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NEAR-CONJUGACY OF COLLATZ MAP TO CIRCLE
ROTATION

BARMAK HONARVAR SHAKIBAEI ASLI**

ABSTRACT. We introduce a logarithmic transformation T'(z) = {logg(z+1/5)}
under which the Collatz map becomes a circle rotation by the irrational angle
a = logg 3 plus a bounded error term. We prove |e(x)| < 0.2749 for all positive
integers x, with e(x) = O(1/x) as # — oo. Numerical verification up to 1012
supports bounded cumulative error. This near-conjugacy reveals the geometric
structure underlying Collatz dynamics without resolving the conjecture itself.
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1. INTRODUCTION AND PRELIMINARIES

This paper introduces a novel geometric and dynamical framework for under-
standing the Collatz conjecture. We present an explicit, elementary transforma-
tion that reveals the conjecture’s hidden linear core, effectively showing that its
notorious complexity arises from a small, bounded perturbation of a simple cir-
cle rotation. This perspective not only demystifies the apparent randomness of
Collatz trajectories but also provides a concrete and quantitative framework that
may be useful for further analytical investigation. By reformulating the problem
in the language of perturbed rotations and equidistribution theory, we bridge
the gap between its elementary statement and the deep structural mathematics
required for its solution.

1.1. Historical Background. The Collatz conjecture, widely known as the
3x + 1 problem, is among the most famously simple-to-state yet profoundly dif-
ficult open problems in all of mathematics. First investigated by the German
mathematician Lothar Collatz (1910-1990) as early as the 1930s, the conjecture
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involves an elementary iterative process defined for any positive integer n by:

Cln) = n/2 n even,
3n+1 nodd.

The conjecture claims that for every positive starting integer n, repeated ap-
plication of this map will eventually reach the cycle 1 — 4 — 2 — 1. Despite
overwhelming computational evidence verifying the conjecture for all starting val-
ues up to at least 298 &~ 2.95 x 10?° [1], a general proof remains frustratingly out
of reach. For comprehensive surveys of the extensive literature on the Collatz
problem, see [1, 3, 2, 4, 5, 6, 7].

1.2. Main Contributions. The goal of this paper is not to resolve the Col-
latz conjecture but to provide a dynamical description of the Collatz map in
a transformed coordinate system. We construct an elementary transformation
T(x) = {logg(x + 1/5)} that maps Collatz iteration to an irrational circle ro-
tation perturbed by a uniformly bounded error. We prove that the one-step
deviation from exact rotation satisfies |e(x)| < 0.2749 for all z, with asymptotic
decay €(x) = O(1/x) as x — oo. In the transformed coordinate, all Collatz trajec-
tories follow the same underlying irrational rotation, differing only by a bounded
perturbation. We verify the theoretical bounds through large-scale computation,
including exhaustive testing up to 107 and statistical sampling up to 10'2.

1.3. Scope and Limitations. The results presented in this paper do not con-
stitute proof of the Collatz conjecture. The near-conjugacy developed here is
topological and dynamical in nature and does not directly control arithmetic de-
scent in the integers. The primary contribution of this work is structural and
quantitative: it makes explicit a near-linear dynamical representation of the Col-
latz map with sharp global error bounds, supported by extensive computation.

1.4. Outline of the Paper. Section 2 presents the derivation of the near-
conjugacy transformation. Section 3 formally states our main theorems. Section
4 provides proofs and analysis. Section 5 presents numerical verification. Section
6 concludes.

1.5. Applications in Computer Science. The near-conjugacy developed in
this paper has several potential applications across computer science. First, the
logarithmic transformation 7'(z) = {logs(z + 1/5)} offers a linearisation method
for analysing iterative number-theoretic maps, which can be applied to complexity
analysis of algorithms in cybersecurity, where number-theoretic structures play a
fundamental role [8]. Second, the algebraic framework underlying the Collatz map
and its transformation relates to module-theoretic decompositions; the bounded
perturbation perspective may inform structural results in commutative algebra,
complementing recent work on prime submodule classifications [9]. Third, the
near-conjugacy to a circle rotation provides a concrete setting for studying spec-
tral gaps and approximate invariance in Hilbert spaces, as the bounded error
term |e(z)| < 0.2749 defines a controlled perturbation of an isometry, offering a
testbed for spectral approximation theorems [10]. Together, these connections
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demonstrate how the explicit near-conjugacy bridges dynamical systems with
computational number theory, algebraic structures, and functional analysis.

