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3D NAVIER-STOKES EQUATION WITH MULTIVALUED
FRICTION

SIMON ZONGO! AND BILA ADOLPHE KYELEM?*

ABSTRACT. We prove the existence of weak solutions and their continuous
dependence on the data for a three-dimensional incompressible Navier-Stokes
system subject to multivalued friction boundary conditions, within a Hilbert
space framework. Under suitable assumptions, a fixed point argument yields
the existence of a solution to the associated perturbed stationary problem.
Using nonlinear semigroup theory, we then establish the existence of a mild
solution to the non-stationary problem and prove a contraction principle. Fi-
nally, by combining the Crandall-Liggett implicit discretization scheme with a
priori estimates for the approximating mild solutions, we obtain weak solutions
that depend continuously on the initial data.
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1. INTRODUCTION

In this paper, we study the existence of weak solutions and their continuous
dependence on the initial data for the following three-dimensional Navier-Stokes
system with multivalued friction boundary conditions:

(g—l;—yAu+(u-V)u+Vp—f, in Q x (0,7),

div(u) = 0, in Qx (0,7,

u =0, on I'p x (0,7T), (1.1)
u, =0, o, €h(-,u,), on I'c x (0,7,

| w(0, ) = uo(x), in €,

where&CK’ is a bounded domain with sufficiently smooth boundary, and
00 = T'p UT'¢ is a disjoint partition. The number 7" > 0 is a fixed final time,

u: Q x [0, 7] — R3 is the velocity field, p : © x [0,T] — R is the fluid pressure,
and v is the kinematic viscosity coefficient. The initial datum is uy € L*(Q2)3,
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and f € L*(0,T; L*(Q)?3) is the external force. Moreover, u,, = u - n denotes the
normal component of u on 0%2, whereas u, = u — (u - n)n denotes its tangential
component. Finally, h: T x R® — 28" is a multivalued operator modelling the
friction boundary condition on I'c.

The Navier-Stokes equations describe the evolution of the velocity and pres-
sure of a viscous fluid. They were first introduced by Navier in 1821 (see [20])
as an extension of equations formulated for the equilibrium and motion of elastic
solids. Subsequent contributions were made by Cauchy in 1828, Poisson in 1829,
and Saint-Venant in 1843. In 1845, in connection with his work on pendulum
oscillations, Stokes derived the equations in the form now commonly associated
with his name. The Navier-Stokes equations may be viewed as viscous extensions
of the Euler equations.

The Navier-Stokes equations are a cornerstone of fluid mechanics and are essen-
tial for describing and understanding numerous three-dimensional physical and
industrial phenomena. They are used, for example, to model atmospheric dynam-
ics, ocean currents, water flow through pipes, and airflow around wings. In both
their full and simplified forms, these equations also arise in the design of trains,
aircraft, and auto-mobiles, in the study of blood flow, in power-plant engineering,
and in pollution analysis. Consequently, they have attracted considerable atten-
tion in the literature; see, for instance, [4, 5, 6, 8, 11, 12, 17, 18, 26, 27].

Major topics in the theory of the Navier-Stokes equations include the existence
and uniqueness of solutions, global resolvability, smoothness and regularity, and
the stability of solutions.

Although the existence of weak solutions and several regularity results for the
non-stationary Navier-Stokes equations have been established in classical works
such as [6, 10, 15, 23, 28, 30], important questions concerning smoothness and
stability remain unresolved.

Subsequent studies have addressed non-homogeneous boundary conditions and
friction laws proportional to the velocity, establishing existence and stability un-
der strong regularity assumptions. Further results on non-homogeneous and fric-
tion boundary conditions may be found in [9, 12, 22, 24, 25 27, 29]. Closely
related multivalued boundary value problems, in which the boundary condition
is expressed through a maximal monotone graph, have also been investigated for
other classes of nonlinear elliptic and parabolic equations; see, e.g., [21]. By con-
trast, the three-dimensional case involving multivalued friction on only part of
the boundary, together with stability and regularity properties of weak solutions,
remains largely open.

The aim of this work is to prove the existence of weak solutions to problem (1.1)
and their continuous dependence on the initial data by using techniques from
nonlinear semigroup theory; see [1, 3, 7]. Continuous dependence on the initial
data is a fundamental component of well-posedness.

To apply nonlinear semigroup theory and to obtain weak solutions of (1.1) that
depend continuously on the initial data, we begin with the following perturbed
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stationary problem:

(B(u) —vAu+ (u-V)u+Vp=f, inQ,
div(u) = 0, in
(1.2)
u =0, on I'p,
(U, =0, o, € h(-,u,), on I'c,

where the perturbation operator 3 : R? — R? is a monotone graph that will later
be taken to be the identity. A solution of the stationary problem (1.2) will be
used to establish the existence of a mild solution to the non-stationary problem
(1.1).

