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DOUBLE K3-FRACTIONAL SEMI-GROUPS OF OPERATORS
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ABSTRACT. Based on a new definition of Kf-derivative defined in Definition
3.1, we introduce a new definition of double Kf-semigroup of operators. Fur-
ther, we establish some operational formulas, and we set the relation between
the double KF-semigroup and the Co-Kg-semigroup. Finally, some illustrative
examples and applications are constructed.
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1. INTRODUCTION AND PRELIMINARIES

Consider a Banach space X, and let B(X') denote the space of all bounded linear
operators on X. A family of operators {T'(t)};>0 C B(X) is called a semigroup
of operators if it satisfies

(1) T'(0) = I, the identity operator,
(2) T(s+1t)=T(s)T'(t) for all s,t > 0.
If, in addition
lim T(t)xr =z forall z € X,

t—0F

then the semigroup is called a Cp-semigroup (strongly continuous semigroup).
Such semigroups are fundamental tools for studying the evolution of systems
over time, including linear evolution equations such as the heat equation, wave
propagation, or population dynamics.

In recent years, fractional calculus has attracted significant attention because
fractional derivatives allow the modeling of memory effects and nonlocal behav-
iors. One example is the N 2-derivative, introduced by Napoles [6], defined as

f (t + %) - ft)

h Y
for all ¢ € [0,4+00). This derivative generalizes the classical derivative and pro-
vides a flexible framework to study fractional dynamics in Banach spaces.

NE(F)(E) = lim F(t,0) 0,
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Bahloul et al. [4] introduced the concept of an N&-semigroup, which extends
classical semigroup theory to the fractional setting. Such semigroups are useful
for analyzing fractional differential equations and have applications in physics,
engineering, and biology.

In this work, we focus on double conformable semigroups, which consider frac-
tional behavior in two variables simultaneously. This approach allows the model-
ing of more complex systems where different components may evolve differently
over time. Our methodology differs from previous studies, such as [8], by using
the N2-fractional derivative to define and analyze these double semigroups.

Fractional semigroups and their extensions, such as double conformable semi-
groups, are not only of theoretical interest but also have important practical ap-
plications. For instance, they are used to model anomalous diffusion in physics,
viscoelastic materials in engineering, and population dynamics in biology, where
the evolution of the system depends on past states or exhibits nonlocal inter-
actions. Moreover, the double conformable framework allows one to handle
multi-dimensional fractional systems, where different variables may follow dif-
ferent fractional dynamics, providing a more accurate and flexible modeling tool
for real-world phenomena.

The paper is organized as follows: Section 2 presents preliminary definitions
and results on Ng-semigroups, while Section 3 contains the main results concern-
ing double conformable semigroups and their properties.

Throughout this paper, we assume that a € (0, 1], which includes the classi-
cal derivative case when o = 1. These results provide a foundation for study-
ing multivariable fractional systems and extend the theory of fractional operator
semigroups.

2. PRELIMINARIES
In this section, we summarize some of the proven results in the reference [4].

Definition 2.1. Let f : [0, +00[— R be a given function . Then the Kg-derivative
of order « is defined by :

P+ 5 — f(t)

«@ R © (t,c)

with ¢(t, ) # 0, for all ¢ € [0, +oo[. If this limit exists, then the function f is
said to be IC(‘;—differentiable at t.

Definition 2.2. Consider a function f : [0, +oo[— R.
(1) The function f is said to be Kg-differentiable on [0, +-oc[ if f is continuous,
K3 f(t) exist for all ¢ €]0, +-00[ and K f(0) = li]rgl+ KCg f () exists.
t—
(2) The function f is said to be continuously K®-differentiable on [0, 4+00) if
f is Kg-differentiable on [0, +-00) and K§ () is continuous on [0, +-o0l.

For more information, see [2]. We will suffice with the following characteristics:
For all £ > 0

(1) K5()(0) = 2.
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(2) KI5 /(1) = f(b).
(3 )Io‘(’CO‘f( ) = f(t) = £(0).
Where Z¢ f fo s)f(s)ds

Example 2.3. For ¢(t, ) = 3at? + 2at + 1, we have

o att t ) )
Kng%~+——+u+ﬁa)3+2m-+%):t+a.

) 2
Example 2.4. For ¢(t,a) = 3a*t?* + at + 1, t € [0, +00) and « € (0, 1], we have
gt +1)=3 2t5+ t4+(3 2Jrl)thr t2+t
=3a°— +a— a — +a—+t.
¢ 50 4 32

Example 2.5. For ¢(t,a) = 2at + 1, we have by Example 2.4

(32t+a +(Ba?+1)E +al +Q

=12 +1
3a2t2 +at + 1 +4h

IC;(Ig(tQ +1)) =
for all ¢t > 0.

