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ABSTRACT. In this paper, we introduce and investigate a new variant of a Ro-
man dominating function in graphs called outer-connected fair Roman domi-
nating function. In addition, we presented some theoretical properties of outer-
connected fair Roman dominating functions in some classes of connected graphs
and discussed some important results.
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1. INTRODUCTION AND PRELIMINARIES

One of the interesting topics in domination theory is the Roman dominating
function, which is considered a research motivating variation of dominating sets
in graphs. Roman domination was initiated in 2004 by Cockayne et al. [1],
and nowadays, there are several papers in the literature that involve Roman
dominating function, which can be found in [2, 3, 4, 5]. In the year 2007, Cyman
[6] initiated outer-connected domination number in graphs, and Caro et al. [7]
introduced the concept of fair dominating sets in graphs. Currently, Duhilag et al.
[8] in the year 2025, combined the idea of outer-connected and fair domination,
and came up with a new parameter called outer-connected fair domination in
graphs. In this study, the authors are motivated to join the concept of outer-
connected fair domination and Roman dominating function to come up with a
new interesting parameter and a stronger version of network security in graphs.
This new restricted parameter is a combination of defensive strategy, fairness of
undefended vertices, and their connectivity, which emphasizes a better security
of a Roman domination scheme. Hence, this paper is realized. The results of this
paper may be useful in network analysis in computer science applications that
investigate the behavior and relationship of interconnectedness of entities. For
the definitions and concepts in graph theory involved in this study that are not
presented here, the readers are advised to refer to [9, 12, 13].
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Let G = (V(G), E(G)) be a connected graph where V(G) is the vertex set and
E(G) is the edge set of G. Let D C V(G). Then D is a dominating set of G if for
every x € V(G)\ D, there exists y € D such that xy € E(G) [9]. The domination
number of G, denoted by v(G), is the smallest cardinality of a dominating set D
on G. The dominating set D with |D| = v(G) is called v-set on G. For various
parameters and rigorous studies in domination in graphs, the readers may refer
to the following references [10, 11, 12, 13, 14]. A set O C V(@) is called an
outer-connected dominating set of G provided that for every a € V(G) \ O, there
exists b € O such that ab € E(G) and the subgraph (V(G) \ O) is connected
[6]. The outer-connected domination number of G is defined as the minimum
cardinality of a dominating set O on G and is denoted by 7.(G). The outer-
connected dominating set O that satisfies with |O| = 7.(G) is called 7.-set on G.
A proper subset F' of V(G) is called a fair vertex set on G if for every x,y € F,
|INg(z) N (V(G)\ F)| = |[Ng(y) N (V(G)\ F)| > 1. A set Fy C V(G) is a fair
dominating set of G provided that for every x € V(G) \ Fy, there exists y € Fy
such that zy € E(G) and the set V(G) \ F is a fair vertex set [7]. The fair
domination number of G, denoted by fd(G), is the minimum cardinality of a
fair dominating set F,; on G. The fair dominating set Fy with |Fy| = fd(G) is
called F'D-set on G. Let Cy C V(G). Then C} is called an outer-connected fair
dominating set of G provided that for every v € V(G) \ Cy, there exists u € Cy
such that uwv € E(G), the set V(G) \ Cf is a fair vertex set, and the subgraph
(V(G) \ Cf) is connected [8]. The outer-connected fair domination number of
G, denoted by 7.p(G), is the smallest cardinality of a dominating set Cy on G.
Moreover, the dominating set Cy which satisfies |Cy| = J.p(G) is called 7 p-set
on G.