The rest of the paper is organized as follows. Section 2 introduces the func-
tional framework, the auxiliary results, and the assumptions used to study the
non-stationary problem (1.1) through the stationary problem (1.2). Section 3 is
devoted to the existence of weak solutions to the stationary problem (1.2). Sec-
tion 4 establishes the existence of mild solutions to (1.1) by means of nonlinear
semigroup theory. In the final section, we prove the existence of weak solutions
and their continuous dependence on the data.

2. PRELIMINARIES

In this section, we introduce the functional framework and recall the auxiliary
results used in the analysis. We also state the assumptions imposed throughout
the paper.

Motivated by the physical setting, we work in the following Hilbert spaces:
H={vel*Q)?:divv=0, v|r, =0, v-n|r, =0}
and
V={veH (Q)?®:divv =0, v|r, =0, v-nlp, =0},
with continuous and dense embeddings V < H < V', where V' denotes the dual
of V. We equip H with the L*(Q)? norm and V with the H*(Q2)? norm. We also

" LY(Q) = {p c L*(Q): /dex = 0} :

Following [13], let b : R — R be a continuous, nondecreasing function of bounded
variation such that b(0) = 0, and define

B(z) = /OZ sdb(s). (2.1)

Functions of this type will be used extensively in the final section. We therefore
introduce a common notation and record some of their basic properties. For any
monotone function m : R — R with m(0) = 0 and any w € R, define B, ,, by

/ms— ) db(s).
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Observe that, in (2.1), B = By,o, where I; : R — R is the identity function.
Moreover,

Biw(2) — Brw(z) > m(z —w)(b(2) — b(z)) forall 2,2 € R. (2.2)

To establish the existence of weak solutions of the stationary problem (1.2),
we need the two following theorems, the first of which states Kakutani-Fan-
Glicksberg’s fixed point theorem and the second claims Lusin’s theorem.

Theorem 2.1. Let S C X be a nonempty, compact, convex subset of a Hausdorff
locally convex topological vector space X. Let ¢ : S — 2% be a multivalued map
with closed graph and nonempty convexr values. Then, the set of fixed points

{3:65:936(,0(;15)}

15 monempty and compact.

Theorem 2.2. Let O C R? be compact and let f : O — C. Then, the following
assertions are equivalent:

(1) f is measurable;
(2) For every € > 0, there exists a closed set ' C O with |O\ F| < ¢ such
that f\r is continuous; that is,

Ve, x € F, x,—>re€F = f(x) — f(z).

We now define the notions of solutions used in this paper. The space V consists
of the test functions compatible with the boundary conditions. We also set

E={e L0, T;V)NL=(Q)| & € V' + L*(Q)"}
where @ = (0,7") x Q. We then introduce the following definitions.

Definition 2.3. Let Q C R3 be a bounded open domain with Lipschitz boundary,
and let 7> 0. A pair (u,p) is called a weak solution to problem (1.1) if

u € L*(0,T;V) N L¥(Q)°,  p € L*(0,T; L§())
and if u satisfies, for every ¢ € E N L>®(Q),

T T
—/ /u-gotdasdt+/uo-g0(0)dm+u/ /Vu:Vgod:Edt
0o Ja Q 0o Ja

T T T
—l—/ /(U-V)u-gpdxdt—l—/ f-ngdet:/ /f-goda:dt (2.3)
o Ja o Jre o Ja
where £(z,t) € h(z,u,(z,t)) for a.e., (x,t) € Te x (0,T).

Definition 2.4. Let Q C R? be a bounded domain with Lipschitz boundary, and
let > 0. A pair (u,p) is called a weak solution to problem (1.2) if

uweV, pelif)
and if, for every v € V,

/Qﬁ(u)mdx—i—z//gVqud:c—l—/Q(wV)u«vd:H Fcﬁ«deS:/Qf«vdx, (2.4)

where {(z) € h(z,u.(z)) for a.e., z € T'¢.
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The existence results are established under the following assumptions on the
friction multifunction h.

As

(hy) for every s € R3, the multifunction z + h(z,s) admits a measurable
selection; that is, there exists a measurable function g, : ['¢ — R3 such
that gs(z) € h(x,s) for all x € I'¢;

(hy) the set h(z,s) is nonempty, compact, and convex in R? for every s € R3
and for a.e., v € I'¢;

(h3) the graph of s — h(z,s) is closed in R for a.e., xz € I'¢;

(hy) for every s € R3, for a.e., z € T'¢, and for every £ € h(x,s), there exist
c1 € L*(T¢) and ¢y > 0 such that |€] < ¢1(z) + cals];

(hs) the constant ¢, is chosen so that cs||v||* < c3, where v : V — W is the
trace operator on V, with norm [|v|| = [|7]|zvw), W = (L*(T'¢))?, and c;
is the positive constant

c3 = min{v, 1}.
an example of a friction multifunction, consider the Coulomb law
~ oG ol <plpa(@)]}, s #0,
h(z,s) = 5
{ e R [¢] < plpa(2)]}, s =0,

where g is the friction coefficient and p,(z) is the normal pressure. This friction
law satisfies assumptions (hq)-(hs).
We now set W := (L*(T'¢))?® and define the associated global multivalued operator

H

W — 2W by

H(u) :={{ € W:&(z) € h(z,u(z)) for a.e., x € I'c}.

