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ABSTRACT. Variational Inequality Problems (VIPs) provide a strong frame-
work for exhibiting equilibrium problems in a variety of disciplines. Global
Lipschitz continuity and strong monotonicity are two restrictive assumptions
that are frequently used in traditional extragradient methods for solving VIPs,
which limit their applicability to solve pseudo-monotone operators. This pa-
per introduces a novel extragradient-type technique that eliminates the need
for a global Lipschitz constant. A relaxation parameter that stabilizes the
iterative process by taking a convex combination of the current point and a
standard projection step is one of the two main innovations included in the
new technique. The second innovation is an adaptive line search strategy that
dynamically modifies the step size in response to local operator behaviour.
We present a thorough convergence analysis that demonstrates the resulting
sequence’s weak convergence to a VIP solution. The suggested algorithm is
more effective and reliable than previous approaches, especially for large-scale
issues with sensitive initial circumstances, as shown by numerical experiments
on well-known benchmark problems such as Sun’s and Kojima-Shindo prob-
lems.
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1. INTRODUCTION

The VIPs offer a common approach for examining equilibrium models that come
up in network analysis, operations research, engineering, economics, and trans-
portation [1, 2, 5, 8 10, 11, 13, 19]. The VIP is to find a vector z* in a closed
convex set C' C R™ for which:

(F(2*),2 —2a") >0 Vrel, (1.1)
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where F': C' — R™ is a nonlinear operator.
One of the most fundamental techniques for finding the solution x* of VIPs is the
Projected Gradient Method (PGM): For xy € C,

Tyt = Po(z, —aF(x,)), n=0,12,..., (1.2)

where a > 0 is a step-size parameter. It is a known fact that the PGM converges
under the strong monotonicity assumptions. Otherwise, the method (1.2) fails if
the operator F is only monotone. In [12], an Extragradient Method (EGM) was
introduced to stabilize the iteration (1.2) as follows: For zy € C,

{yn = Po(zn — vF (),

mn+1:PC’(xn_7F(yn))7 TL:O,I,Q,...,

where 7 > 0 is a step-size parameter. A significant drawback of the EGM is its re-
quirement for a known Lipschitz constant L to set the step size v € (0,1/L). This
means that the knowledge of a Lipschitz constant is required so as to make the
method feasible. Recent studies focus on algorithmic development [6, 13, 17, 18]
by emphasizing properties like pseudo-monotonicity that generalizes monotonicity
and applies to real-world problems. The major goal is to loosen the presumptions
and develop techniques for the larger class of pseudo-monotone operators [9, 7].
Adaptive step sizes and line search techniques are another way to do away with
the need for the global Lipschitz constant [14, 17].

In this paper, a new method that improves the numerical stability of the extragra-
dient framework is proposed. This study extends the adaptive line-search of [16]
by introducing a relaxation parameter that stabilizes the trajectory and blending
the current iterate with the standard projection, reducing oscillatory behaviour
near constraint boundaries. Analytically, the relaxation parameter introduces
a new degree of freedom that allows larger effective step sizes while maintain-
ing convergence, improving numerical robustness especially for ill-conditioned or
non-Lipschitz problems. The convergence proof requires careful handling of the
interplay between the relaxation parameter and the adaptive step-size rule which
is a non-trivial extension. In summary, the primary contributions of this work
are:

(1.3)

e A relaxation parameter that forms a convex combination between the
current iterate and the standard projection, thereby improving stability.

e An adaptive line search strategy, building on [16], that dynamically selects
step sizes without prior knowledge of the Lipschitz constant.

e A weak convergence proof of the sequence generated to a VIP solution
under pseudo-monotonicity and weak continuity assumptions.

e Numerical superiority that demonstrates the efficiency and robustness of
the present method over the existing methods.

The rest of this manuscript is organized as follows: The next section provides
some important lemmas and assumptions. Section 3 introduces the new efficient
extragradient method, proves the convergence of the sequence generated by this
algorithm, and presents numerical experiments demonstrating its efficiency. The
last section concludes the paper.
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2. PRELIMINARIES AND ASSUMPTIONS

In this section, we present some useful assumptions and lemmas.
Let H be a real Hilbert space with inner product (-, -) and norm || -||. Let C C H
be a nonempty, closed, and convex set. The metric projection Pg(+) is defined as
Po(z) = argmingec ||z — y||.
The weak convergence of {x,} to z* is denoted by x,, — z* as n — 0.
The following assumptions were considered:
(A1) Existence of solution: The solution set S = {z* € C' : (F(z*),z — 2*) >
0 Vo € C'} is nonempty.
(A2) Pseudo-monotonicity: The operator F' is pseudo-monotone, i.e., for all
u,v € H,

(F(u),v—u) >0 = (F(v),v—u)>0.

