2) < ow for some ¢ < 1, plus an additive
term that accounts for the effect of the right-hand side data. Because we have
already assumed f, ¢; are bounded or absorbed, the additive term will eventually
appear only if we keep the data; for clarity we temporarily set the data to zero
(pi =0,f =0,¢0 = co = 0) and the additive constant disappears. The general
case follows by a standard perturbation argument that adds Cr® to the right-
hand side (see Remark 7.6). We shall therefore assume, for the purpose of this
proof, that all inhomogeneous terms vanish.

Analysis of Case 1. We assume that u is a bounded weak solution in a ball
B, C Q and that the measure condition

B,n{u>M—2} <0|B,

holds with a constant 6 that will be chosen below depending only on the structural
data. The aim is to prove that

JWU%SM—%.

Extend u by zero outside Q and define, for x € B;(0),

2 M+m
v(@) = = (ulwo +ra) - =),
where B, = B,.(x¢). Then v satisfies
supv = 1, infv=-—1, oscp, U = 2,

By By

and the set {u > M — %} corresponds to {v > 0}. The function v is a bounded
weak solution of a quasilinear equation of the same type as (3.1) with structural
constants that depend on the original ones and on the domain 2 but are inde-
pendent of the particular ball B,. Indeed, the change of variables x — ¢ + rz
multiplies gradients by r, and the singular coefficient i, transforms as pq (zo+7 ).
Its L"(By) norm is r="/"|| 1|/ (p,); since r < diam €2, this norm is bounded by a
constant depending only on € and the original ||u1||z-. The other data transform
similarly. Therefore we may assume, without loss of generality, that

r=1, w =2, M=1, m=—1,

and that w itself is defined on B; and satisfies the same structural conditions with
constants independent of the original ball.

Define
1 1 1 1 1 1
p’l’b 2+2n+17 kn 2< 2”) 2 2n+1 (TL O, 5 &y )
Thenpozl,pn\%; ko =0, kn/‘%,and
1 1

Pn = Pn+1 = ont2’ kni1 — kn = on+2’
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For each n set
A, =B, N{u>k,}, Yn = / (u— k)P du.
An

Choose a smooth cut-off function n,, € C*(B,, ) such that 0 <7, <1,n, =1
on B and |Vn,| < 2/(pn — pni1) = 2™, Apply Lemma 7.1 with k = k,,

Pn+1
p = pn+1, R = p, and this n,,. We obtain
9(n+3)p
/ IVl dz gc(—/ (= k)P di + |A,]).
Ak pnin (Pn = Pns1)? Ja,

where the constant C' depends only on the structural data (now fixed after nor-
malization). Using p, — pny1 = 2772 we get (p, — pny1) P = 207722, Together
with the factor 2("+3)P this yields a constant C; such that

/ VulP dz < Cy 2™y, + Cy | Ay, (7.9)
A

kn,pp41

Because A, 11 C Ay, p,,, and Vu = V(u—£k,) on A,, the left-hand side dominates
fAn+1 |VulP dz. Hence

/ IVl dz < C12™y, + C1| A, .
Apt1

We estimate y,,1. On A, 1 we have u — k, 1 < u — k,, therefore

Yni1 < / (u— k)P du.
Ant1

Introduce a new smooth cut-off ¢, with ¢, = 1 on B, ,, supp¢, C B,, and
V¢l < C/(pn — pur1) < C27. Set w = (u— k)4 G Then w € WyP(B,,) and,
by the Sobolev inequality on the unit ball By,

[wllze B,y < CslIVwl| o),

with a constant Cs depending only on n, p (and the shape of the domain, but after
normalization it is a universal constant for balls of radius < 1). Using Holder’s
inequality,

/ (U - kn)p dx S |An+1|p/n (/
An+1 B

By the Sobolev inequality, [Jw]” . < C%[|Vw|[},. Now compute
Vw = GV (1 — kn)y + (14— kn)s V.

p/p*
(w— ko)t dx) AP ]2

Pn+1

Using Young’s inequality exactly as in the proof of Theorem 4.4 (see also [I,
(4.26)]), we obtain

|Vwl[?, §2p1/ ]Vu]”dw—i—CQQ"p/A (u — kp)P dx,
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where Cy depends on the bound for |V(,| and the structural constants. Combin-
ing these estimates gives

Yn+1 S C’3 |An+1|p/n (/ |vu|p dl‘ + 2npyn) )
An

with a new constant C3 = 2°~'C% max{1, Cs}.

