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ABSTRACT. This paper introduces a new variant of a hop Roman dominating
function in graphs called the fair hop Roman dominating function. Moreover,
several important combinatorial properties and characterizations of fair hop
Roman dominating functions in various graph classes were investigated.
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1. INTRODUCTION AND PRELIMINARIES

Graph theory is an active area of research that focuses on the study of the
structure and properties of vertices and edges. [9]. Domination in graphs is one
of the intriguing and growing topics in graph theory, which concerns several ap-
plications that include security problems, optimization, networking, and resource
allocation, among others [10]. The hop Roman dominating function is one of the
interesting restricted parameters of domination in graphs, which was formally
introduced by Shabani [13] in the year 2017. Nowadays, the hop Roman domi-
nating function was studied by some graph theorists, and there are now several
variants of the said parameter which can be found in [6, 11, 14]. Meanwhile, fair
domination in graphs pioneered by Caro et al. [8], has captured the interest of
many discrete mathematicians. An important application of fair domination is
the technique of equal distribution of resources in the form of resource allocation
in economics and networking. With the two interesting parameters of domination
on a graph mentioned above, the author is motivated to combine the two ideas,
and came up with a stronger parameter involving the Roman dominating func-
tion in graphs called the fair hop Roman dominating function. In the scenario
of Roman domination, the new parameter ensures that the undefended regions
(vertices) have an equal distribution of protection. In view of computer science,
an application of fair hop Roman domination is designing a network that finds the
optimal placements of routers or communication relays that ensure an equitable
allocation of coverage and resilience.
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For the definitions and concepts not mentioned here but used in this study, the
readers may refer to [4, 5, 6, 9, 10]. Let G = (V(G), E(G)) be a graph where
V(G) and E(G) are the vertex and edge sets, respectively. A subset D of V(G)
is a dominating set of GG if each vertex outside D is adjacent to some vertex in D
[10]. The smallest cardinality of D on graph G is called the domination number
on G, denoted by v(G). If |D| = v(G), then D is a y-set on G. Some interesting
studies on domination in graphs can be found in [1, 2, 3, 4, 5, 7, 12]. A subset
H of V(G) is a hop dominating set of G if for each vertex a € V(G) \ H, there
exists b € H such that dg(a,b) = 2. The smallest cardinality of H on G is called
the hop domination number of G, denoted by v,(G). If |H| = v,(G), then H is
a yp-set on G. Let S C V(G). Then S is called a fair vertex set on G if for every
a,b €S, |Ng(a)N(V(G)\9)| = [Na(b)n(V(G)\ S)| > 1. Let x € V(G). The set
Ng(z) = {y € V(GQ) : dega(z,y) = 2} is called the open hop-neighborhood and
each element of NZ(z) is called hop-neigbor of z. Let F' be a subset of V(G).
Then F'is called a fair dominating set of G provided that for every vertex in
V(G) \ F is adjacent to some vertex in F' and the set V(G) \ F is a fair vertex
set on G, that is, for any a,b € V(G) \ F, |[N&(a) N F| = |[NA(b)N F| > 1 [8].
The fair domination number of G is defined as the minimum cardinality of F
on G and is denoted by fd(G). The set F' is called F'D-set on G provided that
|D¢| = fd(G). Let ¢ : V(G) — {0,1,2} be a function on any graph G. Then
consider the following sets:

Vo = {zeV(G): o)

Vi = {zeV(G): ()
Vo = {zeV(G): ()

I
};and

}.

Hence, a function ¢ can be written as ¢ = (Vp, V1, V5). A function ¢ = (Vp, V4, V5)
is a hop Roman dominating function (HRDF) on G if for each vertex in 1} is a
hop neighbor of some vertex in V5 [13]. The weight of a function ¢ is denoted by
whR(f) and is defined as WA (f) = > .evia) f(2) = Vi + 2[Va|. The hop Roman
domination number of graph G, denoted by v,z(G), is defined as the minimum
weight of an HRDF ¢ on G. In that case, we have v,zr(G) = min{wlR(¢) :
¢ is an HRDF on G}. Every HRDF ¢ on any graph G with w22(f) = y.r(G)
is called a ~v,gr-function on G. A function ¢ is a fair hop Roman dominating
function (FHRDF) on G if (i) for every v € V4, there exists u € V5 such that
de(u,v) = 2, and (i) for any z,y € Vo, |Ng(x) NVa| = [N&(y) N Vo] > 1.
The weight of FHRDF ¢ on G is denoted by w’'(¢) and is defined as wl'"*(¢) =
ZZQV(G) ¢(z). The minimum weight of an FHRDF ¢ on G, denoted by v,r(G) is

called the fair hop Roman domination number, that is, yr(G) = min{wl™(¢) :
¢ is an FHRDF on G}. Every FHRDF ¢ on G with w "™ (¢) = vsmr(G) is
called a 7,p-function on GG. This study aims to investigate the newly introduced
restricted version of a hop Roman domination in graphs called the fair hop Roman
dominating function. Moreover, the paper discusses the combinatorial properties
of a fair hop Roman dominating function in graphs, bounds of fair hop Roman
domination number, and some characterizations.