We also recall the following lemma, which will be used below.

Lemma 2.5 ([19]). Assume that the multifunction h satisfies (hy)-(hs). Then,
H has the following properties:

(1) H

(u) is nonempty, convex, and closed for every u € W ;

(ii) the graph of H is closed in (W, strong) x (W, weak);
(1) lEllw < llerllz2e) + c2llVll e lully for every & € H(u).

We next define the operators associated with the terms in equation (2.4). The
linear operator A : V — V' is defined by

(Au,v) = / VuVudx, Yu,v e V.
)

The bilinear operator B: V x V — V' is defined by

(B(u,w),v) := /(U-V)w -vdr, Yu,v,w € V.
Q

The elements F' and §(u) of V' are defined by

(F,v) :z/fmd:r: and  (5(u) /6 cvdx.

We thus obtain the following weak formulation of problem (1.2):

(B(u) + vAu + B(u,u),v) + (&, v )w = (Fyv), YveV, &e€Hu), (2.5)
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where
<£7UT>W = / 5 Ur ds.
T'e

We recall from [19] the following three lemmas, which will be used to establish
the existence of weak solutions.

Lemma 2.6 ([19]). The operator A is linear, continuous, and coercive:
(Au,u) = HVuHig(Q)gxg, Yu € V.
Lemma 2.7 ([19]). For every u,v,w €V,
(B(u, w), v) < cal|Vull 2@l Vwl 2 (@ysxs [ Vol 2 (s
and
(B(u,v),v) =0, (B(u,w),v) =—(B(u,v),w).

Lemma 2.8 ([19]). The operator B is sequentially weakly continuous; that is, if
ur — u and wg — w weakly in Y, then

(B(wg, ug),v) = (B(w,u),v), Yove.

Hence, for every f € L*(Q)3, a function u € V is called a weak solution to the
perturbed stationary Navier-Stokes problem with friction (1.2) if

(Bu) + vAu + B(u,u),v) + (&, v )w = (Fyv), YveV, &eH(u). (2.6)

The existence of weak solutions to problem (1.2) is studied in the next section.

3. EXISTENCE OF WEAK SOLUTIONS TO THE PERTURBED STATIONARY
PROBLEM

Throughout this section, we assume that (hy)-(hs) hold. We begin by defining
the following subset S C W x V in which a solution will be sought:

esllerll 2y el IIF

cz—ca|lvIl? } (3.1)

Illlleill L2y +IF
cz—cz2|v[?

1€l <

S:{(g,w)EWxV‘

lw]l <

To prove the existence of weak solutions to (1.2), we establish several auxiliary
lemmas that provide the decomposition used throughout this section.

Consider the following auxiliary problem.

For fixed (§,w) € W x V, find u € V such that, for every v € V,

(B(u) + vAu + B(w, u),v) + (&, v,)w = (F,v). (3.2)

Lemma 3.1. Assume that = I, where I is the identity operator. Then, for
every (§,w) € W x V, problem (3.2) admits a unique solution u € V.

Proof. Define M : YV — V' by
M(u) := B(u) + vAu + B(w, u).
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The mapping M is linear. Moreover, since 3 : R®> — R? is monotone, Lemma 2.6
and the identity (B(w,u),u) = 0 give

(M(u),u) = (B(u), u) + v{Au,u) + (B(w,u),u) > v|[Vullpz@a + [|ullL2q)s

>
> c3llullnayp = esllully.
Furthermore, for all u,v € V,
(M(u),v) = (B(u),v) + v(Au,v) + (B(w,u),v) < ||u|lr2p||v] L2(0)3
+ I/||VU||L2(Q)3><3 ||U||L2(Q)3 + CBHVUJHLQ(Q)sxa ||Vu||L2(Q)3x3 ||VU||L2(Q)3x3
< Cullullyvllvlly

where C,, > 0 depends on [[Vw||p2(q)sxs.
Define ¢ € V' by

l(v) = (F,v) — (§,0-)w.
Then,
()l < (IF b+ [€llw A D) vl 22
<

UE T+ 1Elw D v llv-

By the Lax-Milgram theorem (see [16]), problem (3.2) admits a unique solution
ue V. O]

We now define the mapping
AW XY=V, (§w)—u,
where wu is the unique solution to (3.2). The following estimate holds.

