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RATIONALIZED TOEPLITZ HANKEL OPERATORS VIA
OPERATOR EQUATIONS

RUCHIKA BATRA (VERMA)*

Abstract. In this paper, we compute and study the behaviour of the solutions
of the equation λk2Mzk2X = XMzk1 . Precisely, for a general complex number
λ and non-zero integers k1 and k2, we introduce λ-Rationalized Toeplitz Hankel
operators X on the space L2(λ− RTHO(L2)) as the solution of the equation
λk2Mzk2X = XMzk1 . We discuss some properties of solution of these operator
equations.

1. Introduction

The study of Toeplitz and Hankel operators have been a subject of investi-
gations by many researchers along the globe. Along with these operators Slant
Toeplitz annd Slant Hankel operators have been studied by different mathemati-
cians. Multiple papers have been published that extend and generalize the study
made in [4] by Brown and Halmos. In [1], further the notion of Slant Toeplitz
operators were generalized to kth-order Slant Toeplitz operators. The class of
λ-Toeplitz operators and λ-Slant Toeplitz operators were also introduced.

Motivated by all these we [3] have generalized all kinds of such Toeplitz, Han-
kel, Slant Toeplitz and Slant Hankel operators and introduce the notion of Ra-
tionalized Toeplitz Hankel operators on the space L2. The set of all Rational-
ized Toeplitz Hankel operators is denoted by RTHO(L2). It is proved [3] that
a bounded linear operator R on the space L2 is a Rationalized Toeplitz Hankel
operator of order (k1, k2) where k1 and k2 are relatively prime integers, if and
only if Mzk2R = RMzk1 .

Further if k1 and k2 are not relatively prime then if d = g.c.d (k1, k2) ie. let
k1 = dn and k2 = dm then a bounded operator R on L2 is Rationalized Toeplitz
Hankel operator if and only if

R|Ñi = WmMϕ̃i
Wn|Ñi
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for some ϕ̃i in L∞and for i = 1, 2, ....d− 1

L2 = Ñ0 ⊕ Ñ1 ⊕ · · · ⊕ Ñd−1

where

Ñ0 = N0 ⊕N1 ⊕ · · · ⊕Nm−1

Ñ1 = Nm ⊕Nm+1 ⊕ · · · ⊕N2m−1

...
...

Ñd−1 = N(d−1)m ⊕N(d−1)m+1 · · · ⊕Ndm−1

Ni = The closed linear span of {zk1t+1 : t ∈ Z}
In this paper, we introduce the notion of λ-Rationalized Toeplitz Hankel oper-

ators. Precisely, we are inspired to solve the equations

λk2Mzk2R = RMzk1

for non zero integers k1 and k2. We begin with the following

2. λ- Rationalized Toeplitz Hankel Operators

Definition 2.1. If k1 and k2 are non zero integers and λ be a fixed complex
number, an operator X on the space L2 is said to be a λ-Rationalized Toeplitz
Hankel operator (λ-RTHO(L2)) of order (k1, k2) if it is the solution of the equation

λk2Mzk2X = XMzk1

we can observe here, that if k1 = k2 = 1, then it becomes λ-Toeplitz operator and
becomes λ-Slant Toeplitz for k1 = 2 and k2 = 1. We have the following result

Theorem 2.2. If X is the solution of the equation λk2Mzk2X = XMzk1 , |λ| 6= 1
and k1 and k2 are given as pair of non zero integers then X is the zero operator.
Proof: Suppose X is a solution of the equation λk2Mzk2X = XMzk1 , |λ| 6= 1. If
|λ| < 1, then define an operator Γ on B(L2) as Γ(X) = λk2Mzk2XMz̄k1 . Then
(I − Γ) is invertible.

As X being the solution of the equation λk2Mzk2X = XMzk1 , we get (I−Γ)X =
0. This implies that X is zero operator.
Now if |λ| > 1, then we define in this case Γ(X) = Mz̄k2XMzk1 and we get
the invertibility of (λk2I − Γ) which again shows that X is zero operator. This
completes the proof.

However for |λ| = 1, we proceed as follows

Theorem 2.3. For λ ∈ C, with |λ| = 1, the equation λk2Mzk2X = XMzk1 , ad-
mits of a non-zero solution of the form X = Dλ̄R, where R is the Rationalized
Toeplitz Hankel operator of order (k1, k2) and Dλ̄ is the composition operator on
L2 defined as Dλ̄f(z) = f(λz) for all f in L2

Proof: Suppose that X is an operator of the form Dλ̄R where R is the Ratio-
nalized Toeplitz Hankel operator of order (k1, k2) on the space L2(T), T being the
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unit circle. Therefore [3] R must satisfy the equation Mzk2R = RMzk1 . Also

Mzk2Dλ̄ = λ̄k2Dλ̄Mzk2

Hence
λk2Mzk2X = λk2Mzk2Dλ̄R

= λk2λ̄k2Dλ̄Mzk2R

= |λ|2k2Dλ̄RMzk1

= XMzk1 , ‘ as |λ| = 1

Hence X = Dλ̄R satisfy the operator equation.