Let A : V(G) — {0,1,2} be a function on G. Set V; = {z € V(G) : A\(z) = i},
for each 7 € {0, 1,2}. Then we obtain A\ = (Vp, V4, V3). A function A = (Vp, Vi, V3)
is a Roman dominating function (RDF) on G if for every vertex v € Vj there
exists u € V5 such that uv € E(G) [1]. The weight of function A on G is
defined by wZ(\) = > wev(ey Nw) = [Vi| + 2[Va|. The Roman domination
number of G is defined as the smallest weight of an RDF A on G, that is,
Yr(G) = min{wZ(\) : X is an RDF on G} and denoted by vz(G). Every RDF )
on G satisfying the condition wf()\) = yr(G) is a yr-function on G. A function
A = (Vp, Vi, V3) is an outer-connected fair Roman dominating function (OcFRDF)
on G provided that for every vertex in Vj is adjacent to some vertex in V5 and for
every u,v € Vg, |Ng(u) N Va| = |Ng(v) N Va| > 1, ie., Vp is a fair vertex set, and
(V) is a connected subgraph of G. The weight of OcFRDF A denoted by @& #(\)
is the sum GEH(N) = 30, cp @ M@) = [Vi| +2|V3|. The smallest weight of an
OcFRDF on G denoted by 7.rpr(G) is called outer-connected fair Roman domina-
tion number and defined as Y.pr(G) = min{WdE(N) : X is an OcFRDF on G}.
Every OcFRDF ) on graph G with 0d(\) = 3.rr(G) is called a 7,.pp-function
on G. In this paper, the authors introduce a new restricted variant of a Ro-
man domination in graphs called outer-connected fair Roman domination. Some
important theoretical properties of an outer-connected fair Roman dominating
function in various classes of connected graphs, bounds of outer-connected fair
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Roman domination number, the realization problem, and some characterizations
were also discussed.

2. MAIN RESULTS

This section presents some results of an outer-connected fair Roman dominating
function on any connected graph.

Proposition 2.1. Let G be a connected graph of order n where n € N and let
A = (Vo, Vi, Va) be a Fepg-function on G. Then |Vo| = [Va| > 0 if and only if
%::FR(G) ="N.

Proof. Let A = (Vy, V1, Vs) be a q.pg-function on a connected graph G. Assume
that |Vo| = [Va] > 0. Then we have J.rr(G) = 04\ = |Vi| + 2|Va| =
Vol + [Vi| + |V2| = |[V(G)| = n. Conversely, suppose Y.rr(G) = n. Seeking a
contradiction. Assume for a moment that |Vy| # |[Va|. Then either |Vp| < [Va| or
Vol > [Val. IE [Vo] < [Val, then Furn(G) = BT T(A) = [Vi[ + 2{V| > [Vl + Vi +
[Va| = |[V(G)| = n. A contradiction. Now, if J.pr(G) = & E(N) = |Vi| + 2|Va| <
Vol + |Vi| + |Va| = |[V(G)| = n. This is again a contradiction to our assumption.
Consequently, we conclude that |Vy| = [Va] > 0. This completes the proof. O

As illustration of Proposition 2.1., we let G = P, = [vy, vg, ..., v,] where n > 5
and let A = (Vp, V4, V5) be a F.pr-function on G. Then we set Vy = {vq, v3},
Vi = {vs,v6, ..., 0}, and Vo = {vy,v4}. In this case, |Vy| = |Va]. Note that
|Nc(v2) N Va| = | Ng(vs)NVa| = 1 and (Vp) is a connected subgraph of G. By con-
struction, we conclude that Y.pr(G) = WL E(N) = |Vi|+2|Va| = [{vs, ve, .., vn }| +
2{v1,v4}| = (n —4) + 2(2) = n. The same argument can be applied if G = C,,
where n > 5. Hence, the same findings we get if we invoke Proposition 2.1 for
graph G = P, or G = C,, where n > 5. The following result below is a con-
sequence of Proposition 2.1 and the definition of outer-connected fair Roman
dominating function on any connected graph.

Proposition 2.2. Let G be a connected graph with |V(G)| = n where n € N
and let A = (Vo, V1, V) be Fepr-function on G. Then Y.pr(G) < n if and only if
1< Vol < Vol

Proof. Let A = (Vy, Vi, V3) be a q.pg-function on a connected graph G of order
n. Suppose Y.rr(G) < n. Then Vy # &, and so, |V2| > 1. By Proposition 2.1.,
Vol # [Val. IE [Va] > [V, then Forn(G) = BER() = [Vi| +2[Va| > [Vil + [Val +
Vol = |[V(G)| = n, a contradiction since A is a J.pg-function on G. Thus, we can
conclude that 1 < V3| < |Vp|. As for the converse, suppose 1 < |V, < [Vp|. Then
it follows that J.rr(G) = B H(\) = [Vi|+2[Va| < [Vi|+[Va|+ Vo] = [V(G)] = n.
This completes the proof. O

The following propositions are vital properties of OcFRDF on a connected
graph G.

