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1. Introduction

Around the fourth century A.D., the Roman Empire was attacked by its en-
emies, and hence, Emperor Constantine developed a defense strategy to protect
the entire region [14]. The strategy used a limited number of legions (a large
number of soldiers) that cannot transfer from one place (location) unless at least
one legion remains. This strategy ensures that no place is left undefended. In
other words, if one place does not have a legion, then it must be adjacent to a
place with two legions. Cockayne et al. [10] in 2004, was inspired by the defense
strategy of Emperor Constantine, which can be found in the article of Stewart
[17] entitled ”Defend the Roman Empire!” and developed a new parameter of
domination in graphs called the Roman dominating function. Roman dominat-
ing function in graphs is a graph-theoretic concept based on the Roman Empire’s
defense strategies, where legions are positioned at vertices (places) to protect
some adjacent unsecured (no legion) places. A function labels 0, 1, or 2 to the
vertices of a graph and requires vertices with label 0 to be adjacent to vertices
with label 2 (two legions), while vertices with label 1 do not need to. Nowa-
days, the concept of Roman dominating function in graphs is studied by many
graph theorists and computer scientists, and some notable papers can be found
in [1, 2, 7, 8, 16]. Recently, in 2023, Fortosa and Canoy [11] has developed a
new variation of Roman domination in graphs, which is called the convex Ro-
man dominating function. Moreover, outer-independent domination in graphs
is also extensively studied, and several mathematicians have contributed to the
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topic [4, 15]. Given the two interesting topics, namely convex Roman domina-
tion and outer-independent domination, the author is inspired to initiate a new
study called outer-independent convex Roman dominating function in graphs.
The study’s new feature is that the dominating sets (labeled 1 or 2) are closer
to each other while defending scattered regions (labeled 0). This concept can
be integrated in the study of computer science, particularly in network security,
which focus on strategic resource allocation, that is, optimizing the placement of
resources in independent places.

2. Preliminaries

Let G = (V,E) be a connected graph. The set V is called the vertex set,
and the set E is called the edge set of G. The cardinality of V is denoted by
|V |, and is called the order of G. The cardinality of E is denoted by |E|, and
is called the size of G. Let x ∈ V . The open neighborhood of x in G is the set
NG(x) = {y ∈ V : xy ∈ E} and the closed neighborhood of a vertex x in G is the
set NG[x] = NG(x) ∪ {x}. Let O ⊆ V . The set NG(O) = N(O) =

⋃
x∈ONG(x)

is called the open neighborhood of O and the set NG[O] = N [O] = N(O) ∪ O
is called the closed neighborhood of O in G. Let x, y ∈ V . Then, the distance
between x and y, denoted by dG(x, y), is the length of the shortest path between
x and y in G. If there is no such path between x and y in G, then the distance
is defined as dG(x, y) =∞. An x-y path with distance dG(x, y) > 0 is called x-y
geodesic. Let IG[x, y] be a set of closed intervals that consists of all vertices that
lie on an x-y geodesic on G, and let X ⊆ V . The union of all sets IG[x, y] where
x, y ∈ X is denoted by IG[X], that is, ∪x,y∈XIG[x, y] = IG[X]. Then z ∈ IG[X] if
and only if z is in some x-y geodesic for any x, y ∈ X. A set X is a convex set in
G if and only if IG[X] = X [11]. Additionally, the vertex set V is a convex set if
G is a connected graph. Let I ⊆ V . Then I is an independent vertex set on G if
for every a, b ∈ I, ab /∈ E [6].

Let D ⊆ V . Then D is called a dominating set of G provided that for every
x ∈ V \D, there exists y ∈ D such that dG(x, y) = 1 [13]. The domination number
of G is denoted by γ(G), and defined as the minimum cardinality of a dominating
set D on G. If D is a dominating set satisfying the condition |D| = γ(G), then
D is called the minimum dominating set of G or a γ-set in G. For studies on
domination in graphs can be found in [3, 5, 6, 13, 15]. Let Id ⊆ V . Then Id is
called an outer-independent dominating set ofG provided that for every x ∈ V \Id,
there exists y ∈ Id such that dG(x, y) = 1 and V \ Id is an independent vertex set
on G [15]. The smallest cardinality of an outer-independent dominating set Id
in G is called the outer-independent domination number of G, denoted by γ̃i(G).
An independent dominating set Id satisfying the condition |Id| = γ̃i(G) is a called
a γ̃i-set on G.