I
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2. MAIN RESULTS

This section explores the important combinatorial and theoretical properties
of the fair hop Roman dominating function in some classes of graphs.

Theorem 2.1. Let G be a graph and ¢ = (Vy, Vi, V) be a yppr-function on G.
Then the following holds:

(1) Vi UVy is a fair hop dominating set on G; and

(1) Vo = @ if and only if Vo = @.

Proof. Assume that ¢ = (Vp, Vi, V5) be a vypp-function on G. Then it follows
that ¢ is an FHRDF on G. Let v € V(G) \ (V1 UV3). Then v € Vj. Since f is an
FHRDF on G, there exists u € V5 such that dg(u,v) = 2 and for any z,y € Vj,
|N&(z) N Va| = |N&(y) N Vo] > 1. Hence, it implies that V3 U V4 is a fair hop
dominating set on GG and so, (i) holds. Next, let Vj = &. Assume for a moment
that V5 # @. Then we let u € V3. Set Uy = Vy, Uy = Vi U{u}, and Us = Vo \ {u}.
This implies that A = (Up, Uy, Us) is an FHRDF on G. So, we have w/*(g) =
U]+ 20s] = (IVi] + 1) +2(|Va| = 1) = [Vi| +2]Va] = 1 < wF(f) = vnr(@).
This is a contradiction to the assumption that ¢ is a v,r-function on G. Thus,
it implies that Vo = @. As for the converse, we suppose Vo, = @. Since ¢ is a
v¢nr-function on G, the assumption that V, = @ forces Vy = @. This shows that
(42) holds. O

Corollary 2.2. Let G = K,, where n > 1. Then vp;r(G) =n

Proof. Let ¢ = (Vy, V4, V2) be a vp,p-function on G = K,,. By Theorem 2.1(i),
Vi U V4 is a fair hop dominating set on G. Since G is a complete graph, the set
of hop-dominated vertices must be empty. Hence, V; UV, = V(G) and 1V = &.
Since ¢ is a yspp-function on G, by Theorem 2.1(i7), we get Vo = @&. Therefore,

we end up with v4,r(G) = [Vi| + 2Va| = [V1| = [V(G)] = n. U

Theorem 2.3. Let G be a graph with |V (G)| =n > 1 and let ¢ = (Vy, V1, Va) be
a Yenr-function on G. Then the following statements hold:

(i) Vol = [Va| > 0 if and only if vir(G) = n; and

(i) 1 < [Va| < [Vol if and only if 1(G) < .

Proof. Assume that ¢ = (Vp, V1, V2) is a ys,p-function on G of order n where n is
a positive integer. Suppose |Vg| = V2| > 0. If |Vy| = |Va] = 0, then it follows that
Yenr(G) = Wi (¢) = V4| = |V(G)| = n. Now, if [Vy| = |[Va| > 1, then it implies
that vsnr(G) = wi () = |Vi| + 2|Va| = [Vo| + [Va| + [Va| = [V(G)| = n. As for
the converse, we suppose vs,r(G) = n. Assume for a moment that |Vy| # |Val.
Then it implies that either [Vg| > [Va| or [Vo| < |Va|. If vpur(G) = wl(¢) =
Vil + 2|Va] < [Vo| + [VA| + [V2| = |V(G)| = n, a contradiction. On the other
hand, if [Vo| < |Va|, then () = wi™(6) = [V| +2{Va| > Vo] + [Va| + |Va| =
|[V(G)| = n. This is again a contradiction to our assumption. Therefore, we
obtain |Vy| = [V2| > 0 and so, (7) holds.