(A3) Weak Continuity: F' is sequentially weakly continuous on H.
(A4) Local Lipschitz: F is locally Lipschitz on 5.
(As) Projection: The metric projection Po(+) is computationally feasible.

The following well-known lemmas are useful in the proof of convergence analysis:

Lemma 2.1. [3] Let C C H be a nonempty, closed, convex subset. Then, for any
r€MH andy e C:

L ||Pe(x) = yl* < [l = yl* = [lz = Po(x)|
I1. (z — Pe(x),y — Pe(x)) < 0.
Lemma 2.2. [15] Let {z,} C H satisfies
lim ||z,:1 — x| =0,
n—oo

and suppose that every weak cluster point of {x,} belongs to a nonempty set
S C H. Then:

T, 2" € s
Lemma 2.3. [16] Under pseudo-monotonicity, =* € C <= (F(y),y —z*) >0
forally e C.
3. MAIN RESULTS

This section presents the main results of the paper.

3.1. The Proposed Algorithm. Here, we propose an efficient extragradient
algorithm for solving VIPs with pseudo-monotone operators (see Algorithm 1).
The constant au.,x = max{a,} is given in the algorithm so that the sequence
{a,} has a bound.

3.2. Convergence Analysis.

Lemma 3.1 (Line Search Termination). The line search in Algorithm 1 termi-
nates after finitely many inner iterations.
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Algorithm 1 The new extragradient algorithm

Initialization: Choose o € (0,1), A € (0,1), 0 € (0,1), ag > 0, pax > 0, and
Xg € C.
Iteration steps Given the current iterates x, and «,, we then calculate the next
Tni1 and o, as follows:
Step 1. Take j = 0 and run the following line search:
Take 3, = 6’ and compute:
a. Yo = (1 — Ny, + \Po(xy, — BranF(x,)), A€ (0,1).

b. Choose largest a,,;1 < min {(1;—6")04”, amax} such that:

[t i1 (Yn) = Brcn F' () | < 0|y —

c. Break line search if such «,, exists. Otherwise, set j = 7 4+ 1 and return
to a. above.
If x,, = y,, then stop. Otherwise, proceed to next step.
Step 2. Compute update =, 11 = Po(z, — ani1 F(yn))-
Set n =n+ 1 and go back to Step 1.

Proof. Suppose for contradiction it runs indefinitely for some n. Define:
Yn(j) = (1 = Ny + My, — BpanF(2,)) and B, = 67,
As j — o0, B, — 0 and y,(j) — x,. By projection non-expansiveness:

1Pe(yn(5)) = all < Bnownl| F(zn)]| = 0

Thus, y, — x,. Since {z,} is bounded, 3 ¢ > 0 and L > 0 such that F is
L-Lipschitz on B(x,,0). For large j:

1
B < Ta

where a = 3, a,, contradicting the failure condition. |

= [laF (yn) = BronF(@n)|| < BromLllyn — znll < ollyn — za

Lemma 3.2 (Step Size Properties). If {x,} is bounded, then:

(1) {an} is bounded with 0 < v, < pax
(2) limsup,,_ o @y >0

Proof. The proof of (1) is obvious. For (2), suppose liminfca, = 0. Then
3 {a,,} — 0. By boundedness of {z,}, F'is L-Lipschitz on a ball containing
{z,} with constant L. For large k:

ﬁnzl((j:())

ank < Z?
Then:
[Yn — zull < A || F ()] < A, M

where M = sup, o ||F(z)]]. Now:
lanF'(yn) — ' (@0) || < an Ly, — 0| < )\LMOzi

Since «, < o/L:
ALMa? < oda,M = oy, — 2|
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SO i1 > . Thus {ay, } is nondecreasing and cannot converge to 0. 0J

Lemma 3.3 (Weak Cluster Points are Solutions). If {x,} is bounded and ||z, —
Yn|| = 0, then every weak cluster point of {x,} is in C.