Let λ : V → {0, 1, 2} be a function on G. Then consider the following sets:

V0 = {v ∈ V : λ(v) = 0};
V1 = {v ∈ V : λ(v) = 1}; and
V2 = {v ∈ V : λ(v) = 2}.
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Hence, we denote λ by λ = (V0, V1, V2). A function λ is a Roman dominating func-
tion (RDF) provided that for each x ∈ V0 there exists y ∈ V2 such that dG(x, y) =
1 [10]. The weight of an RDF λ is given by the formula ωR

G(f) =
∑

z∈V λ(z). The
Roman domination number of G, denoted by γR(G), is the smallest weight of an
RDF λ on G, that is, γR(G) = min{ωR

G(λ) : λ is an RDF on G}. All RDF λ
on G with ωR

G(λ) = γR(G) is called a γR-function on G. A function λ is a con-
vex Roman dominating function (CvRDF) on G provided that for every x ∈ V0,
there exists y ∈ V2 such that dG(x, y) = 1, and V1 ∪ V2 is a convex set [11]. The
weight of CvRDF λ denoted by ωCvR

G (f) is the sum ωCvR
G (f) =

∑
v∈V (G) λ(v),

that is, ωCvhR
G (f) = |V1| + 2|V2|. The convex Roman domination number of

G, denoted by γCvhR(G), is the minimum weight of an CvRDF on G, that is,
γCvR(G) = min{ωCvR

G (λ) : λ is an CvRDF on G}. All CvRDF λ on G satisfying
ωCvR
G (λ) = γCvR(G) is called a γCvR-function on G.
A function λ is an outer-independent convex Roman dominating function (OiCvRDF)

on G if (i) for each v ∈ V0, there exists u ∈ V2 such that dG(u, v) = 1, (ii) V0 is an
independent set and (iii) V1 ∪ V2 is a convex set on G. The weight of OiCvRDF
λ is denoted by ω̃iCvR

G (λ) and is defined as the sum ω̃iCvR
G (λ) =

∑
x∈V (G) λ(x) =

|V1|+ 2|V2|. The outer-independent convex Roman domination number of graph
G is denoted by γ̃iCvR(G) and is defined as the smallest weight of an OiCvRDF
λ on G, that is, γ̃iCvR(G) = min{ω̃iCvR

G (λ) : λ is an OiCvRDF on G}. All
OiCvRDF λ on G that satisfies ω̃iCvR

G (λ) = γ̃iCvR(G) is called a γ̃iCvR-function
on G. Consider the graph G of order n = 8 in the Figure 1. Let λ = (V0, V1, V2)
be an RDF on G such that V0 = {v3, v2, v4, v7, v8}, V1 = {v1}, and V2 = {v5, v6}.
Clearly, λ is a γ̃iCvR-function on G. Hence, we have γ̃iCvR(G) = ω̃iCvR

G (λ) =
|V1|+ 2|V2| = |{v1}|+ 2|{v5, v6}| = 5.
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v2

0

v3

0

v4
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v5

2
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0

v7

0

v8

Figure 1. A graph G with |V (G)| = 8 and γ̃iCvR(G) = 5

The needed concepts and definition of terms in this paper which are not men-
tion here, can be found in the following studies: [9, 12, 13]. In this paper, a
new restricted version of convex Roman domination called the outer-independent
convex Roman domination in graphs is introduced and initially investigated. The
paper explored the graph-theoretic properties of outer-independent convex Ro-
man domination in some graph classes, and obtained some bounds and construct
a realization problem.
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3. Results

In this section, some combinatorial and graph-theoretic properties of the outer-
independent convex Roman dominating function in graphs were investigated. It
is worth noting that for a non-connected graph, the definition of OiCvRDF does
not hold. Hence, this study only considers connected graphs.

Theorem 3.1. Let G be a connected graph of order n ≥ 1 and let λ = (V0, V1, V2)
be a γ̃iCvR-function on G. If γ̃iCvR(G) < n, then |V0| ≥ 2, 〈V0〉 = K|V0|, and
IG[V1 ∪ V2] = V1 ∪ V2.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Then λ is an OiCvRDF on
G. Assume that γ̃iCvR(G) < n. Then we have that ω̃iCvR

G (λ) = |V1| + 2|V2| <
|V (G)| = |V0| + |V1| + |V2|. Thus, |V2| < |V0|. Since γ̃iCvR(G) < n, V0 6= ∅. Let
x ∈ V0. Since λ is an OiCvRDF on G, there exists y ∈ V2 such that dG(u, v) =
1, V0 is an independent set, and V1 ∪ V2 is a convex set on G. In that case,
|V2| > 0. Since |V2| < |V0|, it means that |V0| ≥ 2. Additionally, it follows
that for every a, b ∈ V0, ab /∈ E. Hence, we have 〈V0〉 = K|V0|. Moreover, it
also implies that for every u, v ∈ V1 ∪ V2, u-v walk is a u-v geodesic and so,
V1 ∪ V2 = ∪u,v∈V1∪V2IG[u, v] = IG[V1 ∪ V2]. This completes the proof. �

Corollary 3.2 below is quick from Theorem 3.1.