Example 2.6. Let’s take the function defined in Example 2.4.

L0 10) =T (o7 ) - [ osts =2 = 5161~ 0,

3a%t? + at + 1
where f(t) =t* + 1.

Let us consider a function ¢(t,
its primitive function verifies v, (0

0, +00).

«) such that ¢(t,a) > 0 for all £ > 0 and v, (t)
) =0, h+m Vo(t) = 400 and v, is invertible on
t—+00

Definition 2.7. [1] Consider a Banach space X and a family {7T'(t),t > 0} C
B(X). We say that the family {T'(t}:>0 C B(X) is a K3-semigroup of operators
if:

(1) 7(0) = 1,

(2) T(v ' (t+5)) = T(v ' ()T (v, (s)), for all ¢, s € [0, 00).
Remark 2.8. The KF-semigroups corresponds to the usual semigroups, when
vl=1
Example 2.9. [1] Let A be a bounded linear operator. We consider

Vo(t) = acosht and T(t) = eaﬂ Cosht
it follows that

t
l/;l(t) = argch (1 + —> ;
a

and

t
T (argch (1 s t)) = ALt — At — (argch <1 + f)) T (argch (1 + —)) .
v o o
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Definition 2.10. [4] Let {T'()}+>0 be a Kg-semigroup, then {T(t) };>o is said to
be Co-Kg3-semigroup if, for each fixed x € X, T'(t)r — x as t — 0.

The KC3-derivative of T'(t) at t = 0 is termed the K3-infinitesimal generator of
the fractional Kg-semigroup 7' (t), with domain equals

{x € X : lim KgT(t)z exists } :

t—0t

We denote this generator by A.

Proposition 2.11. [4]
1. Let {T(t)}i>0 be a Co-KG-semigroup. Then the family {S(t)}i>0 defined as
follows

Sit)="T (v;'(t), forallt>0,

«

15 a Cy-semigroup.
2. Let {S(t) }i>0 be a Co-semigroup. Then the family {T'(t)}i>o defined as follows

T(t) =S (va(t)), forallt>0,

is a Co-Kg-semigroup.
8. Let {T(t)}i>0 be a Co-Kg-semigroup. Then there exist constants w > 0 and
M > 1 such that for all t > 0,

1T < Me=.

Corollary 2.12. [1] Let {T'(t)}i>0 be a Co-Kg-semigroup. Then for any x € X,
the function t — T(t)x is continuous. Hence the family {T'(t)}i>0 is said to be
strongly continuous.

Theorem 2.13. [4] Consider {T(t)};>0 C B(X) a Co-K§-semigroup with infin-
itesimal generator A. If T(t) is continuously Kg-differentiable and x € D(A),
then

KT (t)r = AT (t)x =T(t)Ax.
Lemma 2.14. [1] Consider {T'(t) }+>0 a Co-K5-semigroup, with infinitesimal gen-
erator A. Then
1 t+h

lim — T(u)p(u, a)du = T(t)o(t,a) Yt > 0.

h—0 ¢

Theorem 2.15. [1] Consider {T(t)}i>0 a Co-K§-semigroup, with generator A.
Then:

A ( /O T(8)6(s, ) ds> ~ T0)6(t,a)x — 6(0, a).
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3. DOUBLE ng-SEMIGROUPS

Definition 3.1. Let f : R2 — X be a given function. We say that f is Ks-
differentiable at (s,t), with s,¢ > 0, if there exists a linear bounded operator
Kg : R* = X and an open neighbourhood U of (s, ) such that

Where € : R? — X is a function such that ||e(h, k)| — 0 as ||(h, k)| — 0.
If such a linear operator Kg exists, then it is unique and called the Kg-derivative
of f of order a € (0, 1] at the point (s,1).

< [le(h, B)HICh, B

Definition 3.2. Let f : RZ — X be a given function. The function f is said to
be Kg-differentiable at the point (0,0) if the following conditions hold:

(1) The limit (Si)ii(r(gm) K3 f(s,t) exists and

lim K3 f(s,t) = K$£(0,0).

(s,)—(0+,0%)
(2) The limits sl_i>%1+ K3 f(s,t) and tl_i)rgl+ K3 f(s,t) exists and
lim S t) = KSf(0,¢ lim K% t) =KS 0).
si}%lJr ¢f(57 ) qbf( ) )7 t_1>r(?F ¢f<$, ) ¢f(57 )
Theorem 3.3. Let f:R% — X be a Kg-differentiable function at a point (s,t),

with s,t > 0, then f is continuous at (s,t).