Proof. Let z,, — x*. Then y,, — 2* and z* € C (closed convex). From line
search:

||ank+1F(y”k> - BnkankF(‘r”k>” < O-Hynk - x”k” —0

By Lemma 3.2, 3 @ > 0 and § > 0 such that (sub-sequentially) a,, — a,
Bn, — B. By weak continuity:

F(zn,) = F(z7),  F(yn,) = F(z7)
Using the projection property (Lemma 2.1(II)):
(@ — B0, F(Tn,) — Wny, 2 — Wy, ) <0, Vzel
where w,,, = P.(zy, — Bn,n, F(xy,)). Substitute:

ynk - xnk

A

As k — 00, |2, — Wy, || = $/|@n, — Yn, || = 0. Thus:

Wy, = Tp, +

liminf(F(x,, ),z —x,,) >0, Vzel

k—o0

By pseudo-monotonicity and Lemma 2.3, x* € S. O
Lemma 3.4 (Descent Inequality). For any u € C':

lns1 = ull® < Jlan = ul* = (1= 0*) ||z — yull?
Proof. From Lemma 2.1(I):

[Zn1 — ull® < (|20 — a1 F(yn) — ull? = |20 — g1 F(yn) — 2 |)?
= |l — ull® = 20041 (F (yn), (20 — w)) + oy | F () |I?
- Hxn - xn+1||2 + 20041 (F(Yn), (Tn — Tny1)) — a721+1||F(yn)

- ||£L’n - U||2 - ||xn - xn-‘rlHQ + 2an+1<F(yn)v (In—i-l - u)>

I

By pseudo-monotonicity and Lemma 2.3:
(F(Yn)syn —u) 2 0 = (F(yn); Tps1 — w) < (F(Yn)s Tnt1 — Yn)
The line search condition gives:

205n+1<F(yn)7 Tn41 — yn> é O'ZHxn - ynH2

Combining these yields the result. O
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3.3. Convergence Theorem.

Theorem 3.5 (Weak Convergence). The sequence {x,} generated by Algorithm
1 converges weakly to some x* € C.

Proof. Step 1: Boundedness and cost descent. Fix u € C. By Lemma 3.4:
lns1 = ull® < llzn — ull?
So {||z,, — u||} converges, and {z,} is bounded. From Lemma 3.4:
(1= o) 20 = yall* = 0 = [z —yull = 0
Step 2: Consecutive iterate convergence.

H$n+1 - an < Hanrl - ynH + Hyn - xn”
< ||xn - an+1F(yn) - yn” + Hyn - an
< 2|yn — @all + anpa [|F (yn) |l

Since {y,} (as {x,} is bounded) and {«,} are bounded, then ||z,11 — z,| — 0
as n — oo.

Step 3: Weak convergence to solution. By Lemma 3.3, every weak cluster point
of {z,} is in C. Suppose two subsequences:

Tp, =~ 2%, x,, =2, x,7€C

The identity:
1 1 1 1
(wn, & = 2") = Sllan = 27|* = Sllwa — 2 + S 112 = Sll2"

Taking limits along {n;} and {n;}:

(T —a*) = (2, — x¥)
Simplifying gives ||z* — Z||* = 0, so z* = Z. Thus {z,} converges weakly to
x* e . O

3.4. Numerical Experiments. All algorithms were implemented in Python
3.10 on a standard Laptop Intel Corei5-4200M, 4GB RAM. Performances were
measured by iteration count (Iter.) and CPU time in seconds (Time) using the
stopping criterion D, = |21 — Ynl| + [|Yn — znl] < e =107 We compared:

e Algorithm 1: The proposed method (¢ = 0.7,0 = 0.9, A = 0.5).

o Algorithm 2: [16]’s method (same o, 6, no relaxation parameter).

o Algorithm 3: [12]’s classical EGM (v = 0.1).

The initial step size aq for Algorithm 1 and Algorithm 2 was set adaptively using
a perturbation of the initial point, that is,

0|7 — ol

~[F(@) — Flao)

&%)
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3.5. Benchmark Problems. To fully evaluate the performance and robustness
of the proposed method, two credible academic test problems were considered
from the literature. These problems were chosen since they test several aspects
of the algorithms, including their scalability, initial condition sensitivity, and
capacity to handle pseudo-monotonicity.

