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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
EXISTENCE OF COMMON FIXED POINTS OF CONTINUOUS
SELF-MAPPINGS IN COMPLETE MENGER SPACES

KOTI N. V. V. VARA PRASAD! AND JYOTSANA MAJUMDAR?

ABSTRACT. The purpose of this paper is to establish necessary and sufficient
conditions for existence of a common fixed point of three maps f,g and h in a
complete Menger space under a general contractive condition. Our main result
is generalization of the result of Ismat Beg and Mujahid Abbas [7].

1. INTRODUCTION AND PRELIMINARIES

In the literature of fixed point theory majority of results are on metric spaces.
It is quite natural to extend the research in the direction of some newly investi-
gated spaces such as partially ordered metric space, Sacks spaces and probabilistic
metric spaces(pms). In the pms where the probable distance between two points
can be measured. In this content one can see in the literature on these spaces
with good number of publications. Few important aspects of fixed point theo-
rems in probabilistic metric spaces can see in [9]. In 1991,Mishra [12] extended
the notion of compatibility to PM-space. Cho et al.[l5] studied the notion of
compatible mappings of type (A) in Menger spaces which is equivalent to the
concept of compatible mappings under some conditions.

Jungck and Rhoades [1] studied fixed point results for occasionally weakly
compatible mappings. Doric et al. [3] have shown that the condition of occa-
sionally weak compatibility reduces to weak compatibility in the presence of a
unique point of coincidence (or a unique common fixed point) of the given pair
of mappings. Recently many authors [2],[5],[0],[3],[13] and [11] have established
a number of interesting fixed point theorems for mappings on various classes of
Menger spaces.

In this paper deals with the necessary and sufficient condition for a common
fixed point of three self maps f, g and h, in which the pairs (f,h) and (g, h) are
occasionally weakly compatible maps. Moreover, this result does not require the
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continuity of the mapping f and g. Our main result is generalization of the result
of Ismat Beg and Mujahid Abbas [7].

Definition 1.1. [I] A mapping F' : R — [0,1] is called a distribution function
if it satisfies the conditions (i) F is nondecreasing, F is left continuous, with
inf{F(t) : t € R} =0 and sup{F(¢) : t € R} = 1. The Heaviside function H is a
distribution function defined by

0 if z <0,
H(x):{ 1 ifz>0.

Definition 1.2. [I] Let X be a non-empty set and let L denote the set of all
distribution function defined on X, i.e., L = {F,, : x,y € X}. An ordered pair
(X, F) is called a probabilistic metric spaces, where F' is a mapping from X x X
into L, if for every pair (z,y) € X, a distribution function F,, is assumed to
satisfy the following four conditions:

(1): F,y(u) =1, forall u > 0,

(2): Foy(u) = Fyu(u),

(3): Fyy(u) =0.

(4): If F,p(u1) =1 and F, (ug) =1, then F, ,(u; +ug) =1 for all z,y, 2z €

X and uq,us > 0.

Definition 1.3. [I] A T-norm is function ¢ : [0, 1] x [0, 1] — [0, 1] satisfying the
following conditions:

(T1): t(a,1) =a, t(0,0) =0,

(T2): t(a,b) =t(b,a),

(T3): t(c,d) > t(a,b) for c > a, d > b (a,b,c,d € [0,1]).

(T4): t(t(a,b),c) = t(a,t(b,c)) for all a,b,c in [0, 1].
Example of basic A -norm :

1: The minimum t-norm : t,(,p = min{a, b},

2: The product t-norm :fpqp = a.b

3: The Likasiewicz t-norm : ¢1(a,b) = max{a +b—1,0}.

4: The weakest t-norm, the Drastic product:

| min(x,y) if mazx(x,y) =1,
tp(a,b) = { 1 if otherwise

Definition 1.4. [I] A Menger probabilistic metric space (X, F,t) in ordered
triple, where ¢ is a t-norm, and (X, F') is a probabilistic metric space satisfying
the condition F, ,(ui+us) > t(Fy.(u1), Fy.(ug)) forall z,y, z € X and uy, us > 0.
This inequality is known as Menger’s triangle inequality.