Corollary 3.2. Let G be a connected graph of order n ≥ 1 and let λ = (V0, V1, V2)
be γ̃iCvR-function on G. Then γ̃iCvR(G) < n if and only if 1 ≤ |V2| < |V0|.

Theorem 3.3. Let G be a connected graph. If λ = (V0, V1, V2) is a γ̃iCvR-function
on G, then V1 ∪ V2 is an outer-independent convex dominating set on G.

Proof. Assume that λ = (V0, V1, V2) is a γ̃iCvR-function on G. Then λ is an
OiCvRDF on G. Further, λ is an RDF on G, which implies that V1 ∪ V2 is a
dominating set on G. Let v ∈ V0. Then, by the definition of OiCvHRDF on
a graph, it follows that there exists u ∈ V2 such that dG(u, v) = 1, V0 is an
independent set, and V1 ∪ V2 is a convex set on G. Since V0 = V (G) \ (V1 ∪ V2)
and V1 ∪ V2 is a dominating set on G, it is concluded that V1 ∪ V2 is an outer-
independent convex dominating set on G. Which proves the assertion. �

Corollary 3.4. Let G be a connected graph. If λ = (V0, V1, V2) is a γ̃iCvR-function
on G, then V1 ∪ V2 is not necessary a γ̃iCv-set on G.

To see Corollary 3.4, we consider a counterexample. LetG = P4 = [x1, x2, x3, x4]
and let λ = (V0, V1, V2) be a Roman dominating function on G. Then we let
V0 = {x1}, V1 = {x3, x4} and V2 = {x2}. In that case, V0 is a trivial independent
set and V1∪V2 is a convex set on G. This implies that λ = (V0, V1, V2) is a γ̃iCvR-
function on G. Let D be an outer-independent convex dominating set. Then it is
clear that D = {x2, x3}. Thus, V1 ∪ V2 is not a γ̃iCv-set on G. Hence, if we allow
V1 = ∅, then the following results hold.

Theorem 3.5. Let G be a connected graph and let λ = (V0, V1 = ∅, V2) be an
OiCvRDF on G. If V2 is a γ̃iCv-set on G, then λ is γ̃iCvR-function on G.
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Proof. Let λ = (V0, V1, V2) be an OiCvRDF on G and let V1 = ∅. Assume that
V2 is a γ̃iCv-set on G. Suppose, for the contrary that λ is not a γ̃iCvR-function on
G. Then there exists λ′ = (W0,W1 = ∅,W2) such that λ′ is a γ̃iCvR-function on
G. In that case, we get γ̃iCvR(G) = ω̃iCvR

G (λ′) = |W1| + 2|W2| = 2|W2| < 2|V2| =
|V1| + 2|V2| = ω̃iCvR

G (λ) and so, |W2| < |V2|, a contradiction. Thus, we have that
λ is a γ̃iCvR-function on G. Which proves the assertion. �

The converse of Theorem 3.5 is presented in the next theorem.

Theorem 3.6. Let G be a connected graph and let λ = (V0, V1 = ∅, V2) be an
OiCvRDF on G. If λ is a γ̃iCvR-function on G, then V2 is a γ̃iCv-set on G.

Proof. Assume that λ = (V0, V1, V2) is a γ̃iCvR-function onG for which V1 = ∅. By
Theorem 3.3, V2 is an outer-independent convex dominating set on G. Suppose,
for a contrary that, V2 is not a γ̃iCv-set on G. Then there exists a set V ′2 < V2
such that it is a γ̃iCv-set on G. Define a function λ′ = (U0, U1, U2) on G where
U0 = V \ V ′2 , U1 = ∅ and U2 = V ′2 . Clearly, λ′ is an OiCvRDF on G. Hence,
ω̃iCvR
G (λ′) = |U1|+ 2|U2| = 2|U2| < 2|V2| = |V1|+ 2|V2| = ω̃iCvR

G (λ) = γ̃iCvR(G), a
contradiction. Therefore, V2 is a γ̃iCv-set on G. Which proves the assertion. �

The following corollary is a direct consequence of Theorem 3.6.