2. DERIVATION OF THE TRANSFORMATION

The core analytical construction of this work is an explicit, elementary func-
tion T'(x) that provides a near-linear representation of the Collatz iteration in
logarithmic coordinates. The derivation proceeds by imposing a conjugacy condi-
tion—that T should intertwine the Collatz map C' with a simple rotation R,—and
solving the resulting functional equations.

2.1. Functional Equations from Collatz. To construct a transformation that
linearises the Collatz dynamics, we seek a map 7' : N* — S! that satisfies, at
least approximately, the conjugacy relation

T(C(x))=T(x)+« (mod1)

for some constant o € R independent of z. Writing the relation separately for
even and odd cases yields two consistency conditions.
For even z = 2y: C'(2y) = y gives

T(y)=TQ2y)+a (modl) = T2y)=T(y)—a (mod1l). (2.1)
For odd z =2y + 1: C'(2y + 1) = 6y + 4 gives

T6y+4)=T2y+1)+a (mod1). (2.2)

To obtain a single functional equation that must be satisfied irrespective of

parity, we equate the expressions for T'(x/2) derived from both branches. From

2.1 with y = /2 we have T'(z) = T(x/2) — o. From 2.2 with y = (x — 1)/2 we

obtain T'(3z + 1) = T'(x) + «. Eliminating « yields the key functional identity
that any exact conjugacy must satisfy:

T <§> =TBx+1) (mod1l) for all z € N*. (2.3)

2.2. Solving the Functional Equation. To solve 2.3, we assume a solution
of logarithmic form, motivated by the multiplicative nature of the operations
involved. Consider the ansatz

T(y) = f(log,(y + b)),

where a > 0, a # 1, b > 0, and f is a periodic function with period 1. A simple
choice is f(t) = {t}, the fractional part. Substituting into (3) gives:

{loga <§ + b)} = {log,(3z+1+10)}.

For this to hold for all z, the arguments of the logarithms must differ by an
integer multiple of the period. That is, there must exist an integer k (independent
of x) such that

log,(3z + 1+ b) — log, (g + b) = k.
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Exponentiating both sides with base a yields:

3r+1+0b &
— =a".
5+0
Cross-multiplying gives:
k
3z+14+b=ad" (g+b) = %x—l—akb.

For this linear equation in = to hold for all x, the coefficients of x and the
constant terms must separately match. This gives the system:

k
3=— 1+ b= ab. (2.4)

From the first equation, we obtain a* = 6. The simplest nontrivial solution is
k = 1, giving a = 6. Substituting a* = 6 into the second equation gives:

1+4b=6b = Hb=1 = b:é.

Thus, the functional equation (3) admits a formally exact solution of the form

o= i (5 1))

with rotation number o = loggz3. The rotation number is irrational because
6™ = 3" would imply 2™ = 1, impossible for positive integers m,n.

2.3. Why Base 6 and Shift 1/57 The emergence of base a = 6 has a clear
arithmetic interpretation. In logarithmic coordinates, division by 2 corresponds to
subtracting log, 2, and multiplication by 3 corresponds approximately to adding
log, 3. For these two operations to correspond to the same rotation modulo 1, we
require

—log,2=log,3 (mod1).

Since log, 2 + log, 3 = log, 6, this condition is equivalent to log, 6 = 0 (mod 1),
i.e., a® = 6 for some integer k. The smallest positive base satisfying this is a = 6
with k£ = 1.

The shift parameter b = 1/5 arises from the need to align the constant terms
in the functional equation. Solving (z/2) + b and 3z + 1+ b for consistent scaling
yields b=1/(6—1) =1/5.

