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Abstract. In this paper, we introduce and investigate a new variant of a Ro-
man dominating function in graphs called outer-connected fair Roman domi-
nating function. In addition, we presented some theoretical properties of outer-
connected fair Roman dominating functions in some classes of connected graphs
and discussed some important results.
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1. Introduction and preliminaries

One of the interesting topics in domination theory is the Roman dominating
function, which is considered a research motivating variation of dominating sets
in graphs. Roman domination was initiated in 2004 by Cockayne et al. [1],
and nowadays, there are several papers in the literature that involve Roman
dominating function, which can be found in [2, 3, 4, 5]. In the year 2007, Cyman
[6] initiated outer-connected domination number in graphs, and Caro et al. [7]
introduced the concept of fair dominating sets in graphs. Currently, Duhilag et al.
[8] in the year 2025, combined the idea of outer-connected and fair domination,
and came up with a new parameter called outer-connected fair domination in
graphs. In this study, the authors are motivated to join the concept of outer-
connected fair domination and Roman dominating function to come up with a
new interesting parameter and a stronger version of network security in graphs.
This new restricted parameter is a combination of defensive strategy, fairness of
undefended vertices, and their connectivity, which emphasizes a better security
of a Roman domination scheme. Hence, this paper is realized. The results of this
paper may be useful in network analysis in computer science applications that
investigate the behavior and relationship of interconnectedness of entities. For
the definitions and concepts in graph theory involved in this study that are not
presented here, the readers are advised to refer to [9, 12, 13].

Date: Received: Oct 4, 2025; Revised: Nov 2, 2025; Accepted: Nov 15, 2025.
∗ Corresponding author
© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

32

https://creativecommons.org/licenses/by-nc-nd/4.0/


OUTER-CONNECTED FAIR ROMAN DOMINATION 33

Let G = (V (G), E(G)) be a connected graph where V (G) is the vertex set and
E(G) is the edge set of G. Let D ⊆ V (G). Then D is a dominating set of G if for
every x ∈ V (G)\D, there exists y ∈ D such that xy ∈ E(G) [9]. The domination
number of G, denoted by γ(G), is the smallest cardinality of a dominating set D
on G. The dominating set D with |D| = γ(G) is called γ-set on G. For various
parameters and rigorous studies in domination in graphs, the readers may refer
to the following references [10, 11, 12, 13, 14]. A set O ⊆ V (G) is called an
outer-connected dominating set of G provided that for every a ∈ V (G) \O, there
exists b ∈ O such that ab ∈ E(G) and the subgraph 〈V (G) \ O〉 is connected
[6]. The outer-connected domination number of G is defined as the minimum
cardinality of a dominating set O on G and is denoted by γ̃c(G). The outer-
connected dominating set O that satisfies with |O| = γ̃c(G) is called γ̃c-set on G.
A proper subset F of V (G) is called a fair vertex set on G if for every x, y ∈ F ,
|NG(x) ∩ (V (G) \ F )| = |NG(y) ∩ (V (G) \ F )| ≥ 1. A set Fd ⊆ V (G) is a fair
dominating set of G provided that for every x ∈ V (G) \ Fd, there exists y ∈ Fd

such that xy ∈ E(G) and the set V (G) \ F is a fair vertex set [7]. The fair
domination number of G, denoted by fd(G), is the minimum cardinality of a
fair dominating set Fd on G. The fair dominating set Fd with |Fd| = fd(G) is
called FD-set on G. Let Cf ⊆ V (G). Then Cf is called an outer-connected fair
dominating set of G provided that for every v ∈ V (G) \ Cf , there exists u ∈ Cf

such that uv ∈ E(G), the set V (G) \ Cf is a fair vertex set, and the subgraph
〈V (G) \ Cf〉 is connected [8]. The outer-connected fair domination number of
G, denoted by γ̃cF (G), is the smallest cardinality of a dominating set Cf on G.
Moreover, the dominating set Cf which satisfies |Cf | = γ̃cF (G) is called γ̃cF -set
on G.