Proposition 2.3. Let G be a connected graph. If X = (Vo,V1,V3) is a Yepr-
function on G, then Vi UV, is an outer-connected fair dominating set on G.
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Proof. Assume that A = (Vp, V4, V5) is a J.pr-function on a connected graph G.
Then it implies that A is an OcFRDF on G. Hence, for every x € 1}, there exists
y € Vi such that zy € E(G) and for every u,v € Vi, |[Ng(u)NVa| = |[Ng(v)NVa| >
1 and the subgraph (V4) is connected. Therefore, we conclude that V3 U V4 is an
outer-connected fair dominating set on GG. This completes the proof. 0

Proposition 2.4. Let G be a connected graph and let X = (Vo, Vi, V3) be an
OcFRDF on G such that Vi = @. Then X is Y.pr-function on G if and only if
Vs is a Yep-set on G.

Proof. Let A\ = (Vy, Vi = @, V5) be an OcFRDF on a connected graph G.

(=) Suppose A is F.pg-function on G. Assume for a moment that V5 is not
a Yerp-set on G. Then it implies that there exists 7.p-set VJ on G such that
V(G) \ Vy is a fair vertex set on G and the subgraph (V(G) \ Vi) is connected.
So, we set Wy = V(G) \ V4, W, = @, and Wy = V. Then it suffices to say
that f = (Wp, Wi, Ws) is an OConRDF on G. Now, wCFR( f) = |Wi| 4+ 2|Ws| =
2Vy| < 2fVa| = Vil + 2\V| = BEFE(N) = Fern(G). Hence, GEFR(f) < Fupn(G).
This is a contradiction. Therefore, V5 is a 7.p-set on G.

(<) Suppose V3 is a J.p-set on G. Then Vy = V(G) \ Vs is a fair vertex set on G
and the subgraph (Vp) is connected. Assume for a moment that A\ = (Vp, V1, V4)
is an OcFRDF on G but not a 7.pg-function. Then it means that there exists
Jerr-function g = (Uy,U; = @,U,) on G. Observe that J.rr(G) = 0% (g) =
\Up|+2|Us| = 2|Us| < 2|Va| = |Vi|+2|Va| = GEE(N). Thus, we obtain |Us| < |Va.
This is a contradiction to our assumption that V5 is a y.p-set on G. Therefore,
we can conclude that A = (V4, Vi, V4) is a J.pr-function on G. This completes
the proof. O

Proposition 2.5. Let G be a connected graph and let A = (Vy, V1, V3) be a Yepr-
function on G. Then Vo = @ if and only if Vo = &. Hence, Y.rr(G) = n.

Proof. Let A = (Vy, V4, V3) be a 7.pr-function on a connected graph G.

(=) Suppose Vy = &. Assume for a moment that V5 # &. Then let x € V5. Set
Up =2, U =ViU{z}, and Uy = V5 \ {z}. It implies that f = (Uy, Uy, Us) is an
OCFRDF on G. Observe that wCFR( f)=1U|+2|Us] = (|Vi| + 1)+ 2(|Vo| — 1) =
Vil + 2|Va| = 1 < GE(N) = Ferr(G). Hence we get WE(f) < Ferr(G), a
contradiction. Therefore, we conclude that V5, =

(<) Conversely, suppose Vo = @. Since A is a %FR—function on G, it clearly
follows that Vy = @ and thus, |Va| = |Vy| = 0. By Proposition 2.1., we conclude
that VCFR(G) n.

This completes the proof. O

Proposition 2.6. Let G be a connected graph and let X\ = (Vo, Vi, Vs) be a Yepgr-
function on G. If there exists x € V(G) such that degg_v,(z) = 0 and |Vy| > 2,
then x € V.

Proof. Let A = (Vy, V1, Va) be a . pg-function on G. Suppose that there exists
x € V(G) such that degg_v,(z) = 0 and |V;| > 2. In that case, z € V(G) \ Va.
Seeking a contradiction. Assume for a moment that z ¢ V;. Since z € V(G) \ Va,
it follows that z € V. Now, since V;UV5 is an outer-connected fair dominating set
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by Proposition 2.3 and |Vj| > 2, it implies that the subgraph (V}) is connected and
so, Ng(xz) N (Vo \ {z}) # @. This follows that degs_y,(x) # 0, a contradiction
to our assumption. Therefore, we conclude that x € V;. This completes the
proof. O

The following corollary is an immediate consequence of Proposition 2.6.

Corollary 2.7. Let G be a connected graph of order n where n € N and let
A= Vo, Vi, Vo) be a Fepr-function on G. If there exists x € V(G) such that for

ally € V(G) \ {z}, dego—(z}(y) = 0, then Yorr(G) = n.