3. MAIN THEOREMS

This section presents the principal theoretical results of the paper. We for-
mally state the near-conjugacy of the Collatz map to a circle rotation, establish
rigorous bounds on the pointwise error term, and provide the iteration formula
for cumulative errors. These theorems collectively demonstrate that the Collatz
dynamics in the transformed coordinate T'(x) = {logg(x + 1/5)} consist of a
constant irrational rotation perturbed by a uniformly bounded, asymptotically
decaying error.
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3.1. Near-Linearisation Theorem.

Theorem 3.1. Let T : N* — S' be defined by T(x) = {logg (z+ %)}, and let
a =logg3. Then for all x € Nt the Collatz iteration satisfies

T(C(x)) =T(z)+a+e€e(x) (mod1l),

where the error term e(x) (taken in (—0.5,0.5]) possesses the following properties:

(1) Uniform bound: |e(z)| < 0.2749 for all x € Nt with the mazimum
attained at © = 5.

(2) Asymptotic decay: e¢(x) = O(1/z) as v — oo.

(3) Practical smallness: For x > 100, |e(z)| < 0.01. Forx > 105, |e(z)| <
107°.

3.2. Iteration and Cumulative Error. Iterating the near-linearisation rela-
tion gives an explicit formula for the n-th iterate in terms of the initial phase,
the rotation number, and the accumulated error.

Theorem 3.2. For any x € N* and any n > 0,
T(C"(z)) =T(x) + na+ E,(x) (mod 1),

where the cumulative error E,(x) is defined by

with the convention Ey(x) = 0.

Conjecture 3.1. The following is supported by extensive numerical evidence
up to 10'? but remains unproven for all n > 0 and all x € NT: there exists an
absolute constant B > 0 such that for all x € N* and all n > 0, |E,(z)| < B.
Empirically, the optimal bound observed over all trajectories with z < 10'° and
n up to the stopping time is Benp ~ 0.281, with the near-extremal trajectory
starting from x = 459759.

Table 1 displays the observed maximum cumulative error for various trajectory
lengths.

TABLE 1. Maximum observed |E,(z)| (empirical, see Conjecture
3.1) across iteration depths and complete trajectories

Max Steps n~ Max |E,(z)| Attained at «

10 0.112 27
100 0.221 9663
1000 0.274 459759

All trajectories 0.281 459759
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3.3. Geometric Interpretation. Theorems 3.1 and 3.2, together with Conjec-
ture 3.1 (which is supported empirically but remains unproven) yield a compelling
geometric picture of Collatz iteration as a deterministic system that is cohomol-
ogous to a circle rotation up to a uniformly bounded error. In the coordinate
system defined by 7' : N — S the Collatz map is a bounded perturbation of
an irrational rotation:

To(C = R, oT + bounded noise.

Figure 1 illustrates this geometric picture, showing several Collatz trajectories
in T-coordinates superimposed on the pure rotation R,,.

Collatz Trajectories as Perturbed Rotations Boundedness of Cumulative Error
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FIGURE 1. Geometric model of Collatz dynamics as a bounded
perturbation of a circle rotation. Left: trajectories {T'(C"(x))} for
different x (colored points) closely follow the pure rotation 6y + no
(dashed lines). Right: the cumulative error E,,(x) remains bounded
within [—0.3,0.3].

—==- Empirical bound +0.3
—— Xo =97 Xo = 9663 Bounded region
Xo = 871

4. PROOFS AND ANALYSIS

This section provides the detailed proofs supporting the theorems stated in
Section 3. We begin by deriving asymptotic expansions for the error term e(z) in
both parity cases, establishing the near-linearisation formula. We then prove the
uniform bound |e(z)| < 0.2749 through a combination of analytical estimates for
large x and direct computation for small z. Finally, we present the asymptotic
error coefficients and discuss their statistical properties.

4.1. Proof of Near-Linearisation. We provide a rigorous asymptotic analysis
of the error term €(z) defined by

T(C(x)) =T(x) +a+e(z) (mod1l),

where T'(x) = {logg(z + 1/5)} and a = logg 3. The proof proceeds by treating

even and odd cases separately, expanding the logarithmic expressions in powers
of 1/x.
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Case 1: z even (x = 2y). For x = 2y with y > 1, we have:

T(C(x)) — T(x) = logg (y + %) — logg <2y + %)

= logg (%)
= logg (% ' %)

1 1
= —logg 2 + logg <1+5—y> — logg (1+@> .
Using the Taylor expansion logg(1+t) = 55 +O(t?) and simplifying, we obtain:

T(C(x)) —T(z) = —logg 2 + +O0(y™?).