Let λ : V (G)→ {0, 1, 2} be a function on G. Set Vi = {x ∈ V (G) : λ(x) = i},
for each i ∈ {0, 1, 2}. Then we obtain λ = (V0, V1, V2). A function λ = (V0, V1, V2)
is a Roman dominating function (RDF) on G if for every vertex v ∈ V0 there
exists u ∈ V2 such that uv ∈ E(G) [1]. The weight of function λ on G is
defined by ωR

G(λ) =
∑

w∈V (G) λ(w) = |V1| + 2|V2|. The Roman domination
number of G is defined as the smallest weight of an RDF λ on G, that is,
γR(G) = min{ωR

G(λ) : λ is an RDF on G} and denoted by γR(G). Every RDF λ
on G satisfying the condition ωR

G(λ) = γR(G) is a γR-function on G. A function
λ = (V0, V1, V2) is an outer-connected fair Roman dominating function (OcFRDF)
on G provided that for every vertex in V0 is adjacent to some vertex in V2 and for
every u, v ∈ V0, |NG(u) ∩ V2| = |NG(v) ∩ V2| ≥ 1, i.e., V0 is a fair vertex set, and
〈V0〉 is a connected subgraph of G. The weight of OcFRDF λ denoted by ω̃cFR

G (λ)
is the sum ω̃cFR

G (λ) =
∑

x∈V (G) λ(x) = |V1| + 2|V2|. The smallest weight of an

OcFRDF on G denoted by γ̃cFR(G) is called outer-connected fair Roman domina-
tion number and defined as γ̃cFR(G) = min{ω̃cFR

G (λ) : λ is an OcFRDF on G}.
Every OcFRDF λ on graph G with ω̃cFR

G (λ) = γ̃cFR(G) is called a γ̃cFR-function
on G. In this paper, the authors introduce a new restricted variant of a Ro-
man domination in graphs called outer-connected fair Roman domination. Some
important theoretical properties of an outer-connected fair Roman dominating
function in various classes of connected graphs, bounds of outer-connected fair
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Roman domination number, the realization problem, and some characterizations
were also discussed.

2. Main results

This section presents some results of an outer-connected fair Roman dominating
function on any connected graph.

Proposition 2.1. Let G be a connected graph of order n where n ∈ N and let
λ = (V0, V1, V2) be a γ̃cFR-function on G. Then |V0| = |V2| ≥ 0 if and only if
γ̃cFR(G) = n.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on a connected graph G. Assume
that |V0| = |V2| ≥ 0. Then we have γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| =
|V0| + |V1| + |V2| = |V (G)| = n. Conversely, suppose γ̃cFR(G) = n. Seeking a
contradiction. Assume for a moment that |V0| 6= |V2|. Then either |V0| < |V2| or
|V0| > |V2|. If |V0| < |V2|, then γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| > |V0| + |V1| +
|V2| = |V (G)| = n. A contradiction. Now, if γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| <
|V0|+ |V1|+ |V2| = |V (G)| = n. This is again a contradiction to our assumption.
Consequently, we conclude that |V0| = |V2| ≥ 0. This completes the proof. �

As illustration of Proposition 2.1., we let G = Pn = [v1, v2, ..., vn] where n ≥ 5
and let λ = (V0, V1, V2) be a γ̃cFR-function on G. Then we set V0 = {v2, v3},
V1 = {v5, v6, ..., vn}, and V2 = {v1, v4}. In this case, |V0| = |V2|. Note that
|NG(v2)∩V2| = |NG(v3)∩V2| = 1 and 〈V0〉 is a connected subgraph of G. By con-
struction, we conclude that γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+2|V2| = |{v5, v6, ..., vn}|+
2|{v1, v4}| = (n − 4) + 2(2) = n. The same argument can be applied if G = Cn

where n ≥ 5. Hence, the same findings we get if we invoke Proposition 2.1 for
graph G = Pn or G = Cn where n ≥ 5. The following result below is a con-
sequence of Proposition 2.1 and the definition of outer-connected fair Roman
dominating function on any connected graph.

