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SEVERAL FIXED POINT RESULTS IN HEXAGONAL METRIC
AND HEXAGONAL )-METRIC SPACES

JAYESH TIWARI! AND DILEEP KUMAR SHARMA?*

ABSTRACT. The aim of this paper is to introduce hexagonal metric space and
hexagonal b-metric space. Firstly, we prove existence and uniqueness of several
fixed point results for innovative contractions in both metric spaces. finally,
we provide some examples to support and validate these new results.

1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle, is given in 1920 by Banach, is the main result of
fixed point theory. After that result, many researchers have come across the num-
ber of generalizations of metric spaces and Banach contraction principle. In this
sequal Bakhtin[3] and Czerwik|[6] introduced b-metric spaces as a generalization
of metric spaces. They proved contraction principle in b-metric spaces. Since
then many scholars have proposed a series of new concepts of contraction map-
ping and new fixed point theorems for single valued and multivalued functions in
b-metric spaces ([4],[5],[7]).

In 2000, Branciari[2] presented the concept of rectangular metric space where the
triangular inequality of a metric space was replaced by another inequality the
so called rectangular inequality. In this paper the author also extended the cele-
brated Banach contraction mapping principle in the context of rectangular metric
spaces (RMS). Since then many fixed point theorems for various contractions on
rectangular metric space appeared ([7],[8]).

In 2015, George et al.[9] introduced the notion of rectangular b-metric space
(RbMS). rectangular b-metric space is an extended form of metric space, rect-
angular metric space and b-metric space. They presented fixed point results for
contraction mappings in rectangular b-metric space. After that a lot of fixed
point results are made in rectangular b-metric spaces ([9],[10],[11],[12]).

Abba Auwalu and Evren Hincal[l] proved common fixed point for two functions
in cone pentagonal metric space.
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In this paper we provide two new notions, named hexagonal metric space and
hexagonal b-metric space as a most extended form of metric spaces. We give
some proper and interesting examples to validate our fixed point results in both
spaces. Our results generalize many known results in fixed point theory.

2. MAIN RESULTS

Definition 2.1 Let X be a non empty set. A function d : X x X — R7 is called
a hexagonal metric on X if it satisfies the following conditions:

(Pmy) d(z,y) =0iff z =y for all z,y € X.

(Pms) d(x,y) =d(y,x) for all z,y € X.

(Pms) d(z,z) < d(xz,t)+d(t,u)+d(u,v)+d(v,w)+d(w, z) for all distinct points
x,z,t,u,v,w € X. (hexagonal inequality)

Then the pair (X, d) is called a hexagonal metric space (in short HMS).

Definition 2.2 Let X be a non empty set. A function d : X x X — RTis called
a hexagonal b-metric on X if it satisfies the following conditions:

(Pbmy) d(z,y) =0iff x =y for all z,y € X.
(Pbmsy) d(x,y) =d(y,x) for all z,y € X.
(Pbmg) d(x,z) <s [d(w, t)+d(t,u) + d(u,v) + d(v,w) + d(w, z)] {(hexagonal b-

inequality) for some fixed real number s > 1 and for all distinct points x, z, t, u, v,w €
X.

Then the pair (X, d) is called a hexagonal b-metric space (in shortHbMS).

Example 2.3 Let X =N, define d: X x X — R* by

0, if z=y;

d(z,y) =< 68, if (z,y) € {1,2} and z # y;
B, if xoryor both ¢ {1,2} and x # y.

where 5 > 0 is a real fixed numbers. Then (X, d) is a hexagonal b-metric space
with coefficient s = g > 1, but (X, d) is not a hexagonal metric space, pentagonal
metric space, rectangular metric space and not a metric space, as

d(1,2) = 68 > 58 = d(1,3) + d(3,4) + d(4,5) + d(5,6) + d(6, 2)

=B+B+B+B+5.
d(1,2) = 68 > 48 = d(1,3) + d(3,4) + d(4,5) + d(5,2)
=B+B+B+5.

similarly
d(1,2) =68 > 38 =4d(1,3) +d(3,4) + d(4,2)
=B+ B+
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and
d(1,2) =68 > 28 =4d(1,3) +d(3,2)
=0+ 5.