Definition 1.5. [1] Let (X, F, A) be a PM-space. Then,

1: a sequence {z,} in X is said to be convergent to a point z € X , if for
every € > 0 and 0 < A\ < 1 there exists a positive integer Z* such that
F,. .z (€) > 1— X whenever n > Z7;
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2: a sequence {z,} in X is called a Cauchy sequence if for every € > 0 and
A > 0 we can find a positive integer Z* such that F, .., () > 1 — A
whenever n,m > Z*;

3: a Manger PM-space is said to be complete if every Cauchy sequence is
convergent to a point in X:

Definition 1.6. [12] Let (X, F,T) be a Menger space such that the t-norm T is
continuous and (A, .S) be mappings from X into itself. Then, the pair (A4,9) is
said to be

ir compatible[12], if
lim Fus,,,s4,, (t) =1,
n—oo
for all ¢ > 0, whenever {z,} is a sequence in X such that

lim Az, = lim Sz, =z, for some z € X.
n—oo n—o0

ii: weakly compatible[12], if they commute at their coincidence points.
iii: compatible maps of type(A)[15], if

lim FSAxTL?AAwn (t) = 17 and lim FASwn,stn (t) = 1,
n—oo n—oo
for all t > 0, whenever {x,} is a sequence in X such that

lim Az, = lim Sz, = z,
n—oo n—oo

for some 2z € X.

Definition 1.7. [1] Two self mappings A and S of a Menger space (X, F,T') are
occasionally weakly compatible (owc) if and only if there is a point x € X which
is a coincidence point of A and S at which A and S commute.

Definition 1.8. (Altering distance function [10]). The function @ : [0, +00) —
[0,400) is called an altering distance function if the following properties are
satisfied:

1: @ is continuous and non-decreasing,
2: ¢(t) =0 if and only if t = 0.

Proposition 1.9. [15] Let (X, F,T) be a Menger space such that T-norm t is
continuous and t(x,x) > x for all x € [0,1],and A, S : X — X be continuous
mappings. If the pair (A, S) is compatible, then they are weakly compatible.

Proposition 1.10. [15] Let (X, F,T) be a Menger space such that T-norm t is
continuous and t(x,x) > x for all x € [0,1],and A,S : X — X be continuous
mappings. 1If the pair (A,S) are compatible, then they are compatible maps of

type (A).

Proposition 1.11. [15] Let (X, F,T) be a Menger space such that T-norm t is
continuous and t(x,x) > x for all z € [0,1],and A,S : X — X be compatible
maps of type (A). If one of the pair (A, S) is continuous, then the pair (A,S) is
compatible.
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Proposition 1.12. [15] Let (X, F,T) be a Menger space such that T-norm t is
continuous and t(zx,z) > x for all x € [0,1],and A, S : X — X be mappings. Let
the pair (A, S) be compatible maps of type (A). Then we have

1: lim SAz, = Az if S is continuous at z.
n—o0
2: ASz=SAz and Az = Sz if A and S are continuous at z.

Lemma 1.13. [11] Let {y,} be a sequence in X with T'(a,b) = mina,b for all
a,b € [0,1]. If there exist a constant k € (0,1) such that for every n € Nand
every € > 0 we have

Fyn+1ayn(k€) > Fyyns (E)v

then {yn} is a Cauchy sequence in X.

2. MAIN RESULTS

Theorem 2.1. Let (X, F,T) be a complete Menger space and f, g be two selfmaps
on X. The mappings f and g have a common fixed point in X if and only if there
exists a continuous mapping h : X — f(X)Ng(X) and the pairs (f,h) and (g,h)
are owc and satisfying the condition

From (k) > ¢ (mm{th,fx(w, Fryan(®)s Froay(t): Froan () Fr o (28) }) . (21)

forallz,y € X, k€ (0,1), p € ® andt > 0. Indeed f,g and h have a unique
common fized point in X.

Proof. Necessary condition: Suppose fz = z = gz for some z € X. Define a
mapping by hz = z for all x in X. Suppose h is continuous mapping of X into
f(X)Ng(X) and h it commutes with f and g, conclusively and thus the pairs (f, h)
and (g, h) are satisfies required conditions. Further, for any k € (0,1), ¢ € ® and
t > 0, then inequality (2.1)

Fhw,hy(kt) = Fz,z(kt) =129 (min{thJm(t), th,gy(t)7 Ff%gy(t)Fhr,gy(t% th,fx(Zt)}> )

holds good.

