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ON THE EIGENVALUE PROBLEM INVOLVING THE ROBIN
p(z)-LAPLACIAN

MOHAMMAD LUBEGA!'* AND MARTIN KARUHANGA?

ABSTRACT. In this study, we investigate a nonlinear eigenvalue problem on
a bounded domain in R% d > 2. The existence of a nondecreasing sequence
of nonnegative eigenvalues is established using the Ljusternik-Schnirelmann
principle. Using the variational principle, we also prove that there exists a
principal eigenvalue which is the smallest of all possible eigenvalues and that
the set of eigenvalues is not closed.

1. INTRODUCTION

In recent years, nonlinear analysis has played a crucial role in Mathematical
applications to physical problems. As a result nonlinear differential operators
such as the p(z)-Laplacian have emerged. In particular, eigenvalue problems
involving operators with variable growth conditions have attracted attention in
the recent decades (see e.g., [3, 5, 0, 7, 8] and the references therein). In this
paper, we investigate the spectral properties of a nonlinear eigenvalue problem
involving the p(z)-Laplacian of the form

—Apyu = Au|"™2y  in Q,

(1.1)

|Vu’p(w)—2g_: + B(2)|ulP®2u =0 on 09,

where (2 is a bounded domain in R%, d > 2 with Lipschitz boundary 052, Ap@) =
div(|Vu[P@) =2V, g—: is the outer normal derivative of u with respect to 0,
A € R is a spectral parameter, 5 : 90 — (1,00) is a bounded function, p,q :

Q — [1,00) are Lipschitz functions with ingfzp(x) > 1,q¢ € L™®(Q) and 1 <
Te

q(z) < q(x) +e <p*(z), e >0 for a.e. x € Q, where

dp(=) :
p* (l’) _ d—p(x) lf p(‘r)<d7
00 if p(x) >d.

Date: Received: May 18, 2022; Accepted: Jun 12, 2022.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 46L55; Secondary 44B20.
Key words and phrases. Eigenvalues, p(x)-Laplacian, Ljusternik-Schnirelmann principle,
Variational principle.
1



2 M. LUBEGA, M. KARUHANGA

The case p(x) = q(z) = constant in problem (1)was investigated and for the
Dirichlet, Neumann and Robin boundary conditions and the existence of a non-
decreasing sequence of nonnegative eigenvalues was proved. Existence of a prin-
cipal eigenvalue and closeness of a set of eigenvalues were also proved (see,
e.g.[l, 13, 1))

For p(x) = q(z) # constant,existence of infinitely many eigenvalue sequences
has been proved, under some assumptions on p(z) the infimum of all eigenvalues
is zero and so, for some variable exponent p(z) there is no principal eigenvalue
and the set of eigenvalues is not closed [0, 7, 9]. For p(x) # ¢(x) with Dirichlet
boundary conditions, the problem has been investigated in [3].

In section 3.1, we prove the existence of a non decreasing sequence of non negative
eigenvalues. We also prove that the first eigenvalue is a principal eigenvalue in
section 3.2 and that the set of all possible eigenvalues is not closed in section 3.3.

2. PRELIMINARIES

Let Q be a bounded domain in R? with a Lipschitz boundary 9€ and let p(x)
be a continuous positive function (that is, p € C(Q,R)) with p(z)>1. Denote by
p—(Q) ;= infocqp(x), p+ () := sup,eqp(z). Then p_(Q2)>1 and p; ()< + co.

In the sequel, we write p_ and p, for p_(Q2) and p(£2) respectively.

Definition 2.1. The variable exponent Lebesgue space LP(*)(€) is defined by
LPO(Q) = {u |u:Q — R is measurable and [, |u(z)["®™dz <+ oo

with the norm given by

lullioiey = inf{ >0 |
Q

Definition 2.2. The variable exponent Sobolev space WP®)(Q) is defined by
Wre(Q) = {u € LPW(Q) : |Vu| € LP9(Q)}
with the norm

p(z)
||u||W1,p<x)(m=inf{T>o: / ( )dm<1}. 2.2)
Q

For p(z) > 1, Vo € Q, the embedding WP < C(Q) is compact and continuous.