Lemma 3.2. Assume that f = 1. Then, for every ({,w) € W x V), the solution
u =N\ (& w) satisfies

el 1]y
[AL (& w)lly < o <llw + ———.
3 C3

Proof. We have
(B(AL(& w)) + VAN (S, w) +B(w, Ay (&, w)), v) + (& vr)w = (Fiv), Vo € V. (3.3)
Taking v = u = A (£, w) in (3.3), we obtain
(M(u), u) = (Fu) = (& ur)w > callull3

Since
(Fou) = (& un)w < (1l + lEllwllvDllolly
we obtain
callully < (1F v+ N€llw Iy ID v (3.4)
This yields the desired estimate. OJ

Lemma 3.3. Assume that § = I. Let & — & weakly in W, let w, — w weakly
inV, and assume that Ay(&, wy) — ¢ weakly in V. Then,

C = Al (57 'U}),
that is, the graph of Ay is sequentially weakly closed in W x V x V.
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Proof. By the definition of A;, for every v € V we have
(B(A1 (&, wr)) + VAN (&, wi) + Bwi, A (§, wi)), v) + (& vr)w = (FLv). (3.5)

Passing to the limit and using the linearity and continuity of 5 and A, we obtain

B(AL(k, wr)) — B(C), in V'
and
AN (&, wy,) — AC, in V.
Moreover, B is sequentially weakly continuous by Lemma 2.8. Consequently,
B(wg, A1 (&g, wy)) — B(w, (), in V.

Furthermore, since & — & in W,

(fk? UT)W — (57 UT)W'

Hence, for every v € V,

(B(¢) + vAC+ B(w, (), v) + (§, vr)w = (F,0).
The uniqueness of the solution to problem (3.2) implies that ( = Ay(§,w). O

We now introduce the multivalued mapping
AT XV — 2% (& w) o AEw) = Hu) x {A(€w)},

where H(w,) C W is associated with the multivalued boundary condition.

To apply the Kakutani-Fan-Glicksberg’s fixed point theorem, we must verify that
A(&,w) is nonempty, convex, and compact in W x V for every (£, w), and that
the graph of A is sequentially weakly closed in W x V.

Each fixed point (&, w) € W xV satisfying (§,w) € A(§, w) also satisfies £ € H(w,)
and w = A (&, w). Hence,

(B(w) + vAw + B(w,w),v) + (&, v.)w = (F,v), YveV (3.6)
which coincides with the variational formulation in (2.4). Therefore, a fixed point

of A yields a weak solution (&, w).

Lemma 3.4. Assume that (hy)-(hs) hold and = I. Then, the following asser-
tions hold:

(a) A(S) C S;

(b) If x € A(x), then x € S.

Proof. Let (n,u) € A(§,w) with ({,w) € S. Then, n € H(w,) and u = A1(&, w).
Moreover, by Lemma 3.2 and property (iii) of Lemma 2.5,

[ £]lv

[l
lully < == l¢lw +

o and ||nllw < llcill2e) + collwllw.

Since (§,w) € S, the defining bounds for [|£]|w and ||w]|y yield
[lHlleall + 1 £1[lv

cz — cal|yl?

Consequently, A(S) C S, which proves (a).

cslleall + cally Il 1l

cz — cally|?

lull < and |[n[lw <
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If (n,u) € A(n,u), repeated application of the preceding estimates shows that
(n,u) € S. This proves (b). O

Lemma 3.5. Assume that (hy)-(hs) hold and B = I. Then, the graph of A is
sequentially weakly closed in (W x V) x (W x V).

Proof. Let & — &in W, w, — w in V, and (ng, ux) € A&, wg) with n, — n and
up — u. By the definition of A, n;, € H(wy,) and up = Ay(&, wy,). Lemma 3.3
therefore gives u = A;(§,w). Moreover, the compactness of the trace operator y
yields wy, — w, strongly in W. By property (ii) of Lemma 2.5, the graph of H
is sequentially closed; hence n € H(w,). Consequently,

(n,u) € A&, w)
which completes the proof that the graph of A is sequentially weakly closed in
(W x V) x (W x V). O

We next recall the following lemma, which is an important tool in proving the
existence result for problem (1.2).

Lemma 3.6 ([19]). Assume that (hy)-(hs) hold and 8 = I. Then, the graph of
Als is weakly closed in W x V.

We now establish the existence of a weak solution to problem (1.2).

Theorem 3.7. Assume that (hy)-(hs) hold and 8 = I. Then problem (1.2)
admits a solution (§,u) € S. Moreover, any solution necessarily belongs to S.

Proof. By Lemmas 3.4 and 3.6, the mapping A|g satisfies the hypotheses of the
Kakutani-Fan-Glicksberg fixed point theorem: S is nonempty, convex, and weakly
compact; A|g has nonempty convex values; and the graph of Alg is closed.
Thus, there exists (§,w) € S such that (§,w) € A(§,w), and this fixed point
yields a solution to (2.4). Therefore, there exists u € V satisfying (2.4).
Furthermore, define the functional

G :=pu) —vAu+ (u-Viu—f eV
Then, for every test function ¢ € V satisfying div ¢ = 0,

(G, ohy =0,
which means that G annihilates all divergence-free test functions.