Next, we suppose that v¢,r(G) < n. Then it implies that V # @. By definition
of vspr-function, we have V5| > 1. And by (i), we get |Vg| # |Va|. Thus, either
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Vol > [Va| or |Vo| < [Val. If [Va| > [Vol, then ypr(G) = wl(¢) = |Vi| + 2|Va| >
Vil + |Va] + [Vo| = |V(G)| = n. This is a contradiction since ¢ is a ypur-
function on G. Accordingly, we have 1 < |V,| < [Vy]. Conversely, we suppose
that 1 < |Va| < |[Vo|. Then it implies that y,(G) = W& (@) = |Vi| + 2|Va| <
(V1| + [Va| + |Vo| = [V(G)| = n. Therefore, we have vs,r(G) < n and hence, (i7)
holds. 0J

Corollary 2.4. Let G be a graph with |V(G)| = n > 1. If ypr(G) < n and
|Vo| =1, then |Vi| # 0.

Proof. Let ¢ = (Vo, Vi, V) be a yp,p-function on G. Suppose v7,r(G) < n and
|Va] = 1. By Theorem 2.3, we have 1 = |V5| < |Vy|. Then for every x € Vg,
|NZ(z) NV, = 1. Assume for a moment that |[Vi| = 0. Let Vo = {u} and v € Vj.
Then dg(u,v) = 2. This implies that there exists w € Ng(u) N Ng(v). Since
|Va| = 1 and |Vi| = 0, it follows that w € V4 \ {v}. And since w € Ng(u), it
means that |[NZ(w)NVa| = 0, implying that V5 = {u} is not a fair hop dominating
set on G, a contradiction. Therefore, we conclude that |V;| # 0. O]

Theorem 2.5. Let G be a graph and let ¢ = (Vy, Vi, Va) be an FHRDF on G
with |Va| > 2. Then for every distinct vertices u,v € Va, N&(u) N Na&(v) # @ if
and only if for any y € Vo, |[N&(y) N Va| =k > 1.

Proof. Let ¢ = (Vy, Vi, V2) be an FHRDF on G for which |V5| > 2. Suppose for
every distinct vertices u,v € Va, NZ(u) N NZ(v) # &. Assume for a moment that
for any y € Vo, [N (y)NVa| = k < 1. If for any y € Vg, |[N&(y)NVz| = k = 0, then
it follows that V;UV5 is not a fair hop dominating set on (G, a contradiction. Now,
if for any y € Vp, |[N&(y) N Va| = k = 1, then it implies that there exists a,b € V5
such that NZ(a) N N&(b) = &, a contradiction to our assumption. Therefore, for
any y € Vo, [N&(y) N'Va| = k > 1. Conversely, we suppose that for any y € Vj,
|IN2(y) N Va| = k > 1. Assume for a moment that there exists u € V; such that
N&(u) N N&(v) = @ for all v € Vo \ {u}. Then it follows that there exists z € Vj
such that NZ(z) N Vy = {u} and it implies that |[NZ(z) N V| = 1, indicating
that Vj is not a fair vertex on G, a contradiction. Accordingly, for every distinct
vertices u,v € Va, NZ(u) N N&(v) # @. O

Corollary 2.6. Let G be a graph and let ¢ = (Vo, Vi, Va) be a vsnr-function on
G. If Vo = {u,v} and Ni(u)NNZ(v) = @, then for any x € Vy, |[N&(x)NVsy| = 1.

Proof. Let ¢ = (Vy, V4, V) be a yppp-function on G. Then by Theorem 2.1(i),
V1 UV, is a fair hop dominating set on G. Suppose that Vo = {u, v} and NZ(u)N
NZ(v) = @. Seeking a contradiction. Assume for a moment that for any x € Vj,
|NZ(x)NV3| # 1. Then it implies that either | N&(z)NVa| = 0 or |NZ(z)NVs| = 2.
If for any x € Vy, [NE&(z) NV, = 0, then V; U V; is not a fair hop dominating set
on G, a contradiction. If for any x € Vo, |[N&(2) N V4| = 2, then by Theorem 2.5,
it follows that N2 (u) N N&(v) # @. This is again a contradiction. Therefore, we
conclude that for any x € Vg, |[N&(z) NVs| = 1. O