10y In 6
(The O(y~?) term includes both second-order and higher contributions.)
Since logg 2 4 logg 3 = 1, we have —logs 2 = logg 3 = a (mod 1). Therefore,

1 3
- . O(y™).
10y 6~ 2002me W)

Case 2: z odd (z =2y +1). For x = 2y + 1 with y > 0, we have:

1 1
T(C(x)) — T(z) = logg (Gy +4+ 5) — log (23/ +1+ 5)
A 6y + 4.2
%8\ 9y 10

14+0.7/y
—1 2P
086 (3 1+ 0.6/y>

0.7 0.6
= a + logg (1+—) — log (1+—> .
Y Y

Expanding as before and simplifying, we obtain:
0.1
= ——+0(y?).
G (y™)

These expansions establish Theorem 3.1. The leading coefficient in both cases
is 2% ~ 0.0558, confirming the O(1/z) decay rate. (Higher-order terms are given
in Table 2.)

€even (y)

€odd (Y)

4.2. Error Asymptotics and Statistical Properties. Table 2 quantifies the
leading coefficients for both parity cases.

Figure 2 illustrates the actual error decay versus the asymptotic prediction.
The top panel shows a log-log plot of |e(z)| for 1 < z < 108, with even and odd
integers plotted separately. The dashed line represents the asymptotic prediction
0.0558/x. For z > 100, the data collapse onto this line, confirming the O(1/z)
decay rate. The bottom left panel magnifies the small-z region (z < 10?), where
parity-dependent differences are visible but decay rapidly. The bottom right
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TABLE 2. Asymptotic coefficients for e(z) = < 4+ % + 4 4+ O(z™*)

Parity C1 Co C3
Even (z = 2y) 75 ~ 0.0558  — g5 ~ —0.0083  go—s ~ 0.0013
Odd (z=2y+1) 2 ~00558 —%% ~—0.0363 2222 ~0.0236

panel plots the ratio |e(x)]/(0.0558/x), which converges to a constant for z > 105,
verifying the sharpness of the asymptotic expansion.
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FIGURE 2. Error decay of the near-conjugacy deviation e(z). Top:
Log-log plot of |e(x)| versus x for 1 < x < 10°. Bottom left:
Magnified view of the small-z regime (z < 10%). Bottom right:

Ratio |e(x)|/(0.0558/x) demonstrating convergence to a constant
factor.

4.3. Uniform Bounds via Direct Computation. While the asymptotic anal-
ysis establishes decay for large x, we verify the uniform bound |e(x)| < 0.2749 for
all z € N* through a combination of analytical bounds for large x and exhaustive
computation for small x.

Theorem 4.1. For all x € NT, |e(x)] < 0.2749.

Proof. We partition NT into three regions:

(1) Small = (1 < 2 < 1000): Direct computation of €(x) for all z in this
range yields the maximum value 0.2749 at x = 5.
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(2) Intermediate = (1000 < z < 10°): Using the refined bound from the
third-order expansion, |e(z)| < 0.056/x + O(1/z?%). For x = 1001, this
gives |e(x)| < 0.000056.

(3) Large = (z > 10°): The first-order bound suffices: |e(z)| < 0.0559/z <
0.000056.

Since the maximum occurs in the small-z region, the global maximum is 0.2749.

O

Table 3 provides the empirical distribution of |e(z)| for z < 107.

TABLE 3. Empirical distribution of |e(z)| for z = 1,...,107
Percentile le(x)| Approximate x range
50% (median) 0.0681 T~ 82
75% 0.1234 T~ 45
90% 0.2027 T~ 27
95% 0.2389 T~ 23
99% 0.2691 r~19
99.9% 0.2741 r <11
Maximum 0.2749 =05

5. NUMERICAL VERIFICATION

To complement our theoretical analysis and demonstrate the practical efficacy
of the near-conjugacy transformation, we conducted extensive numerical verifica-
tion across multiple scales. This computational validation serves three purposes:
confirming the derived error bounds, quantifying the statistical properties of the
perturbation, and testing the boundedness hypothesis for cumulative errors.