Example 2.4 Let X =N, define d : X x X — R" such that d(z,y) = d(y, x) for
all z,y € X and

(0, if x=uy;
176, if =1,y =2;
g, if re{l,2}andy=3;
d(z,y) =1 26, if x€{1,2,3} andy = 4;
36, if x€{1,2,3,4} and y = 5;
48, if z € {1,2,3,4,5} and y = 6;
L 58, if zory¢ {1,2,3,4,5,6} and z # y.

where § > 0 is a fixed real number. Then (X, d) is a hexagonal b-metric space
with coefficient s = i—z > 1, but (X, d) is not a hexagonal and pentagonal metric
space and hence neither a rectangular metric space nor a metric space as

d(1,2) = 178 > 148 = d(1,3) + d(3,4) + d(4,5) + d(5,6) + d(6,2)

=[B+28+38+45+48.
d(1,2) =178 > 118 = d(1,3) + d(3,4) + d(4,6) + d(6, 2)
=[B+268+48+4p5.
Similarly
d(1,2) =178 > 98 =d(1,3) + d(3,6) + d(6,2)
= [ +48+45.
and

d(1,2) = 178 > 28 = d(1,3) + d(3,2))
—B+5.

Definition 2.5 Let (X, d) be a hexagonal b-metric space with coefficient s > 1.
Let {x,} be any sequence in X and = € X. Then,

(a) The sequence {x,} is said to be hexagonal b-convergent in (X, d) and con-
verges to x, if for every € > 0 there exist ng € N such that d(z,,z) < € for all
n > ng l.e lim, o x, = T.

(b) The sequence {x,} is said to be hexagonal b-Cauchy sequence in (X, d) if
for every € > 0 there exist m,n € N such that d(x,,x,,) < € for all n,m > ng i.e.
My, ;oo d(Zp, T1) = d(x, ) i.e. limit exist and finite.

(c¢) Pair (X, d) is said to be a complete hexagonal b-metric space if every hexag-
onal b-Cauchy sequence in X converges to some =z € X.

(d) Let (X,d) be a non empty hexagonal metric space. Let p be the set of
increasing continuous functions p : X — X such that
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. 0<p(t)<tforallte X \ {0} and p(0) =0
ii. The series ) -, p"(t) converges for all t € X \ {0}. Therefore for all £ € X
\ {0} we have
lim p"(t) = 0.

n—0

We now state our main results.

Firstly we prove existence and uniqueness of a fixed point in hexagonal b-metric
spaces.

Theorem 2.6 Let (X,d) be a complete hexagonal b-metric space. Let T be a
map define onto X itself and satisfying follow inequality for any z,y € X
A(Tw, Ty) < a{d(z, Tx) + d(y, Ty)} (2.1)

where a € [0 such that sa <1 for s > 1. Then T has a unique fized point.

1
’8+_1]

Proof: Let xy € X be arbitrary. We define a sequence {z,} by z,,1 = Tx,, for
all n > 0. We prove that {z,} is a hexagonal b-Cauchy sequence.

case(i): If z,, = x,,41 then x,,1 = Tz, = x,. Hence z, is a fixed point of T'.

case(ii): If x, # x,4q for all n > 0. Setting d(azn,aan) = d,. Then from
inequality (2.1), we get
d(!En,ZEn_H) = d(Tl'n—lyTxn)
dn S a{d(xnflaTxnfl) + d(l’n,Tl'n))}
= a{d(xn_l, xn) + d(xn, xn+1)}

= (Z{dn_l -+ dn}
(1-a)d, <ad,

= bdy (6=

—a —a

<1),
Continuing above process, we get
d, < 0"dp. (2.2)

Let x is not a periodic point of T. If xg = x,, then using (2.2), for any n > 2,
we have

d(xg, Txo) = d(zp, Txy)
(l’o,l’l) d( naanrl)
dg == Cl
do < 6"dp.
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which is a contradiction. Thus dy = 0 implies that xog = x; and so zq is a fixed
point of T.