Proof. Since

h k
|7 (s oy ) ~ 160
< Hf <s+ ﬁ t+ gb(tlfa)) — f(s,t) — lcgf(s,t)(h,k)H + || K5 f(s,t)(h, k)|
< lle(h, B)II (R, R) ||+ 1S f (s, NI (R, K-
By taking the limit as (h, k) — (0,0), we obtain that f is continuous at (s,t). O

Definition 3.4. Let f : R — R be a given function and 0 < v < 1. Then the
KCg s-derivative of order « respect to s is defined by :

_& 4
- f(s+ ¢(S7a):t) f(37t)7

Ke.a(£)(s.t) = lim :
and the Kf .-derivative of order « respect to ¢ is defined by :

o . f(Svt_Fﬁ)_f(&t)

(5.0 = lim : .
Theorem 3.5. Let f : RY — X be a K§-differentiable function at (a,b) with
a,b >0, then the Kg-partial derivatives Kg ,f(a,b) and K3, f(a,b) exists, and the
Kg-derivative of f at (a,b) is given by

Icgf(a> b) - ( g,sf(% b)? g,tf<a7 b)) :
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Proof. Assume tha f: R% — X is Kg-differentiable function at (a,b) with a,b >

0, then there exists a linear operator g : R? — X and a neighbourhood U of
(a,b) such that

Hf (04 a0+ gy ) (0t = K3 b) k)H < (B, ).

Where € : R? — R is a function such that e(h, k) — 0 as [|(h, k)| — 0.
Let k£ = 0, we have

7 (4 sy v ey ) — 00~ K@ 0)0.0)| < .00

Divide by h # 0 and take the limit as h — 0

I f(a—i— ¢(aa) b) - f(a,b) _
h—0 h

.f(a,0)(1,0).

Then the partial derivative Kf  exists.
To prove the existence of the partlal derivative Kg ,, we proceed in the same way.
We get

bt )~ ot
k—0 k
On the other hand, we have
Kg f(a,b)(h, k) = RIS f(a,b)(1,0) + kLG f(a, b)(0,1)
= hiC3  f(a,b) + kK3, f(a,b)
= (K9, f(a,b),K3,f(a,b)) .

= K3 f(a,b)(0,1).

O

Definition 3.6. A family {7'(s,t)}s>0 C B(X) is called a double semigroup of
operators if:

(1) T(0,0) = I
(2) T(Sl + 59, tl + tg) = T(Sl, tl)T(SQ, tg)

Definition 3.7. Let a € (0,a] for any a > 0 For a Banach space X, A family
{T'(s,1)}s>0 C B(X) is called a double K3-semigroup of operators if:

(1) T(0,0) = 1.
(2) For all 81782,t1,t2 Z O,

T(V;1(31 + s9), V;l(tl + tg)) = T(l/ L(s1), C:1(151)) T(V;1(52>, V(;1<t2)>.

Example 3.8. Consider two commuting Kg-semigroups { R(s) }s>0 and {S(t) }+>o-
Then the family {T'(s,t)}s+>0 C B(X), defined by

T(s,t) = R(s)S(t), s,t>0,
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is a double Kg-semigroup. Indeed, we have

T(V;l(Sl + 52) tl + tg )

R(vy ' (s1+52))S (v (11 + 12))

R(vy (1)) R(vy ' (s2))S (ve ' (81)) S (v (E2))

= [R(va"(s1)) S (va (1)) ][R (V H(92)) S (va ' (82))]
=T (v (s1), v ' (1) T(v5 ' (s2), v3 ' (1)),

which proves the double Kg-semigroup property.

Example 3.9. Let A, B be two bounded linear operators. Consider

Vo(t) = asinh(t) and T(s,t) = ea(Asmh(SHBSi"h(t)),
It follows that v;'(t) = argsh (%). Thus

T (Wgsh (81 + 52) argsh (t1 + t2)> — pAlsits2)+B(t1+t2)
o «Q

— €A81+Bt1 6A82+Bt2

=T (argsh <%> ,argsh (%)) T (argsh (%) ,argsh (%)) .

Definition 3.10. Consider a Banach space X and a family {7'(s, ) }s>oforming
a double Kg-semigroup. Then:

(1) The family {T'(s,t)}s+>0 is said to be uniformly continuous if

lim  [|T(s,t) — I]| = 0.
(s,t)—(01,01)
(2) The family {7T'(s,t)}s >0 is said to be a double Cy-Kg-semigroup if, for
every r € X,

T(s,t)r — x| = 0.
LN ST
Lemma 3.11. Let {T'(s,t)}ss>0 be a double K§-semigroup. Assume that v, *(0)
exists and v;'(0) = 0. Then {T(s,t)}si>0 is a Co-K§-semigroup if and only if
both {T'(s,0)}s>0 and {T(0,1)}i>0 are Co-KG-semigroups.