Corollary 3.7. Let G be a connected graph and let λ = (V0, V1 = ∅, V2) be an
OiCvRDF on G. Then γ̃iCvR(G) = 2γ̃iCv(G).

Theorem 3.8. Let G be a connected graph of order n ≥ 1 and let λ = (V0, V1, V2)
be a γ̃iCvR-function on G. Then |V0| = 0 if and only if |V2| = 0. In that case,
γ̃iCvR(G) = n.

Proof. Let λ = (V0, V1, V2) is a γ̃iCvR-function on G. Assume that |V0| = 0.
Suppose, for the contrary, |V2| > 0. Let x ∈ V2 and let U0 = V0, U1 = V1 ∪ {x},
and U2 = V2 \ {x}. This follows that λ′ = (U0, U1, U2) is an outer-independent
convex Roman dominating function on G. Hence, ω̃iCvR

G (λ′) = |U1| + 2|U2| =
(|V1|+ 1) + 2(|V2| − 1) = |V1|+ 2|V2| − 1 < ω̃iCvR

G (λ) = γ̃iCvR(G), a contradiction.
Therefore, |V2| = 0. Conversely, assume that |V2| = 0. Since λ is a OiCvRDF on
G, it is clear that |V0| = 0. In that case, γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1| = |V (G)| =
n. Which proves the assertion. �

Using the idea of Theorem 3.8, the following result is obtained.

Corollary 3.9. Let G be a connected graph of order n ≥ 1. Then γ̃iCvR(G) ≤ n.

Proof. Assume that G is any connected graph of order n ≥ 1. Clearly, the
function λ = (∅, V1 = V,∅) is an outer-independent convex Roman dominating
function. In that case, γ̃iCvR(G) ≤ ω̃iCvR

G (λ) = |V1|+2|V2| = |V1| = |V | = n. And
the conclusion follows. �

Theorem 3.10. Let G be a connected graph of order n ≥ 1 and let λ = (V0, V1, V2)
be a γ̃iCvR-function on G. Then γ̃iCvR(G) = n if and only if |V2| = |V0|.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Assume that γ̃iCvR(G) =
n. Suppose, for the contrary, that |V2| 6= |V0|. Then γ̃iCvR(G) = ω̃iCvR

G (λ) =
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|V1| + 2|V2| = n − |V0| + |V2|. Since |V2| 6= |V0|, it follows that γ̃iCvR(G) 6= n, a
contradiction. Therefore, |V2| = |V0|. As for the converse, we assume that |V2| =
|V0|. If |V2| = |V0| = 0, then by Theorem 3.8, γ̃iCvR(G) = n. If |V2| = |V0| ≥ 1,
then γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1| + 2|V2| = |V0| + |V1| + |V2| = |V | = n. Which
proves the assertion. �

The next corollary is an immediate consequence of Theorem 3.10.

Corollary 3.11. Let G be a connected graph of order n ≥ 1 and let λ =
(V0, V1, V2) be a γ̃iCvR-function on G. If |V0| = 1, then γ̃iCvR(G) = n.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Then λ is an OiCvRDF on
G. Suppose |V0| = 1. Since λ is an OiCvRDF on G, V2 6= ∅. If |V2| > 1, then
γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1|+ 2|V2| > |V0|+ |V1|+ |V2| = |V | = n, a contradiction
to Corollary 3.9. This implies that |V2| = 1. By Theorem 3.10, it is concluded
that γ̃iCvR(G) = n. Which proves the assertion. �

Proposition 3.12. Let G = Kn where n ≥ 1. Then γ̃iCvR(G) = n.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G = Kn. Let n = 1. Then it is
clear that γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1| = |V (K1)| = 1. Let n = 2. Then it is easy
to check that |V2| = |V0| = 1 and V1 = ∅. Hence, γ̃iCvR(G) = ω̃iCvR

G (λ) = 2|V2| =
2. Now, let n ≥ 3. Since for every x, y ∈ V (G), xy ∈ E(G), and V0 must be
independent set on G, it follows that |V0| = 1. By Corollary 3.11, it is concluded
that γ̃iCvR(G) = n. This completes the proof �

Theorem 3.13. Let G be a connected non-complete graph of order n ≥ 1 and
let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Then every cut-vertex v ∈ V ,
v ∈ V1 ∪ V2.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Suppose, for the contrary,
there exists a cut vertex v of G such that v /∈ V1 ∪ V2. Let G′ and G′′ be
the distinct components of the graph G − {v}. Let v′ ∈ (V1 ∪ V2) ∩ V (G′) and
v′′ ∈ (V1∪V2)∩V (G′′) such that for every x, y ∈ (V0∩(V (G′)∪V (G′′))), xy /∈ E(G).
Since v is a cut vertex, every v′-v′′ shortest path must contain v. In that case,
[v′, v, v′′] is a v′-v′′ geodesic. Hence, if v /∈ V1 ∪ V2, then it follows that V1 ∪ V2 is
not a convex set. This is a contradiction. Therefore, it suffices to conclude that
every cut-vertex v ∈ V (G), v ∈ V1 ∪ V2. Which proves the assertion. �

The following corollary is a direct consequence of Theorem 3.13.

Corollary 3.14. Let G be a connected non-complete graph of order n ≥ 1 and let
λ = (V0, V1, V2) be a γ̃iCvR-function on G. Then every pendant vertex u ∈ V (G),
u ∈ V0.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Suppose there exists a
pendant vertex u ∈ V such that u /∈ V0. Then either λ(u) = 1 or λ(u) = 2.
Without loss of generality, let λ(u) = 1. Note that degG(u) = 1. Let v ∈ V such
that NG(u) = {v}. By Theorem 3.13, v ∈ V1∪V2. Hence, we can let U0 = V0\{u},
U1 = V1 ∪ {u}, and U2 = V2. Then define a function λ′ = (U0, U1, U2) on G.
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Assume for a moment that λ′ is also a γ̃iCvR-function on G. Observe that

ω̃iCvR
G (λ′) = |U1|+ 2|U2|

= |V1 ∪ {u}|+ 2|V2|
= |V1|+ 1 + 2|V2|
> |V1|+ 2|V2|
= ω̃iCvR

G (λ)

= γ̃iCvR(G).

This is a contradiction. Therefore, every pendant vertex u ∈ V (G), u ∈ V0. This
completes the proof. �

Theorem 3.15. Let G be a connected non-complete graph of order n ≥ 1 and let
λ = (V0, V1, V2) be a γ̃iCvR-function on G. If for every x, y ∈ V1∪V2, dG(x, y) > 1,
then every v in x-y geodesic, v ∈ V1 ∪ V2. Moreover, NG(x) ∩NG(y) ⊂ V1 ∪ V2.
Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Assume that for every x, y ∈
V1∪V2, dG(x, y) > 1. Suppose, for the contrary, there exists v in x-y geodesic such
that v /∈ V1 ∪ V2. This follows that v ∈ V0 and so d〈V1∪V2〉(x, y) = ∞. This is a
contradiction to the convexity of the set V1∪V2. Hence, for every v in x-y geodesic,
v ∈ V1 ∪ V2. Moreover, if dG(x, y) > 2, then NG(x)∩NG(y) = ∅ ⊂ V1 ∪ V2. Now,
suppose that dG(x, y) = 2. Then we let z ∈ NG(x) ∩ NG(y). Since V1 ∪ V2 is
a convex set, it follows that z ∈ V1 ∪ V2. Therefore, it suffices to conclude that
NG(x) ∩NG(y) ⊂ V1 ∪ V2. This completes the proof. �

Using the concepts of Theorems 3.13 and 3.15, and Corollary 3.14, the following
propositions are immediate.

Proposition 3.16. If G = Pn where n ≥ 1, then

γ̃iCvR(G) =


1, if n = 1,

2, if n ∈ {2, 3},
n, if n ≥ 4.

Proposition 3.17. If G = Cn where n ≥ 3, then γ̃iCvR(G) = n.

The following results are characterizations of outer-independent convex Roman
domination number involving small values.