Proposition 2.7. If G = K,,,, where m,n > 2, then v;,r(G) = 4.
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Proof. Let G = K,,, = (U,V, E) denote a bipartite graph whose partition has
the parts of vertex sets U and V, that is, |U| = m and |V| = n, and E denotes
the edges of G. Let ¢ = (Vp, Vi, Va) be a vyspp-function on G. Now, let U =
{uy,ug, ..., up} and V= {vy, 09, ...,v,}. Note that if we arbitrarily pick u; € V4
where j € {1,2,3,...,m}, then dg(u;,u;) =2 for all i # j € {1,2,3,...,m}. This
implies that U C NZ[u,] for each j € {1,2,3,...,m}. Similarly, V' C NZ[v,] for
each k € {1,2,3,...,n}. Hence, we set Vo = {u;,v;} for some j € {1,2,3,...,m}
and k € {1,2,3,...,n}. This follows that V(G) C NZ[u;,vx], and so, V; = & and
Vo = V(G) \ Va. In addition, it follows that NZ(u;) N N&(v;) = @. By Corollary
2.6, it implies that z € V;, |[N&(z) N V3| = 1, indicating that V} is a fair vertex set
on G. Thus, V; UV, = V4 is a fair hop Roman dominating set on G. Accordingly,
by construction, we conclude that yp,z(G) = Wi (@) = V4| + 2|Va| = 2(2) =
4. O

Theorem 2.8. Let G be a graph of order n. Then the following inequality holds:

maz{vr(G), 1n(G)} < Ypnr(G) < min{2yp(G), n}.

Proof. Let ¢ = (Vy, V1, V3) be a vy, p-function on G. By Theorem 2.1(7), Vi U V3
is a fair hop dominating set on G. This follows that v,(G) < |[Vi| + [V3| <
Vi| + 2|Va| = Wi (¢) = vrr(G). Now, since every fair hop Roman dominating
function is a Roman dominating function on G, it implies that v(G) < vrr(G).
Consequently, max{vs,(G),7r(G)} < vsr(G). Next, we let V; = @. Since
¢ is a ypp-function on G, by Theorem 2.1(ii), we have V, = @. Hence, ¢ =
(Vo = 9,Vi = V(G),V, = @) is an FHRDF on G. Accordingly, we obtain
Yr(G) < wg'(9) = Vil +2|Va| = [Vi| = |V (G)| = n. Suppose that ¢ is a ypur-
function on G with V; = @. By Theorem 2.1(7), it implies that V,UV; = V5 is a fair
hop dominating set on G. Since ¢ is a v, r-function on G, it follows that v, (G) =
V3|, Thus, it implies that y,z(G) < Wi (@) = 2|Va| = 2v44(G). Consequently,
Yr(G) < min{n, 2v4,(G)}. Therefore, the conclusion follows. O]
Theorem 2.9. Let G = G1 UGo U ... UG} be a graph where G is a component
of G for each j € {1,2,...k}. Then ¢ = (Vo,V1,V3) is an FHRDF on G if and
only if the restriction function ¢|q, = (V§, V!, Vi) is an FHRDF on G; for each
Jje{1,2,. .k}
Proof. Let Gy, Gs, ..., Gy be the components of a graph G. Suppose ¢ = (Vg, V1, V3)
is an FHRDF on G. Then for each j € {1,2,...k}, let VJ = V, N V(G)),
Vi = VinV(Gy)) and Vi = Vo N V(G;). So, we have ¢|a, = (V§,V{,V3) for
all j € {1,2,...,k}. Now, let j € {1,2,....k} and let v € VJ. This follows
that v € V. Since ¢ is a fair hop Roman dominating function on G, it im-
plies that there exists u € V4 such that dg(u,v) = 2 and for any z,y € Vg,
|N&(z) N Va| = |[NZ(y) N Va| > 1. Since dg(a,b) = oo for any a € G; and for any
b € G; where i # [, it means u € VQj and dg, (u,v) = 2, and for any z,y € Vbj,
IN2(z)NV§| = |NZ(y)NV§| > 1. Consequently, ¢|c, = (V§,V{,V4) is a FHRDF
on Gj for each j € {1,2,..., k}.

Conversely, suppose ¢|g, = (V§, Vi, Vi) is an FHRDF on G, for each j €
{1,2, .k} Set Vo= U, Vi, Vi=UL, V¥ and Va = U}, V3. Let ¥ € V4. Since



6 L.F. CASINILLO

Vo = U?:l V{, it implies that 7 € V{ for some j € {1,2,...k}. Now, since Pla, is

a fair hop Roman dominating function on G, it implies that there exists u € vy

such that dg, (@,7) = 2, and for any x,y € V, [N (x) N V3| = |N&(y) N V3| > 1.

Since V5 = Ule VJ, it follows that @ € V, and dg (@, ) = 2 and for any ,y € Vi,

|NZ(z) N Va] = |N&(y) N V| > 1. Therefore, ¢ = (Vp, Vi, V) is an FHRDF on

G. O
The next corollary is a consequence of Theorem 2.9.

Corollary 2.10. Let G1,Gs, ..., Gy be the components of a graph G. Then,
Ynr(G) = Z] LY r(Gy).