Proof. Assume that (7'(s,))s >0 is a double Cp-K3-semigroup. Then, in partic-
ular, by taking s = 0 or t = 0, we obtain that {7'(s,0)}s>0 and {7°(0,%)}:>0 are
Co-KG-semigroups.

Conversely, for any s,¢ > 0 we have

T(s,t) = T(l/;l(ya(s) +0), v, 1 (0 + Va(t)))

=T(s,v,'(0)) T(v;'(0),t) = T(v;'(0),6)T(s, v, '(0))
=T(s,0)T(0,t) = T(0,t) T(s,0).
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Suppose now that {7(s,0) }s>0 and {T'(0, %) }+>o are Cp-Kg-semigroups. Then, for
any s,t > 0 and x € X, we have

= [|T(s,0)(T(0,t)x — ) + (T(s,0)x — z)||

< |T(s, 0)[|T(0, ) — x| + |T(s,0)x — |-

By the uniform boundedness principle, there exist constants ¢ > 0 and M > 0
such that
|T(s,0)]] < M forall s € (0,a).
Then, for any t > 0, s € (0,a), and = € X
which approaches zero as (s,t) — (07,07). This shows that {T'(s,)}s:>0 is
indeed a double Co-Kg-semigroup. OJ
Example 3.12. Let A and B be two bounded linear operators. Let us consider
T(S, t) _ eAsinh(as)JrBsinh(as)

From Example 2.9 we have T'(s,0) = e*"h(s) and T(0,t) = eP*het) are K9-

semigroups, and we have lim 7'(s,0)z = z and lim 7T'(0,t)z = .
s—0t t—0+

Then {7'(s,0)}s>0 and {T°(0,%)}1>0 are Co-Kg-semigroups. Thus {T'(s,?)}s >0 is
a double Cy-Kg-semigroup.

Proposition 3.13. 1. Let {T'(s,t)}s >0 be a double Co- K§-semigroup. Then the
family {S(s,t)}si>0 defined as follows

S(s,t) =T (v ' (s),v,' (), for all s,t>0

1s a double Cy-semigroup.
2. Let {S(s,t)}st>0 be a double Cy-semigroup. Then the family {T'(s,t)}si>0
defined as follows
T(s.1) = S (va(s), va(t)) for all 5.t >0
is a double Cy-Kg-semigroup.
Proof. 1. Assume that {T(s, 1)} >0 is a double Cy- Kg-semigroup.
It follows that
5(0,0) =T (v;'(0),v,(0)) = T(0,0) = 1.
For all tl,tz, S1, S2 > O,
S(Sl + Sg,tl + tg) =T (V;l(Sl + 82), V;l(tl -+ tg))
= T (V;l(sl, t1)> T (VC:1<82, t2))
== S(Sl, tl)s<82, tg).
Then {S(s,t)}+>0 is double-KCg-semigroup.
Assume that (v;'(s), v, (t)) — (0,0) as (s,t) — (0,0). For some fixed a > 0, let

(e’

a € (0,a], and define
(h, k) = (v, (s), v, (t) with s,t > 0.

« (e’
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Then (h, k) — (07,0%) as (s,t) — (07,07).
For any x € X, we have

1 ; -1 -1
(s,t)il(rg}*'70+) 5(87 t)ZL‘ - (s,t)ﬁl\l(%}",0+) T(Voc (S)v Vo (t))l'
= lim T(h,k)x
(h,k)—(0F,0%)
=x.
2. Similar to 1 B

Proposition 3.14. Consider a Banach space X and a family {T'(s,t)}s+>0 form-
ing a Co-Kg-semigroup. Then there exist constants w > 0 and M > 1 such that

IT(s,1)|| < M e“Fa+va®) for gil 5.t > 0.