Proof. Let A = (V,, V1, V4) be a q.pr-function on G with |V(G)| = n where
n € N. Assume that there exists © € V(G) such that for all y € V(G) \ {z},
degc—{z}(y) = 0. Then invoking Proposition 2.6., y € V; for all y € V(G) \ {z}.
Since A is a J.pg-function on G, it also follows that = € V;. Therefore, we have
|Vo| = |Vo| = 0 and by Proposition 2.1., we conclude that 5.pr(G) = n. This
completes the proof. O

Remark 2.8. Let G = S,, where n > 3. Then 7.pr(G) = n.

Proof. Note that G = S, = K| + K,,_; where n > 3. Let x € V(K;). Then
G — {2} = K,_1. In that case, for all y € V(K,,_1), degg—(z)(y) = degr—(y) =
0. Invoking Corollary 2.7., we end up with %FR(G) = n. This completes the
proof. O

The following main result determines some bounds of the outer-connected fair
Roman domination number of a connected graph G.

Theorem 2.9. Let G be a connected graph with |V (G)| = n where n € N. Then
the following inequality holds:

maz{Vr(G),Ver(G)} < Yerr(G) < min{2y.p(G), n}.

Proof. Let A = (V, V1, V5) be a 4 pr-function on a connected graph G of order n
where n € N. By Proposition 2.3, it implies that V; UV5 is an outer-connected fair
dominating set on G. Now, Y.r(G) < |Vi|+|Va| < |[V1]4+2|Va| = Ferr(G). Then we
obtain Y.r(G) < Yerr(G). Now, since every OcFRDF on graph G is an RDF on G,
it simply implies that yg(G) < Y.pr(G). Thus, we have max{7.r(G),7r(G)} <
Yerr(G). Let Vo = @&. Then by Proposition 2.5, we get Vo = @&. Hence, A =
(@,Vi = V(G),2) is an OcFRDF on G. Tt means that J.pr(G) < @ B(N) =
Vi + 2|Vz| = [Vi] = |V(G)| = n. Thus, we can say that J.pr(G) < n and this
inequality is sharp. Let D be a 7.p-set on G, that is, 7.r(G) = |D|. Set W, =
V(G)\ D, Wy = @, and Wy = D. Then it implies that \* = (Wy, Wy, W3) is an
OcFRDF on G, that is, Wy = V(G)\ D is a fair vertex set on G and the subgraph
(W) is connected. Thus we have J.pr(G) < Od () = |W,| + 2[Wsy| = 2|D| =
29.r(G). Accordingly, it implies that Y.pr(G) < min{n,27.r(G)}. Therefore,
the conclusion follows. O

Theorem 2.10. Let G be a connected graph. Then Y.pr(G) = 1 if and only if
G - Kl.
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Proof. Let A = (Vi, V1, V3) be a q.pg-function on G.

(=) Suppose J.rr(G) = 1. Assume for a moment that G # K;. Then we have
\V(G)| > 1. If Vj # @, then by Proposition 2.5, Vo # @. This implies that
Yerr(G) = O T(N) = [Vi| 4+ 2|Va| > 1. This is a contradiction. If Vy = &, then
Vo = @ by Proposition 2.5. Hence, it means that J.pr(G) = GZ(\) = |V3] =
|[V(G)| > 1. This is again a contradiction. Therefore, we conclude that G = Kj.
(<) As for the converse, we suppose G = K;. Since A = (Vp, Vi, V5) be a Y.pr-
function on G, it is clear that |Vy| = |[Va| = 0 and thus, Y.rr(G) = |Vi| =
V(K1) = 1.

This completes the proof. O

The join of two graphs G and H denoted by G + H is a graph with vertex
set given by V(G + H) = V(G) U V(H) and edge set given by E(G + H) =
EGUEH)e{w :ueV(G)andv e V(H)}.

Theorem 2.11. Let G be a connected graph with |V (G)| > 2. Then Y.pr(G) = 2
if and only of G = K1+ H where H is any connected graph.

Proof. Let A = (V, V4, V3) be a 7.pg-function on a connected graph G of order
n> 2.