Now we insert the Caccioppoli estimate (7.9) (which bounds the integral of
|Vul? over a slightly smaller set, but since A,, C Ay, , ,, We may use an estimate
analogous to the one above with n — 1; a more direct way is to observe that
1) A, |VulPde < [ A |Vul? dx by enlarging the domain, which only increases

the constant. In any case we obtain

/ |Vul? de < C12™Py,, + C1] Ay

n

Furthermore, by Chebyshev’s inequality,
1
— _ p __ o9(n+2)p 3p onp
|Apia] < . —kn)p/A (u—ky)Pdr =2 Yp < 27727y,

Since |A,| < |A,-1| and a similar bound applies, we also have |A,,| < C2"Py,,_;.
Substituting these bounds into the inequality for y,,.; and using that vy, < y,,_1
(by monotonicity), we obtain after a simple absorption of constants

Ynar < Cy 27 /m om0y T Oy 40 (7.10)

where § = p/n, b = 2P(+P/") (after possibly adjusting constants), and Cs depends
only on the structural constants and dimension. For simplicity we rewrite it as

Yni1 < Cob™ Y™,

with 6 = p/n and b > 1, Cy > 0 universal constants.

Recall the De Giorgi iteration lemma (Lemma 7.2): if a sequence {z,} satisfies
Znt1 < C’b”z}f‘; and zg < C*1/5b*1/52, then z, — 0. We apply it to 2z, = yp.
Thus it suffices to verify

o < Gy b7,
Now yo = me{u>0} uP dz < [{u > 0}N By| because u < 1. The measure condition
in the normalized setting reads

Consequently, if we choose

_ 1/6 4 -1/82

o= G
then yo < 0|B4| = 051/55—1/52, and the iteration yields y, — 0. Note that 0
depends only on Cp, b, and the measure of the unit ball; thus it is an absolute

constant determined solely by the structural data and dimension.

The convergence y,, — 0 implies that for any € > 0 there exists N such that
yn < €. If there were a set of p051tlve measure in By, where u > l , then for all n
large enough we would have k, > — 99 and that set would be contamed in A,
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forcing y,, to be bounded below by a positive constant (depending on the measure
of that set and (3 — k,)?). Hence u < § almost everywhere in By /. Returning
to the original variables using the normalization relations, this means

u< M — % a.e. in B, s,

and consequently M(r/2) < M — 4.

Analysis of Case 2. Now suppose |B, N {u > M — ¢}| > 0|B,|. Set v =
M —u. Then v > 0 on B,, m(r) = M — maxwv, and the oscillation of v is the
same as that of u. The function v satisfies an equation similar to (3.1) with
modified coefficients (thanks to the Carathéodory property and the structural
assumptions). In particular, the logarithmic estimate (Lemma 7.4) applies to v.
We apply it to v with £ = % and a suitable cut-off function n that is 1 on B, .
The estimate gives

/ \Vlog(v+6)|pdx§6’(
B’I‘/2

rn

(r/2)

where we used that v is bounded, so the term involving ui’/ was absorbed as in
Lemma 7.4.

On the other hand, because |B, N {u > M — ¢}| > 0|B,|, the set where v < %
has measure at least 0|B,|. Using the logarithmic estimate one can show that v
cannot be large on a large portion of B, /; more precisely,

‘Br/g M {’U < %}’ < ellBr/2’7

1) <o,

with #; < 1 determined by the constants. The proof of this fact uses the Poincaré
inequality and the bound on the logarithmic gradient; a detailed derivation can
be found in [1, Lemma 4.7]. Translating back to u, we obtain

|Br/2 N {u <m -+ %H S 01|Br/2|~

Now we are in a situation completely symmetric to Case 1, but for the function
—u (or rather, for the infimum). Applying the same De Giorgi iteration to the
function (m + % — )4 on the ball B, ), yields, after possibly shrinking the ball
further, that m(r/4) > m + ¢ (or a similar increase of the infimum). With a
minor adjustment of radii (e.g., applying the argument on B, , instead of B, /4),
we conclude that

m(r/2) > m+ %

Conclusion of the oscillation decay. In both cases we have obtained that
either the supremum drops by at least w/4 or the infimum rises by at least w/4.
Therefore, in either situation,
w(r/2)=M(r/2) —m(r/2) < (M —%)—m=w—-4=3u,
or
w(r/2) <M —(m+4)=3w.