Theorem 3.18. Let G be a connected graph. Then

(i) γ̃iCvR(G) = 1 if and only if G = K1.
(ii) γ̃iCvR(G) = 2 if and only if G ∈ {K2, P3, Sn} where n ≥ 3.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR(G)-function on G. Assume that γ̃iCvR(G) =
1. Suppose, for the contrary, that G 6= K1. Then |V | ≥ 2. On one hand, let |V0| 6=
0. By Theorem 3.8, |V2| 6= 0. Hence, we have that γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1|+
2|V2| > 1. This is a contradiction. On the other hand, let |V0| = 0. By Theorem
3.8, |V2| = 0. Thus, we get γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1|+ 2|V2| = |V1| = |V | > 1.
This is again a contradiction. Therefore, we have G = K1. As for the converse,
we assume that G = K1. Since λ is a γ̃iCvR(G)-function on G, it is clear that
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|V0| = 0 = |V2|. Therefore, γ̃iCvR(G) = ω̃iCvR
G (λ) = |V1| = |V (K1)| = 1. And (i)

is proven. Assume that γ̃iCvR(G) = 2. Then ω̃iCvR
G (λ) = |V1|+ 2|V2| = 2. In that

case, we get |V2| ≤ 1. Consider |V2| = 0. By Theorem 3.8, |V0| = 0. So, we have
γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1|+ 2|V2| = |V1| = |V | = 2. Hence, G = K2. Moreover,
consider |V2| = 1. Then |V1| = 0. Let x ∈ V2. Then V2 is a convex set on G. Set
G = K1+〈V \{x}〉 where V (K1) = {x}. Let V0 = V \{x} be an independent set.
If |V \{x}| = 1, then G = K1+K1 = K2. If |V \{x}| = 2, then G = K1+K2 = P3.
If |V \ {x}| ≥ 3, then G = K1 +Kn≥3 = Sn. Therefore, γ̃iCvR(G) = 2 if and only
if G ∈ {K2, P3, Sn} where n ≥ 3. Conversely, we assume that G ∈ {K2, P3, Sn}
where n ≥ 3. Then G = K1 +H where H = {K1, K2, Kn≥3}. In that case, we let
V0 = H, V1 = ∅, and V2 = V (K1). By construction, λ = (V0, V1, V2) is a γ̃iCvR-
function on G. Therefore, γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1| + 2|V2| = 2|V (K1)| = 2.
And (ii) is proven. �

Theorem 3.19. Let G be a non-complete connected graph. Then γ̃iCvR(G) 6= 3.

Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. Suppose, for the contrary,
that there exists a connected graph G such that γ̃iCvR(G) = 3. Then ω̃iCvR

G (λ) =
|V1| + 2|V2| = 3. Hence, |V2| ≤ 1. Consider |V2| = 0. By Theorem 3.8, |V0| =
0. So, we get γ̃iCvR(G) = ω̃iCvR

G (λ) = |V1| = |V | = 3. Since G is a non-
complete connected graph, it implies that G = P3. However, by Proposition 3.16,
γ̃iCvR(P3) = 2, a contradiction. Now, consider |V2| = 1. Then |V1| = 1. Let
V1 = {a} and V2 = {b}. Then dG(a, b) = 1 since V1 ∪ V2 is a convex set on G.
In that case, V0 ∪ V1 ⊆ NG(b), and so V2 is a dominating set on G. This forced
that |V1| = 0. Thus, we have γ̃iCvR(G) = ω̃iCvR

G (λ) = 2|V2| = 2, a contradiction.
Therefore, we end up with γ̃iCvR(G) 6= 3. This completes the proof. �

The corollary below is quick from Theorem 3.19.

Corollary 3.20. γ̃iCvR(G) = 3 if and only if G = K3.

Theorem 3.21. Let G 6= Sn be a connected graph where n ≥ 3 and let λ =
(V0, V1 = ∅, V2) be a γ̃iCvR-function on G. Then γ̃iCvR(G) = 4 if and only if there
exists a dominating set D = {u, v} such that D is a convex set and V \ {u, v} is
an independent vertex set on G.

Proof. Let λ = (V0, V1 = ∅, V2) be a γ̃iCvR-function on G 6= Sn where n ≥ 3.
Assume that γ̃iCvR(G) = 4. Then ω̃iCvR

G (λ) = |V1| + 2|V2| = 4. Since |V1| = 0,
|V2| = 2. By Theorem 3.6, V2 is a γ̃iCv-set onG. Hence, V2 is an outer-independent
convex dominating set on G. Let V2 = {u, v}. Then D = {u, v} is a dominating
set on G and D is a convex set on G. Thus, V0 = V \ {u, v}. In that case,
V \ {u, v} is an independent vertex set on G. Conversely, assume that there
exists a dominating set D = {u, v} such that D is a convex set and V \ {u, v}
is an independent vertex set on G. Then D is an outer-independent convex
dominating set on G. Since λ = (V0, V1 = ∅, V2) is a γ̃iCvR-function on G, by
Theorem 3.6, V2 is a γ̃iCv-set on G. Hence, we have that 2 = |D| ≥ |V2|. Suppose
that |V2| = 0. Then γ̃iCvR(G) = ω̃iCvR