The de Rham theorem, equivalently the Helmholtz-Leray decomposition, guar-
antees the existence of a pressure distribution

p€ L*(Q)/R such that G =Vp in),
Consequently, the weak formulation of the system can be written as
B(u) —vAu+ (u-V)u+Vp=f in),

where the pressure p is uniquely determined up to an additive constant. Equiva-
lently, problem (1.2) admits a solution. O

We now turn to the existence of mild solutions to (1.1) using nonlinear semigroup
theory.
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4. EXISTENCE OF MILD SOLUTIONS TO THE NON-STATIONARY PROBLEM

In this section, for each f € L*(Q2)3, let us denote Syi( f) the subset of S consisting
of the pairs solutions (£, u) satisfying (2.4) with respect to f. Since problem (1.2)
admits at least one solution satisfying (2.4), we have Sy (f) # (). Furthermore,
Sso1(f) is compact subset of S. The major challenge for some physical applications
and perspective, is to find one solution for each f € L*(2)3. One of the physical
treatment is to consider the unique solution uy on the compact set Sii(f) which
produces the largest mechanical dissipation of

e(u) = HuHiz(Q)s+V||Vu\|%2(g)3x3+/F € u.dS. (A1)
C

In our paper, to obtain the uniqueness of weak solution to the stationary per-
turbed Navier-Stokes equation (1.2), we will work under a low Reynolds number
condition. Outside the scope of mathematics, using a low Reynolds number is es-
sential for engineering micro-technologies, understanding biological systems and
ensuring computational accuracy.

There are in fact two types of Reynolds number used in mathematical analysis of
the Navier-Stokes equation and their relationship plays an important role such as
uniqueness and stability theory: the one is named the classical Reynolds number
denoted by R., which is defined from the problem data as follows

UL
Re=—

where U is a characteristic velocity, L is a characteristic length while v is a
kinematic viscosity; the other designated by R.(u) is dependent of each solution
u to Navier-Stokes equation and is defined such as

vl

v

Re(u)

where C' depends only on the domain 2 through the Sobolev’s constant. Observe
that the classical Reynolds number is convenient because it is known before solv-
ing the problem while the solution-dependent Reynolds number is more precise
because it measures the actual balance between convection and viscosity in the
computed flow.

Finally, we mention that there is the relationship between the classical Reynolds
number R, and the Reynolds number R.(u) with respect to the solution «, which
relationship is expressed for all solution u by

Re(u) < KR,

with K is positive constant.
In the rest of the following work, to simplify we can take R.(u) < R, and we use
the following assumption:

Re < 1. (4.2)

Immediately, we obtain this important remark which plays an important role in
the rest of our work.
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Remark 4.1. Under hypothesis (h;)-(hs) and § = I, the use of (4.2) gives a
uniqueness of the solution to the stationary Navier-Stokes equation (1.1).

For the next steps, let us now proceed under the condition (4.2). We mention
that a classical construction of mild solutions consists in approximating the non-
stationary problem (1.1), for € > 0, by the following implicit time-discretization
scheme:
Bluj) — Blui_y) : C e .
. vAu; — (uf - V)u; —Vpi + ff, fori=1,...,n, (4.3)
u; € VN L>®(Q).

where n € N, 0 =t§ < 5 < --- < t5, pi € L(Q) N L>*(Q)3, and ff € L>(Q)? for
1 =1,...,n, such that

,,,,,

all converge to 0 as ¢ — 0.
The functions u. and p. are defined piecewise constantly by

Pe =5, ue =u; on (t_,,t5), i=1,....n, u(0)=ug B(u)(0)= 0.
Following [13, 14], this construction uses nonlinear semigroup theory to define
the associated operator and establish the existence of mild solutions.

Definition 4.2. A mild solution to (1.1) is a function u € C([0,T]; L?(2)?) that
is the uniform limit of the piecewise-constant approximations ..

The main result of this section is the following theorem.

Theorem 4.3. Assume that (hy)-(hs) hold and B = I. Moreover, suppose that
(4.2) is satisfied. Then, for every (ug, f) € L*(Q)% x L*(Q)>, there erists a
unique mild solution u to (1.1). Furthermore, the following contraction principle
holds: for every 0 <t < T, if u and u are mild solutions to (1.1) corresponding,

respectively, to the data (ug, f) and (i, f) in L*(Q)? x L2(Q)?, then

t
) = (0o < 1o = dallzors + | 155) = F(S)ogods.
0

By nonlinear semigroup theory, Theorem 4.3 follows from the following proposi-
tion.

