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COMBINED DEGREE SUM ENERGY OF GRAPHS
B. BASAVANAGOUD!'* AND SHRUTI POLICEPATIL?

ABSTRACT. The combined degree sum matrix of a graph G is defined by
CDS(G) = [ci;] where ¢;; = d; + dj + d;d; whenever i # j, and zero oth-
erwise, where d; is the degree of a vertex v; in G. The combined degree sum
polynomial of G is the characteristic polynomial of CDS(G). The combined
degree sum energy of G is equal to the sum of the absolute values of the eigen
values of CDS(G). The total m— electron energy of different compounds com-
prising hetero atoms is connected with their Ecps(G) values, and we found a
good correlation with the correlation coefficient r=0.9823. Combined degree
sum polynomial and combined degree sum energy of some graphs are obtained.
Further, we establish bounds for the largest C'DS eigenvalue and C' DS energy
of a graphs. Jog et al. [20] gave the expression for degree sum polynomial of
semi total line graph T3 (G) of r-regular graph is prone to some error. We give
correct expression for it. Finally, we obtain combined degree sum polynomial
of graph valued functions and graph operations on regular graphs.

1. INTRODUCTION

A simple, undirected graph is G = (n,m). Let G’s vertex and edge sets be
V(G) and E(G), respectively. The number of edges incident to a vertex v in
V(Q) is the degree dege(v) (or dg(v)). If the degree of each vertex in G is r, the
graph is r-regular.

The combined degree sum matrix of a graph G is an n x n matrix CDS(G) =
[ci;], whose elements are defined as

S di +dj +did;, ifi#]

Y0, otherwise,

where, d; is degree of a vertex v; and d; is degree of a vertex v;. Let I be the
identity matrix and J be the matrix whose all entries are equal to 1. The combined

degree sum polynomial of a graph G is defined as
Peps(a)(n) = det(nl — CDS(G)).

The eigenvalues of the matrix C'DS(G), denoted by 11,2, ..., 1, are called the
combined degree sum eigenvalues of G and their collection is called the combined
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degree sum spectra of G. The sum of the absolute values of the combined degree

sum eigenvalues of G is called the combined degree sum energy of G and is de-
noted by Ecps(G). Thus

Ecps(G) = Z |73 (1.1)

Example 1.1. Let K3 be a complete graph. The C'DS matrix, C'D.S polynomial
and C'DS energy of K3 are as follows(see Figure 1).

Kg:

FiGUre 1. Graph Kj.

CODS(K3) =

co oo O
co O oo
S oo oo

Pepsiky)(n) = n® —192n — 1024.

The eigen values of combined degree sum matrix are 16, —8 and —8. Therefore,
Ecps(K3) = 32.

Example 1.2. Consider the graph G = K; - K3. The C'DS matrix, C'DS poly-
nomial and C'DS energy of G are as follows(see Figure 2).

U1

U3 V4

FI1GURE 2. Graph G = K5 - K3.

0 7 5 5
7 0 11 11

CDS(G) = 5 11 0 8
5 11 8 0

Peps(a)(n) = —n* + 40577 + 38761 + 9184.

The eigen values of combined degree sum matrix are 17, = 8, ny ~ —24.11,
N3 ~ 12.21 and ny = 3.89. Therefore, Ecps(G) =~ 48.21.
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Graph energy is described by Gutman [17] as the sum of absolute values of
the eigenvalues of the associated adjacency matrix of a graph G, which is related
to the total m-electron energy in a molecular graph. Several graph polynomials
based on different matrices defined on the graph, such as adjacency matrix [12],

Laplacian matrix [21], signless Laplacian matrix [13, 28], distance matrix [l],
degree sum matrix [20, 29], Seidel matrix [7] are found in the literature of graph
theory. [2, 3, 6, 19] for further information. The goal of this research is to look at

the characteristic polynomial of the combined degree sum matriz, as well as their
eigen values and energy.

2. PRELIMINARIES

We require following theorems in order to prove the forthcoming theorems.

Lemma 2.1. [30] If a,b,c and d are real numbers, then the determinant of the
form
(77 + a)Im - aJm _ij XxXng (2 1)
_dJn2 Xni (7] + b)In2 — an2 ’

of order ny + ny can be expressed in the simplified form as
(n+a)" " (n+ )" — (n = )a][n — (n2 — 1)b] — nanged}.

Theorem 2.2. [1] The Cauchy-Schwarz inequality states that if (aq,as, ..., ay)
and (by, ba, ..., b,) are two real n-vectors, then

(Zz:;aibi>2§ (X;aQ)(Z:;bz)

1=

Theorem 2.3. [25] Let a; and b;, 1 < i < n are nonnegative real numbers, then
S (S < Z -
£ i £ i - Vi =y 14VL2 11762)

where My = max (a;); My = max (b;); m; = min (a;); me = min (b;).
1<i<n 1<i<n 1<i<n 1<i<n

Theorem 2.4. 5] Let a; and b;, 1 < i < n are nonnegative real numbers, then

n

S (Sa)(50)

i= i=1

< p(n)(A —a)(B - ),

where a, b, A and B are real constants, such that for eachi, 1 <i<n,a<a; < A
and b < b; < B. Further, p(n) = n|% | <1 — %L%J)

Theorem 2.5. [15] Let a; and b;, 1 < i < n are nonnegative real numbers, then

i biQ + c1c2 i CLZ'2 S (Cl -+ 02) (i albl> .
=1 =1 =1

where ¢y and co are real constants, such that for each i, 1 <1 < n holds, cia; <
bi S CoQ; .
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Lemma 2.6. [11] If a and b are scalars then
a b b -+ b b
b b --- b b
: =(a—0)""a+(n— 1)}
b b b - a b
b b b b

3. CHEMICAL SIGNIFICANCE OF Ecps(G)

We found the close resemblance between total m-electron energy values of hetero
atoms and combined degree sum matrix CDS(G) of corresponding molecular
graph G. Further, we calculated Eqcps(G) with dataset of total m-electron energy
values of hetero atoms which are found in [I1]. From Fig. 4 we found that
Ecps(G) has good correlation hetero atoms (see Fig. 3). The linear regression
model for total m-electron energy values of hetero atoms using the data of Tables
1 are obtained using the least squares fitting procedure as implemented in R
software [26]. The linear regression analysis gives the following structure property
relationship mathematical model for Ecpgs(G)

Totalm — electron energy = 0.07(+0.0026) Ecps(G) + 0.3025(40.4076).

r=0.9823(co-efficient of correlation), r?(adjusted) = 0.9636, standard error of
estimation=1.107.