G (λ) = 2|V2| = 0, a contradiction. Next,
suppose that |V2| = 1. By Theorem 3.18(ii), G = Sn where n ≥ 3, a contradiction
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to our assumption. Consequently, we get |V2| ≥ 2. Thus, |V2| = 2. Therefore, we
end up with γ̃iCvR(G) = ω̃iCvR

G (λ) = 2|V2| = 4. Which proves the assertion. �

Theorem 3.22. Let G be a connected graph of order n ≥ 1 and let λ = (V0, V1, V2)
be an OiCvRDF on G for which |V1| = 0. Then γ̃iCvR(G) = γ̃iCv(G) + 1 if and
only if there exists v ∈ V such that degG(v) = n− γ̃iCv(G).

Proof. Let λ = (V0, V1, V2) be an OiCvRDF on G for which |V1| = 0. Assume
that γ̃iCvR(G) = γ̃iCv(G) + 1. Then ω̃iCvR

G (λ) = |V1|+ 2|V2| = γ̃iCv(G) + 1. Since
|V1| = 0, by Theorem 3.6, V2 is a γ̃iCv-set on G. In that case, ω̃iCv

G (G) = |V2|.
Thus, we have that |V2| + 1 = 2|V2|. So, |V2| = 1. Let V2 = {v}. Since V2 is a
ω̃iCv
G -set on G, V = NG[v] and V \ {v} is an independent vertex set on G. Hence,

we have degG(v) = |NG(v)| = |V \ {v}| = |V | − |{v}| = n− |V2| = n− ω̃iCv
G (G).

Conversely, assume that there exists v ∈ V such that degG(v) = n−γ̃iCv(G). Then
let V2 = {v} and so, V2 is a convex set. Since |V1| = 0 and V2 is a dominating set, it
is clear that V2 is a γ̃iCv-set on G. This follows that |V2| = γ̃iCv(G) = n−degG(v).
Now, since V2 is a γ̃iCv-set on G, it means that V2 is an outer-independent convex
dominating set on G. This implies that V \V2 is an independent vertex set on G.
Hence, we let V0 = V \ V2. Since V2 is a γ̃iCv-set on G and V1 = ∅, by Theorem
3.5, λ = (V0, V1 = ∅, V2) is a γ̃iCvR-function on G. Therefore, we end up with
γ̃iCvR(G) = ω̃iCvR

G (λ) = 2|V2| = |V2| + |V2| = γ̃iCv(G) + 1. This completes the
proof. �

The following theorem presents a realization problem for OiCvRDF and CvRDF
on a connected graph.

Theorem 3.23. Let p, q and n be positive integers and let 1 ≤ p ≤ q ≤ n.
Then there exists a connected graph G such that |V | = n, γCvR(G) = p and
γ̃iCvR(G) = q.

Proof. Let G be a connected graph with |V | = n and let ξ = (W0,W1,W2) is a
γ̃CvR-function on G and λ = (V0, V1, V2) be a γ̃iCvR-function on G. Then consider
the following cases:
Case 1. 1 ≤ p ≤ q = n
Let G = K1. By Theorem 3.18(i), we get 1 = γCvR(G) = γ̃iCvR(G) = |V | = n.
Let γCvR(G) = p = 1 = q = γ̃iCvR(G). Then 1 = p = q = n. Moreover, consider
the graph G = Kn where n ≥ 3. Then G = K1 + Kn−1 where n ≥ 2. Here,
we let W0 = V (Kn−1), W1 = ∅, and W2 = V (K1). Hence, by construction, we
get γCvR(G) = ωCvR

G (ξ) = |W1| + 2|W2| = 2|V (K1)| = 2. By Proposition 3.12,
γ̃iCvR(G) = n. Let γCvR(G) = 2 = p and γ̃iCvR(G) = n = q. Since n ≥ 3, it
follows that 1 < p < q = n. Therefore, Case 1 is satisfied.
Case 2. 1 < p < q < n
Let G = Fm where m ≥ 3 and m ≡ 1 (mod 2). Then |V | = n = m + 1 and
G = K1 + Pm where m ≥ 3 and m ≡ 1 (mod 2). In that case, let W0 = V (Pm),
W1 = ∅, and W2 = V (K1). By construction, we obtain γCvR(G) = ωCvR