Example 3.6. (Sun’s Problem) To evaluate the efficiency and scalability of
algorithms in high-dimensional areas, this extensive challenge was created [16].
Although, it permits controlled tests, its structure is sufficiently detailed to be
challenging.

e Feasible Set: The standard simplex in R™ scaled by m:

C:{xERT:ixi:m}. (3.1)

e Operator: The operator F' : R™ — R™ is defined as the sum of a nonlinear
component and an affine component:

F(z) = Fi(z) + Fy(x), (3.2)
where the nonlinear part Fj(z) is given by:
Si(x)
Fi(z) = f2€x> , with  fi(x) = 27 4ot +ta witbarg,, fori=1,2,...,m.
()

The boundary conditions are set as zg = 41 = 0.
The affine part Fy(z) is defined as:

Fy(x) = Dx + ¢,
where D = (d;;) is an m x m band matrix with entries:
4 ifi=j,
dij = L %fzi_]::L
=2, ifi—j=—1,
0, otherwise,
and the vector ¢ € R™ is given by ¢ = (—1,—1,...,—1,1)7.

e Tests: The problem is solved for increasing dimensions m = 103, m =
10*, and m = 10° to thoroughly analyse the algorithmic scalability and
computational efficiency.

Example 3.7. (Kojima-Shindo Problem) This classical nonlinear complemen-
tarity problem (NCP) is a standard benchmark for testing algorithms on non-
monotone or complex operator behaviour [16]. It is known for having multiple
solutions, making the choice of initial point crucial.

e Feasible Set: The problem is defined on the simplex in R*:
C={zeRi iz +z+z3+as=4}. (3.3)
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e Operator: The operator F' : R* — R* is defined by its component func-
tions:

322 4 2wy w9 + 203 + 23 + 314 — 6
222 + x1 + 13 + 1023 + 274 — 2
322 + 21wy + 223 + 223 + 914 — 9
l‘%+3$§+2(£3+3$4—3

F(z) = (3.4)

e Initial Points: To rigorously test robustness and sensitivity to initial con-
ditions, the following two distinct points are used: a:((]l) = (1,1,1,1)T and
2P =(4,0,0,0)7

The numerical results are presented in tables and are further substantiated
using some figures.

TABLE 1. The numerical results for Example 3.6.
m =103 m = 10? m = 10°
Algorithms  Iter. Time Iter. Time Iter. Time
Algorithm 1 55 0.03 60 0.12 63 1.34
Algorithm 2 92 0.05 92 0.16 98 1.66
Algorithm 3 inf NA inf NA inf NA

In Table 1, Algorithm 1 outperforms Algorithm 2 with fewer iterations and less
time. While Algorithm 3 diverges in all the cases. Figures 1, 2, and 3 show the

[Ts]
o = Proposed Algorithm
o —<—  Algorithm Il

0.04
|

Dn

002
|

0.01
|

0.00

10 20 30 40 50 60 70

Generation (n)

FiGure 1. Convergence Plot of Example 3.6 with m=1000.

convergence plots with faster descent for Algorithm 1.
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FiGUure 2. Convergence Plot of Example 3.6 with m=10000.
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| | |
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|
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F1GURE 3. Convergence Plot of Example 3.6 with m=100000.

TABLE 2. The numerical results for Example 3.7.
ro=(1,1,1,1) z9=(4,0,0,0)
Algorithms Iter.  Time  Iter.  Time
Algorithm 1 64  0.1876 64  0.1509
Algorithm 2 76  0.2654 155  0.2903
Algorithm 3  inf NA inf NA

Also in Table 2, Algorithm 1 shows a high level of robustness for the two initial
guesses (1,1,1,1) and (4,0,0,0) with 64 iterations each; while Algorithm 2 main-
tains level of sensitivity with 76 and 155 iterations, respectively; and Algorithm
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3 diverges. The convergence plots for the two distinct points in Example 3.7 are

—=— Proposed Algorithm
—+— Algorithm Il

004
|

0.03
|

On

10 20 30 40 50 60 70

Generation (n)

FIGURE 4. Convergence Plot of Example 3.7 at 2o =(1,1,1,1).

—=— Proposed Algorithm
—»— Algorithm Il

004
|

0.03
|

On

T T T T T T
10 20 30 40 50 60

Generation (n)

FIGURE 5. Convergence Plot of Example 3.7 at 2o =(4,0,0,0).

shown in Figures 4 and 5.

4. CONCLUSION AND REMARKS

This study developed and analysed a new relaxation-based extragradient method
for solving variational inequality problems in Hilbert spaces. The algorithm in-
corporates a refined projection strategy and adaptive step-size rule to enhance
convergence behaviour without imposing restrictive assumptions such as global
Lipschitz continuity. Numerical experiments conducted on two benchmark prob-
lems confirmed the efficiency and robustness of the proposed method. Compared
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with existing extragradient-type schemes, the new approach achieved faster con-
vergence and reduced computational effort, demonstrating its potential as a reli-
able tool for solving pseudo-monotone and non-Lipschitz variational inequalities.
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