Denote by L) () the conjugate space of LP(*) () that is, zﬁ + ﬁ = 1. Then

for all u € LP@(Q) and v € L1®)(Q), the Holder inequality

1 1
[ o < (— i —)) lallooy | oloco (2.3)

plz) gz
holds. For more information regarding variable exponent Lebesgue spaces see for
example [5, 6, 11].

u(@)

T

p(z)
de < 1}. (2.1)

p(z) u

T

vu
T

Let X := W@ (Q) and consider the following functional

1
Hlu] := / ——|u|P® dz, u e X.
o p(7)
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Then H € C*(X,R) and the p(z)-Laplacian is the derivative operator of H in
the weak sense, that is, Apgyu = H'(u).

Theorem 2.3. [10, Theorem 3.1] Let X* be the dual space of X. Then

(i) H : X — X* is a continuous, bounded and strictly monotone operator.
(i) H' is a mapping of type (Sy), that is, if u, — w in X and lim,, e ((H'(u,)—
H'(w)), (u, —u)) <0, then u, — u in X.
(i) H : X — X* is a homeomorphism.

3. EIGENVALUE PROBLEMS

Definition 3.1. For any functional ¢ : X — R, u is a critical point of g if
g'(u) = 0 (otherwise, it is a regular point) and « is a critical value of g if there
exists a critical point u with g(u) = « (otherwise, « is a regular value).

The Ljusternik-Schnirelmann (L-S) principle is applied to establish the existence
of eigenvalues for the eigenvalue problems in closed subspaces of W@ (Q). It
involves finding critical points of a given functional with respect to a given level
set. Thus, to find the eigenvalues of problem (1.1), one needs to find the critical
points of the functionals f and ¢ defined on the space X by

Flu) = / L@ dy (3.1)

o q()

o = [ vur®ax L @
o) = [ —Sivupaxs [ s awupas 32

restricted to the level set M(a) = {u € X : g(u) = a} for any a>0
Let X,f, g and M(«) be defined as above. Consider the eigenvalue problem

fl(u) = pg'(v), ue M(a), peR (3.3)
Assume that:

(A) f,g: X — R are even functionals and f,g € C'(X,R) with f(0) = ¢(0) =
0.

(B) f’is weakly-strongly continuous ( that is u,, = v in X implies f’(u,) —
f'(u)) and (f'(u),u) = 0,u € coM(«) implies f(0) = 0, where coM («) is
the smallest convex set that contains M ().

(C) ¢ is continuous, bounded and satisfies condition (S ), that is; as n — oo,
Up — Uy ¢ (un) = v, (¢ (uy), uy) — (v, u) implies u,, — u.

(D) the level set M («) is bounded and u # 0 implies

! li = inf (¢ :
(o ), w)>0, lim (g(tu)) = +o0, and it (g (u).0)>0
The pair (u,p) is an eigenpair of the equation (3.3), where p is an eigenvalue
and u is the associated nontrivial eigenfunction. It is known that (u,u) solves
equation (3.3) if and only if u is a critical point of f with respect to M («), see
for example [17].
For any positive integer n, denote by

Ay(a) :={AC M(a): A is compact, symetric (—A=A) and ~(A) > n},
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where y(A) denotes the genus of A, that is,

v(A) := inf{k € N : there exists h: A — R* — {0} | h is continuous and odd}.
Define:

an(Oé) _ {SlhlpAeAn(a) lnfueA(f(u))a if An a) 7é ®7 (34)

Also let

_)sup{n € N:ap(a)>0}, if a(a)>0,
Yla) = {O if a;(a) = 0.

Proposition 3.2. (Ljusternik-Schnirelmann principle) Under assumptions (A)
to (D), for any given >0, the following assertions hold:

(1) If a,(a)>0, then (3.3) possesses a pair of eigenfunctions +u,(«) and an
eigenvalue p,(a) # 0; furthermore, f(u,(®)) = an().

(2) If X(a) = o0, (3.3) has infinitely many pairs of eigenfunctions +u corre-
sponding to nonzero eigenvalues.

(3) co>ay(a) > az(a) > --- >0 and a,(a) — 0 as n — oo.