From the above data, we can see that Ecpg(G) is closely correlated with total
m-electron energy of 28 molecules containing hetero atoms.

F1GURE 3. Molecules containing hetero atoms.
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Molecule Code Total m-electron energy Ecps(G)
Venyl chloride like systems Sh 2.23 17.46
Butadiene perturbed at C2 S 5.66 31.61
Acrolein like systems Ss 5.76 31.61
1, 1-dichloro-ethylene like systems Sy 6.96 30.97
Glyoxal like and 1, 2-dichloro-ethylene like systems Sy 6.82 31.61
Pyrrole like systems S 5.23 64
Pyridine like systems Sy 6.69 80
Pyridazine like systems Ss 9.06 80
Pyrimidine like systems So 9.10 80
Pyrazine like systems S1o 9.07 80
S-Triazene like systems Si1 9.65 80
Aniline like systems S1o 8.19 97.77
O-phenylene-diamine like systems S13 12.21 115.76
m-phenylene-diamine like systems Sha 12.22 116.19
p-phenylene-diamine like systems S5 12.21 117.02
Benzaldehyde like systems Sie 11.00 114.07
Quinoline like systems Shr 14.23 168.08
Iso-quinoline like systems Sis 14.23 168.08
1-Naphthalein like systems St 16.15 187.27
2-Naphthalein like systems Sao 16.12 185.20
Iso-indole like systems Sa1 13.46 151.68
Indole like systems Soo 13.59 151.68
Benzylidine-aniline like systems Sas 20.10 232.12
Azobenzene like systems Soa 21.02 232.12
Acridine like systems Sos 20.56 258.73
Phenazine like systems Sog 21.62 258.73
9, 10-Anthraquinoline like systems Sor 24.23 298.11
Cabazole like systems Sag 19.39 242.36

TABLE 1. Molecules containing hetero atoms with total m-electron
energy and combined degree sum energy.

Total m-electron energy

T T T T T T
50 100 150 200 250 300

Ecos(G)

FIGURE 4. Correlation of Ecpg(G) with total m—electron energy
of molecules containing hetero atoms.
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4. COMBINED DEGREE SUM POLYNOMIAL OF SOME GRAPHS

In this section, we obtain combined degree sum polynomial of some graphs. It
is easy to see that if GG is an r-regular graph, then combined degree sum matrix
can be expressed as CDS(G) = r(r + 2)J — r(r 4+ 2)I. Therefore, by Lemma 2.1,
for an r-regular graph G of order n,

Pepsy(n) = (n+r(r +2))"" (n—r(r +2)(n — 1)). (4.1)

The complete graph K, is a regular graph of degree n — 1 and the cycle C), is
a regular graph of degree 2. Therefore by Eq. 4.1,

Pepsn(®) = (n+ (n+1)(n—1))"" (- (n+1)(n — 1)%)

and

Pepsicny(n) = (n+ 8)n_1 (n—8(n—1)).

Let V(G) be the vertex set of G. The complement of a graph G is a graph
G with vertex set V(G) and two vertices in G are adjacent if and only if these
are not adjacent in G. If G is an r-regular graph with n vertices then G is an
(n—r—1)-regular graph on the same number of vertices. Therefore by Eq. 4.1, if
G is an r-regular graph with n vertices, then the combined degree sum polynomial
of its complement graph is

n—1
Pops@m =+ (n—r—=1n-r+1))" (n—(n-r-1)n-r+1)n-1).
Definition 4.1. [158] The k" iterated line graph L*(G) of G is defined as L¥(G) =
L(LK(@)), k= 1,2, ..., where L°(G) 2 G and LY(G) = L(G).

Corollary 4.2. Let G is an r-regular graph of order n and ny be the order of
L*(GQ). The combined degree sum polynomial of k'™ iterated line graph L*(G) is
Pepsry(n) = (n+ (28r — 2841 4 2)(28r — 28 - 4)(n — 1)>nk71 (n

— (2Fr — 28 4 2) 2k — 2K 4 4)(ny, — 1)?).

Proof. The k' iterated line graph L*(G) is a regular graph of degree 2Fr—2k+1 4.2,
Therefore by Eq. 4.1, we get the desired result. 0

Definition 4.3. [10] The jump graph J(G) of a graph G is a graph with vertex
set as F(G) where the two vertices of J(G) are adjacent if ans only if they cor-
respond to two nonadjacent edges of G.

Theorem 4.4. If G is an r-reqular gmphﬂoflorder n, then
et = (e () (E545)) (o (5 ) (5 45) ),

Proof. The jump graph of an r-regular graph is (W + 1>—regular graph with

%5 vertices. Therefore, the result follows from 4.1. O
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A graph G is said to be bipartite if its vertex set V(G) can be partitioned into
two sets V; and V5 such that each edge of G has one end vertex in Vi and other
end vertex in V5. A complete bipartite graph is a bipartite graph with partite
sets V; and V5 in which every vertex of V) is adjacent to all vertices of V5. The
complete bipartite graph is denoted by K, ,, where |Vi| =n, and |V3| = na.
Theorem 4.5. The combined degree sum polynomial of the complete bipartite
graph K, n, 15
PODS (K, ) (1) = (114 202 +03)" (4201 +07)" {0 — (1 — 1)(2na +n3)][n

— (77,2 — 1)(2711 + n%)] — nlng(nl + ng + n1n2)2}.