Proof. Let {T'(s,t)}s >0 be a double Cp-Kg-semigroup on a Banach space X. By
Lemma 3.11, we have {7'(s,0) }s>0 and {T'(0, 1) };>0 are Co-K3-semigroups. Hence,
there exist constants wq,ws > 0 and M;, My > 1 such that

T(s,0)|| < Mye =) and || T(0,t)]| < Mae*?"=).
1T°(s, 0]l :
For all s,t > 0,
1T (s, 8)|| = 1T(s,0)T(0, £)|| < [|T(s,0)|| | T(0,)[| < MyMoerve)tzvalt)
Let w = max(wy,ws) and M = M;M,. Then,
T (s, )] = [IT(s,0)T(0,)|| < Metral&)tralt),
O

Definition 3.15. Consider a Banach space X and a family {7'(s,t)}ss>0 form-
ing a double Kf-semigroup. The operator {T'(s,t)}s4>0 is said to be strongly
continuous if, for all x € X and all sq,ty > 0,

lim  ||T(s,t)x — T (so,t0)x|| = 0,

(S,t)A)(SO,to)
where the limit is taken as (s,t) — (0%,07) when (sg, %) — (0,0).
Corollary 3.16. Consider a Banach space X and a family {T'(s,t)}si>0 forming

a double Kg—semigroup. Then {T(s,t)}st>0 is strongly continuous if and only if
it is a Co-Kg-semigroup.

Proof. Assume that {T'(s,?)}s>0 is strongly continuous, then it is a Co-Kg-
semigroup.
Conversely, let sqg,tg > 0.

(1) For (s,t) € [0,50) % [0,%) and z € X.
|T(s,t)x — T (so,to)x|| < |T(s, )| |z — T(s0 — s,t0 — )|l
< M (e ®) 1o 7(sy — 5,8 — t)al].
Since

lim (e ®) 1y Ty — 5.ty — b)) =0,
(S,t)—}(sO,to)
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it follows that
lim ||T(s,t)x — T (so,t0)x| = 0.

(5:6)->(s0,t0)

(2) For (s,t) € [0, s0) x (to,to + 1] and z € X.
T (s, t)x — T(so,to)x| = ||T'(s,to) (T(0,t —to)x —T(sg — s,0)x) ||
< T (s, t) [ 170, 8 = to)z = T(so = 5,0)]

< Me” (Va(s )Hval( tO)) HT(O t— to)l’ — T(SO -5, O)IH

Since
lim  ||7(0,t —to)x — T(sg — s,0)x| =0,

(S,t) *)(SO ,to)
it follows that

lim  ||T(s,t)x — T(so,to)z|| = 0.

(5:6)->(s0,t0)

(3) For (s,t) € (so,s0 + 1] x [0,tp) and z € X.
T (s,t)x — T(so,to)x| = ||T(s0,t) (T'(s — so,0)x — T(0,tg — t)x) ||
< |17 (s0, I IT'(s = 50, 0)x = T(0, 80 — t)]

< Ml ta®) 175 _ g0 0)a — T(0, 1 — £)c].

From

lim  ||T'(s — so,0)x — T(0,ty — t)x|| = 0,

(S,t)%(SO,to)

we conclude that

lim  ||T(s,t)x — T(so,to)z|| = 0.

(8,t)=(s0,t0)
(4) For (s,t) € (so,50 + 1] X (to,to+ 1] and = € X.
IT°(s, t)x — T (s0, to)z|| = [[T(s0, o) (T'(s — s0,t — to)x — )]
< T (s0, t0)[[ I T'(s = 50, — to)x — 2|

< Mew (el tve®) (s — 5 ¢ — t)a — .

Since
lim  ||T(s — so,t —to)x — x| =0,

(S,t)%(SO,tQ)

we conclude that

lim ||T(s,t)x — T (so,t0)x| = 0.

(S,t)—)(su,to)
Hence, {T'(s,t)}s+>0 is strongly continuous. O
Definition 3.17. The conformable Kg-derivative of T'(s,t) at (¢,s) = (0,0) is

called the Kg-infinitesimal generator of the double K§-semigroup {7(s t)}st>0,
with domam equals

D(A) ={z € X : T(,-)x is Kg-differentiable at (0,0)},
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and defined, for all x € D(A), by
Az = K3(T(0,0)x).

Lemma 3.18. Consider a Banach space X and a family {T(s,t)}ss>0 forming a
double Co-Kg-semigroup. Then the Kg-infinitesimal generator A satisfies

Az = ( lim K T(s,0)zx, lim KF,T(0,t .
o= ( tmy 2,75, 000, i K2,710.)0)
Proof. Let x € D(A). Then T'(-,-)z is K3-differentiable at (0,0).
Thus KG(T'(s,t)z) exists for (s,t) €]0,a[x]0,b[, a,b > 0, and

K(T(0,0)x) = (s’t)ii(()rr}r70+)ng(T(s,t)x) exists.