Proposition 2.2. Let G be a connected graph with |V (G)| = n where n ∈ N
and let λ = (V0, V1, V2) be γ̃cFR-function on G. Then γ̃cFR(G) < n if and only if
1 ≤ |V2| < |V0|.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on a connected graph G of order
n. Suppose γ̃cFR(G) < n. Then V0 6= ∅, and so, |V2| ≥ 1. By Proposition 2.1.,
|V0| 6= |V2|. If |V2| > |V0|, then γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| > |V1| + |V2| +
|V0| = |V (G)| = n, a contradiction since λ is a γ̃cFR-function on G. Thus, we can
conclude that 1 ≤ |V2| < |V0|. As for the converse, suppose 1 ≤ |V2| < |V0|. Then
it follows that γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+2|V2| < |V1|+ |V2|+ |V0| = |V (G)| = n.
This completes the proof. �

The following propositions are vital properties of OcFRDF on a connected
graph G.

Proposition 2.3. Let G be a connected graph. If λ = (V0, V1, V2) is a γ̃cFR-
function on G, then V1 ∪ V2 is an outer-connected fair dominating set on G.
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Proof. Assume that λ = (V0, V1, V2) is a γ̃cFR-function on a connected graph G.
Then it implies that λ is an OcFRDF on G. Hence, for every x ∈ V0, there exists
y ∈ V2 such that xy ∈ E(G) and for every u, v ∈ V0, |NG(u)∩V2| = |NG(v)∩V2| ≥
1 and the subgraph 〈V0〉 is connected. Therefore, we conclude that V1 ∪ V2 is an
outer-connected fair dominating set on G. This completes the proof. �

Proposition 2.4. Let G be a connected graph and let λ = (V0, V1, V2) be an
OcFRDF on G such that V1 = ∅. Then λ is γ̃cFR-function on G if and only if
V2 is a γ̃cF -set on G.

Proof. Let λ = (V0, V1 = ∅, V2) be an OcFRDF on a connected graph G.
(⇒) Suppose λ is γ̃cFR-function on G. Assume for a moment that V2 is not
a γ̃cFR-set on G. Then it implies that there exists γ̃cF -set V ′2 on G such that
V (G) \ V ′2 is a fair vertex set on G and the subgraph 〈V (G) \ V ′2〉 is connected.
So, we set W0 = V (G) \ V ′2 , W1 = ∅, and W2 = V ′2 . Then it suffices to say
that f = (W0,W1,W2) is an OConRDF on G. Now, ω̃cFR

G (f) = |W1| + 2|W2| =
2|V ′2 | < 2|V2| = |V1| + 2|V2| = ω̃cFR

G (λ) = γ̃cFR(G). Hence, ω̃cFR
G (f) < γ̃cFR(G).

This is a contradiction. Therefore, V2 is a γ̃cF -set on G.
(⇐) Suppose V2 is a γ̃cF -set on G. Then V0 = V (G) \ V2 is a fair vertex set on G
and the subgraph 〈V0〉 is connected. Assume for a moment that λ = (V0, V1, V2)
is an OcFRDF on G but not a γ̃cFR-function. Then it means that there exists
γ̃cFR-function g = (U0, U1 = ∅, U2) on G. Observe that γ̃cFR(G) = ω̃cFR

G (g) =
|U1|+2|U2| = 2|U2| < 2|V2| = |V1|+2|V2| = ω̃cFR

G (λ). Thus, we obtain |U2| < |V2|.
This is a contradiction to our assumption that V2 is a γ̃cF -set on G. Therefore,
we can conclude that λ = (V0, V1, V2) is a γ̃cFR-function on G. This completes
the proof. �

Proposition 2.5. Let G be a connected graph and let λ = (V0, V1, V2) be a γ̃cFR-
function on G. Then V0 = ∅ if and only if V2 = ∅. Hence, γ̃cFR(G) = n.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on a connected graph G.
(⇒) Suppose V0 = ∅. Assume for a moment that V2 6= ∅. Then let x ∈ V2. Set
U0 = ∅, U1 = V1 ∪ {x}, and U2 = V2 \ {x}. It implies that f = (U0, U1, U2) is an
OcFRDF on G. Observe that ω̃cFR