Proof. The combined degree sum matrix of K,,, ,, is

(2ng 4+ 13)(Jny — Iny) (014 n2 +1112) Jny sy

CDS(Knyny) = [ (1 + 15+ 119) s (201 4 12) (o, — L)

Therefore,
PCDS(Knl,nz)(n) = ’77] - C‘DS(Knlan2)|
_ (77 + 2n9 + n%)]nl — (2712 + n%)Jm —(n1 —+ ng + nlng)JanQ
—(n1 + 12+ ning) Jnyxn, (n+2n1 + n%)[nz — (2n1 + n%)an)
Using Lemma 2.1, we get the required result. O

Corollary 4.6. Let S,, = Ky ,_1 be the star graph with n vertices. Then

Peps(s,) () = (n+3)" (61— 2n* = (n — 1)(2n — 1)?).

Theorem 4.7. Let P, be a path with n > 2 vertices. Then the combined degree
sum polynomial of P, is

Pepsien () = (n+8)" (1 +3) (0 + 21n — 4(2n +7) - 26n ).

Proof. The characteristic polynomial combined degree sum matrix of P, is

FPepsp,)(m) = |Inl — CDS(P,)]
N -5 -5 ... —5 —3
5 p -8 ... —8 —5
5 —8 p ... —8 —5
-5 -8 =8 n  —5
-3 -5 =5 -5 7
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Substract second column from the columns 3, 4,... n-1 and substract first column
from the last column of Eq. 4.2 to get Eq. 4.3.

n -3 0 0 -3-n
-5 n —-8-n -+ —8-—1n 0
-5 =8 +8 .- -8 0
-5 =8 0 o m+8 0
-3 =5 0 0 n+3

Adding last row to the first row and then adding rows 3, 4,...,n-1 to the second
row of Eq. 4.3, we get Eq. 4.4.

n—3 —10 0 0 0

—5(n—2) n—8n—-3) 0 0 0
B -5 -8 n+8 --- 0 0 (1.4)

-5 -8 o -+ n+8 0

-3 -5 0o .- 0 n+3
Eq. 4.4 can be reduced to
n— -3 —10
Popspy(n) = (n+8)"(n+3) ‘—57271 —2) n—38(n-— 3)‘
Pepsr, (1) = (n+8)"*(n+3) (772 + 210 — A2 +7) — 26%)-

O

Definition 4.8. [18] The graph W,, = K; + C,,_1(n > 4) is called a wheel graph.

Theorem 4.9. The combined degree sum polynomial of the wheel graph W, is

Pepsw,)(n) = (n+15)""*{nln — (n — 2)15] — (n — 1)(4n — 1)*}.

Proof. The combined degree sum matrix of W, is

. O(Jl - Il> (4n - 1)J1><n_1
CDS(Wn) = [ n— Dy 15(Jus — Ipy)
Therefore,
FPepsw,y(n) = |nI — CDS(W,)|

(77+O)[1 —Ojl —(47’L— 1)J1><n—1
—(47’L - 1)Jn71><1 (77 + 15)[n71 — (15>Jn,1

Using Lemma 2.1, we get the required result. O
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5. COMBINED DEGREE SUM ENERGY

The result of this section are straightforward by using the results of section
4 via Eq. (1.1). By Eq. (2.1), the combined degree sum eigen values of an
r-regular graph G are —r(r + 2)(n — 1 times) and r(r + 2)(n — 1). There-
fore, for an an r-regular graph G on n vertices, Fops(G) = 2r(r + 2)(n — 1).
Hence, Ecps(K,) = 2(n + 1)(n — 1)? and Ecps(C,) = 16(n — 1). If G is an
r-regular graph on n vertices then Ecps(G) =2(n—r—1)(n—r+1)(n—1) and
Ecps(LF(Q)) = 2(2kr — 2871 4 2)(2Fr — 261 4 4)(n — 1) .
From Theorem 4.5, Ecps(Knyny) = (n2 — 1)(2n1 4+ n2) + (n1 — 1)(2n2 + n2)

+\/<(n2 —1)(2n1 + n2) + (n1 — 1)(2n2 + ng))2 - 4((n2 —1)(2n1 + n2)(n1 — 1)(2n2 + n2) — nina(ni +na + n1n2)2).
By Theorem 4.7, Ecps(P,) = 8n — 21 + v/64n? — 232n + 553. By Theorem 4.9,
Ecps(W,) = 15(n — 2) + 1/225(n — 2)2 + 4(n — 1)(4n — 1)2.

6. BOUNDS FOR THE LARGEST CDS EIGENVALUES AND CDS ENERGY
Theorem 6.1. The eigen values of CDS(G) satisfies the relations

Ly mi=0.
2. 2?21 77@-2 =25, where S = EKJ,(

Proof. By the definition of CDS(G), > " 1, =0
Next,

d; +d; + did;)*.

Z n? = trace((CDS(Q))?)

n n
= E E CijCji

i=1 j=1

n o n
= Cij

i=1 j=1
= 2 (d;+dj + did))?
1<j

= 25, where S = Z(dZ +d; + d;d;)*.

i<j

Theorem 6.2. If G is a connected graph with n vertices, then

25(n—1)

IN

m

Proof. Let a; =1 and b; = n; for « = 2,3, ...,n in Theorem 2.2. Therefore

(i”i)z = (n—l)(;n;m?) (6.1)

=2
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From Theorem 6.1, we have Y1 ,n; = —m and Y ., mi® =25 —n?