(=) Assume that 7.pr(G) = 2. Then |V1]|+2|V5] = 2 and it follows that [V5| < 1.
Suppose that if |Va| = 0, then we obtain Vj = @ by Proposition 2.5. Thus
we get Yorr(G) = GEE(N) = |Vi| + 2|Va| = V3] = |[V(G)] = 2. Since G is a
connected graph, it implies that G = Ky = Ky + K. Let H = K;. Then H is
a trivial connected graph. Now, suppose |V5| = 1. Since 4.pg(G) = 2, it implies
that Vi = @. Let uw € V5 = V(K;). Then G = K; + (V(G) \ {u}) and so,
Vo = (V(G) \ {u}). Since X is a J.pr-function on G, then for every z,y € Vj,
|Na(z) NVa| = |Ng(y) N Vs = 1 and the subgraph (V) is connected. Hence, we
can set H = (V). Therefore, we can conclude that G = K; + H where H is a
connected graph.

(«=) Conversely, we suppose G = K; + H where H is any connected graph.
Set Vi = @ and V, = V(K;). Since for every u,v € V(H), |[Ng(u) N V| =
|IN¢(v) N'V,| =1 and H is connected, it follows that Vj = V(H). In this case, it
is easy to see that V5 is a 7.p-set on GG. Therefore, by Propostion 2.4, we end up
with 3upr(G) = G R() = |Va| +2Val = 2V ()] = 2.

This completes the proof. |

Corollary 2.12. If G € {K,,, F,,, W,,} where n > 3, then Y.rr(G) = 2.

Proof. Assume that G € {K,, F,,,W,} where n > 3. Then it follows that G €
{K1+ K,,_1,K;, + P,, K1 + C,,} where n > 3. By Theorem 2.11., the conclusion
follows. U]

Theorem 2.13. Let G # K| + H where H is any connected graph and let A =
(Vo, Vi = @, Vs) be a Yepr-function on G. Then Y.pr(G) = 4 if and only if there
exists a dominating set {x,y} such that V(G) \ {z,y} is a fair vertex set and
(V(G)\ {x,y}) is connected.

Proof. Let A = (Vo, V1, V3) be a J.pgr-function on G # K; + H where H is any
connected graph with V}, = &.
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(=) Suppose J.rr(G) = 4. Since Vi = &, it follows that |V3| = 2. By Proposition
2.4., it implies that V5 is a 7.p-set on G. So, it follows that V5 is an outer-
connected fair dominating set on . In that case, 1} is a fair vertex set and
(Vo) is connected. Let Vo = {z,y}. Thus, {z,y} is a dominating set and V) =
V(G) \ {z,y} is a fair vertex set and (V(G) \ {z,y}) is a connected subgraph of
G

(<) Conversely, suppose there exists a dominating set {z,y} such that V(G) \
{z,y} is a fair vertex set on G and (V(G) \ {z,y}) is a connected graph. Then
F = {z,y} is an outer-connected fair dominating set on G. Since A = (1, V] =
@, V4) is a Yepp-function on G, it follows that V5 is a J.p-set on G' by Proposition
2.4. And so, we have 2 = |F| > |V,|. Now, if |V5| = 1, then in view of Theorem
2.11, we obtain G = K; + H where H is any connected graph, contrary to our
assumption. This follows that |V,| > 2. Accordingly, |V2| = 2 and we conclude
that, Y.rr(G) = G E(N) = |Vi| + 2|Vs| = 2|Vs| = 4.

This completes the proof. O

Corollary 2.14. If G = K,,,,, where m,n > 2, then J.pr(G) = 4.

Proof. Assume that G = K,,,, = (U, V., E) where U and V' are vertex sets, that is,
Ul =m >2and |V|=n > 2, and F is the edge set of G. Let A = (Vp, V4, V2) be
a Yerpr-function on G, and let U = {uy, ug, ..., u, } and V' = {wvy, v9, ..., v, }. Since
U C Nglv;] for any j € {1,...,n} and V C Ng[w,] for any ¢ € {1,...,m}, we can
set D = {uy,v;} as dominating set on G, that is, V(G) = Ng[D]. Observe that
|INg(u;)ND| = |Ng(v;)ND| =1foralli € {2,...,m} and j € {2,...,n}. It follows
that V(G) \ D is a fair vertex set on G. Additionally, we can easily check that
(V(G)\ D) is a connected subgraph of GG. Therefore, invoking Theorem 2.13., we
conclude that J.pr(G) = WL E(N) = |Vi| + 2|Vs| = 2|D| = 4. This completes the
proof. O

Theorem 2.15. Let G be a connected graph of order n where n € N and let
A= (Vo,Vi = @,V3) be an OcFRDF on G. Then X is a Yepr-function on G and
Yerr(G) = Yer(G) 4+ 1 if and only if there exists x € V(G) such that dega(z) =
n — /;YJCF(G) .