G (f) = |U1|+ 2|U2| = (|V1|+ 1) + 2(|V2| − 1) =
|V1| + 2|V2| − 1 < ω̃cFR

G (λ) = γ̃cFR(G). Hence, we get ω̃cFR
G (f) < γ̃cFR(G), a

contradiction. Therefore, we conclude that V2 = ∅.
(⇐) Conversely, suppose V2 = ∅. Since λ is a γ̃cFR-function on G, it clearly
follows that V0 = ∅ and thus, |V2| = |V0| = 0. By Proposition 2.1., we conclude
that γ̃cFR(G) = n.
This completes the proof. �

Proposition 2.6. Let G be a connected graph and let λ = (V0, V1, V2) be a γ̃cFR-
function on G. If there exists x ∈ V (G) such that degG−V2(x) = 0 and |V0| ≥ 2,
then x ∈ V1.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on G. Suppose that there exists
x ∈ V (G) such that degG−V2(x) = 0 and |V0| ≥ 2. In that case, x ∈ V (G) \ V2.
Seeking a contradiction. Assume for a moment that x /∈ V1. Since x ∈ V (G)\V2,
it follows that x ∈ V0. Now, since V1∪V2 is an outer-connected fair dominating set
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by Proposition 2.3 and |V0| ≥ 2, it implies that the subgraph 〈V0〉 is connected and
so, NG(x) ∩ (V0 \ {x}) 6= ∅. This follows that degG−V2(x) 6= 0, a contradiction
to our assumption. Therefore, we conclude that x ∈ V1. This completes the
proof. �

The following corollary is an immediate consequence of Proposition 2.6.

Corollary 2.7. Let G be a connected graph of order n where n ∈ N and let
λ = (V0, V1, V2) be a γ̃cFR-function on G. If there exists x ∈ V (G) such that for
all y ∈ V (G) \ {x}, degG−{x}(y) = 0, then γ̃cFR(G) = n.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on G with |V (G)| = n where
n ∈ N. Assume that there exists x ∈ V (G) such that for all y ∈ V (G) \ {x},
degG−{x}(y) = 0. Then invoking Proposition 2.6., y ∈ V1 for all y ∈ V (G) \ {x}.
Since λ is a γ̃cFR-function on G, it also follows that x ∈ V1. Therefore, we have
|V0| = |V2| = 0 and by Proposition 2.1., we conclude that γ̃cFR(G) = n. This
completes the proof. �

Remark 2.8. Let G = Sn where n ≥ 3. Then γ̃cFR(G) = n.

Proof. Note that G = Sn = K1 + Kn−1 where n ≥ 3. Let x ∈ V (K1). Then
G− {x} = Kn−1. In that case, for all y ∈ V (Kn−1), degG−{x}(y) = degKn−1

(y) =

0. Invoking Corollary 2.7., we end up with γ̃cFR(G) = n. This completes the
proof. �

The following main result determines some bounds of the outer-connected fair
Roman domination number of a connected graph G.

Theorem 2.9. Let G be a connected graph with |V (G)| = n where n ∈ N. Then
the following inequality holds:

max{γR(G), γ̃cF (G)} ≤ γ̃cFR(G) ≤ min{2γ̃cF (G), n}.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on a connected graph G of order n
where n ∈ N. By Proposition 2.3, it implies that V1∪V2 is an outer-connected fair
dominating set onG. Now, γ̃cF (G) ≤ |V1|+|V2| ≤ |V1|+2|V2| = γ̃cFR(G). Then we
obtain γ̃cF (G) ≤ γ̃cFR(G). Now, since every OcFRDF on graphG is an RDF onG,
it simply implies that γR(G) ≤ γ̃cFR(G). Thus, we have max{γ̃cF (G), γR(G)} ≤
γ̃cFR(G). Let V0 = ∅. Then by Proposition 2.5, we get V2 = ∅. Hence, λ =
(∅, V1 = V (G),∅) is an OcFRDF on G. It means that γ̃cFR(G) ≤ ω̃cFR