Sufficient condition:- Let zq be an arbitrary point in X. Suppose h(X) C g(X),
let for n < N then there exists a point x; € X such that hzy = gz, = y;(say).
Again for z; € X there exists a point x3 € X such that hx; = fxs = yo. Continue
in this way, we can have

Yon—1 = NTon_2 = GTon_1 ; Yon = NTon_1 = fTop. (2-2)

Putting © = 29,y = To,41 in (2.1), then we have

th2n7h$2n+1 (kt) > ¥ <min{th2n7fx2n (t)’ Fh$2n+17gm2n+l (t)v Ff$2n7g$2n+1 (t)7 Fh$2nygx2n+l (t)v

th2n+1,f~’02n (2t) }) .
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Using (2.2), we have

Fy2n+17y2n+2 (kt) 2 SO (min{Fyan,yzn (t)7 Fy2n+27y2n+1 (t)7 Fy2n7y2n+1 (t)7 Fy2n+17y2n+1 (t>7

Fy2n+27y2n (2t) }) )

> (mn{F (. AEp o (O Fy s (8) }) ,

= (min{Fymﬂ,yznﬂ (t), Fyi1y2n (t) }) :

If mzn{ Yon+2,Y2n+1 (t> y2n+17y2n( )} IS y2n+27y2n+1( )7 then by the property Of ()07
we get

Fy2n+l7y2n+2(kt) Z (ID(Fan+17y2n+2 (t)) > Fy2n+1,y2n+2 (t)7 a ContradICtlon
Thus

Fy2n+11y2n+2 (kt) Z <IO(‘F‘;’J?/L«&»l7y2n (t>> > Fy2n+1,y2n (t) (23)

Similarly, we get

Fy2n+2ay2n+3 (kt) Z ()O(Fy2n+2,y2n+1( )) > Fy2n+27y2n+1 <t> (24)
From (2.3) and (2.4), we obtain that for each n € N such that
Fyn+17yn+2 (kt) > Fyn Yn+1 ( ) (25)

On the application of Lemma 1.13, the sequence defined by (2.2) is a Cauchy
sequence in X. The completeness of the space X implies that every Cauchy
sequence is a convergent sequence in X. Therefore the sequence {y,} converges
to a point z (say) in X. Thus

lim vy, = hm hx, = hm fro, = hm gra,_1 = z,for some z € X. (2.6)
n—0o0

Suppose h is continuous and the pair (f, h) is owc, then by the proposition (1.12),
implies that

lim fh,, = hz, for some z € X. (2.7)
n—oo

Now, we show that hz = z, if hz # z, replace x = h,,, and y = x9,_1 in (2.1), so
we have

thzgn,hxzn—l (kt) > (min{thl‘zn,fhmn (t)> thzn—hgmn—l (t)> thxzn,gmn—1 (t)7

thx2n,91‘2nfl (t)v Fh1‘2n71 yfhaan (2t) }) .

(2.8)
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On letting n — oo, then shall get

th,z (kt) Z 2 (min{th,hz (t), Fz,z<t>7 th,z (t), th,z(t)a Fz,hz(Qt)}) )

Z gp(mm{l, 1a th,z(t)a th,z(t)a Fz,hz(Qt)})

o(Freslt)) > Feal0),

a contradiction. Thus
hz = z. (2.9)
Again using h(X) C f(X), then there exists a point u € X such that
fu=hz=z (2.10)

To show that fu = hu, we shall put z = fu and y = 9, in (2.1), so have

Frupon s (k) > ¢ (mm{Fhu,fuu), Fronsgomns (0 Frugann s (0 Frsgans+ (0),

o i)

Taking as n — oo in the above inequality, we obtain that

Fry . (kt) > go(mm{Fhu,fu(t), F,.(t), Fruz(t), Fru:(t), Fz7fu(2t)}).