Proof. Let A = (V, Vi = @, V4) be an OcFRDF on connected graph G.

(=) Suppose A is a Y.pg-function on G and Y.rr(G) = Yer(G) + 1. This implies
that [Vi| 4 2|Va| = Jer(G) + 1. Now, since V; = &, it means that V5 is a J.p-set
on G by Proposition 2.4. Thus, we obtain J.r(G) = |V|. Hence, |Va| + 1 = 2|V5
and so, |Va| = 1. Let Vo = {z}. Since V5 is a J.p-set on G, it follows that
V(G) = Nglz] and V(G) \ {z} is a fair vertex set on G, and (V(G) \ {z}) is a
connected subgraph. Therefore, we conclude that degs(z) = Ng(z) = |[V(G) \
{2} = V(@) = [{z}] =n = V3] = n = 3er(G).

(<) Suppose there exists z € V(G) such that degg(x) = n — F.r(G). Let
Vo = {x}. Since V; = @, it follows that |V3| = J.r(G) = n — degg(x), that is,
Vy is a Jep-set on G. This implies that V(G) = Ng[Vs]. Since V, is an outer-
connected fair dominating set on G, it means that V(G) \ V4 is a fair vertex set
on G and (V(G) \ V) is connected. Let Vo = V(G) \ Va. Since V5 is a 7 p-set on
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G and V; = &, by Proposition 2.4., it follows that A = (Vo, V; = @, V5) is a Yepr-
function on G. Therefore, we conclude that J.pr(G) = WL E(N) = [Vi| + 2|Vs| =
Vo] + Vo = Fer(G) + 1.

This completes the proof. Il

The next result is a realization problem of OcFRDF and RDF on a connected
graph G.

Theorem 2.16. Let p, g and n be positive integers for which 1 < p < q <mn. Then
there exists a connected graph G of order n such that ygr(G) = p and Y.rr(G) = q.

Proof. Let G be a connected graph with |V(G)| = n. Assume that f = (W, Wy, W)
is a yg-function on G and A = (V, V4, V3) be a 4.pg-function on G. Then consider
the following three cases below:

Case 1. 1<p<qg=n

Let G = K;. Then by Theorem 2.10., we obtain 1 = vg(G) = F.rr(G) =
V(G)| = n. Let r(G) = p = q = Ferr(G) = 1. Then 1 = p = ¢q = n.
In addition, consider the graph G = K; + K,,_; where n > 3. Then we set
Wy = V(K 1), Wi = @, and Wy = V(K;). So, we have 7x(G) = w&(f) =
|Wh| + 2|Ws| = 2|V(K,)| = 2. Note that a trivial graph is a connected graph.
Hence, we set Vo = V (K1), Vi = V(K,,_1 \ {u}), and V5 = {u}. This implies that
Jerr(G) = &G H(A) = Vi| + 2[Va| = V(Ko \{u})| + 2[{u}| = (n = 2) + 2 = n.
Let vg(G) = 2 = p and .pr(G) = n = ¢. Since n > 3, we have 1 < p < ¢ = n.
Therefore, Case 1 holds.

Case 2. 1<p<qg<n

Let £ and m be positive integer for which £ > 1 and m > 2 and let G be a
connected graph such that V(G) = V(K;) UV(K;) UV (P,,) and Ng[V (K)] N
Ne[V(Py)] = V(K;). It follows that n = k+m + 1 and V(G) = N[V (K7)].
Thus, we can set Wy = V(K;,) UV(P,), W, = @, and W, = V(K;). Hence,
we obtain Yr(G) = w&(f) = |Wi| + 2|Ws| = 2|V(K;)| = 2. Moreover, let
Vo = V(K;). Since for every v € V(Ky), dega_v,(v) = 0, invoking Proposition
2.6, we get V(K};) C V4. Also, since for every z,y € V(P,,), |Na(x) N V| =
INa(y) N Vo] = 1 and (V(P,,)) = P, is a path graph, hence, connected, it im-
plies that V; C V(K}) and Vy, = V(P,,). In that case, Vi = V(K}). Thus,
Yerr(G) = Wg () = [Vi| +2[Va| = |V(Ky)| + 2|V ()| = k + 2. Since m > 2,
it follows that Y.pr(G) =k +2 < k+m+ 1 =n. Now, let y5(G) = 2 = p and
Yerr(G) =k + 2 = q. Therefore, 1 < p < ¢ < n and Case 2 holds.