Therefore Eq. 6.1 becomes

(=m)* < (n—1)(2S —m?)
which gives
25(n—1)

m <

Equality holds for n, if G is regular graph.
Theorem 6.3. If G is a graph with n vertices, then

\/25 S EC’DS(G) S \/27’LS

Proof. For a; =1 and b; = 1; in Theorem 2.2 we obtain,

(ZQQ < n(zi; Imlz)

Now

(ECDS<G>)2 S 27’LS
Ecps(G) S \/27’LS

This is an upper bound. Now

(Ecps(@))? = (im)Q > i n;|” = 28,

which gives a lower bound
Ecps(G) > V28S.
Combining Eq. 6.2 and Eq. 6.3 we get

V 25 S ECDS(G) S 2nS.

Theorem 6.4. If G is a graph with n vertices, then

2
Eops(G) > \f2n8 " (]~ )

Proof. For a; =1 and b; = n; in Theorem 2.3 we get,
n n
n?
DY ml - Z mil)* < o ml = 17a])?
i=1 =1

2nS — (Ecps(G))? < %(\ml — [1n)?

2
Fens(G) 2 /205 — " (i ~ )

67

(6.2)

(6.3)
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Theorem 6.5. If G is an (n,m) graph, then
Ecps(G) > v/2nS — p(n)(Im] — |na])?,
where p(n) = nLgJ( . %ng).
Proof. Let a; = |n;| = b;, A=mn = B and a = |n,| = b in Theorem 2.4 then

n;W—(Zm)

2
Since, Eops(G) = Y0y Inil and (320, )
Inequality 6.4 gives

< () (]~ Inal) (6.4

2nQ — (Ecps(G))* < p(n)(Im] — [na])*

Ecps(G) 2 /208 — p(n)(Im] — [ml)?.

Theorem 6.6. If G is a graph with n vertices, then
25 + njm|[n.|

UARAUA
where |n| is mazimum and |n,| is minimum absolute value of ns.

Ecps(G) >

Proof. Let a; =1 and b; = n;, ¢; = |n,| and ¢ = |m;| in Theorem 2.5 then

Z\m\ +|?71H77n|212 () + ) (3 Il
=1

Shnce Fos(G) = 3 bnl and S [ = 25.
On simplification,
25 + |[ml[mal < (Iml =+ (7)) Ecps(G) (6.5)

simple calculation of inequality 6.5 yields the required result. Il

7. DEGREE SUM POLYNOMIAL OF SEMITOTAL LINE GRAPH OF r-REGULAR
GRAPH

Definition 7.1. [31] The semitotal line graph 77(G) is a graph obtained from
G by adding a new vertex corresponding to each edge of G and by joining those
pairs of these new vertices which lie on adjacent edges of G.

The concept of degree sum matrix DS(G) introduced by Ramane et al. [29].
The degree sum matrix of a graph [29] G is an n x n matrix DS(G) = [d;;], whose
elements are defined as

d _{ di+dj, ifi#]
1]

0, otherwise.
The degree sum polynomial of a graph G is defined as
Pps(c)(7) = det(v] — DS(G)).
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The eigenvalues of the matrix DS(G), denoted by 7,72, ..., v, are called the
degree sum eigenvalues of G and their collection is called the combined degree
sum spectra of G. Jog et al. [20] obtained the degree sum polynomial of graph
valued functions on regular graphs. The expression for degree sum polynomial of
semi total line graph 77(G) of r-regular graph is prone to some error. We give
correct expression for it.

Theorem 7.2. [20] The degree sum polynomial of semi-total line graph of r—regular
graph of G is given by

Ppswiey(v) = [y+2r]" 'y +40]% 7! [72 — 2yr(nr +n — 3)
+4r*(n — 1) (nr — 2) — 2n%r(r + 1)2].
The correct version of Theorem 7.2 is as follows.

Theorem 7.3. The degree sum polynomial of semi-total line graph of r—reqular
graph of G is given by

Ppsiryen(y) = [v+ 2r"Hy + 4] 7 ! [72 — 29r (m“ +n— 3)
9 2,.3
+4r2(n — 1) (nr — 2) — ”27” ]

Proof. The characteristic polynomial degree sum matrix of 77(G) is

o 2r -« 2r 3r 3r --- 3r
2r 0 -+ 2r 3r 3r --- 3r
2r 2r -~ 0 3r 3r --- 3r
DSIG) = 130 30 . 30 0 4r o 4
3r 3r --- 3r 4 0 --- Ar
3r 3r --- 3r 4r 4r --- 0

Posiap(v) = Il = DS(T(G))]

vy o =2r - =2r —3r =3r --- —=3r
—2r v - =2r =3r —=3r --- =3r
o |=2r =2r - v =3r =3r --- =3r
=3 =3r - =3r oy —dr - —Ar (7.1)
—3r =3r -+ =3r —4r v .- —Ar
—3r —=3r --- =3r —4r —4r --- v

To reduce the lower block containing all —(3r) to zero in Eq. 7.1 we perform,
R — R+ —r— > i—1 Rj. Then Eq. 7.1 reduces to,

~y—2r(n—1)
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v o —2r —2r —3r —3r
—2r 5 —2r —3r —3r
_270 _270 . y —3T _3T
_ n(3r)2 . _ n(3r)?
0 0 0 v 7—21”((7:1))—)12) ar 7—(3?7‘)(;1—1)
0 0 T 0 —4r — ~y—2r(n—1) T y—2r(n—1)
i . N ‘ . ' n(3r)?2 e . n(3r)?2
0 0 0 dr y—2r(n—1) 4r y—2r(n—1)
which gives,
n(3r)? n(3r)?
N =2 —9r T 7—27“((7;)—)1) —dr — v—(gr)(;z—l)
_ —2r Y - —2r % —4r — y—2r(n—1) T y—2r(n—1)
—or —9r ... n(3r)? ' n(3r)*
fy —4T - 5 27,(” 1) —4T - 7—2r(n71)

On applying lemma 2.6, we get the desired result.