(4) If X(«) = 00 and f(u) =0, u € coM («) implies (f(u),u) = 0, then there
exists an infinite sequence {u, ()} of distinct eigenvalues of equation (3.3)
such that p,(a) — 0 as n — oo.

(5) Assume that f(u) =0, u € coM(a) implies u = 0. Then X(a) = oo and
there exists a sequence of eigenpairs (un (), p,()) of equation (3.3) such
that u,(a) = 0, pp(a) = 0 as n — oo and p,(a) # 0,Vn € N.

Proposition 3.3. (see, e.g [5, 7]) The mapping f' : X — X* is sequentially
weakly-strongly continuous, that is, u, — ug in X implies f'(u,) — f'(ug) in X*

Proposition 3.4. (see, e.g [5, 7]) Let ®(u) = |, $|Vu]p(x) dz. Then,

(i) The mapping " : X — X* is a strictly monotone, bounded homeomor-
phism and is of type (Sy), that is, if u, — ug in X andlimsup,,_, . (D' (u,) P (uo)), (un—
ug)) <0, then u, — ugy in X.

(i) (@)~ is bounded.

Remark 3.5. A sum of a mapping of type (S, ) and a weakly-strongly continuous
mapping is still of type (Sy) as seen for example in |

Lemma 3.6. [10, Theorem 3.1]

(i) The mapping f' : X — X* is a strictly monotone, bounded homeomor-
phism and is of type (Sy)
(i) (f))~t is bounded

Lemma 3.7. Let g be defined as before, then B = ¢’ satisfies (C) of Ljusternik-
Schnirelmann principle. The proof follows directly from that of [6, Lemma 3.2]
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3.1. Existence of Eigenvalues. From now onwards, we shall assume that;

(a) pe Co(2) and p_>1.

(b) g € L*(Q) with ¢_ > 1 and ¢(x) < p*(x).
By ¢(x) < p*(z), it means that there is an >0 such that ¢(x)+¢ < p*(x), z €
almost everywhere.

Proposition 3.8. [12, Theorem 2.3] Suppose that p,q € Co(2) and 1 < q(x)<p*(v)
Y z € Q. Then,the embedding W@ (Q) — LI@)(Q) is compact.

Lemma 3.9. Suppose that p € Co(2) and ¢ € L*(QQ) with g > 1. Then the
embedding W'P@)(Q) — LI1@)(Q) is compact provided q(x) < p*(z).

Proof. If ¢ € Cy(Q?), then ¢(z) < p*(x) if and only if ¢(z)<p*(z) Vz € Q.

Also if ¢ € L>(Q2), then ¢(z) < p*(x) if and only if there exists r € Cy(£2) such
that ¢(z) < r < p*(z). Using the above facts , the proof of the Lemma follows

by proposition 3.8
O

Let X = W'P(®)(Q) with the norm given by equation (2.2).
Definition 3.10. A pair (u,A) € X x R is called a weak solution of problem
(1.1) if
/ \VulP@2VuVvde + | B(z)|ulf™2uvdS = A/|u!q<x)2uv dr, Vv e X
Q o9 Q
(3.5)

If (u,\) is a solution of (1.1) and u € X\{0}, then X is called an eigenvalue of
(1.1) and u is an eigenfunction corresponding to A.

It follows from the variational principle that
Vu|P®) dx + x)|u|P® ds
o VAl de o Bl ds
ueX,u#0 fﬂ|u|‘1(x) dx

Theorem 3.11. Let f(x) > 0 Vax € 02 and B(x) € L®(R2). Then Apin > 0 and
the corresponding eigenfunction U, > 0.

(3.6)

Proof. The proof of this follows directly from the proofs of [14, theorem 3.1] and
[11, Theorem 3.2]. O

Let f and g be functionals on X defined by

W = @ g
fw) = [ shp de ue x

L e g 1 p@) g
o(u) /Qp(x)\w x—i—/@ﬂp(x)ﬂ(x)hd SueX

restricted to the level set M(a) = {u € X : g(u) = a} for @ > 0. Then,
f,g € C'(X,R) and
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(f'(u),v) = /|u|q<x)_2uv dr, Vv e X
Q

(¢ (u),v) = / \VulP@2VuVvde + | B(z)|ulf™2uvdS, Vv € X,
0 20

where f’ and ¢’ are the weak derivatives of f and g respectively. The set M («a)
is a C'! sub-manifold since « is a regular value of g.