G (λ) =
|V1| + 2|V2| = |V1| = |V (G)| = n. Thus, we can say that γ̃cFR(G) ≤ n and this
inequality is sharp. Let D be a γ̃cF -set on G, that is, γ̃cF (G) = |D|. Set W0 =
V (G) \D, W1 = ∅, and W2 = D. Then it implies that λ∗ = (W0,W1,W2) is an
OcFRDF on G, that is, W0 = V (G)\D is a fair vertex set on G and the subgraph
〈W0〉 is connected. Thus we have γ̃cFR(G) ≤ ω̃cFR

G (λ∗) = |W1| + 2|W2| = 2|D| =
2γ̃cF (G). Accordingly, it implies that γ̃cFR(G) ≤ min{n, 2γ̃cF (G)}. Therefore,
the conclusion follows. �

Theorem 2.10. Let G be a connected graph. Then γ̃cFR(G) = 1 if and only if
G = K1.
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Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on G.
(⇒) Suppose γ̃cFR(G) = 1. Assume for a moment that G 6= K1. Then we have
|V (G)| > 1. If V0 6= ∅, then by Proposition 2.5, V2 6= ∅. This implies that
γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| > 1. This is a contradiction. If V0 = ∅, then
V2 = ∅ by Proposition 2.5. Hence, it means that γ̃cFR(G) = ω̃cFR

G (λ) = |V1| =
|V (G)| > 1. This is again a contradiction. Therefore, we conclude that G = K1.
(⇐) As for the converse, we suppose G = K1. Since λ = (V0, V1, V2) be a γ̃cFR-
function on G, it is clear that |V0| = |V2| = 0 and thus, γ̃cFR(G) = |V1| =
|V (K1)| = 1.
This completes the proof. �

The join of two graphs G and H denoted by G + H is a graph with vertex
set given by V (G + H) = V (G) ∪ V (H) and edge set given by E(G + H) =
E(G) ∪ E(H) ∈ {uv : u ∈ V (G) and v ∈ V (H)}.
Theorem 2.11. Let G be a connected graph with |V (G)| ≥ 2. Then γ̃cFR(G) = 2
if and only if G = K1 +H where H is any connected graph.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on a connected graph G of order
n ≥ 2.
(⇒) Assume that γ̃cFR(G) = 2. Then |V1|+2|V2| = 2 and it follows that |V2| ≤ 1.
Suppose that if |V2| = 0, then we obtain V0 = ∅ by Proposition 2.5. Thus
we get γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| = |V1| = |V (G)| = 2. Since G is a
connected graph, it implies that G = K2 = K1 + K1. Let H = K1. Then H is
a trivial connected graph. Now, suppose |V2| = 1. Since γ̃cFR(G) = 2, it implies
that V1 = ∅. Let u ∈ V2 = V (K1). Then G = K1 + 〈V (G) \ {u}〉 and so,
V0 = 〈V (G) \ {u}〉. Since λ is a γ̃cFR-function on G, then for every x, y ∈ V0,
|NG(x) ∩ V2| = |NG(y) ∩ V2| = 1 and the subgraph 〈V0〉 is connected. Hence, we
can set H = 〈V0〉. Therefore, we can conclude that G = K1 + H where H is a
connected graph.
(⇐) Conversely, we suppose G = K1 + H where H is any connected graph.
Set V1 = ∅ and V2 = V (K1). Since for every u, v ∈ V (H), |NG(u) ∩ V2| =
|NG(v) ∩ V2| = 1 and H is connected, it follows that V0 = V (H). In this case, it
is easy to see that V2 is a γ̃cF -set on G. Therefore, by Propostion 2.4, we end up
with γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| = 2|V (K1)| = 2.
This completes the proof. �

Corollary 2.12. If G ∈ {Kn, Fn,Wn} where n ≥ 3, then γ̃cFR(G) = 2.