8. COMBINED DEGREE SUM POLYNOMIAL OF GRAPH VALUED FUNCTIONS OF

R-REGULAR GRAPHS

In this section, we obtain combined degree sum polynomial of some graph
valued functions of r-regular graphs.

Definition 8.1. |

obtained by inserting a vertex into every edge of G.

| The subdivision graph S(G) of a graph G is the graph

Theorem 8.2. The combined degree sum polynomial of subdivision graph of

r—regular graph G is given by

Pepsisan(m) = m+rr+2)]" n+82" [772 —n(r*(n — 1) + 6nr — 2(r + 4))

n2r

2

— TR (3r 2+ dr(n = 1)(r +2) (nr - 2)].

Proof. The characteristic polynomial combined degree sum matrix of S(G) is

0
r(r+2)

r(r+2)
3r+2
3r+2

CDS(S(Q))

3r+2

r(r+2) -+ r(r+2) 3r+2 3r+4+2
0 ceooor(r4+2) 3r+2 3r+2
rir+2) --- 0 3r+2 3r+2
3r+2 3r+2 0 8
3r+2 3r+2 8 0
3r+2 3r+2 8 8

FPepss@y(n) = |nl —CDS(S(G))|

3r+2
3r+2

3r+2
8
8
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n —r(r+2) -+ —r(r+2) -GBr+2) —-Br+2) --- —(3r+2)
—r(r +2) n oo —r(r+2) —Br+2) —Br+2) -+ —(3r+2)
o) ) 0 —(Bre2) —(Bre2) - —(37“.-1-2)(82)
= |-Gr+2) -Gr+2) - —GBr+2) " o -8 :
—-Br+2) —-Br+2) -+ —Br+2) -8 n -8
342 —(3r+2) o —(Br+2) -8 A "

To reduce the lower block containing all —(3r + 2) to zero in Eq. 8.2 we perform,

R, — R, + % > i1 Rj. Then Eq. 8.2 reduces to,

n —r(r+2) -+ —r(r+2) —(3r+2) —(3r+2) —(3r+2)
—r(r+2) n s —r(r+42) —(3r+2) —(3r+2) —(3r+2)
—r(r+2) —-r(r+2) -- n —(3r+2) —(3r+2) —(3r+2)
= __n@r2? g @22 g n@Bri2)?
0 0 0 n nfr(r(AéZ)(;L)El) 8 n—r(r+2)(n—1) 8 7]77‘((7‘3“1’2)2(;7,271)
n(3r+ n(3r+
0 0 T 0 —8— n—r(r+2)(n—1) n —8 - n—r(r+2)(n—1)
' g nGre2? o n@ren? _nlre?
0 0 0 G [ B alrmry core>) ey N o) (D)
which gives,
g nBr+2)? o B2 o n@Bre2)?
n —r(r+2) - —r(r+2) i n—r(r+2)(n—1) n—r(r+2)(n—1) n=r(r+2)(n-1)
_ A (3r+2) (3r+2) (3r+2)
I U A DN A 1T A 8T D
—r(r+2) —-r(r+2) - n _8_ n.(3T+2)2 _8_ n.(3r+2)2 L _ n<ér+2)2
n—r(r+2)(n—1) n—r(r+2)(n—1) T~ 9= (r+2)(n—1)
On applying lemma 2.6, we get the desired result. O

Definition 8.3. [31] The semitotal point graph T5(G) is a graph obtained from
G by inserting a new vertex into every edge of G and by joining each new vertex
to the end points of the edge corresponding to it.

Theorem 8.4. The combined degree sum polynomial of semi-total point graph of
r—reqular graph G is given by

Pepsm@y(m) = +dr(r+ 1] 'n+8]2 " [n2 —4n(r*(n—1) —r +2)

_”_27”(2 + 67)% 4 16r(n — 1)(r + 1) (nr — 2)]-
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Proof. The characteristic polynomial combined degree sum matrix of 75(G) is

0 4r(r +1) dr(r+1) 2+6r 2+6r 2+ 6r
4dr(r 4+ 1) 0 dr(r+1) 246r 246r 2+ 6r
o 4r(r.+ 1) 4r(r'+ 1) 0 2 + 6r 2 + 6r 2 + 67
CDS(Tx(G)) = 2+ 6r 24 6r 24 6r 0 8 8
2+ 67 2 + 67 2+ 67 8 0 8
2 + 67 2 + 67 2 + 67 8 8 0
FPepsiany(m) = |nl — CDS(T5(G))|
n —4r(r+1) —4r(r+1) —(2+46r) —(2+6r) —(2+6r)
—4r(r+1) n —4r(r+1) —(246r) —(2+6r) —(246r)
w1y —are ) - —246r) —(2+6r) —(2+6r)
- —(2+6r) —(2+6r) —(2+6r) n -8 -8
—(2+6r) —(24+6r) —(2+6r) -8 n -8
—(2+6r)  —(2+6n) —(2+6r) 8 8 .