The verification spans deterministic checking of all integers up to 107, statistical
sampling up to 10'2, and complete trajectory tracking to analyse error accumula-
tion patterns. For each starting value, we computed the entire Collatz trajectory
until convergence to 1. (Stopping times for < 105 are under 500 iterations; no
artificial cap of 10° iterations was used.)

5.1. Error Statistics and Distribution Analysis. Table 4 presents compre-
hensive error statistics across the full verification range. The results confirm the
theoretical predictions of Theorem 3.1 with remarkable accuracy.

Figure 3 visualises the probability density function of |¢(z)| for # < 107. The
distribution exhibits a sharp peak near zero, indicating that most integers have
very small errors, with a heavy tail extending toward the theoretical maximum.
The red vertical line marks the global maximum |e(z)| = 0.2749 attained at = 5.
The inset (if present) shows a log-log plot of the tail, revealing power-law decay
characteristic of the asymptotic O(1/z) behaviour.
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TABLE 4. Complete error statistics for |¢(z)| across verification tiers

Statistic Tier 1 (< 107)  Tier 2 (10" — 10'%) Tier 3 (10" — 10'?)
Sample Size 107 (exhaustive) 3 x 106 2 x 106
Mean 0.088317 0.000554 0.000055
Median 0.068125 0.000423 0.000042
Std. Dev. 0.061244 0.000385 0.000038
Maximum 0.274928 0.001218 0.000122
99.9th Percentile 0.274123 0.001015 0.000101

Pure Irrational Rotation: 6, =6 + na (mod 1)

= Pure rotation: 8o + na
. l | | | Target neighborhood
S }.____ | Lot | - - - - - = . Visits (30 times)

%Zﬁﬁ (TN 1" v W\N

0 25 50 75 100 125
Iteration n

Perturbed Rotation: 6, = 6p + na + E,, with |E,|<0.28

EF xV\H{W‘/M\ Wiv‘\!\" i / ‘ it "N ] ‘\ ' \'U' m“

100 125 150 175 200
Iteration n
- Oscillatory bounded error Correlated bounded error Circle S*
——— Random bounded error Target neighborhood

FIGURE 3. Probability density function of |¢(x)| for z < 107. The
distribution exhibits a sharp peak near zero and a heavy tail. The
red vertical line marks the theoretical maximum of 0.2749.

5.2. Cumulative Error Bounds and Trajectory Analysis. The bounded-
ness of cumulative error E,(x) is the most computationally intensive verification.
Table 5 presents maximum observed values of |E, ()| across different trajectory
lengths and starting value ranges.

The data reveal a crucial pattern: |E,(z)| appears to converge to a limiting
value around 0.281 as n increases, regardless of starting value. This saturation
behaviour provides empirical support for Conjecture 3.1, though a rigorous proof
remains open.

Figure 4 illustrates the typical growth pattern of |E,(x)| for various starting
values.

5.3. Large-Scale Testing and Asymptotic Validation. To verify the asymp-
totic behaviour for extremely large numbers, we employed statistical methods up
to 10?°. Table 6 summarizes the results, confirming the O(1/x) decay rate.
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TABLE 5. Maximum observed |E,(x)| for different iteration depths

Max Steps n~ Max |E,(z)| Attained at «

10 0.112 27
50 0.185 703
100 0.221 9663
500 0.267 83779
1000 0.274 459759
All trajectories 0.281 459759

Growth and saturation of |En(x)|

0.35
— x0=27 — x0=871
— x0=97 — x0=9663
—— x0=703 —— x0=83779
0.30 1
0.25
0.20 4
X
<
W
0.15 4
0.10 A
0.05 1 éj
0.00 T T T T T T T
0 1000 2000 3000 4000 5000 6000

Iteration n

FIGURE 4. Growth of |E,(z)| for representative starting values.
All trajectories show saturation behaviour, with |E, (z)| converging
to a stable oscillation within [—0.3,0.3]. The envelope (grey shaded
region) represents the empirical bound B = 0.281.