Let (s,t) €]0,a[x]0,b[. Then kg (T'(s,t)r) and K ,(T'(s,t)z) exists, and we have
Kg(T(0,0)z) =  lim )ng(T(s, t)x),

(5,)—(0+,0+
B (s,t)_lf(%1+,o+) <K¢’3(T<S’t)x)7 ¢,t(T(57t)l’)),
= (l,1y) € X x X,
with
lim K5 (T(s,t)r) = 14, lim  KS,(T(s,t)z) = .

(s,t)—(0F,01) (s,t)—(0F,01)
Let us show that

lim 15, (T(s,0)z) =i, lim KF(T(0,1)z) = I,

s—0t

For any (s,t) €]0, a[x]0,b[, we have
T <s—i— e t> x—T(s,t)x

#(s,a)’

K¢ (T(s,t)x) = lim

e—0 g
7(0,1) (T(s s 0)a = Ts, 0)90)
= lim ’
e—0 £
T(s+ -—=,0)r —T(s,0)x
= T(0,t) |lim o) (5.0) ]
e—0 g

= T(0, %) [IC;’;’S(T(S, o)x)} ,
and similarly,
(T (s, 1)) = T(s,0)[JC,(T(0, £)2)|.
Since {T'(s,t)}s >0 is double Cp-Kg-semigroup, by Proposition 3.14 we have
that {T°(0,%))}:>0 is a Co-K3-semigroup. Hence, for any s €]0, af,

lim K%, (T(s,t)z) = lim T(0,1) [IC(C;’S(T(S,O)QJ)}

t—0+ t—0t

= /Cg"S(T(s, 0)x),
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and similarly, for all ¢ €]0, b],
lim szt(T(s,t)x) = IC;t(T(O,t)x).

s—0t

Let € > 0. There exist 0 < §; < a and 0 < do < b such that for (s,t) €
]0,51[)(]0,52[,

| (s.)2) = 1] < 5,

and there exist 0 < n; < b such that for ¢ €]0, ;[ and all s €]0, af,

(6% o g
\/%,S(T(s,t)as) - 1C¢75(T(s,0)a:)H <.
Let 1 = min{dy, 7} and t €]0,7,[, then for all s €]0, d;],
e, 7(6,00)

< H/cg,s(:r(s, 0)a) — ngj,s(T(s,t)x)H n HICg’s(T(s,t):c) _
<e.

It follows that
lim K3 (T'(s,0)x) = ;.

s—0Tt
Thus
o i o) Kos(T(s: D)) = lim lim Ko, (T(s, t)z)
si%ﬂ_ (b,s( (37 )I)
Similarly,

lim K3 ,(T(0,t)x) = ly.

t—0t

Which implies that
lim kg, (T(s,t)z) = lim lim K7 ,(T(s,t)r)

(s,t)—(01,01) t—0t s—0t

= lim K3 ,(7(0,t)x).
t10+ qb,t( (7) )
L]

Let {T'(s,t)}s >0 be a double Cop-Kg-semigroup. Then {7T'(s,0)}s>0 and {T°(0,) }i>0
are Co-Kg-semigroups. Let A; and A be two linear operators defined by
D(A;) = {x € X : lim K3 (T(s,0)x) exists},

s—0+

D(Ay) = {z € X: tl_i)ré}r Kg.(T(0,t)z) exists},
and

Ax = liréq+ Kgo(T(s,0)x), forall z € D(Ay),
S5

Aoz = lim K3 ,(T(0,t)x), for all v € D(Ay).
t—0+ ’

Clearly, A; and Aj are the Kg-infinitesimal generators of the Co-Kg-semigroups
{T'(5,0)}s>0 and {T(0,t)}+>0, respectively.
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Theorem 3.19. Let {T(s,t)}ss>0 be a double Co-KC3-semigroup. We define the
Kg-infinitesimal generator A as a linear transformation
A:R% — B(D(A)) N D(4), X)
given by
A(h, k) = hA; + kAs,
where Ay and Ay denote the KCg-infinitesimal generators of the Co-K§-semigroups
(T'(s,0))s>0 and (T(0,t))¢>0, respectively.

Proof. Let x € D(A) = D(A;) N D(Az). Then the derivative K3 (7'(0,0)x) exists
and defines a linear transformation

V() R — X

such that
Y(h k) = K3(T(0,0)x)(h, k)" = hA1x + kAsz.
Now, define
D(,-) : RE — B(D(A;) N D(Ay), X)
by

~

b(h, k) = hA; + kA,.