Using the property of ¢,

Fru (k1) zgo(mm{Fhu,xt),Fz,z(t),Fz,z<t>,Fhu,xt),Fz,z(zt)})

= o ((Fuuslt)) > Funs(0),

a contradiction, then we get
hu = fu = z. (2.11)
Since (f, h) is owc, then we get
hu= fu = hfu= fhu.
= hz=fz="z. (By (2.9), (2.10) and 2.11))

Hence z is common fixed point of h and f.
Finally, we show that z is a fixed point of ¢ also. Since h(X) C g(X), then there
exists point v € X such that

gv = hz(=2). (2.12)

Now, we show that hv = gv. We consider © = x5, and y = v in (2.1), we get

thzn,hv(kt) > P (min{thzn,fon (1), Fhv,gv(t)a o (), thzn,gv(t)a Fho, fron (2t) }) .
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On taking limits as n — oo and using (2.6) and (2.12), we have

F.p, (kt) > go(mm{FZ,Z(t), Frp (1), F. (), F. .(t), F;w,z(Zt)})
= @(Fho=(t), Fiw2(20)) > @(Fho (1)) > Fio (1),
a contradiction. Thus
hv = z. (2.13)
From (2.12) and (2.13), we get
hv = gv = z. (2.14)
Since the pair (h,g) is owc and from (2.13) and (2.14), we get,
hv= gv = hgv = ghv.
= hz=gz=2z2.

This leads to that z is a common fixed point of f, g and h. Finally, we get
uniqueness part easily from the inequality. O

Theorem 2.2. Let (X, F,T) be a complete Menger space and f, g be two selfmaps
on X. The mappings f and g have a common fixed point in X if and only if there
exists a continuous mapping h : X — f(X)Ng(X) and the pair (f,h) is compatible
and (g, h) is weakly compatible and satisfying the condition

Fr#0) a1~ e o0 Fo))

> (mz’n{th,fx (2t), Fragy(t), Frz (1) }) , (2.15)

forallz,y € X, k€ (0,1), p € ® and t > 0. Indeed f,g and h have a unique
common fixzed point in X.

Proof. Take ¢ =0 in (2.15), then it is follows as corollary of Theorem 2.1. O
The following is supporting for the Theorem 2.1

Example 2.3. Let (X, F, A) is a complete Menger space where t(a, b) = min{a, b}
for all a,b € [0,1]. Let X = [0,1] be the set with the metric d defined by
d(x,y) = |r — y| and for each t € [0, 1]. Define

(t)—{ m ift>0

E 0 ift=0

x?y

for all z,y € X and t > 0. Let f, g and h are self maps on X. Define h(z) = %,
if0<ax<1,

ANVAN

8 K
=N

1
i’ and g(x) = {

Y

if
if

NI
o~ O
IAIA
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Proof. Tt is clear that h is continuous mapping and h(X) C f(X) N g(X) and
h: X — f(x)Ng(z). At the point 1/2 the pairs (f,h) and g, h) satisfies owc
property. And condition (2.1) is also satisfies. Then the mappings f,¢ and h
have unique common fixed point 1/2 in X. O

Corollary 2.4. (Theorem 2.1 of [7]). Let (X, F,T) be a complete Menger space
and f, g be two selfmaps on X. The mappings f and g have a common fixed point
in X if and only if there exists a continuous mapping h : X — f(X)Ng(X) and
the following conditions are satisfying,

(a) either the pairs (f, h) is compatible and (g, h) is weakly compatible
or the pair (g,h) is compatible and (f,h) is weakly compatible and

(b) Fhany(kt) > mm{Fhw,fz(t)a Fhygy()s Fragy(t), Fhagy(t), th,f:c(%)};

forallx,y € X, k€ (0,1), and t > 0. Indeed f,g and h have a unique common
fixed point in X.

Corollary 2.5. Let (X, F,T) be a complete Menger space and f, g be two selfmaps
on X. The mappings f and g have a common fixed point in X if and only if there
exists a continuous mapping h : X — f(X) N g(X) and the following conditions
are satisfying the condition (b) of corollary 2.4, and

(a) either the pairs (f,h) is compatible maps of type (A) and (g,h) is weakly
compatible

or the pair (g, h) is compatible maps of type (A) and (f, h) is weakly compatible.
Indeed f,g and h have a unique common fixed point in X.
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