Let ¥, (a) = {A C X : Ais compact, symmetric and v(A) > n},
n=12..
where y(A) is the genus of A defined by

v(A): = inf{k € N:thereish: A — R* — {0} | h is continuous and odd}.
Also let
an() = SUPyex, (a) i0fucal(f(w)), n=1,2,....
Then, its clear that a,(a)>0 and
aj(a) > ag(a) > ... > ap(a) > apy (@) > .. .. (3.7)

Proposition 3.12. [8, Theorem 2.2] Let p € Cy(f2) and p_>1, g € L>®(Q) and
q(z) < p*(x). Then, for every n = 1,2,..., a,(«) is a critical value of fo on
M(a) and ap(a) — 0 as n — 0.

For any a>0, and n = 1,2, ..., let
I'y(a) = {u € M(a) : uis a critical point of f, and f,(u) = a,(a)},

An(a) = {AMu):uel,(a)}and

pn(a) = an(a)’

(3.8)

Theorem 3.13. Let p € Cy(2) and p_>1, g € L=(2) and q(z) < p*(x). Then
for each a>0 andn =1,2,..., A,, = 00 as n — oc.

Proof. Let p € Cp(Q2) and p_>1, ¢ € L>®(Q) and ¢(z) < p*(x). Then, it follows
from Proposition 3.12 that for every a>0 and n = 1,2, ..., T',(«) # () and p,, — o0
as n — 0o.

Thus, with >0 and A € A,(«), there is a u € I',,(«) such that

- fQ |Vu|P® do + fag B(x)|ulP® ds

A
Jolul1® dx

(3.9)

But Vz € Q, p(z) < py implying that £ > 1 and ¢_ < ¢(z) implying that

p(z)
4= < 1. Thus,
q(z)
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Jo IVulP@ dz + [, B(x)|uP™) dS

A= Jolul1® dx
pof o s 9 o+ [ 56 a5 |
= 0~ oy 1 [0 d
Aw) < P p(a). (3.10)

q

Again, Vo € Q, p_ < p(z) such that z% < 1 and ¢ > ¢(x) such that % > 1.
Thus,

fo |VulP@®) do + Lo B(x)|uP® ds

p-{ o VU o+ g s pllule as |
>
N 4+ fQ ﬁ’u‘q(x) dx
P a) < A, (3.11)

q+
Consequently from inequalities (3.10) and (3.11), one has

() < Anfa) < T (). (312)

Since p, () — 00 as n — oo, then the squeeze Theorem for limits of sequences
implies that A, (a) — 0o as n — oo for each a>0.
O

3.2. The First Eigenvalue. In this section, we prove whether the first eigen-
value, A1, is a principal eigenvalue of (1.1). Let

A ={\: X is an eigenvalue of the problem (1.1) }. (3.13)

Definition 3.14. A € A is a principal eigenvalue of (1.1) if there is a u>0 such
that (u, \) is a solution of (1.1).

Suppose that p € Cy(Q) with p_>1, ¢ € L=(Q2) with ¢_ > 1 and ¢(z) < p*(x).
Then, it follows from (3.7) that for a>0,

ar(a) = sup f(u).

ueM(a)

Now, define AT = {A € R: X is a principal eigenvalue of (1.1)}. Then, we have
the following theorem.

Theorem 3.15. For every a>0, Aj(a) C AT.
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Proof. Suppose that a>0 and A\ € Aj(«). Then there exists a u € M(«) such
that f(u) = ai(a) = sup,ep(q) f(u) with
fQ |Vu|P® do + fag B(x)|ulP® ds

Joluld® dx
Suppose also that v(z) = |u(x)| Vz € Q. Then, g(v) = g(u) = a and f(v) =
(1) = a1(0), o (VU dnt fyq )P dS = Jo [Vl dit [ B) o) ds
and [,|v]?®) dz = [,|u|?®) dx. Therefore, v>0, v € M(a), v € I'1(a) gives
Jo IVV[P@ dz + [, B(z)|vP® dS

fQ|v|‘1(l’) dx ’
Thus, it follows that (v, \) is a solution of (1.1) and A € AT and the proof is

complete. Therefore, \; is a principal eigenvalue since Aj(a) C AT for every
a>0.