Proposition 4.4. Assume that (hy)—(hs) hold and 3 = I, and let  C R? be a
bounded domain. Assume, in addition, that (4.2) is satisfied. Then, there exists
an operator

A= {(5(u), f—B(u) € L*(Q)* x L*(Q)* : u is the solution of (1.2) }
such that:

(1) A is T-accretive, and even completely accretive, in L*()3;

(ii) R(I + o A) = L*(Q)3 for every o > 0;

(1i1) WLZ(Q)?) ={w € L*(Q)* : w(z) € R(B) for a.e. x € Q}.
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Proof. (i) Let uw € V be a solution to (1.2). Then, for every v € V,

/Qﬁ(u)-vda:+u/gVqudx+/§2(u-V)u-vdx+ Fcf-des:/Qf-vd:v, (4.4)

where £ € h(x,u,). Let u,4 € V be two solutions associated with f and f,
respectively, and set w = u—u. Taking v = w as the test function and subtracting
the two variational formulations, we obtain

<B(u) - B(ﬁ’)a w>L2(Q)3 +v (V'w, vw)LQ(Q)3><3
+ ((U . V)U — ('ll . v>ﬁ7 w)LQ(Q)3 + <£ - 57 wT>L2(Fc)3 (45)

= [(7 = ) -sign(w) ful .

where ¢ € h(z,u,) and € € h(z, i,), and
(f = f) -sign(w)|w| = fisign(uy — @)u — | + fosign(us — ) |uz — is
+ f3 sign(ug — 7:L3)|U3 — QAL3|
Since [ is the identity operator,
<6(u) - 5(12)7 w>L2(Q)3 = ”w”%Q(Q)?’

Moreover,
v (Vw, Vw)LQ(Q)3X3

The difference of the convective terms can be written as
(u-Vu—(t-V)u=(w-V)u+ (- V)w.

= I/HVU)H%Q(Q)SXB‘

Thus,

/Q[(U-V)u—(fL-V)d]-wdxz/Q(w-V)u~wdx+/(ﬂ-V)w-wdx.

Q
Since the flow is incompressible and % - n = 0 on 0f),

/(Q-V)w~wda::O.
Q

In 3D Navier-Stokes case, it is known that

‘ /(w V) - wdx‘ < C)|Vull 2 | Vool aysns:
Q

Consequently, since / (€ =€) - (ur — i,;)dS > 0, one obtains
I'e

lwllZ2@ys + (v = ClIVullL2@) [Vl L2 gexs < /Q(f ~ ) -sign(w) |w| da.
Hence, taking into account that R.(u) < R, < 1

0 < [[wlZzp + v(1 = Re(u) [ Vwl[Z2gyexs < /Q(f — ) -sign(w) w| dz
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and A is completely accretive.

(77) We prove that I 4+ oA is surjective.

Let g € L*(Q)3. By the existence result for the stationary problem (1.2), there
exists u € D(A) satisfying

Bu) + o A(B(u)) = g.
Consequently, the range of I + oA is the whole space L*(Q2)3; that is,
R+ 04) = I(Q)°

which proves the surjectivity of I + o A.
(ii7) Finally, we establish that the domain D(A) is dense in L?*(2)3; equivalently,

Vi e L*(Q)?, 3(f.) € D(A) such that f, — fin L*(Q)>.
Let f € L*(Q)? and § > 0, and set 3(us) = (I +5A)~f. Then

(B(us), (7 — Blus))) € A

Hence, for every v € V,

/B(u@-vdm%—é[u/VU5Vvdx+/(U5-V)u5-vda:+ @;-vfds} :/f-vd:z:,
0 Q 0 e Q

with & € H(us,). Since § is the identity, we have B(us) = us. Taking v = [(us)

and using /(U5 - V)us - us dz = 0 to obtain
Q

s e saly [ 1outans [ g is] = [ g ouae

Since fr & - us, dS >0 and us =

[ ptuspar < / F g de
Q
1
< §/Q|f| dx+§/9|u5|2dx
1 1
< §/Q|f\2dx+§/g|5(u§)|2d:v.

/w whde < [ |7fd.
Now, for every ¢ € C5°(£2

’5[1//9V1¢5V¢dx n /Q(u(;-V)u5~¢dx+ chg.d)fds]‘

— | [ 1ot [ s -

(S T
2”f||L2(Q)3||¢||L2(Q)3-

Consequently,

IN

IN
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Therefore,

5[u/w5v¢dx+/(u5-V)u5-¢dx+ fg-qudS] 40 asd— 0.
Q Q

Te

The sequence (3(us)) is bounded in L*(Q2)?. Returning to the resolvent equation
and letting 6 — 0, we obtain

Blus) = [ in (C57(Q))".
Since (8(us))s>o is uniformly bounded, we may extract a subsequence such that
B(us) — f in L*(Q)* and almost everywhere in Q.
Since ||8(us)| L2 < || fll2(0)3, the dominated convergence theorem yields

ﬁ(u(s) — f in L2(Q)3.