Proof. Let ¢ = (Vo, V1, V2) be a ypp-function on G. For each j € {1,2,...,k},
set V! = V;nV(Gj) for all i € {0,1,2}. By Theorem 2.9, it follows that ¢|g, =
(Vg,V{, V) is an FHRDF on G; for each j € {1,2,...,k}. Thus

vr(G) = Wl (@) = [Vi| + 2|V4
k k
=2 [Vl+2) |3l
=1 =1
k . .
=> (|Wl+2W))
j=1
k
> Z'thR(G )
j=1

On the other hand, let ¢[g, = (W, Wi, WJ) be an FHRDF on G, for each
j€{1,2,..k}. Set Wi = Js_, W/ for all i € {0,1,2}. Then by Theorem 2.9, it
implies that qﬁ = (Wy, Wi, Wg) is an FHRDF on G. So, we have

k
Z’thR wahR ;) Z(|Wf[+2|W2]])

]kl k

= [Wil+2) (W]
j=1 i=1

= [Wi| + 2[5

> vr(G).

Consequently, we end up with v,r(G) = 25:1 Yinr(G5). O

The following result is immediate from Corollary 2.2 and Corollary 2.10.

Proposition 2.11. Let G be a graph with |V(G)| = n. If each of the components
of graph G is complete, then v,r(G) = n. In particular, ysnr(Ky) = Ysnr(Ky) =
n.

Proof. The proof is immediate from Corollary 2.2 and Corollary 2.10. 0J
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Next is the characterization of the fair hop Roman domination number involv-
ing small values.

Proposition 2.12. Let G be a graph of order n > 1. Then
(1) vrr(G) = 1 if and only if G = Ki; and
(11) vrrr(G) = 2 if and only if G € { K, Ks}.

Proof. Let ¢ = (Vp, V4, V2) be a yp,p-function on G.

(i) Suppose vsur(G) = 1. Then we have |V;| 4 2|V5| = 1. This follows that
|Vo| = 0. By Theorem 2.1(ii), we get |Vy| = 0. Therefore, vr(G) =
Wi = |Vi| = [V(G)| = 1 and so, G = K;. Conversely, by Corollary 2.2,
we have yppp(K7) = 1.

(17) Suppose Yspr(G) = 2. Then we obtain |V;] +2|V5| = 2 and thus, |V,| < 1.
If |Va] =1, then |Vi| =0 and |Vy| # 0. Now, let Vo = {u} and let v € V4.
Then dg(u,v) = 2. Let w € Ng(u) N Ng(v). Since |Vi] = 0, it follows that
w € Vy. However, it means that NZ(w) NV, = @. This is a contradiction.
Hence, |V5] = 0 and by Theorem 2.1(i7), it follows that |Vi| = 0. This
implies that vpr(G) = Wi = [Vi| = |V(GQ)| = 2. Thus, G € {K,, K;}.
Conversely, suppose G € {K>, K5}. Then by Corollary 2.2, we therefore
have v,r(G) = 2.

This completes the proof. O

Theorem 2.13. Let G be a graph. Then vr(G) = 3 if and only if it satisfies
one of the following:
(1) [V(G)| = 3; or
(i7) |V(G)| > 4 for which there ezists a,b € V(G) such that Ng(a) = {b},
N&(a) = V(G)\{a,b}, and Ng(b) = V(G)\{a, b} where |V(G)\{a,b}| >
2.

Proof. Let ¢ = (Vp, V1, Va) be a vsp-function on G. Suppose vsur(G) = 3.
Then we have |Vi| + 2|V5| = 3. Thus, |V5| < 1. If |V5] = 0, then by Theorem
2.1(i7), it follows that |Vp| = 0. Hence, we have y;g(G) = wi(¢) = |Vi| =
|[V(G)| = 3 and so, (i) holds. Next, if |V3| = 1, then V3] = 1 and || > 1. Let
Vo = {a} and V; = {b}. Since ¢ = (Vp, V1, Vs) is an FHRDF on G, it follows
that NZ(a) = V(G) \ {a,b}. In addition, this implies that Ng(a) = {b} and
Ng(b) = V(G)\ {a,b}. Moreover, it means that for any y € Vg, |[N&(y) N Va| =1
which indicates that Vj is a fair vertex set on G. Since |Vy| > 1, it follows
that either |V5| = 1 or |Vo| > 2. If |Vy| = 1, then (i) holds. If |V| > 2,
then [V(G) \ {a,b}| > 2. Consequently, |V(G)| > 4 and it is concluded that
there exists a,b € V(G) such that Ng(a) = {b}, Ni(a) = V(G) \ {a,b}, and
Ng(b) = V(G) \ {a,b} where |V(G) \ {a,b}| > 2. Thus, (ii) holds.