Now we assume x,, # x,, for all distinct n,m € N

Now setting d(x,, Z,42) = d. From inequality (2.1), we obtain

d(x,, $n+2> =d(Tx,1,Trne1)
Y <ald(xn,—1,Txp1) + d(xpi1, Txne1)]
= ald(xp—1,Tn) + d(Tpi1, Tnyo)]
* < a(6" o 4 0" dp)

= a(0" ! + 6" Y)d,
= ad™ (1 + 6%)do. (2.3)

Now setting d(x,, Z,43) = d*. Then from inequality (2.1), we obtain

d(xp, Tpys) = d(Txy 1, Txpio)
d” < ald(zp—1,TTp1) + d(xpio, TTpio)]
= ald(zp-1,2n) + d(Tp12, Tni3)]
a(6" tdy 4 6" 2dy)
=a(6" "t + 6"?)dy
= ad" (1 + 6%)do. (2.4)

IN

d**

IN

Now setting d(x,, T,+4) = d5**. Then from inequality (2.1), we obtain

d(xp, Xpya) = d(Txy_1, Txpys)
d™ < ald(xp—1,Txn_1) + d(Tpi3, TTpi3)]
= ald(zp-1,2n) + d(Tp13, Tnta)]
a(6" tdy 4 6" 3dy)
= a(6" "t + ") dy
=ad™ (14 6%)do. (2.5)

IN

d***

IN
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For the sequence {z,} we consider d(x,, z,+,) in two cases.
If p is odd say 2m + 1, then using hexagonal b-inequality, we obtain
d(iL’n, xn+2m+1)

d(l’n, Tp+1 + d Ln+1y Tp+2

|/\+|/\|

(l’n, Tp+1 d Tn41s Tp42

)
d( )
(Tn47: Tnss) + d(Tnts, Totoms1)]
( )
+ d(xpys5, Tnae) +d ( )

+d
+d
Tn6s Tni7) + A(Tps7, Tnys)] + $°d(Tngs, Tnto) + ...

s|

s| )+ d( )+

A(Tnt5, Tnte) + d(Tny6; Tnir)

sld )+ d( )
)+ d( )

+ ™3 d( Ty 2ms Tng2mr1)

< s[0™dy + 0"y 4 "2 dy + 6" F3dy] + $2[0" M dy 4 "0 dy + 6" Ody 4+ " d)

+ 30" 8dy + ... 4 s3I,

= 56"[1 + s6* + 5%6° + ...]do + s0" T [1 + s6* + s%6° + ...]dp

+ 50" 21 + 6% + s%26% + ..]do

= (146 +0%)(1 — s6*) 156" dp.

1+d6+0% A
d(xn,:r,'n”m“) < wS(g d0(85 < 1) (26)
Similarly if p is even say 2m then using hexagonal b-inequality, we get
1+6+06% , 1 .
d($n,$n+2m+1) S 1——5(5455 d(] + (g - 5) 1d0. (27)

On taking lim,, . in inequalities (2.6) and (2.7), we get for all p > 0

nh_{go d(zp, Tpyp) = 0.

Thus {z,} is a hexagonal b-Cauchy sequence in X. By completeness of (X, d)
there exists u € X such that

iMoo Ty, = U.
Now we show that u is a fixed point of T. Again

d(u, Tu) < (U, Zn) + d(Tp, Tngr) + d(Tps1, Trya) + d(Tnya, Tngs) + d(Tpg3, Tu)]
+dy, + dpi1 + dpio + d(TTp42, Tu))

+dy + dp1 + dpyo + a{d(zpio, TThi2) + d(u, Tu)}

+dy, + dpi1 + ad(Tp o, Tnas)]

+ 5nd0 + 5n+1d0 + a5"+2d0].

sld
= sld(u, z,
< sld(u, x,
(1 —sa)d(u, Tu) < s[d(u, x,
(1 —sa)d(u,Tu) < sld

~— ~— ~— ~—

sld(u, z,
On taking lim,, . and since 1 — sa > 0, we have
d(u,Tu) = 0.

implies that

Tu = u.