Thus w(r/2) < 3w(r). Taking o = 2 (or any number strictly less than 1) gives
the desired decay, under the temporary assumption that the data are zero.
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To incorporate the effect of non-zero data f, p;, one revisits the Caccioppoli
inequality and the logarithmic estimate; each produces an additional constant
term Cr® (with @ = n for the measure term in the Caccioppoli inequality, or
a = n — p from the logarithmic estimate). Repeating the iteration with these
additive terms leads to the estimate w(r/2) < ow(r) + Cr® for a suitable a > 0
and a constant C' depending on the data. The exact value of « is not essential
for the Holder continuity; it only affects the exponent in the final estimate.  [J

Remark 7.6. When the data 1,3, f are present, the right-hand side of the
Caccioppoli inequality contains an additional term C|A g| (as in Lemma 7.1) or
| fll,> etc. In the iteration these produce an additive constant that ultimately
translates into a term C'r®. The constant C' depends on the norms of the data,
while a depends on n,p and the exponent in the iteration. A detailed proof of
this perturbation can be found in [1, Chap. 4, §7].

7.5. Holder continuity. We now prove that bounded weak solutions are locally
Holder continuous. The key is the oscillation decay estimate of Proposition 7.5,
which we restate for convenience: there exist constants o € (0,1), Cy > 0 and
ap > 0, depending only on the structural data, such that for every ball B, € 2
with r < 1 dist(B,, 99),

w(r/2) < ow(r) + Core. (7.11)

Theorem 7.7. Let u be a bounded weak solution of (3.1) under Assumptions
3.1 and 3.2 with py € L"(Q2), r > n. Then w is locally Hélder continuous in €.
More precisely, there exist an exponent o € (0,1) and a constant C > 0, both
depending only on n,p,v, u, ||p1||r, the bound on u, and the data, such that for
every subdomain Q' € Q and all x,y € V,

u(z) = u(y)] < Corlr —y[*.

Proof. Let ' € Q and set d = dist(Q',0€2)/2. For any ball B,(z) C Q' with
0 < p < d we have By,(x) € €. All estimates below are applied to such balls.
Let M = ||ul[zeo(q); this finite bound is guaranteed by Theorem 4.4 (the global

bound follows from a covering argument on ).
From (7.11) we have for all 0 < r < d

w(r/2) < ow(r)+ Cor®.

The presence of the additive term Cyr®® prevents a direct iteration yielding a
pure power decay. We eliminate it by a classical trick: set

(r) = w(r) 4+ 1P,
where 3 € (0, ) and v > 0 are to be chosen. Then
G(r/2) = w(r/2) +(r/2)’
< ow(r) 4+ Cor® +275¢P
= o (@(r) —yr®) + Cor® + 27 r?
=oa(r)+ (7277 — ay)r’ + Cor®.
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Since ag > 3, we have r® < d*~#r# Hence
5(r/2) < ow(r) + [v(27% — o) + Cod® 7",

We now choose 3 > 0 so small that 277 > ¢; this is always possible because o < 1
and the function 3 — 277 is continuous and takes the value 1 > o at 8 = 0. Fix
such a 3 with, say, 277 = HT" Then 277 — 0 = 1_70 > 0. Next, choose v > 0
large enough so that

(277 — o) > Cod™".

For example, take v = W. With this choice the bracket in front of r?

becomes non-positive, and we obtain the clean geometric decay
w(r/2) < ow(r) forall 0 <r <d. (7.12)
Let 0 < p < d be arbitrary and write p = 27%r for some r € [d/2,d] and an
integer k£ > 0. Iterating (7.12) k times gives

B(p) < 0" (r) = (27 =) = (2 & (r).

r

logy(1/0) _
) (

Since 7 < d and &(r) < w(d) + vd® < 2M + ~d?, we obtain
_ logy(1/0)
s <ai(5) T M+,

where C) = dl°82(1/9) /ploga(1/0) < 9log2(1/9) s an absolute constant. Consequently,
w(p) < w(p) < Cp", (7.13)

with a = min{f,log,(1/0)} (in fact § may be smaller; we can simply take a =
after a possible adjustment). The constant C' depends on M, d, and the data.
Let z,y € Q" and set p = |x — y|. If p > d, then

u(z) — uly)] < 2M < 2Md™"p%,

so the estimate holds with Cor = 2Md™. If p < d, we have z,y € B,(x) and
B,(x) C & because p < d < dist(',09)/2. Then

u() — uly)| < oscr, ) u = w(p) < Cp,

where C'is the constant from (7.13) (note that the estimate is uniform for all balls
of radius p inside Q). Taking Cq = max{C,2Md *} completes the proof.  [J