Case 3. 1<p=g<n

Consider G = Ky + C,,_5 where n > 5. Since V(G) = Ng[V(K,)|, we can
set Wy = V(Cp2), W7 = @, and Wy = V(K,). Thus, we have yz(G) =
WE(f) = |W|+2|Wy| = 2|V(K2)‘ = 4. Moreover, since for every x,y € V(C),_3),
|INg(z) N V(K3)| = |Na(y) N V(K3y)| = 2 and (V(C,—2)) = C,_2 is a cycle
graph, and so, connected. Hence, we can set Vy = V(C,_2), Vi = &, and
Vo = V(K>). Hence, Y.pr(G) = wCGFR( ) = Vi + 2|Va| = 2|V (Ky)| = 4 < n. Let
p =7vr(G) =4 =73.rr(G) = q. Therefore, 1 < p =g < n and Case 3 holds.

This completes the proof. O

The corollary below is a direct consequence of Theorem 2.16.
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Corollary 2.17. Let G be a connected graph. Then the difference Y.pr(G) —
Yr(G) can be made arbitrarily large.

Proof. Let k be a positive integer. Then by Theorem 2.16, there exists a connected
graph G with |V(G)| = n such that 7.pr(G) = k+2 < n and v5(G) = 2. Hence,
it implies that J.pr(G) — Yr(G) = k. Therefore, the difference 7.rr(G) — Yr(G)
can be made arbitrarily large. This completes the proof. O

Remark 2.18. Let G be a connected graph of order n. Then the difference n —
Yerr(G) can be made arbitrarily large.

The following result is a characterization of an outer-connected fair Roman
dominating function in the join of two connected graphs.

Theorem 2.19. Let G and H be connected graphs. Then A = (Vy, Vi, Va) is an
OcFRDF on G + H if and only if one of the following holds:
(i) ViUV =VEUVSE; or

(ii.) ViuVa=VHEUVH; or

(idi.) ViUV = (VCUVE) U (VT U V).
where Mg = (V&, V&, VE) is an OcFRDF on G such that for all x € V&, V& C
Ng(z) and Mg = (V{1 VE V) is an OcFRDF on H such that for all y € V&,
Vi C Ng(y), for which V€ = Vi N V(G) and VE = VNV (H) for each i €
{0,1,2}.

Proof. Let A = (Vy, V1, V5) be an RDF on G+ H where G and H are connected
graphs.

(=) Assume that A is an OcFRDF on G + H. Set Fg = (V3 U V,) N V(G) and
Fyp =MWV iUVW)NV(H). Let x € V. Then z € V(G) \ Fg or x € V(H) \ Fp.
Suppose x € V(G)\ Fg. Since A is an OcFRDF on G+ H, there exists y € V5 such
that xy € E(G+ H), and V(G) \ Fg is a fair vertex set on G and (V(G)\ Fg) is a
connected subgraph of G. This follows that for all v € V(G) \ Fg, V& C Ng(v).
In that case, either y € Fiz or y € Fpy. So, if y € F, then it means that Fg is an
outer-connected fair dominating set on Gi. Hence, we can let V& = V(G) \ Fg,
VE = Fg\ Vo and VF = Fg\ Vi. This follows that for each i € {0,1,2},
VE = VinV(G). Thus, g = (V& VY VE) is an OcFRDF on G. Observe
V(G+ H) = Ng,g[VF UVE] and VE UV (H) is a fair vertex set on G + H and
(VEUV(H)) is a connected subgraph of G + H. This follows that V; UV, =
VEUVE which indicates that (i.) holds. Meanwhile, we can set VT = V(H)\ Fy,
VH = Fy \ Va and V# = Fy \ V;. By similar argument, it implies that for each
i€ {0,1,2}, V¥ =V, N V(H) and it follows that Az = (V{7, V{1, V) is an
OcFRDF on H. And as we can also observe, V(G + H) = Ng,g[Vi! U VH]
and VT U V(@) is a fair vertex set on G + H and (V#f UV(Q)) is a connected
subgraph of G + H. This means that V; UV, = Vi U VJH and consequently,
(4i.) holds. On the other hand, if u € Fy, then V¥ UV is a fair vertex set on
G + H and (VE U V{!) is a connected subgraph of G + H. Hence, we obtain
ViuVy = (VEUVE) U (Vi UVH). Therefore, we can conclude that (i7i.) holds.
(<) Assume that either (i.) or (i4.) or (iii.) hold. Since Mg = (V&, V% V&) is an
OcFRDF on G such that for all x € V¥, V¥ C Ng(z) and N g = (V{T, V2, V,H)
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is an OcFRDF on H such that for all y € V&, V). C Ng(y), for which V¢ =
VNV (G) and V1 =V, NV (H) for each i € {0,1,2}, we can therefore conclude
that A = (V, V1, V5) is an OcFRDF on G + H. This completes the proof. O