Proof. Assume that G ∈ {Kn, Fn,Wn} where n ≥ 3. Then it follows that G ∈
{K1 +Kn−1, K1 + Pn, K1 + Cn} where n ≥ 3. By Theorem 2.11., the conclusion
follows. �

Theorem 2.13. Let G 6= K1 + H where H is any connected graph and let λ =
(V0, V1 = ∅, V2) be a γ̃cFR-function on G. Then γ̃cFR(G) = 4 if and only if there
exists a dominating set {x, y} such that V (G) \ {x, y} is a fair vertex set and
〈V (G) \ {x, y}〉 is connected.

Proof. Let λ = (V0, V1, V2) be a γ̃cFR-function on G 6= K1 + H where H is any
connected graph with V1 = ∅.
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(⇒) Suppose γ̃cFR(G) = 4. Since V1 = ∅, it follows that |V2| = 2. By Proposition
2.4., it implies that V2 is a γ̃cF -set on G. So, it follows that V2 is an outer-
connected fair dominating set on G. In that case, V0 is a fair vertex set and
〈V0〉 is connected. Let V2 = {x, y}. Thus, {x, y} is a dominating set and V0 =
V (G) \ {x, y} is a fair vertex set and 〈V (G) \ {x, y}〉 is a connected subgraph of
G.
(⇐) Conversely, suppose there exists a dominating set {x, y} such that V (G) \
{x, y} is a fair vertex set on G and 〈V (G) \ {x, y}〉 is a connected graph. Then
F = {x, y} is an outer-connected fair dominating set on G. Since λ = (V0, V1 =
∅, V2) is a γ̃cFR-function on G, it follows that V2 is a γ̃cF -set on G by Proposition
2.4. And so, we have 2 = |F | ≥ |V2|. Now, if |V2| = 1, then in view of Theorem
2.11, we obtain G = K1 + H where H is any connected graph, contrary to our
assumption. This follows that |V2| ≥ 2. Accordingly, |V2| = 2 and we conclude
that, γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| = 2|V2| = 4.
This completes the proof. �

Corollary 2.14. If G = Km,n where m,n ≥ 2, then γ̃cFR(G) = 4.

Proof. Assume that G = Km,n = (U, V,E) where U and V are vertex sets, that is,
|U | = m ≥ 2 and |V | = n ≥ 2, and E is the edge set of G. Let λ = (V0, V1, V2) be
a γ̃cFR-function on G, and let U = {u1, u2, ..., um} and V = {v1, v2, ..., vn}. Since
U ⊆ NG[vj] for any j ∈ {1, ..., n} and V ⊆ NG[ui] for any i ∈ {1, ...,m}, we can
set D = {u1, v1} as dominating set on G, that is, V (G) = NG[D]. Observe that
|NG(ui)∩D| = |NG(vj)∩D| = 1 for all i ∈ {2, ...,m} and j ∈ {2, ..., n}. It follows
that V (G) \ D is a fair vertex set on G. Additionally, we can easily check that
〈V (G)\D〉 is a connected subgraph of G. Therefore, invoking Theorem 2.13., we
conclude that γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| = 2|D| = 4. This completes the
proof. �

Theorem 2.15. Let G be a connected graph of order n where n ∈ N and let
λ = (V0, V1 = ∅, V2) be an OcFRDF on G. Then λ is a γ̃cFR-function on G and
γ̃cFR(G) = γ̃cF (G) + 1 if and only if there exists x ∈ V (G) such that degG(x) =
n− γ̃cF (G).