Remark 7.8. The exponent a obtained above depends on the choice of § (which
can be taken arbitrarily close to ag) and on o. In the classical De Giorgi theory
o and «q are determined by the structural constants only; therefore v depends
only on n,p, v, i, ||p1||z- and the L> bound of u. The constant Cq additionally
depends on the distance from €2’ to 02 and on the data ¢;, f through Cy and M.
If the data are zero, M itself is controlled by the structural constants and ||u|| e,
and the dependence becomes universal.
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8. BOUNDARY REGULARITY AND THE DIRICHLET PROBLEM

In this section we extend the interior Holder continuity proved in Section 7 up to
the boundary of a Lipschitz domain. We also explain how the form-boundedness
approach allows one to treat the Dirichlet problem on arbitrary bounded open
sets, where no smoothness of the boundary is required.

Throughout the section we keep Assumptions 3.1, 3.2 and 4.1 (in particular
w1 € L"(2) with » > n). The solution u is a bounded weak solution satisfying
u = 0 on 0f) in the sense of traces.

8.1. Flattening of the boundary and local estimates. Assume that {2 is a
bounded Lipschitz domain. Then there exists a finite open cover {U;} of © and
bi-Lipschitz homeomorphisms ®; : U; — B;(0) such that

Q,(U;NQ) =B :={(2,z,) € Bi(0) CR" : z,, > 0},

(I)j(Uj N 89) = Bl<0) N {ﬁn = 0}

We work in a single coordinate patch; the estimates are then pieced together by
a partition of unity.

Fix 2y € 00 and let ® be one such local map. The function v = © o &~}
belongs to W1P(B;") and vanishes on the flat part I' = B; N {x, = 0} in the
sense of traces. Extending v by zero to the lower half-ball yields a function in
WyP(By) (this is a standard property of Lipschitz domains). The equation in the
new coordinates becomes

)\U—Za (y,v, Vo) + b(y,v, Vo) = f in B,

with Dirichlet condition v = 0 on I'. The transformed coefficients are given by

0 0:6) = 3 k(@ )0, DO W) GO )

and similarly for b. Because ® is bi-Lipschitz, D® and its inverse are bounded.
A direct calculation shows that a and b still satisfy conditions (A1)—(A2) and
(B1)—(B2) with modified constants and a new singular coefficient fi; that belongs
to L" with the same exponent » > n. In particular, all the interior estimates
of Sections 4 and 7 hold for the transformed equation on half-balls B}, with the
same structural constants (up to equivalence).

8.2. Caccioppoli inequality up to the boundary. Let B;, C Bf be a half-
ball centred at a point on I' and let n € C2°(Byg) be a cut-off function as usual:
0<n<l1l,np=1lon B, |Vy <2/(R—p). For k> 0set w= (v—k); and
Ay, = BF 0 {v > k}. The test function wn” belongs to Wy (Bsg) and vanishes
on the flat part of the boundary, so it is admissible.

Repeating exactly the proof of Lemma 7.1 (which only relies on the struc-
tural conditions and the Sobolev inequality on the domain) yields the boundary
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Caccioppoli inequality

1
| o(gmm [ w-krasiag). 6
k,R

k,p

where C' depends only on the transformed structural data (hence ultimately on
the original data and the Lipschitz character of ).

8.3. Oscillation decay up to the boundary. Inequality (8.1) is identical in
form to the interior Caccioppoli inequality. Therefore the De Giorgi iteration
(Lemma 7.2) and the logarithmic estimate (Lemma 7.4) apply verbatim on half-
balls. As a consequence, the oscillation decay proved in Proposition 7.5 is valid
for half-balls centred at I': there exist constants o € (0,1) and o € (0,1) such
that for every half-ball B C By,

0SCrt U < 00sCpht U+ Cre.
B'r/2 B’"

[terating this inequality yields the Holder estimate up to the flat boundary, and
returning to the original coordinates gives the result.

Theorem 8.1. Let 2 be a bounded Lipschitz domain. Under Assumptions 3.1,
3.2 and 4.1, any bounded weak solution u € Wol’p(Q) of (3.1) is Holder continuous
up to the boundary. In particular, u € C%*(Q) for some a € (0,1) depending only
on the data and the Lipschitz constant of ).