WH’HLQ(Q)‘? ={w e L*(Q)* : w(z) € R(B) a.e. in Q}.
0

By Proposition 4.4, the nonlinear operator A is m-accretive in L*(Q)3. Moreover,
since f(u) = u, the general theory of nonlinear semigroups (see [3]) implies that

the abstract evolution problem corresponding to (1.1) admits a unique mild so-

2 3
lution w € C([0,T]; L*(2)?) for every initial datum uy € D(A)L " and every

right-hand side f € L*(0,T; L*(Q2)?).

Remark 4.5. The Crandall-Liggett’s approach also shows that there exists 7' > 0
such that the mild solution u belongs to L*([0,7];V) N L>([0,T); H) for every
initial datum uy € H and every f € L*([0,T]; V).

5. EXISTENCE OF WEAK SOLUTIONS

To prove the existence of weak solutions, we use an energy estimate similar to
that in Lemma 1.5 of [2].

Proposition 5.1. Assume that (hy)—(hs) hold, 3 =1, and ug € V. Let Q C RY
be a bounded domain, and assume that (4.2) holds. Let 35 € L>(Q)3, f. €
L>(Q)?, and let u. be the unique mild solution to problem (1.1). Then u. is a
weak solution to

(B(us); — vAu + (ue - Vu. + Vp. = fo, in Qx (0,7T),
div(u.) =0, in 2 x (0,7),
ue =0, onTpx (0,T),  (5.1)
u.-n=0, o€ h(u), onTe % (0,7),

Lu:(0,2) = [, in §2.

Furthermore, for any two weak solutions u. and 4. corresponding respectively to
the data (uep, f-) and (Gep, f), we have

t
[ (ue — 1) () || 23 < Hue,o—fbe,ol\m(mer/ [(fe = fo)(S)llz2ys ds, Wt €[0,T1].
0
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Proof. For i =0,1,...,n, let u; denote the unique weak energy solution to
efi + B(ui_y) € (I +£A)(B(v7))-

Then, for every ¢ € V,

y/ﬂvu;?wdx+/9(u§-vmf-¢dx
N / (B(us) — Blus_y))
Q

£

(5.2)

o dx + éf-%dsz/ffsod%
e Q

with & € H(u; ). Taking ¢ = u$ in (5.2), integrating over (£;_;,t;), and summing
the resulting equalities for ¢ =1, ..., n, we obtain

n ti ) — € n t;
Z/ / (/B(HJ B(UZ_Q) us d:vdt—f—l/Z/ /|Vuf|2 dxdt
i=1 /ti-1/ Q2 € T JtioJa
n t; n t
S gt asa =3 [ [ g
=1 ti—1/ e i=1 ti—1J Q

Assume now that ¢ —t5_; = €. Then f.(t) = f7, B(u(t)) = B(u), and u.(t) = us

for t € (t;_4,t5) and i =1,...,n, while B(ua(()z)) = 5 and £°(t) = &

1—17 %
Since u = (uy, ug, uz) and f(u) = u,

(5.3)

(Bu) — Blui)) . wh i, i wE—ui
c 7 - c i1 c 19 c i3
_ b(uzi) - b(“f—ll)u; I b(ufg) - b(uf—lg) e
€ ” € ‘2
n b(ui) - b(“?—lg) c
€ '

where b : R — R is defined by b(z) = z and is continuous and nondecreasing,
with b(0) = 0. Using (2.2), we obtain

S (B = BEy) L b)) b )
;/tzl/ﬂ E u; drdt = ;/tll/ﬁl . ug dxdt

— (" b(ug,) = b(ufy,) — (" [ b(uf,) = blui_y,)

+ g 2 28 dxdt + g / / 3 S dadt
. \/t;l/ﬂ € : - ti_1/Q € ’
i=1 i=1

[ (Blu (@) = Bl 0)ds + [ (Bl (T) = Bl (0)ds
Q Q
+ [ (Blua (1) = Blus (0)de

v
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Therefore,

| (Bl (@) = Bluao))do + [ (Blue(T) - Blue0)do

Q

+/Q(B(uES(T))—B(uES(O)))dx—i-l//o /Q\Vug(t)\Qd:Udt (5.4)

<+L47)CC§E@)-u&(t)det§§}Cil;ﬁitﬁ%(ﬂdxdt

Moreover, B(u.,(T)) — B(u,(0)) € L>*(Q) for j = 1,2,3, while u., f. € L>=(Q)
and &, u., € L>([0,7] x I'¢). By assumption (hy), (5.4) implies

: |V (t)|*dedt < C (5.5)
I

where C' is independent of e.