To reduce the lower block containing all —(2+ 6r) to zero in Eq. 8.4 we perform,

. S 246
Rl — Rl + n—4r(r+1)(n—1)
n —4r(r+1)
—4r(r4+1) n
747“(7." +1) 747"(7.“ +1)
= 0 0
0 0
0 0
which gives,
n —4r(r+1)
—4r(r+1) n
“ar(r 1) —dr(r+1)

Z?zl R;. Then Eq. 8.4 reduces to,

—4r(r+1)
—4r(r+1)

o= .-

—4r(r+1)
—4r(r+1)
X

—8 —

—(2+ 6r) —(2+6r)
—(2 4 6r) —(2+ 67)
—(2+6r) —(2+ 67)
___n46n)® o n(246r)7
n n—A4r(r+1)(n—1) n—4r(r+1)(n—1)
_g_ __n(2k6r)?
n—4r(r+1)(n—1) n
_8— _ n(246r)? _8— _ n(2+6r)?
n—4r(r+1)(n—1) n—4r(r+1)(n—1)
o n(2+6r)? _8— n(246r)?
n n—4r(r+1)(n—1) 7]747‘(7“4»1)&7171)
s _ n(2+6r)? n(246r)

n—4ar(r+1)(n—1)

n(2+6r)?

—8 —

n- n—4r(r+1)(n—1)

n(2+6r)2

n—A4r(r+1)(n—1)

On applying lemma 2.6, we get the desired result.

Theorem 8.5. The combined degree sum polynomial of semi-total line graph of

r—regular graph G is given by

Pepsry ey (n)

nr
2

122 (r + 1) (r + 2)(n — 1) (nr — 2)} .

n—4r(r+1)(n—1)

(8.3)

—8 —

8 —

_8—
—_8 —

—(2+6r)
—(2+6r)

—(2+6r)
n(2+6r)2
n—4r(r+1)(n—1)
n(2+6r)?
n—4ar(r+1)(n—1)

n(246r)?

n- n—4r(r+1)(n—1)

n—

O

n(2+6r)2
n—4r(r+1)(n—1)

n(2+6r)2
n—4r(r+1)(n—1)

n(2+6r)2

n—4r(r+1)(n—1)

[n+r(r+2)]""n+dr(r+1)]2 ! [772 +n(2nr® 4 3nr® — 10r — r* + 2nr)
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Proof. For any regular graph G of order n regularity r, the combined degree sum
matrix of T1(G) is

0 r(r+2) - r(r+2) r(3+2r) r(3+2r)

r(r+2) 0 ceor(r4+2) r(3+2r) r(3+2r)

1"7“:—#2 7’7“:—#2 0 TS—;—QT r3—:er

CDS(N(G)) = r((3 + 27")) r((3 + 27")) o 4r(r 1) | 0 ) 47("(7“ + 1%
r(3+2r) r(3+2r) --- 4r(r+1) 4r(r+1) 0

r(3 —i— 2r) r(3 —i— 2r) - 47‘(7‘.4- 1) 47"(7“:—1- 1) 47"(7“:—1- 1)

The characteristic polynomial is,
FPepsay(m) = InI —CDS(Ti(G))|

n —r(r+2) - —r(r+2) —-rB+2r) —rB+2r) --- —r(3+2r)
—r(r+2) n e =r(r+2)  —r(84+2r) —rB+4+2r) -+ —r(3+42r)
o 7r(r.+ 2) fr(r.Jr 2) .- n fr(3.+ 2r) fr(3.+ 2r) - ,7«(3.+ 2r) ] 5)
- |-rB+2r) —r(3+2r) --- —-r(3+2r) n —4r(r+1) -+ —dr(r4+1)p
—r(3+2r) —r(3+4+2r) --- —r(3+4+2r) —4r(r+1) n e —4r(r+1)
—r(3.+ 2r) —r(3‘+ 2r) .- —r(3 .+ 2r) —41”(7.“ +1) —47"(7.‘ +1) - 77

To reduce the lower block containing all —(2+ 6r) to zero in Eq. 8.5 we perform,

R — R, + % > i—1 Rj. On applying lemma 2.6, we get the desired

result. OJ
Definition 8.6. [18] The total graph T'(G) of a graph G is the graph whose
vertex set is V(G) U E(G) and two vertices of T'(G) are adjacent if and if the
corresponding elements of G' are adjacent or incident.

Theorem 8.7. For any reqular graph of order n reqularity r, the combined degree
sum polynomial of total graph T(G) is

n+m—1
Pepsiray(m) = (n+4r(r+1)) - (n—4r(r+1)(n+m—1)).
Proof. Since total graph of a r-regular graph is 2r-regular, result follows from
Theorem 4.1. 0
Definition 8.8. [32] The vertex splitting graph S’(G) of a graph G is obtained

from G by adding for each vertex v of G' a new vertex v’ so that v’ is adjacent to
every vertex that is adjacent to v. We denote V'(G) = {v" : v € V(G)}.

Theorem 8.9. Let GG be an r-reqular graph of order n. The combined degree sum
polynomial of the splitting graph S'(G) is

Pepsiseny(m) = m+rr+2)]" ' n+4r(1+r)"! [(77 —r(r+2)(n—1))(n

—4r(1+7)(n—1)) —n*r*(3+ 27“)2] .

r(3+2r)
r(3+ 2r)

r(3 —|— 2r)
dr(r+1)
dr(r+1)
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Proof. The splitting graph S’(G) of a r-regular graph G has two types of vertices.
The n vertices with degree r and n vertices are of degree 2r. The combined degree
sum matrix of S'(G) is

, | r(r+2)(J, — 1) r(3+2r)J,
CDS(5(G)) = { rB+200 00 Ar(L+ )~ I,)
Therefore,
Peps(siay(n) = |nl —CDS(S'(G))|
(n+7r(r+2)L, —r(r+2)J, —r(3 4 2r) Jxn
—1r(3 4 2r)Jpuxn (77+4r(1 +r))[n —4r(1+r)J,

Using Lemma 2.1, we get the required result.
Il

Definition 8.10. [21] The edge splitting graph Lg(G) of a graph G is a graph

with vertex set E(G) U E1(G) with two vertices adjacent if they correspond to
adjacent edges of G or one corresponds to an element ¢ of F1(G) and the other
to an element e; of E(G) where e; € N(e;).