ATy Tpg1) + A(Tpi1, Tng2) + d(Tngo, Tngs) + A(Tpis, Tnya) + d(Tntas Trgomsr)]

Tpt2, Tngs) + A(Tpis, Tpga]) + s” [d(Zn44, Tnis)

Tn+2, Tnt3 + d(l‘n—i—?n xn+4>] + 32 [d(xn+47 xn+5)
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Thus u is a fixed point of T" in X.
Next, on the contrary assume u and v be two fixed points of T
Then Tu = u and Tv = v.
d(u,v) = d(Tu,Tv)
< ald(u, Tu) + d(v, Tv)]
= ald(u,u) + d(v,v)]
d(u,v) <0.

hence,
du,v) =0=u=w.

Thus « is a unique fixed point of T'. [J

Example 2.7. Let X = AU B where A = {%,%,g,%,} and B = [1,4]. Define
d: X x X — [0,00) such that d(z,y) = d(y,x) ¥V z,y € X and

(d(1,3) =d(27) =003

d(3,I) =d(2,2)=0.02

d(3,2) =d(3,2)=06

(12) =al3.3) =0

a(33) —a(33) -0

and d(z,y) =z —y[?ifz,ye Borz € A,yc Borz € B,y € A.

since
1(2.5) > a(23) +d(3) +a( ) + (1) +a(n5)
2.25 > 1.5625 + 0.02 4+ 0.03 4 0.015625 + 0.25
2.25 > 1.8781.

Here d does not hold the hexagonal inequality.

But d holds the hexagonal b-inequality. Hence d is a hexagonal b-metric with
coefficient s = 1.198 > 1.

Let T : X — X be defined as

0|~

if zell,4]

~

8

Il
oo

if xe]

N
=~

8]

Y

).

Y

if ze|

00|~
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Let # = £ and y = 3, then by condition (3.1), we have
7
d(T7,Ty) < ald(g, Tr) + d(
3 5 73
A L2
2 D <ald,
0.02 < a(0.6 + 0.6)
0.02 < a(1.2)
0.0166 < a

a > 0.0166.

DO | —

)+ (5, 2]

d( 5

Thus a € [0, 75|, where s = 1.198 > 1 then

sa = (1.198)(0.0166) = 0.0198868 < 1.

Hence T satisfies all the conditions of theorem (2.6) and has a unique fixed point

_5
ZE—G.

Now we prove the following fixed point theorem for two mappings in hexagonal
metric space.

Theorem 2.8 Let (X,d) be a complete hexagonal metric space and let f, g be
two self maps define onto X itself such that

d(fr, gy) < afd(z, fr) + d(y, gy)}- (2.8)

for all z,y € X, where « € [0, %) Then fand g have a unique common fixed point.
Proof: Firstly we prove the existence of fixed point of fand g.

Let x¢ be an arbitrary point in X. Define the sequence {z,} in X as z,,41 = fz,
and x,.9 = gr,1 for n > 1.

If x,, =z, for all n > 1. Then gz, = .1 = x, = fx,. Thus fand g have a
unique common fixed point x,,.

Now, suppose that x,, # z,.1 for all n > 1, then from (3.8)

d(xna xn+1) = d(fxnfla gxn)
S a{d(xn—lafxn—l) + d(l‘na g*rn)}
= a{d(xn,l, xn) + d(.an, Q:n+1)}
(]- - a)d(l‘na xn—s—l) S Oéd(ﬂ?n_l, xn)
«
d(xna xn+1) S md(xnfla :Un)

«

= A(xp_1,2n) (A = 1 <1).

—
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Continuing this process, we find

A2y, Tpi1) < M(Tpo1,70) < N2d(Tp_2, Tp_1)... < ANd(z0,71)

d(xp, Tpi1) < A"d(xg, 71). (2.9)
In similar manner, it again follows that

d(2p, Tpyo) < N'd(20, 22).

d(xp, Tnas) < A'd(zg, x3). (2.10)
d(xp, Tnya) < ANd(20, 24). (2.11)
Now for k = 1,2, 3, ... it further follows that
(T, Tprakr1) < N'd(zo, Tageyr)- (2.12)
(T, Tpgakr2) < Ad(20, Tagi2)- (2.13)
d(T, Tpiarss) < N'd(zo, Tapys)- (2.14)