8.4. The Dirichlet problem on rough domains. A closer inspection of the
existence proof of Section 5 reveals that it never used any regularity of 9. The
Calerkin approximation is performed in W, 7 (Q), which is well defined for any
bounded open set €2, and all estimates rely only on interior inequalities and
the definition of the space. The passage to the limit via pseudomonotonicity
and Vitali’s theorem is also independent of the boundary. Hence we have the
following.

Theorem 8.2. Let Q) C R” be an arbitrary bounded open set. Under Assumptions
3.1, 3.2 and 4.1 (with ) replaced by the given set), there ezists a weak solution
ue WyP(Q) of (3.1).

The interior regularity theory (Holder continuity of Theorem 7.7) remains valid
on any subdomain ' € €, but global Holder continuity up to the boundary
cannot be expected without additional geometric conditions. Nevertheless, the
Dirichlet condition is still satisfied in the natural variational sense: u € Wy (Q)
implies

(lsin(l) sup{|u(x)| : x € Q, dist(z,90Q) < 5} =0,
_)
i.e., u vanishes continuously at the boundary in the generalised sense.

Remark 8.3. The form-boundary method highlighted here separates the interior
energy estimates from the geometry of the domain. As long as the singular co-
efficient p; is controlled by the Dirichlet form in the sense of Definition 2.2, the
existence and interior regularity hold on any open set. This is a significant exten-
sion of the classical theory, which usually requires at least a Lipschitz boundary.
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APPENDIX A. SOME TECHNICAL LEMMAS
A.1. Young’s inequality. We use the following standard inequality repeatedly.

Lemma A.1. Let a,b >0, p>1 and p' = 25. For every § > 0,
p
—1 /
ab< P P sty
p p
A.2. Splitting of an LY function.
Lemma A.2. Let Q C R™ be bounded and let V' > 0 belong to L(S) with

q> s >1. For everyn > 0 there exists M > 0 and a decomposition V = V) 4+ V,
such that 0 < Vi < M a.e. and ||Va|sq) <.

Proof. Define Vi = min{V, M} and VM =V —V);. Then V); € L>=(£). Because
V € L4, the dominated convergence theorem gives ||[VM||zs — 0 as M — oo.
Hence for > 0 we may choose M so that ||[VM||ps <. O]

A.3. Integrability of ,u’l’/. In the a priori estimates for bounded solutions we
need the fact that i is integrable.

Lemma A.3. Assume p > 2 and py € L"(Q) with r > n. Then ¥ € L*(Q).

Proof. From p > 2 we have p/ = 1% < 2. Since r > n > 2 (for n > 2), it

follows that p’ < 7. Because € is bounded, L"(Q) C L” (), so y; € L¥. Hence
Jo @ dz < oo. O

A.4. De Giorgi L>* estimate from the Caccioppoli inequality. The fol-
lowing lemma is the engine that produces local boundedness once a Caccioppoli
inequality on level sets is available.

Lemma A.4. Let u € Wol’p(Q) be a non-negative function. Suppose there exists
a constant Cy > 0 such that for every k > 0 and every pair of radii 0 < p < R
with Br € €2,

1
/ |Vul? da:§00<—/ (u—Fk)? dx—|—|{u>k’}ﬂBR|>.
{u>k}NB, (R—p)r {u>k}NBgr
(A.1)
Then for any 0 <r < R,
< O llullzrm +1) (A2)
esssupg u < (R—rylv U|[Lr(Bg) ) :

where the constant C' > 0 depends only on Cy, n, p and the space dimension.

Proof. The proof is a direct application of the iteration Lemma 7.2 (see also |1,
Lemma 4.3]). One constructs sequences of radii p,, = r+(R—r)2~" and thresholds
k, = d(1 — 2771 for a sufficiently large d, sets v, = f{u>kn}men (u — k,)P, and
uses (A.1) together with the Sobolev inequality to obtain a recurrence

n, 1ty
Yn+1 S C(lb Yn >
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with constants C', b depending only on Cy, n, p. Choosing d such that y, satisfies
the smallness condition of Lemma 7.2 forces y, — 0 and therefore u < d a.e. on

B,.

The dependence of d on ||u||z»(p,) and R — r leads to the estimate (A.2). A

detailed derivation can be found in the proof of Theorem 4.4. Il
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