Conversely, suppose that |V (G)| = 3, then G € {K3, P3, K3, K, U K, }. Hence,
we have v¢,r(G) = 3. Suppose that |V (G)| > 4 for which there exists a,b € V(G)
such that Ng(a) = {b}, Ni(a) = V(G)\ {a,b}, and Ng(b) = V(G)\ {a,b} where
V(G)\ {a,b}] > 2. Then set V; = {a}, Vi = {b} and Vp = V(G) \ (Vi U V3).
In that case, V(G) = NZ[V1 U V| and for all z € Vg, |[NZ(z) N V,| = 1, implying
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that Vj is a fair vertex set. Therefore, we conclude that v z(G) = wl™(¢)
V1| +2|Va| = 1+ 2(1) = 3. This proves the assertion.

Ol

Proposition 2.14. Let G = P, withn > 1. Then

1, ifn=1,
4, if n =6,
5, ifn="17,

’thR(G) — \ 2043 if 6 #n =0 (mod 3),

2t f1,7#n=1 (mod 3),
2 fn =2 (mod 3).

Proof. It G = P, = K, then by Corollary 2.2, vsr(G) = 1. Let G = P, =
(21, T2, ..., x| where n > 2 and let ¢ = (V4, V4, V5) be a vspp-function on G. If
G = Fs, then we can have V, = {x3,24}, Vo = V(G) \ V2 and V; = @. This
follows that V(G) = N&[Va] and for each a € Vy, [NZ(a) N Va] = 1, and thus ¢ is
an FHRDF on G. By construction, we have y,z(G) = wl™(¢) = [Vi| + 2|Va| =
2|{ws3,24}| = 4. If G = P;, then we can have Vo = {z3, 24}, Vo = V(G) \ V2 and
Vi = {x7}. Again, this implies that V(G) = NZ[V1 U V5] and for each b € Vj,
|NZ(b) N V5| = 1, indicating that ¢ is an FHRDF on G. Hence, by construction,
we obtain vr(G) = Wi (@) = Vi + 2|Va| = [{x7}| + 2/{zs, 24}| = 5. For
n € N\ {1,6,7}, we consider the three cases below:

Case 1: 6 #n =0 (mod 3)

Set Vo = {z3, 6, ...,z }, Vi = {22}, and V; = V(G) \ (V1 U V,). This implies
that V(G) = NZ[V1UV,] and for every y € Vg, |N&(y) NVa| = 1, indicating that ¢
is an FHRDF on G. By construction, we have y,z(G) = wl(¢) = |Vi|+2|Va| =
|{Z‘2}| + 2|{I3,(L’6, ,In}| =1+ 2(%) = %

Case 2: 1 £#n =1 (mod 3)

This follows that n — 1 =0 (mod 3). Then we set Vo = {x3,z,...,xn_1}, V1 =
{z9, 1}, and Vo = V(G) \ (V1 U V3). In this case, we obtain V(G) = NZ[V; U V3]
and for every w € Vg, |N&(w) N Va| = 1, implying that ¢ is an FHRDF on G.
And by construction, we therefore have v;,r(G) = Wi (@) = |Vi| + 2|V4| =
{2,z } + 2|{xs, z6, ..., w1} = 24+ 2(251) = 2
Case 3: n =2 (mod 3)

This implies that n — 2 = 0 (mod 3). Hence, we set Vo = {x3,z6,..., T, 2},
Vi ={xy, 2,1}, and Vy = V(G)\ (V1 UV3). This follows that V(G) = N[V U5
and for every z € Vp, |[Ni(z) N V5| = 1. Thus, it means that ¢ is an FHRDF
on G. By construction, we end up with v;,r(G) = Wi (¢) = [Vi| + 2|Va| =
|{$27$n_1}| + 2|{I’3, LGy ooy l’n_g}l =2+ Q(RTQ) = %

This completes the proof. 0
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Proposition 2.15. Let G = C,, with n > 3. Then,

(4, ifn=4,6
5, ifn="1,

Ynr(G) = 252, if 6 #n =0 (mod 3),

%, if 4,7#n =1 (mod 3),

(222 if n =2 (mod 3).