Proof. Let λ = (V0, V1 = ∅, V2) be an OcFRDF on connected graph G.
(⇒) Suppose λ is a γ̃cFR-function on G and γ̃cFR(G) = γ̃cF (G) + 1. This implies
that |V1|+ 2|V2| = γ̃cF (G) + 1. Now, since V1 = ∅, it means that V2 is a γ̃cF -set
on G by Proposition 2.4. Thus, we obtain γ̃cF (G) = |V2|. Hence, |V2|+ 1 = 2|V2|
and so, |V2| = 1. Let V2 = {x}. Since V2 is a γ̃cF -set on G, it follows that
V (G) = NG[x] and V (G) \ {x} is a fair vertex set on G, and 〈V (G) \ {x}〉 is a
connected subgraph. Therefore, we conclude that degG(x) = NG(x) = |V (G) \
{x}| = |V (G)| − |{x}| = n− |V2| = n− γ̃cF (G).
(⇐) Suppose there exists x ∈ V (G) such that degG(x) = n − γ̃cF (G). Let
V2 = {x}. Since V1 = ∅, it follows that |V2| = γ̃cF (G) = n − degG(x), that is,
V2 is a γ̃cF -set on G. This implies that V (G) = NG[V2]. Since V2 is an outer-
connected fair dominating set on G, it means that V (G) \ V2 is a fair vertex set
on G and 〈V (G) \ V2〉 is connected. Let V0 = V (G) \ V2. Since V2 is a γ̃cF -set on
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G and V1 = ∅, by Proposition 2.4., it follows that λ = (V0, V1 = ∅, V2) is a γ̃cFR-
function on G. Therefore, we conclude that γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| =
|V2|+ |V2| = γ̃cF (G) + 1.
This completes the proof. �

The next result is a realization problem of OcFRDF and RDF on a connected
graph G.

Theorem 2.16. Let p, q and n be positive integers for which 1 ≤ p ≤ q ≤ n. Then
there exists a connected graph G of order n such that γR(G) = p and γ̃cFR(G) = q.

Proof. LetG be a connected graph with |V (G)| = n. Assume that f = (W0,W1,W2)
is a γR-function on G and λ = (V0, V1, V2) be a γ̃cFR-function on G. Then consider
the following three cases below:
Case 1. 1 ≤ p ≤ q = n
Let G = K1. Then by Theorem 2.10., we obtain 1 = γR(G) = γ̃cFR(G) =
|V (G)| = n. Let γR(G) = p = q = γ̃cFR(G) = 1. Then 1 = p = q = n.
In addition, consider the graph G = K1 + Kn−1 where n ≥ 3. Then we set
W0 = V (Kn−1), W1 = ∅, and W2 = V (K1). So, we have γR(G) = ωR

G(f) =
|W1| + 2|W2| = 2|V (K1)| = 2. Note that a trivial graph is a connected graph.
Hence, we set V0 = V (K1), V1 = V (Kn−1 \ {u}), and V2 = {u}. This implies that
γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| = |V (Kn−1 \ {u})|+ 2|{u}| = (n− 2) + 2 = n.
Let γR(G) = 2 = p and γ̃cFR(G) = n = q. Since n ≥ 3, we have 1 < p < q = n.
Therefore, Case 1 holds.
Case 2. 1 < p < q < n
Let k and m be positive integer for which k ≥ 1 and m ≥ 2 and let G be a
connected graph such that V (G) = V (Kk) ∪ V (K1) ∪ V (Pm) and NG[V (Kk)] ∩
NG[V (Pm)] = V (K1). It follows that n = k + m + 1 and V (G) = NG[V (K1)].
Thus, we can set W0 = V (Kk) ∪ V (Pm), W1 = ∅, and W2 = V (K1). Hence,
we obtain γR(G) = ωR

G(f) = |W1| + 2|W2| = 2|V (K1)| = 2. Moreover, let
V2 = V (K1). Since for every v ∈ V (Kk), degG−V2(v) = 0, invoking Proposition
2.6, we get V (Kk) ⊆ V1. Also, since for every x, y ∈ V (Pm), |NG(x) ∩ V2| =
|NG(y) ∩ V2| = 1 and 〈V (Pm)〉 = Pm is a path graph, hence, connected, it im-
plies that V1 ⊆ V (Kk) and V0 = V (Pm). In that case, V1 = V (Kk). Thus,
γ̃cFR(G) = ω̃cFR