Therefore, (Vu,) is uniformly bounded in (L*(0,T; L*(Q)%))?, and (u.) is uni-
formly bounded in L*(0,T;V). Moreover, by assumption (hy), (£.) is uniformly
bounded in L*(3¢)%. Consequently, we may extract subsequences, not relabelled,
such that

u. —u in L*(0,T;V), (5.6)
Vu, — Vu in L*(Q)**?, (5.7)
and
& — ¢ in L*(Z¢)’. (5.8)
We now prove that
(uz - Vu. — (u-V)u in L*(Q)>. (5.9)

From (5.2), for every ¢ € V,

[ Q) =Bt =),

3

= —V/ VuVydr — /(uE Vue-pdr — [ &() o, dS + / fe(t)pdx.
Q Q T'c Q
By Holder’s inequality and the Gagliardo—Nirenberg inequality
lull e < Cllull oy Vul gy Yu €V,

applied to u. and ¢, together with Poincaré’s inequality for ¢, we obtain

‘/(Ua'v)uaw@ < lwellza@pe | Vel 2@pexs @]l 2@y
Q

IN

1/4 7/4 1/4 7/4
Clute | oy |1V 2 | oy 40 oy | Voo Ty
1/4 7/4
< Clluell oy | Vel Faggpyona | Vell 2.
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Hence,
1/4 7/4
||(u5 . V)UEHV’ S CHU’EH / Q)3||VUEHL/2 Q)3><3
S C||u5||L2(Q)3||vu€||L2(Q)3X3HVUEHi/ZQ(Q)Sm
1 3
< COlluellB Ve 72 (gsxs-
Therefore,
Hﬁ(us(t)) — Bluc(t — €>>‘
€ v
< C(IVuel 2 (@pexs + [[(ue - V)uelly + 1€l 2moys + 1zl 2@)3)-
Furthermore,
T . ) T
3 3 2
/(; H(uE ' V)UEH{Z/ S CHuEHiO"(O,T;H)/{; |’vusHL2(Q)3x3dt < +OO
Consequently,
Ou.  06(u.) 4
= e L3(0,T: V.
o ot (0.7:V)

Since (u.) is uniformly bounded in L?(0,7;V) and V << L*(Q)* — V', the
Aubin-Lions-Simon lemma implies that (u.) is relatively compact in L2(0,T; L*(£2)?3).
After extracting a subsequence, still denoted by (u.), we obtain

u. — u strongly in L*(0, T; L*(22)?) and a.e. in Q x (0,T)). (5.10)
Combining this result with (5.7), we obtain
(ue - V)ue = (u- V)u.
Since B(u.) converges weakly to 3(u) in L?(Q), the Aubin-Lions lemma yields
B(u.) — B(u) strongly in C([0,T];V").

Combining this strong convergence with the uniform boundedness of f(u.), we
obtain

Blu(t)) — B(u(t)) in L*()* ase — 0. (5.11)

In (5.2), take ¢ € WH1(0,T;V N L>(Q)) N E with p(T) = 0 as a test function
and integrate with respect to time to obtain

/ / Vu.(t) - Voo(t) dadt

// (us(t (ua(t—e)))@(t)dmt

. / J | ) [ ) et s
[ oo

(5.12)
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First, set

A L MOEFCTER o
- /OT/Q Mgp(t) dxdt—/OT/Q —5(%(2_8))@@) dadt.

Set s =t —¢. Then

/0 /ngp(t) dadt — /_EE : wgp(s +¢) dxds.

Splitting the integrals gives

/TE BUE (() <,0(t~|—6))dxdt—l—/ Aluc(®)) o(t) drdt

T—& €
/ lC s +¢) dxds.

For s € [—¢,0], we have (u ( )) = Bo. Hence

ﬁus o ﬂO
/_6 s)d:rdS—/O - o(t) dxdt.

hm[ = //B gptd:vdt—/ﬂogo

Finally, since 6( ) = u, passing to the limit in (5.12) gives, for every ¢ €
Ceo([0,T) %

//Vu Ve dxdt — //unpt dxdt—/uogo(()) dx
—l—/o/Q(wV)u-godxdt—l—/O/Fcﬁ-ngdet—/o/Qfgodxdt.

Therefore, u is a weak solution to problem (1.1).

Returning to Proposition 4.4, recall that A is m-accretive and therefore generates
a contraction semigroup (S(t));>o. Since the mild solution to (1.1) associated
with the data (u., f-) is also a weak solution corresponding to the same data, it
satisfies

Since p(T') =

(5.13)

us(t) = S(t)ueo + /Ot S(t—s)f(s)ds, ¥Vte[0,T].

Thus, for any weak solutions u. and u. to (1.1) corresponding, respectively, to
the data (ucp, f-) and (e, f),

nw—%xmmm<mm—%mps+/w £)(8) |2y ds, ¥t € [0,T].

Finally, the de Rham theorem yields the fluid pressure p corresponding to the
velocity field u. O
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Conclusion The results obtained for this Navier-Stokes system with multivalued
friction can be interpreted in the context of computational fluid dynamics, par-
ticularly in numerical simulation schemes involving non-smooth boundary condi-
tions. Moreover, outside the scope of mathematics, using a low Reynolds number
is essential for engineering micro-technologies, understanding biological systems
and ensuring computational accuracy.
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