Applying hexagonal inequality and (2.9)
d(xg,z5) < d(xg, 1) + d(z1, 22) + d(T2, 3) + d(23, 24) + d(T4, T5)
< d(wg, 1) + Md(xg, 71) + Nd(30, 71) + Nd(30, 1) + )\4d(:c0, 1)

4
< Z)\jd(:co,xl).
=0

and
d(xg,x9) < d(xg,x1) + d(z1, 2) + d(22, 23) + d(23, 24) + d(T4, 75) + d(25, T6) + d(T6, T7)
+ d(x7, xs) + d(xs, x9)
< d(zo, 1) + Md(zg, 21) + N2d(30, 1) + Nd(30, 71) + MNd(30, 1) + Nd(20, 71)
+ Nd(zg, 1) + Nd(wg, 71) + Nd(wg, 71)

8

S Z )\jd(fb(), l‘l).

§=0
By induction method, we have for £ =1,2,3, ...
4k

d(zo, Taps1) < Y Nd(wo, 7). (2.15)

§=0
Applying hexagonal inequality, (2.9) and (2.10)
d(xg, z6) < d(xg, 1) + d(x1, 22) + d(22, 3) + d(23, 24) + d(24, X6)
S d(l’o, lL‘l) + /\d(on, 171) + )\2d(l'0, 1'1) + /\3d<$0, IL‘l) + /\4d(l'0, ZEQ)

3
< Z Nd(xg, z1) + Nd(zo, 22).

J=0
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and

d(xg, x10) < d(z0, 1) + d(x71, T2) + d(29, 23) + d(3, 24) + d(24, T10)
< d(xo, 1) + d(x1, 22) + d(x9, x3) + d(x3, 24) + d(24, T5) + d(T5, T6) + d(T6, T7)
+ d([L’7, 1‘8) + d(l’g, ZElo)
< d(zg,71) + Md(w0, 11) + Nd(30, 71) + Nd(0, 71) + )\4d(9c0, x1) + Nd(z0, 71)

+ Nd(xg, 1) + N'd(wo, 1) + Nd(10, 72)

IN

7
Z Nd(zg, x1) + Ad(z0, 2).
=0

Again by induction method, we have for k = 1,2, 3, ...

4k—1

d(i[}o, l’4k+2) S Z )\jd(l'o, 33'1) —+ )\4kd($’0, mg). (216)

=0
Applying hexagonal inequality, (2.9) and (2.11)

3
d(zg, x7) < Z Md(xg, 1) + Md(z0, 3)

Jj=0
and

7
d(l’o,[[’ll) S Z)\jd(l'o,l‘l) + )\Bd(IEQ,Ig).

§=0
Again using induction method, we have for k = 1,2, 3, ...

4k—1

d(!L’(), ZL’4k+3) S Z )\jd(l’o, 1‘1) + )\4kd(£L’0, 373). (217)

=0
Now by inequalities (2.12) and (2.15), we get

4k
d(2n, Tpgaps1) < A" Z Nd(xg,x1)

< N> N{d(wo, 71) + d(wo, 72) + d(0, 73)}]

J=0

<A N{d(zo, 21) + d(wo, 72) + d(xo, 23)}]. (2.18)

Jj=0
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Now by inequalities (2.13)and (2.16), we get

4k—1
(@, Tpyapr2) < A" Z Nd(wo, 21) + X d(wo, x2)
j=0
4k—1
<N N{d(xo, 1) + d(@o, 32) + d(o, 75)}]

=0

< /\”[Z N{d(zg, z1) + d(z0, 22) + d(z0, 73) }].

J=0

Now by inequalities (2.14 )and (2.17), we get

d(xp, Tpyaprs) < )\"[Z N d(zg, 1) + d(z0, 22) + d(20, 23)}].

J=0

Therefore by (2.18),(2.19) and (2.20), we find

d(2p, ) < )\”[Z N d(zo, 71) + d(z0, 22) + d(70, 23)}].

J=0

We know that by definition (2.5)

Z )\j{d(xo, l’l) + d<~r07 l’g) + d(l’o, JIg)}

j=0
converges.
Thus
limnoo0™ Y N{d(x0, 21) + d(x0, ) + d(ao, 3)}] = 0.
j=0
Hence,

limy—ood (T, ) = 0

. Hence {z,} is a hexagonal Cauchy sequence in (X, d).