Theorem 8.11. Let G be an r-regular graph of order n and size m. The combined
degree sum polynomial of the edge splitting graph Lg(G) is

Pepsisian(n) = [+ 4r(r = 1"+ 8 = 1)(2r = 1" (5= 4r(r = Do — 1) (1
—8(r — 1)(2r — 1)(n — 1)) — 4m?(r — 1)2(4r — 1)2} .

Proof. The edge splitting graph Lg(G) of a r-regular graph G has two types of
vertices. The m vertices with degree 2(r —1) and m vertices are of degree 4(r—1).
The combined degree sum matrix of Lg(G) is

4r(r —1)(Jm — In) 2(r — 1)(4r — 1) J, ]

CDS(Ls(G)) = { 2r — )(dr — 1) 8(r — 1)(2r — 1)(J — L,,)

Therefore,

Peps(rs(c) () Inl = CDS(Ls(G))]

(n+4r(r—1))Im — 4r(r — 1)Jm =2(r — 1)(4r — 1) Jmxm
—=2(r — D)(4r — DJmxm (n+8(r—1)(2r = 1)) In — 8(r — 1)(2r — 1)Jpm
Using Lemma 2.1, we get the required result. 0
Definition 8.12. [22] The total closed neighbourhood graph N;.(G) of a graph

G is the graph having vertex set V(G) U V/(G) and two vertices are adjacent if
they correspond to adjacent vertices of G or one corresponds to a vertex v of
V'(G) and the other to a vertex w; of G and w; is in Ng[v;].

Theorem 8.13. Let G be an r-reqular graph of order n. The combined degree
sum polynomial of the total closed neighbourhood graph Ny.(G) is

Popsvu@() = [+ @r+ D@ +3)" -+ (r+ 1) +3)" [ (n = 2r + )@ +3)(n = 1) (y

—(r+ 1)(r +3)(n— 1)) — n(2r? + 61 + 3)2]
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Proof. The total closed neighbourhood graph N;.(G) of a r-regular graph G has
two types of vertices. The n vertices with degree 2r + 1 and n vertices are of
degree r 4+ 1. The combined degree sum matrix of N;.(G) is

| @r+1)(2r+3)(J, - 1) (2r% +6r + 3)J,

CDS(Ni(G)) = [ (2 + 61 + 3).J, (r+ 1)(r + 3)(J, — 1)
Therefore,
Peps(nicn(m) = [nl = CDS(Nie(G))|

(n+@r+1)2r+3))1 — 2r+1)(2r +3)J, —(2r2 4+ 67r 4+ 3)Juxn
—(2r2 4+ 6r + 3)Jnxn N+ @+ +3)h—(r+1)(r+3)Jn
Using Lemma 2.1, we get the required result.
]
9. COMBINED DEGREE SUM POLYNOMIAL OF GRAPH OPERATIONS ON
R-REGULAR GRAPHS

Definition 9.1. [16] The thorn graph of a graph G is the graph obtained from

G by attaching k£ pendent vertices to each vertex of G.
Theorem 9.2. The combined degree sum polynomial of the thorn graph G** of

a reqular graph is
n—1 nk—1
Pepsany®m) = (m+(r+k)r+k+2)" (n+3)" (n— (-1 +k)(r+k+2)n
—3(nk — 1)] — nk(1 4 2(r + k))?).
Proof. The thorn graph of a regular graph G of degree r has two types of vertices.

The n vertices are of degree r + k and the remaining nk vertices are of degree 1.
Hence, the combined degree sum matrix of G** is

(r+k)(r+k+2)(Jo— 1) (1+2(r+k))Jnxnk

CDS(G™) = { (14207 + k) nkxcn 3(Jnk — Ink)

Therefore,

PCDS(G+k)(7I) = |nl — CDS(GHC)’

B ‘ m++E)r+k+2)L,—+E)r+k+2)J, —(1+2r+ k) Jnxnk
B _(1 +2(r + k))Jnan (n+3) L — 3Tk

Using Lemma 2.1, we get the required result. O
Definition 9.3. [18] The union of the graphs G; and G is a graph G; U G

whose vertex set is V = V(G1) UV(Gy) and the edge set is £ = E(Gy) U E(Gs).

Theorem 9.4. Let G be an rq-reqular graph of order ny and H be an ro-reqular
graph of order ny. Then, the combined degree sum polynomial of the graph GUH
18

ni—1
Pepsaum(n) = Peps) () Pepsay(n) — (n+ri(r +2))" (4 ra(ro
+2)>n271(7‘1 + 79 + 7172) N1 ng.
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Proof. The combined degree sum matrix of G U H is

r1(r1 +2)(Jny, — Iny) (r1 + 72+ 7172) Jny %

CDS(GUH) = [ (P14 7s + 1179) Ty a(rs + 2)(Joy — L)

Therefore,
Pepscum(m) = [nl —CDS(GU H)|
(77 + 7‘1(7“1 + 2))[711 — Tl(’l“l + 2>Jn1 —(7“1 + T2 + Tl’f‘g)Jannz
—(r1 4+ 72+ 7172) Jngxn, (n+ra(re +2))1n, — 12(12 + 2) Iy,

Using Lemma 2.1, we get

Popsaurm () = (n+r(ri+2)" ™ (n4r2(r24+2)) ™ 7 (1= (m=Dra (m+2)] 1=(na=)ra(ra+2)] —mana (raratnirs)’ )
(9.1)

But G is an ri-regular graph of order ny and H is an ro-regular graph of order

ng. Then by Theorem 4.1, we have

Pepsa(n) = (77 +r1(r1 + 2))n1_1(77 —ri(r1+2)(n — 1)) (9.2)
and

Fepsan(n) = (n+7a(rs +2)" 7 (n=ra(ra +2)(nz = 1)), (9.3)
By substituting Eq. 9.2 and Eq. 9.3 in Eq. 9.1, we get the desired result. O]

Definition 9.5. The corona [18] G o H of graphs G and H is a graph obtained
from G and H by taking one copy of G and |V (G)| copies of H and then joining
i'" vertex of G to every vertex in the it copy of H.