G (ξ) =
|W1|+2|W2| = 2|V (K1)| = 2. Now, let Pm = [p1, p2, ..., pm]. Since m ≡ 1 (mod 2),
we let A = {p1, p3, ..., pm} and B = {p2, p4, ..., pm−1}. This means that the set A
is an independent vertex set on G. In addition, for every a, b ∈ B, dG(a, b) = 2,
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which indicates that V (K1) ∪ B is a convex set on G. Hence, we set V0 = A,
V1 = B, and V2 = V (K1). By construction, we get γ̃iCvR(G) = ω̃iCvR

G (λ) =
|V1|+ 2|V2| = m−1

2
+ 2(1) = m+3

2
. Let γCvR(G) = 2 = p and γ̃iCvR(G) = m+3

2
= q.

Since m ≥ 3, it implies that 1 < p < q < n. Therefore, Case 2 is satisfied.
Case 3. 1 < p = q < n
Let G = Sn where n ≥ 3. Then G = K1 + Kn where n ≥ 3. Let W0 = V (Kn),
W1 = ∅, and W2 = V (K1). By construction, we get γCvR(G) = ωCvR

G (ξ) = |W1|+
2|W2| = 2|V (K1)| = 2. By Theorem 3.18(ii), γ̃iCvR(G) = 2. Let γCvR(G) = 2 = p
and γ̃iCvR(G) = 2 = q. Consequently, 1 < p = q < n. Therefore, Case 3 is
satisfied.
Which proves the assertion. �

The next corollary is a direct consequence of Theorem 3.23.

Corollary 3.24. Let G be a connected graph of order n ≥ 1. Then the difference
γ̃iCvR(G)− γCvR(G) can be made arbitrarily large.

Proof. Let m be a positive integer. By Theorem 3.23, there exists a connected
graph G such that |V | = n, γ̃iCvR(G) = m+2 < n and γCvR(G) = 2. In that case,
we get γ̃iCvR(G)− γCvR(G) = m. Since m is a positive integer, it follows that the
difference γ̃iCvR(G) − γCvR(G) can be made arbitrarily large. Which proves the
assertion. �

Theorem 3.25. Let G be a connected graph of order n ≥ 1. Then

max{γ̃iCv(G), γCvR(G)} ≤ γ̃iCvR(G) ≤ min{n, 2γ̃iCv(G)}.
Proof. Let λ = (V0, V1, V2) be a γ̃iCvR-function on G. By Theorem 3.3, V1 ∪
V2 is an outer-independent convex dominating set on G. Hence, we have that
γ̃iCv(G) ≤ |V1| + |V2| ≤ |V1| + 2|V2| = ω̃iCvR

G (λ) = γ̃iCvR(G). Moreover, since
every OiCvRDF on G is a CvRDF, it follows that γCvR(G) ≤ γ̃iCvR(G). Thus,
max{γ̃iCv(G), γCvR(G)} ≤ γ̃iCvR(G). By Corollary 3.9, we have that γ̃iCvR(G) ≤
n. Now, let O be a γ̃iCv-set on G. Then γ̃iCv(G) = |O|. Let U0 = V \O, U1 = ∅,
and U2 = O. This implies that λ∗ = (U0, U1, U2) is an OiCvRDF on G, that is,
U0 = V \ O is an independent set on G and U2 is a convex set on G. So, we
obtain γ̃iCvR(G) ≤ ω̃iCvR

G (λ∗) = |U1| + 2|U2| = 2|O| = 2γ̃iCv(G). Consequently,
γ̃iCvR(G) ≤ min{n, 2γ̃iCv(G)}. And the conclusion follows. �

Corollary 3.26. Let G be a connected graph of order n. Then 1 ≤ γR(G) ≤
γ̃iCvR(G) ≤ min{n, 2γ̃iCv(G)}.

4. Conclusion

This research paper has introduced a new version of the Roman dominating
function, which is called the outer-independent convex Roman dominating func-
tion. Some graph-theoretic properties of outer-independent convex Roman domi-
nating function in some graphs were investigated, which include some bounds, the
realization problem, characterization of outer-independent convex Roman dom-
ination number for small values, and exact values for outer-independent convex
Roman domination number in some special graphs. The paper highly recom-
mends that the said new parameter should be characterized under some binary
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operations of two graphs to strengthen the current findings. Moreover, for fu-
ture research, one may consider a computational complexity (e.g., proving NP-
completeness for general graphs) or polynomial-time algorithms for trees involving
OiCvRDF.
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