Proof. The proof is similar to that of Proposition 2.14. 0

Theorem 2.16. Let G be any graph with |V (G)| = n > 3 and v¢,(G) < vinr(G).
Then vir(G) = v (G) + 1 if and only if there exist a set FF C V(G) and vertex
u € V(G) such that F'U{u} is a yp-set on G and V(G) \ (F U{u}) C NZ(u).

Proof. Let ¢ = (Vp, Vi, Va) be a yppp-function on G with [V(G)| = n > 3 and
Yin(G) < vpnr(G). Then we have v4,(G) < |Vi| + |Va|. Suppose yinr(G) =
v (G) + 1. First, we consider v4,(G) = |Vi| + |Va|, that is, Vi U V5 is a yp-set
on G. It implies that |Vi|+|Va| +1 = |V4| + 2|V4|. Hence, we obtain |V3| =1 and
Vil = v (G) — 1. Let Vo = {u} and F' = V. This follows that V, = V(G)\ (V1 U
Vo) = V(G)\(FU{u}). Let v € Vj be arbitrary. Since ¢ is an FHRDF on G, we get
de(u,v) =2 and for any x,y € Vo, |N&(x) NVa| = [NZ(y) N V3| > 0. Accordingly,
we obtain V(G) \ (FU{u}) C NZ(u). Secondly, we suppose v, (G) < [Vi|+ |Val.
This follows that v4,(G) + 1 < |Vi]| 4 |Va]. Now, since vr(G) = v (G) + 1, we
get |Vi| +2|Va| < |Vi| + |Va|. Thus, |V2| = 0. By Theorem 2.1(i7), it implies that
[Vo| = 0. Accordingly, we have yz(G) = w5 (f) = [Vi| = |[V(G)| = n. Thus,
Yi(G) =n—1. Let E =V(G) \ {v} be a yp-set on G. This follows that there
exists u € F such that dg(u,v) = 2. Let ' = E '\ {u}. Therefore, it suffices to
say that FU{u} = F is ysp-set on G and V(G) \ (F U {u}) = {v} C Ng(u).

As for the converse, we suppose that there exist a set ' C V(G) and vertex
u € V(G) such that F U {u} is a vp-set on G and V(G) \ (F U {u}) C NZ(u).
Accordingly, we set Vo = V(G) \ (FU{u}), Vi = F, and Vo = {u}. Consequently,
we have ¢/ = (Vo,V4,Va) is an FHRDF on G. Thus, ymz(G) < wi(¢) =
Vil +2|Va| = |F| 4+ 2(1) = (y(G) — 1) + 2 = v4,(G) + 1. To this end, since
Yi(G) < vr(G), we conclude that vpur(G) = v (G) + 1. O

The join of graphs G and H is the graph G + H with vertex set V(G + H) =
V(G)UV(H) and edge set E(G+ H) = E(G)UE(H) € {uv:u € V(G) and v €
V(H)}.

Theorem 2.17. Let G be a graph and let ¢ = (Vo, Vi, Va) is a vsnr-function on
G. If G = Ky + H where H is a non-complete graph, then |Va| =1 and |[V;] > 1.

Proof. Let ¢ = (Vp, Vi, Va) is a vyspp-function on G. Assume that G = K; + H
where H is a non-complete graph. Then it follows that there exists u € V(H)
such that dy(u,v) > 2 for some v € V(H) where u # v. Hence, dg(u,z) = 2
for all € V(H) for which dy(u,x) > 2. In that case, we let u € V5. Now, if
we let S = {x € V(G) : dg(u,z) = 2}, then it implies that S C NZ[u] since
G = K;+ H. Hence, it suffices to say that Vo = {u} and so, [V2| = 1. Meanwhile,
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z € V(K;) C V(G) implies that z € Ng(u). Since ¢ is a vs,g-function on G, it
follows that z € V;. Moreover, if there exists a € V(H) such that dg(a,u) = 1,
then a € V. Thus, we therefore have |V;| > 1. O

The next corollary is immediate from Theorem 2.17.

Corollary 2.18. Let n be a positive integer. Then the following hold:
(i) vrnr(Sn) =3 if n > 2;
(i) venr(Fy) =4 if n > 3; and
(i13) Ypr(Wn) =5 if n > 4.

The following theorem is a characterization of a fair hop Roman dominating
function under the join of two non-complete graphs.