A:

A:

O

3.3. Closeness of the Set of Eigenvalues. In this section, we check whether
or not the set of eigenvalues of (1.1) is closed. To achieve this, we need to show
that the infimum of the set of eigenvalues of (1.1) is not zero, since zero is not

an eigenvalue.
Let A, = inf A where A is as in (3.13). Then,

Theorem 3.16. Suppose that there exists an open set U C ) and a compact
set E C U with a positive Lebesque measure such that ¢ (E)<p_(0U), x € OU.
Suppose also that there are xy € ) and an open neighbourhood G of xy such that
q € Co(G) and q(zo)<p(zo). Then, as a — 0, pi(a) = 0 and Ay(a) — 0. Thus,
inf A = 0, that is,\, = 0.

Proof. Let U. = {z € Q : dist(x,0U)<e}, for £>0. Then, there is an >0 small
enough such that EN U, = 0 and ¢4 (xo)<p_(x). Thus if gy = p_(z) — ¢+ (o),
then £¢>0. Take a function uy € C*°(Q2) such that for any z € Q,

() = 0, for zeQ\U
TN for ze U\

Given any >0, there exists a t>0 such that tug € M(«), that is, g(tug) = «a.
Moreover, t — 0 as a — 0. Indeed,

” — uop( x L T uop(ﬂf) .
o) = gVl || omsptoe s

1 1
= —Vup(x)dx—i—/ —B(2)|ulP®ds.
L(|| [ A
1

U(—yvuoyp dx+/ (L (2)]uo|"®dS
|

1 1
(—vu|m>dx+/ (— ) |u[P@dS

Thus,

2
’B

2
'B
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giving
) fQ x)|Vu|p($)dx+faQ B(x)|ulP®dS
Jo 5| VuolP@dx + [og o5 8(2) [uolP=)dS
o«
g(uo)

Thus, one gets

1

=)

_1_

o p(x)
limtzlim{—} =0.
a—0 a—0 g(uo)

Now, suppose that a>0 is small enough such that 0<t<1. Then,
a

M1 (Oé) = )

ar (o

and

g(tuo)
f(tug)
fa ﬁwtum(w)da’ + Joa 5y B(@) [tuo[PdS

fQ ’tU(J’ m)dX
o S Vel @da + [0 525 B () ug P2 dS

Jo b3 ol dx

=) . @) . ®) §(z .
o S Vol ®da + [ S5 Vol @ da + [y, " uPds

Jo 5 ol dX + Jurvm Sy ol @ dx

Ju. v |V, [P da:*l-faUe ) Vg [P(*)dS

< p(z) p(z)
— tq(ﬂﬂ) | |
Uo X
But
(@) < tP- (Ue) , Vx € U, and pa+(E < 1) vy € E.
Thus

W) ( fy, 2 VuolP @ + [, %!ud”("”)ds)

tf]+(E) fE Lx)|u0|(I(x)dX

o ot Vol d:c—l—faU e ]uo\p @ds
fE |u0|q(w)dx

€0 |:st ﬁ|vu0| dSC + fBU p(z |u0|p(x)dS:|
S iy luol ) dx ’

- (Ue)—a+(E) {
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from which it follows that p(a) — 0 as @ — 0. Thus, by (3.12), Aj(a) — 0 as
a — 0. Hence A\, =inf A = 0. O

Therefore from the above theorem, one can see that if there exists an open set
U C Q and a compact set E C U such that ¢, (E)<p_(9U), x € 9U, or if there
exists an open set U C Q and a compact set £ C U such that ¢_(FE)<p, (0U),
then A\, = 0. Therefore, the infimum of the set of eigenvalues of (1.1) is zero and
so, the set of eigenvalues is not closed since zero is not an eigenvalue.
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