Then 12(, ) is a linear transformation and, for all (h,k) € R% and z € D(A;) N
D(A3), we have

U(h,k) = d(h ).
Hence, for every o € D(A;) N D(As),
]Cg(T(Oa O)ZL’) - w(v ) = 77D<7 )ZL‘
Thus,
A= w(u ')7
and consequently, the Kg-infinitesimal generator A can be viewed as the linear
transformation

A:RY — B(D(A1) N D(A5),X), A(h,k) = hA; + kAs.
O

Theorem 3.20. Let {T'(s,t)}s >0 be a double Co-Kg-semigroup, and let A be its
Kg-infinitesimal generator. Then, for all x € D(A), we have:

(1) For anyt >0, we have
T(0,t)r € D(Ay) and A/T(0,t)z =T(0,t)Ax.
(2) For any s > 0, we have
T(s,0)x € D(A2) and AyT(s,0)z =T(s,0)Asx.
(3) For all (s,t) € R, we have T(s,t)x € D(A) and
5o(T(s,t)x) = AT (s, t)x = T(s, 1) Ay,

and

K$,(T(s,t)x) = AT (s,t)x = T(s, t) Asa.
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(4) For all (s,t) € RZ, we have T(s,t)x € D(A) and, for all (h,k) € R?,
K (T (s, t)x)(h, k)T = (A1, A2)(h, k)T (s, t)x = T(s,t)(Aq, Az)(h, k) .
Proof. (1) Let x € D(A) C D(A;). Since lir(l)@r K¢ (T(s,0)x) exists, the func-
S5—

tion K (T'(s,0)z) exists in an open interval of the form ]0, a[, with a > 0.
For s €]0,a[ and ¢t > 0, we have

KS o (T(s,0)T(0,t)x) = T(0,6)KS ((T'(s,0)z).
Then,

Slir(% KS o (T(s,0)T(0,t)z) = T(0,t) <Sl_i>1(1)q+ Kg (T'(s, O)x))
=T(0,t)Ax.
Thus, for any ¢t > 0, we have T'(0,¢)z € D(A;) and
A T(0,t)xr =T(0,t) Ay
(2) The same reasoning as in (1) gives, for any s > 0,
T(s,0)x € D(As) and AT(s,0)z = T(s,0)Asx.

(3) Let (s,t) € R? and 2 € D(A). From (1), we know that 7'(0,¢)z € D(4,).
Then, by Theorem 2.13, we have

KS (T(s,0)T(0,t)x) = AT (s,0)T(0,t)x = T(s,0)A,T(0, t)z.
From (1), it follows that
T(s,0)A,T(0,t)x =T(s,0)T(0,t)A; .
Hence, for all (s,t) € R% and = € D(A),
5o(T(s,t)x) = AT (s,t)x = T(s, t) Ay,
By the same method, we obtain
K (T(s,t)x) = AT (s, t)x = T(s, t) Ay
(4) Let (h, k) € R?, (s,t) € R2, and z € D(A). From (3), we have
KS(T(s,t)x)(h, k)" = (K3 (T (s,t)x, K3 (T(s,t)x) (h, k)T
= hKg (T(s,t)x) + k:ngﬁt(T(s, t)x).
Hence,
Kg(T'(s,t)x)(h, k)T = hA\T(s,t)x + kAT (s,t)x,
=T(s,t)(hA; + kAs)zx.
Therefore,
K(T(s,t)x)(h, k)" = (A1, A2)(h, k) T(s, t)z,
=T(s,t)(Ay, Ay)(h, k).
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Theorem 3.21. Let {T(s,t)}ss>0 be a double Cy-K§-semigroup, with generator
A. Then:

A </08 T(r,t)o(T,a)x dT,/O T(s,0)p(0,a)x d@) =T(s,t) (P(s,),d(t,a)) z
— (¢(0,a),¢(0,2)) z.
Proof. We have

A < /0 T )b, ) dr, /0 T(s.0)6(0. o)z de)
_ <A1 /0 T )b, ) dr, Ay /0 "T(s.0)0(0. oz)a;dﬁ)

From Theorem 2.15 | we get

A< T )bl ) dr, /0 tT(s,Q)qﬁ(G,a)de)
(

) t)¢(57 CY)JZ - gb(oa OJ)JZ, T(57 t)¢<t7 a)x - gb(o? a)x)
S, t)<¢<57 Oé)l’, ¢(t7 OL)SC) - (¢(07 a):c, ¢(07 a)x)
t)(@(s, ), o(t, @) — (4(0, ), ¢(0, ).

4. DOUBLE ICg-ABSTRACT CAucHY PROBLEM

Definition 4.1. Let X be a Banach space, A : D(A) C X — X a linear operator
and ug € X. We consider the following Kg-Cauchy Problem

{/cguot) = Au(t), >0, (4.1)

u(0) = up.