Theorem 2.19. Let G and H be non-complete graphs. Then, ¢ = (Vo, V1, Va)
is an FHRDF on G + H if and only if Vi1 UV, = (V& U VE) U (VH U VH)
where ¢|lq = (VE, VG VE) and ¢y = (VI VHE V) are FHRDF on G and H,
respectively, for which V}G =V,NV(G) and V;H =V,NV(H) foreach j € {0,1,2}.

Proof. Suppose ¢ = (Vy, V1, Vs) is an FHRDF on G + H. Then for each j €
{0,1,2}, let V¥ = V; N V(G) and V' = V; N V(H). This follows that f|g =
(VEVEVE) and flg = (VI VE V). Let v € V¢ be arbitrary. Then we
have v € V4. Since ¢ is an FHRDF on G + H, there exists u € V5 such that
deim(u,v) = 2 and for any z,y € Vo, [NZ 4(2) N Vo] = NG, py(z) N Vo > 1.
Since dg(v,a) = 1 for all a € V(H), it means that u € V¥ and z,y € V,
|IN&(z) N V| = |[N&(z) N VF| > 1. Hence, ¢|¢ is an FHRDF on G. In a similar
manner, we also conclude that ¢|y is an FHRDF on H. Therefore, we obtain
ViuVa = (VEUVE) U (VU VT,

As for the converse, we suppose that V; UV, = (V& U VE) U (VH U V)
where ¢|q = (V& VE, VL) and ¢|ly = (VH, VHE, V,H) are FHRDF on G and H,
respectively, for which V% = V;NV(G) and V' = V;NV (H) for each j € {0,1,2}.
Then ¢ = (Vp, Vi, V5) is a function on G + H. Let v € V. Then, it implies that
either v € V& or v € V#. Suppose v € V. Since ¢|g is an FHRDF on G, there
exists u € Vi¥ such that dg(u,v) = 2 and for any z,y € VT, |N&(z) N VE| =
IN&(z) N VE] > 1. Since V¥ C Vj for all j € {0,1,2}, it implies that u € V5 for
which dg g (u,v) = 2 and for any z,y € Vo, [N&, y(2)NVa| = [NE, y(z)NVa| > 1.
On the other hand, suppose v € V{I. Then, using a similar argument, we arrive

at the same conclusion. Therefore, in any case, ¢ = (Vp, Vi, V5) is an FHRDF on
G+ H. O

The corollary below is an immediate consequence of Theorem 2.19.

Corollary 2.20. Let G and H be non-complete graphs. Then vpr(G + H) =
Vinr(G) + vpnr(H).

Proof. Let ¢/ = (VE,VE VE) and ¢" = (VI, VI, V) be ~;p,z-functions on G
and H, respectively. Then let V; = V¢ UV for each i € {0,1,2}. This implies
that ¢ = ¢|g and ¢" = ¢|y where ¢ = (V, V1, V3) is a function on G + H. In
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view of Theorem 2.19, it follows that ¢ is an FHRDF on G + H. Thus, we get
1mr(G + H) < wiify(f) = Vil + 2V
= [VEUT + 2l u vy
= (V] +2/V7)) + (V| + 2157
= W)+l ()
= Ymr(G) + vnr(H).

Meanwhile, we let A\ = (Up, Uy, Us) be a yppp-function on G + H. Then by
Theorem 2.19, it follows that Mg = (Uy N V(G),U; N V(G),U; N V(G)) and
My =(UNV(H),UNV(H),UsNV(H)) are FHRDF on G and H, respectively.
To this end,

Yinr(G + H) = wlih (N) = (U] + 2|0y
=[(UNV(G)U U NV(H))|+2[(UNV(G)U (U NV (H))]
= ([UNV(G)] +2[U:NV(G)]) + (|U: NV (H)| +2[Us NV (H)])
= wlM(Nea) + Wi (Nr)
> Yr(G) + vr(H).

Therefore, the conclusion follows. O
The following remark is immediate from Corollary 2.2 and Corollary 2.20.

Remark 2.21. Let G and H be any complete graphs with |V(G)| = n and
\V(H)| =m. Then yp,r(G+ H) =n+m.

3. CONCLUSION

This paper introduced a new restricted variation of hop Roman domination
called the fair hop Roman dominating function in graphs. The study determined
exact values of the fair hop Roman domination number of some graphs and also
obtained lower and upper bounds for any graph. Moreover, a characterization for
a fair hop Roman dominating function in the join of two graphs was constructed.
For future studies, the newly defined parameter can be studied for some product
operations in graphs.
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