λk2Mzk2X = XMzk1

Conversely, Suppose that X is an operator satisfying the operator equation λk2Mzk2X =
XMzk1 . As Mzk2Dλ̄ = λ̄k2Dλ̄Mzk2 . So Mzk2DλX = λk2DλMzk2X = DλXMzk1

This implies that R = DλX satisfies the operator equation Mzk2R = RMzk1 .
So,R = DλX is a Rationalized Toeplitz Hankel Operator on L2 of order (k1, k2).
Hence X = Dλ̄R for some Rationalized Toeplitz Hankel Operator R on L2 of
order (k1, k2). This completes the proof.

Remark 2.4. : If its also defined in [3] that for k 6= 0 if Wk : L2 → L2 is defined
as

Wk(z
i) =

{
zi|k if i is divisible by k

0, otherwise

where {zi; i ∈ Z} is orthonormal basis of L2. Then the Rationalized Toeplitz
Hankel Operator on the space L2 of order (k1, k2) is defined as

Rϕ = Wk1MϕW
∗
k2

Hence if ϕ(z) =
∑
anz

n is the Fourier expansion of ϕ in L∞, then we define
λ-Rationalized Toeplitz Hankel operator as Rϕ,λ = Dλ̄Rϕ. So for each j ∈ Z, we
have

Rϕ,λ

(
zj
)

= Dλ̄Rϕ

(
zj
)

= Dλ̄

(
∞∑

t=−∞

ak1t−k2jz
t

)
=

∞∑
t=−∞

ak1t−k2j(λz)t = λt
∞∑

t=−∞

ak1t−k2jz
t

Remark 2.5. As we have seen that for |λ| 6= 1, the only solution of the equation
λk2Mzk2X = XMzk1 is the zero operator. Therefore, hence onwards Rϕ,λ, ϕ ∈ L∞.
is further used in the reference to the solution of the equation λk2Mzk2X = XMzk1

where |λ| = 1.

If R∗ϕ,λ is the adjoint of Rϕ,λ than we have for all i, j ∈ Z

< R∗ϕ,λ, z
j, zi > =< zj, Rϕ,λz

i >

=< zj,

∞∑
t−∞

λtak1t−k2i
zt >

= λ̄j āk1j−k2i
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Therefore, we have the following.

Theorem 2.6. Adjoint of a non-zero λ-Rationalized Toeplitz Hankel operator is
not a λ-Rationalized Toeplitz Hankel operator.
Proof Let if possible R∗ϕ,λ, be a non zero λ - Rationalized Toeplitz Hankel operator

of order (k1, k2) on L2.Then for each i,j ∈ Z.

λk2Mzk2R
∗
ϕ,λ = R∗ϕ,λMzk1 (2.1)

⇒ λk2
〈
R∗ϕ,λz

j, zi
〉

=
〈
R∗ϕ,λ, z

j+k1 , zi+k2
〉

(2.2)

⇒ λk2λ̄j āk1j−k2i
= λ̄(j+k1)āk1(j+k1)−k2(i+k2) (2.3)

⇒ āk1j−k2i = λ̄(k1+k2)āk1(j+k1)−k2(i+k2) (2.4)

Put j = 0, we get ā−k2i = λ̄(k1+k2)āk21−k22−k2i. Since an → 0 as n → ∞, we get
āt = 0 for each t ∈ Z. So ϕ = 0 which is a contradiction to the fact that R∗ϕ,λ is
a non zero operator. This completes the proof.

3. λ-Rationalized Toeplitz Hankel Matrix

If ϕ(z) =
∑
anz

n in L∞, the matrix representation of Rϕ,λ, (|λ| = 1) with
respect to the standard orthonormal basis {en(z) = zn}n∈N of L2 given by

...
...

...
...

....λ̄a−k1+k2 λ̄a−k1 λ̄a−k1−k2 λ̄a−k1−2k2 ....

....ak2 a0 a−k2 a−2k2 ....
....λak1+k2 λak1 λak1−k2 λak1−2k2 ....
....λ2a2k1+k2 λ2a2k1 λ2a2k1−k2 λ2a2k1−2k2 ....

...
...

...
...

....λk2ak1k2+k2 λk2ak1k2 λk2ak1k2−k2 λk2ak1k2−2k2 ....
...

...
...

...


Since all kinds of Toepliltz and Hankel operators are characterized in terms of
their respective matrices, therefore it motivates us to define the following matrix.

Definition 3.1. Given non zero integers k1 and k2, a λ-Rationalized Toeplitz
Hankel matrix is a two-way infinite matrix (αij) such that λk2αij = αi+k2,j+k1

We have the following.