A function u : [0,00) — X is a solution of the K3-Cauchy Problem (4.1), if

(1) w is continuous on [0, 00),
(2) w is continuously Kg-differentiable on (0, co),
(3) u(t) € D(A) for t > 0,

(4) u satisfies (4.1).

Theorem 4.2. Let X be a Banach space and A the infinitesimal generator of a
Co-Kg-semigroup {T'(t) }1>0 C B(X). If ug € D(A), then (4.1) has the unique
solution u(t) = T (t)uy.

Proof. It is clear from Theorem 2.13 that u(t) = T'(t)x is a solution of (4.1). To
prove the uniqueness, let u be a solution of (4.1).
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Then

K [T(t = s)u(s)]

S

T(t —s)Kgu(s) — AT(t — s)u(s)
T(t—s)Kgu(s) —T(t — s)Au(s)
T(t—s) [Ku(s) — Au(s)]
0

We know that Z¢ (ICgf( ) = f( ) — f(0), with Z is the K3-integral of f defined

by Z¢ f fo (s)ds,t > 0. Then, by applymg Ty with respect to s, we
obtaln

T(t —t)u(t) — T(t)u(0) = 0.
Thus

O

Definition 4.3. Let X be a Banach space, A; : D(4;)) C X — X,i=1,2a
linear operator. A function u : [0,00) x [0,00) — X is a solution of the double
K3-Cauchy Problem

{,Cgvtiu(tth) - Aiu(tlatQ)a tz > O,Z = 1, 2 (42)

u(0,0) =z, x € D(A1) N D(Ay),
if

(1) w is continuous on [0, 00) x [0, c0),

2) u has continuous K¢-partial derivatives,
¢

(3) u(t) € D(A;),i =1,2 for s,t > 0,

(4) u satisfies (4.2).

Theorem 4.4. Let (Ay, Ag) be the Kg-infinitesimal generator of a double Cy-
Kg-semigroup {T'(s,t)}si>0 . Then the Problem (4.2) has the unique solution
u(s, t;x) =T(s,t)x for all x € D(A;) N D(Ag).

Proof. By Theorem 3.20, we can easily prove that u(s, t; x) = T'(s, t)x is a solution
of Problem (4.2).

To prove the uniqueness, it suffices to prove that the only solution corresponding
to the initial value x = 0 is u(s,t) = 0.

From Theorem 4.2, we obtain that the systems

{/cs;,tf@) = A f(t), t>0,

£(0) =0, (4.3)

and

Kg.9(t) = Axg(t), >0,
{g(%) 0. (4.4)
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have the unique solution f = 0and g = 0.
Assume that u(s, ¢;0) is a solution of (4.2) associated zith the initial value x = 0.
Let f1(s) = T(s,0)u(0,t;0), we have

K2 u(5) = K3.T(s5,0)u0,1;0)
= AT (s,0)u(0,t;0)
- A1f1(8)7

f1(0) =T(0,0)u(0,t;0)
=u(0,¢;0).
Then fi(s) = T(s,0)u(0,t;0) is a solution of
Kg.f(s) = Aif(s), s>0,
f(0) = u(0,t0),
Let fa(s) = u(s,t;0), we have
’Cg,sz(S) - ,Cg,su(87 tv O)
= Aju(s,t;0)
- A1f2<8)7
and f5(0) = u(0,¢;0) Then fo(s) = u(s,t;0) is a solution of
K3 f(s)=Aif(s), s>0,
f(0) = u(0,t0),

By uniqueness of solution, we get for any s,¢ > 0,u(s,t;0) = T(s,0)u(0,¢;0). Us-
ing the same method, we show that g;(t) = T'(0,¢)u(s,0;0) and g2(t) = u(s,t;0)

are two solutions of
{Wﬂ@Z%W%t>Q

and

g(0) = u(s, 0;0).

By uniqueness of solution, we get for any s,¢ > 0, u(s,t;0) = T(0,t)u(s,0;0).
In conclusion, we obtain

u(s, t;0) = T(s,0)u(0,t0)

=T(s,0) (7(0,t)u(0,0;0))
=T(s,0)T(0,t)0 = 0.
O
Example 4.5. Let consider the following double Kg-Cauchy Problem
Kgu(s,t) = Au(s,t), s,t>0
Kgu(s,t) = Bu(s,t), s,t>0 (4.5)

u(0,0) =z, x € D(A)N D(B)

with A and B be two commuting operators and ¢(t,«) = acosht. Then for

all s, > 0 and x € D(A) N D(B), the Problem (4.5) has the unique solution

U(S, t: ZE) _ ea(Asinhs«#Bsinht)‘
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