Theorem 9.6. Let G be an ri-regular graph of order ny and H be an rqo-reqular
graph of order ny. The combined degree sum polynomial of the graph G o H s

Pepsom(n) = [+ Ri(Ry 4 2)]" [n + Ry(Ry 4 2)" " [(77 — Ri(Ry +2)(ny — 1)) (n

—RQ(RQ -+ 2) (n1n2 — 1)) — n%ng(Rl + R2 + RlRQ)Q],
where Ry =11 +ng and Ry = ry + 1.

Proof. If G is an ri-regular graph of order n; and H is an ry-regular graph of
order ngy, then GG o H has two types of vertices, the n; vertices are of degree
Ry = r{ + ny and the remaining ninsy vertices are of degree Ry = ro + 1. Hence
The combined degree sum matrix of G o H is

R1<R1 + 2)(Jn1 - Inl) (Rl + R2 + RlRZ)Jnlxnlnz :|

CDS(G © H) - |: (Rl + RQ + RlRQ)Jnlnzxnl RQ(RQ + 2)(J"1n2 o Inan)

Therefore,
Pepsom(n) = |nl —CDS(G o H)|
. (T] + Rl(Rl -+ 2))1n1 — Rl(Rl + 2)Jn1 *(Rl + Ro + R1R2)Jn1 Xning
- —(R1+ Ra + R1R2)Jnynyxny (n+ R2(R2 + 2))Inyny — R2(R2 + 2)Jnin,
Using Lemma 2.1, we get the required result.
O
Definition 9.7. [18] The join G + H of two graphs G; and G, is the graph

obtained from GG; and GG, by joining every vertex of (G; to all vertices of Gs.
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Theorem 9.8. Let G be an ri-regular graph of order ny and H be an ry-reqular
graph of order ny. Then, combined degree sum polynomial of the graph G + H 1s

Popsicrm(m) = [+ Ru(By+ 2"+ Ra(Ra +2)"" 7| (= Ra(By + 2)(m = 1)) (n
—RQ(RQ + 2)(71177/2 — 1)) — n%ng(Rl + R2 + R1R2)2:| s
where Ry =11 +ng and Ry = ry + ny.

Proof. If G is an ri-regular graph of order n; and H is an re-regular graph of
order nsy, then GG o H has two types of vertices, the n; vertices are of degree
R{ = r1 4+ ny and the remaining nins vertices are of degree Ry = ro + ny. Hence
The combined degree sum matrix of G + H is

Ri(Ry +2)(J, — I,,) (Ry + Ro + RiR2)Jn, xnyny }

CDS(G+ H) = { (R1+ Ro + RiRo) Jnymysns Ro(R2 + 2)(Jnyny — Inins)

Therefore,
Peps@+m(n) = |nl = CDS(G+ H)|
o (17+R1(R1 +2))1n1 — Ri(R1 + 2)Jn, —(R1+ R2 + R1R2)Jn; xnins
- _(Rl +R2 +R1R2)Jn1n2><n1 (77+R2(R2 +2))In1n2 _R2(R2 +2)Jn1n2
Using Lemma 2.1, we get the required result.
OJ
Definition 9.9. [18] The product G x H of graphs G and H has the vertex set

V(G x H) =V(G) x V(H) and (a,z) (b,y) is an edge of G x H if and only if
[a=band xy € E(H)] or [x =y and ab € E(G)).
Theorem 9.10. Let G be an ry-reqular graph of order nqy and H be an ro-reqular
graph of order ny. Then
Fopsxm(n) = [0+ (ri +7r2)(r +rg +2)]"" 7 [y +
(r1 4+ 12)(r1 + 72 + 2)(ning — 1)].
Proof. It G and H are r; and ry regular graphs, respectively, then G x H is

a (r; + ro)—regular graph with niny vertices. Hence, the result follows from
Theorem 2.1. O

Definition 9.11. [18] The composition G[H]| of graphs G and H with disjoint
vertex sets V(G) and V(H) and edge sets E(G) and E(H) is the graph with
vertex set V(G[H]) = V(G)UV (H) and (a,x)(b,y) is an edge of G[H] if and only
if [a is adjacent to b] or [a = b and x is adjacent to y].

Theorem 9.12. Let G be an ry-reqular graph of order nqy and H be an ro-reqular
graph of order ny. Then
Pepsmy(n) = [0+ (nory +r2)(nory + 72 + 2)]" " p
+(nory + r2)(nory + 19 + 2)(nyng — 1)].
Proof. If G and H are r; and ry regular graphs, respectively, then G[H] is a

ngry+ro-regular graph with nyny vertices. Hence, the result follows from Theorem
2.1. O
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10. CONCLUSION

In this paper, we have introduced a new graph matrix called combined degree
sum matrix and its energy. Fcpg(G) values of some molecules containing hetero
atoms are correlated with their total m— electron energy, we got a good correlation
with the correlation coefficient r=0.9823. Further, we obtained C'D.S polynomi-
als and C'DS energy of some graphs. Bounds for the largest C'DS eigenvalues
and C'DS energy of a graph are investigated. We gave the correct expreesion for
the degree sum polynomial of semi-total line graph of r—regular graph of GG. The
characteristic polynomial of the combined degree sum matrix of graph valued
functions and graph operations on regular graphs are obtained.
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