Theorem 3.2. A necessary and sufficient condition for an operator R on L2 to
be a λ-Rationalized Toeplitz Hankel operator on L2 for |λ| = 1 is that its matrix
with respect to the orthonormal basis {zi : i ∈ Z} is a λ - Rationalized Toeplitz-
Hankel matrix.
Proof If Rϕ,λ is a λ-Rationalized Toeplitz Hankel operator then as above we have
seen that its matrix (αij) is a λ Rationalized Toeplitz Hankel matrix. Conversely,
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Let the matrix of a bounded operator R on L2 is a λ-Rationalized Toeplitz Hankel
matrix. Then for all i, j ∈ Z, we have λk2αij = αi+k2,j+k1

⇒ λk2
〈
Rzj, zi

〉
=
〈
Rzj+k1 , zi+k2

〉
=
〈
RMzk1z

j,Mzk2z
i
〉

=
〈
Mz̄k2RMzk1z

j, zi
〉

Thus

λk2Rzj = Mz̄k2RMzk1z
j ∀j ∈ Z

λk2Mzk2R = RMzk1

Hence R satisfy the operator equation λk2Mzk2X = XMzk1 and therefore is a
λ-Rationalized Toeplitz Hankel operator of order (k1, k2).

With these observations and results, one can prove the following trivial results
with little efforts.

Proposition 3.3. Let λ ∈ C with |λ| = 1.
i) Sum of two λ-Rationalized Toeplitz Hankel operators is a λ-Rationalized Toeplitz
Hankel operator.
ii) The mapping ϕ→ Rϕ,λ from L∞ into B(L2) is linear and one-one.
iii) The set of all λ-Rationalized Toeplitz Hankel operators (λ-RTHO) on the
space L2 is weakly closed and hence strongly closed.
iv) For an unimodular complex number µ, Dµ̄λRϕ,λ is a µ-Rationalized Toeplitz
Hankel operator.

Further, we can show that if Mϕ is the multiplication operator on L2 and
Rψ,λ is a λ-Rationalized Toeplitz Hankel operator on L2 of order (k1, k2) then
λk2Mzk2 (MϕRψ,λ) = (MϕRψ,λ)Mzk1 and λk2Mzk2 (Rψ,λMϕ) = (Rψ,λMϕ)Mzk1

for ψ, ϕ ∈ L∞. As a consequence the product is always a λ-Rationalized Toeplitz
Hankel operator. Therefore we have the following.

Theorem 3.4. If for ψ, ϕ in L∞,Mϕ is the multiplication operator on L2, then
MϕRψ,λ and Rψ,λMϕ are always λ-Rationalized Toeplitz Hankel operator. Further
MϕRψ,λ = Rψ,λMϕ if and only if ϕ(λ̄zk1)ψ(z) = ϕ(z)ψ(zk2).
Proof The first part is trivial. However for the later part we proceed as follows

Mϕ(z)Rψ,λ = Mϕ(z)Dλ̄Rψ(z)

= Mϕ(z)Dλ̄Wk1Mψ(z)W
∗
k2

= Dλ̄Mϕ(λ̄z)Wk1Mψ(z)W
∗
k2

= Dλ̄Wk1Mϕ(λ̄zk1 )Mψ(z)W
∗
k2

= Dλ̄Wk1Mϕ(λ̄zk1 )ψ(z)W
∗
k2

= Rϕ(λ̄zk1 )ψ(z),λ
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On the other hand,

Rψ(z),λMϕ(z) = Dλ̄Wk1Mψ(z)W
∗
k2
Mϕ(z)

= Dλ̄Wk1Mψ(z)Mϕ(zk2 )W ∗
k2

= Dλ̄Wk1Mψ(z)ϕ(zk2 )W ∗
k2

= Dλ̄Rψ(z)ϕ(zk2 )

= Rψ(z)ϕ(zk2 ),λ

As the mapping ϕ→ Rϕ,λis linear and one-one we get the desired result.

So if λ = 1 and k1 = k2 = 1 we get from the previous result that the prod-
uct of 1-Rationalized Toeplitz Hankel operator of order (1,1) and λ-Rationalized
Toeplitz Hankel operator of order (k1k2) is λ-Rationalized Toeplitz Hankel opera-
tor. This leads us to think about the product of two λ-Rationalized Toeplitz Han-
kel operator. To answer this, we can prove that the product of two λ-Rationalized
Toeplitz Hankel operator is a λ-Rationalized Toeplitz Hankel operator if and only
if the product is zero.

Lemma 3.5. For ϕ ∈ L∞, Dλ̄Wk1Rϕ,λ is a λ-Rationalized Toeplitz Hankel oper-
ator iff ϕ = 0
Proof Suppose Dλ̄Wk1Rϕ,λ is a λ-Rationalized Toeplitz Hankel Operator. Then
for integers i, j we have
λk2 < Dλ̄Wk1Rϕ,λz

j, zi >=< Dλ̄Wk1Rϕ,λz
j+k1 , zi+k2 >

This further gives us that
ak2j i−k2j = λk1k2ak21(k2+i)−k2(j+k1)

which further shows that at = 0 ∀ t ∈ Z. Hence ϕ = 0. The converse is obvious.

Thus with the help of this lemma and little calculations, we can prove the
following result for product.

Theorem 3.6. The product of two λ-Rationalized Toeplitz Hankel Operator is a
λ-Rationalized Toeplitz Hankel Operator if and only if the product is zero.
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