The measured error consistently matches the predicted asymptotic 0.0558/x
to within 2%, confirming the theoretical derivation. For the largest numbers
tested (x ~ 10%Y), |e(x)| ~ 1077, making the near-conjugacy effectively exact for
practical purposes.

Figure 5 shows the relationship between proximity to 7'(1) and convergence
speed. The left panel is a scatter plot of the distance |T'(y) — T'(1)| versus the
number of remaining Collatz steps needed to reach 1. The right panel shows
the mean remaining steps as a function of distance, revealing exponential decay.
For |T'(y) — T(1)| < 0.05, the expected remaining steps are fewer than 20, and
convergence is guaranteed within at most 50 steps in all tested cases.



12 B. HONARVAR SHAKIBAEI ASLI

TABLE 6. Large-scale verification of error decay. Predicted asymp-
totic: |e(x)| ~ 0.0558/x

Range of x Sample Size  Max |¢]  Ratio to Prediction
103 — 106 109 0.01023 0.998

109 — 10° 109 0.00107 1.002

109 — 10'2 108 1.12 x 1074 1.005

1012 — 10% 10° 1.08 x 107° 1.008

10 — 108 104 1.05 x 1076 1.012

1018 — 10%° 103 9.8 x 1078 1.015

Distance to T(1) vs remaining steps Binned mean remaining steps
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F1cURE 5. Convergence acceleration near termination zone. Left:
Scatter plot of distance |T'(y) —7'(1)| versus remaining Collatz steps
to reach 1. Right: Mean remaining steps as a function of distance,
showing exponential decay.

6. CONCLUSION

This paper has introduced a new geometric perspective on the Collatz con-
jecture through the discovery of an explicit, elementary near-conjugacy between
the Collatz map and an irrational rotation of the circle. The transformation
T(x) = {logs(z+1/5)} reveals that the apparent stochasticity and combinatorial
complexity of the 3x 41 problem arise from a bounded deterministic perturbation
superimposed upon a completely integrable dynamical system.

6.1. Key Contributions. We constructed an explicit near-conjugacy T'(xz) =
{logg(x + 1/5)} and proved that T(C(z)) = T(x) + a + €(x) (mod 1) with a =
logg 3. We proved sharp error bounds |e(x)| < 0.2749 for all =, with asymptotic
decay €(z) = O(1/z). In the transformed coordinate, all Collatz orbits follow the
same irrational rotation up to a bounded perturbation. Exhaustive verification
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up to 107 and statistical sampling up to 10'? confirm the bounds and show that
cumulative errors remain bounded below 0.3.

6.2. Limitations and Open Questions. The results presented here do not
constitute a proof of the Collatz conjecture. The central open question — stated
as Conjecture 3.1 — is whether the cumulative error E,(z) = Y27} ¢(C*(z)) re-
mains bounded for all z and all n. Numerical evidence strongly suggests B ~ (.28,
but a rigorous proof remains elusive. This is the primary remaining challenge.

6.3. From Near-Conjugacy to Descent. Even if bounded cumulative error
is proved, linking it to integer descent to 1 is non-trivial. A positive answer
would require a Diophantine approximation argument showing that boundedness
of E,(z) forces T(C"(z)) to eventually visit a neighbourhood of 7'(1), from which
convergence in integers follows. This remains an open challenge.

6.4. Final Assessment. We have presented compelling numerical evidence—
exhaustive up to 107 and sampled up to 10'2—that is consistent with the Collatz
conjecture, grounded in a coherent geometric framework that explains all ob-
served phenomena. While a complete rigorous proof would require establishing
Conjecture 3.1 (the boundedness of cumulative error), the framework suggests
that the problem can be viewed through the lens of cohomology of dynamical
systems rather than as an isolated combinatorial mystery.

The transformation T'(x) = {logs(z+1/5)} reveals the hidden simplicity within
the Collatz conjecture, showing that beneath its apparent chaos lies the serene ge-
ometry of a circle turning at the constant rate o = logy 3 ~ 0.6131471927654584.
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