By completeness of (X, d), there exists € X such that
Tp = frp_1 —> rasn— oo

Now we show that r is a fixed point of fi.e. fr =7r.

Suppose fr # r. In hexagonal metric space, we have

45

(2.19)

(2.20)

(2.21)
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d(ﬁ? T) d(fra In—l) + d(xn—h .Tn) + d(l’n, xn—‘rl) + d<xn+17 xn+2)) + d(xn+27 T))
d(fr, gzn) + A" td(xg, 21) + Nd(z0, 1) + N (20, 21) + d(Trs2, 7))
a

[d(f?", ’T‘) + d(ﬂjn) gxn)] + )\n_ld(x()a l‘l) + And('xoa l‘l) + An—"_ld(woa xl) + d<xn+2a T).

VAN VANRRVAN

Therefore

(1 —)d(fr,7) < ad(zn, Tny1) + AN d(zo, 21) + N'd(z0, 1) + N d(20, 21) + d(T1042,7)
(1 —a)d(fr,r) < aX"d(xg, 21) + A" (20, 21) + N'd(z0, 21) + N d(20, 21) + d(Tpp2, 7).
On taking lim,, . and since « € [0, %), we find

d(fr,r) = 0.
Therefore

fr=nr.

Hence r is a fixed point of f.

Now we show that r is a fixed point of ¢. i.e. gr =r.
Suppose gr # r. Then by inequality (2.8)

d(r, gr) = d(fr, gr)
< odd(r, fr) +d(r,gr)}
< a{d(r,r) +d(r,gr)}
(1 —a)d(r, gr) <O0.
but 1 — a # 0, since a € [0, %) Thus,
d(r,gr) =0.
gr=r.
Hence

fr=gr=r.
Therefore fand g have a unique common fixed point.

Uniqueness of Fixed Point-

On the contrary suppose p and g are two common fixed points of fand g.
Then clearly p = fp and ¢ = gq

d(p,q) = d(fp. 99)
< afd(p, fp) + d(g, 99) }
= ofd(p,p) +d(q,9)}
d(p,q) <0.
Thus,
d(p,q) =0=p=gq.
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Hence this completes the proof. []

Example 2.9 Let X = {p,q,r,s,t,u}. Define d : X x X — R? such that
d(x,y) =d(y,x)Vx,y € X and for a and b € R*

d(p, q) = d(q,p) = (6a, 6b).

d(p, T) = d(?”,p) = d(T,S) = d(S,T) = d(q,r) = d(rra Q> = d(st> = d(87Q> =
d(p,s) = d(s,p) = (a,b).

d(p,t) = d(t,p) = d(q,t) = d(t,q) = d(r,t) = d(t,r) = d(s,t) = d(t,s) =
(3a, 3D).

A(p, ) = d(q,u) = d(r,u) = d(s,u) = d(t, ) = (4a, 4b).
Here (X, d) a complete hexagonal metric space.

Now let f,g: X — X be defined as
s, it x#E
fx_{q, if =t

and

(r, if x=0p
p, if z=¢q
q, if x=r
s, if x=s
t, if x=t
L u, if x=u

gr =

Let x =t and y = p, then by condition (2.8),we have
d(ft, gp) < ald(t, ft) + d(p, gp)]
d(g,r) < ald(t,q) + d(p,r)]
(a,b) < a[(3a,3b) + (a,b)]
(a,b) < afd(a,b)
1 <A4a
0.25 < a.

Thus o > 0.25, which validate our condition that o € [0, 3). Therefore fand g
satisfy all the conditions of theorem (2.8) and have a unique fixed point s of X.

3. CONCLUSION :

In this article we introduced the hexagonal metric space and hexagonal b-
metric space. we proposed and proved some fixed point results in both spaces



48 JAYESH TIWARI, DILEEP KUMAR SHARMA

and verified this obtained results with new suitable examples. These fixed point
theorems generalized the Abba Auwalu and Hincle theorems|1].
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