The following corollary is a direct consequence of Theorem 2.19.

Corollary 2.20. Let A = (Vy, Vi, Vs) be an RDF on G + H where G and H are
connected graphs. Let Mg = (VE, VI V,E) be an RDF on G such that for all
x € VP, VE C Ng(x) and Ny = (VI VI V) is an RDF on H such that for
all y € VI, Vi C Na(). Then Turn(G + ) = min{Forn(G), Forn(H)}.

Proof. Let G and H be connected graphs and let A = (4, Vi, V5) be an RDF on
G + H. Assume that Mg = (VF, V¢ V) be an RDF on G such that for all z €
V& VE C Ng(z) and Mg = (VI Vi, VH) is an RDF on H such that for all y €
VI, VI C Ng(y). Suppose Mg = (VE, VE V) is aJ.pp-function on G such that
for all z € V¥, V' C Ng(x). Then V(G + H)\ (VFUVL) is a fair vertex set and
the subgraph (V(G+H)\ (VA UVS)) is connected. Since V(G+H) = Ng,y|[V,CU
V], we set V; = VjG for each j € {0,1,2}. In view of Theorem 2.19, it implies A =
(Vo, V1, Va) is an OcFRDF on G + H. Thus, we have Y.pp(G + H) <@g f (\) =
(V1| +2|Va| = |[VE|+2|VE| = 0B (N|¢) = Yerr(G). On the other hand, let M|z =
(V{H, VI V) be a A pr-function on H such that for all y € VT, V.,F C Ng(y).
Then this implies that V(G+ H)\ (V7 UV,H) is a fair vertex set and the subgraph
(V(G+ H)\ (VT UVH)) is connected. Invoking Theorem 2.19 and by similar
argument, it follows that Y.rr(G + H) < 04 (N g) = Ferr(H). Accordingly, we
get ”VJCFR(G—FH) S mm{%FR(G), A’}/JCFR(H)} Define [ = mm{%pR(G), A’}/JCFR(H)}
Let A = (Vp, Vi, Vo be a q.pg-function on G + H. Using the idea of Theorem
2.19, we can have \g = (Vo N V(G),V1 N V(G),Vo N V(G)) is an OcFRDF
on G such that for all z € VN V(G), VanNV(G) € Ng(z) and Mg = (Vo N
V(H),VinV(H),VaNV(H)) is OcFRDF on H such that for all y € Vo NV (H),
VonV(H) € Ng(y). Now, since V(G + H) = Ngyu[(Vi U V) N V(G)] and
V(G+ H)\ (V1 UVy) N V(G)) is a fair vertex set and the subgraph (V(G +
H)\ (Vi UVa)NV(G))) is connected, it implies that Y.pr(G + H) = 0g5(\) =
Vil +2[Va] = Vi n V(@) + 22 NV(G)| = GF " (M) = Ferr(G) = 1 In a
similar manner, we obtain Y.pr(G + H) > Y.pr(H) > [. Accordingly, we get
Yerr(G + H) > min{3.rr(G),Verr(H)}. Therefore, we conclude that J.rr(G +
H) = min{3.rr(G),Yerr(H)}. This completes the proof. O

Remark 2.21. Let G and H be complete graphs. Then 7.pr(G + H) = 2.

3. CONCLUSION

This paper has introduced a new restricted parameter of domination in graphs
involving the Roman dominating function, which is called the outer-connected
fair Roman dominating function. Important combinatorial properties of outer-
connected fair Roman dominating functions in some classes of graphs were dis-
cussed, including some bounds on outer-connected fair Roman domination num-
ber, characterization, and the realization problem. This paper suggests future
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research to characterize the outer-connected fair Roman dominating function un-
der some binary operations, including vertex corona, edge corona, Cartesian, and
lexicographic products, to strengthen the current results.
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