G (λ) = |V1| + 2|V2| = |V (Kk)| + 2|V (K1)| = k + 2. Since m ≥ 2,
it follows that γ̃cFR(G) = k + 2 < k + m + 1 = n. Now, let γR(G) = 2 = p and
γ̃cFR(G) = k + 2 = q. Therefore, 1 < p < q < n and Case 2 holds.
Case 3. 1 < p = q < n
Consider G = K2 + Cn−2 where n ≥ 5. Since V (G) = NG[V (K2)], we can
set W0 = V (Cn−2), W1 = ∅, and W2 = V (K2). Thus, we have γR(G) =
ωR
G(f) = |W1|+ 2|W2| = 2|V (K2)| = 4. Moreover, since for every x, y ∈ V (Cn−2),
|NG(x) ∩ V (K2)| = |NG(y) ∩ V (K2)| = 2 and 〈V (Cn−2)〉 = Cn−2 is a cycle
graph, and so, connected. Hence, we can set V0 = V (Cn−2), V1 = ∅, and
V2 = V (K2). Hence, γ̃cFR(G) = ω̃cFR

G (λ) = |V1|+ 2|V2| = 2|V (K2)| = 4 < n. Let
p = γR(G) = 4 = γ̃cFR(G) = q. Therefore, 1 < p = q < n and Case 3 holds.
This completes the proof. �

The corollary below is a direct consequence of Theorem 2.16.
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Corollary 2.17. Let G be a connected graph. Then the difference γ̃cFR(G) −
γR(G) can be made arbitrarily large.

Proof. Let k be a positive integer. Then by Theorem 2.16, there exists a connected
graph G with |V (G)| = n such that γ̃cFR(G) = k+ 2 < n and γR(G) = 2. Hence,
it implies that γ̃cFR(G)− γR(G) = k. Therefore, the difference γ̃cFR(G)− γR(G)
can be made arbitrarily large. This completes the proof. �

Remark 2.18. Let G be a connected graph of order n. Then the difference n −
γ̃cFR(G) can be made arbitrarily large.

The following result is a characterization of an outer-connected fair Roman
dominating function in the join of two connected graphs.

Theorem 2.19. Let G and H be connected graphs. Then λ = (V0, V1, V2) is an
OcFRDF on G+H if and only if one of the following holds:

(i.) V1 ∪ V2 = V G
1 ∪ V G

2 ; or
(ii.) V1 ∪ V2 = V H

1 ∪ V H
2 ; or

(iii.) V1 ∪ V2 = (V G
1 ∪ V G

2 ) ∪ (V H
1 ∪ V H

2 ).

where λ|G = (V G
0 , V

G
1 , V

G
2 ) is an OcFRDF on G such that for all x ∈ V G

0 , V G
2 ⊆

NG(x) and λ|H = (V H
0 , V H

1 , V H
2 ) is an OcFRDF on H such that for all y ∈ V H

0 ,
V H
2 ⊆ NG(y), for which V G

i = Vi ∩ V (G) and V H
i = Vi ∩ V (H) for each i ∈

{0, 1, 2}.

Proof. Let λ = (V0, V1, V2) be an RDF on G + H where G and H are connected
graphs.
(⇒) Assume that λ is an OcFRDF on G + H. Set FG = (V1 ∪ V2) ∩ V (G) and
FH = (V1 ∪ V2) ∩ V (H). Let x ∈ V0. Then x ∈ V (G) \ FG or x ∈ V (H) \ FH .
Suppose x ∈ V (G)\FG. Since λ is an OcFRDF on G+H, there exists y ∈ V2 such
that xy ∈ E(G+H), and V (G)\FG is a fair vertex set on G and 〈V (G)\FG〉 is a
connected subgraph of G. This follows that for all v ∈ V (G) \ FG, V G

2 ⊆ NG(v).
In that case, either y ∈ FG or y ∈ FH . So, if y ∈ FG, then it means that FG is an
outer-connected fair dominating set on G. Hence, we can let V G

0 = V (G) \ FG,
V G
1 = FG \ V2 and V G

2 = FG \ V1. This follows that for each i ∈ {0, 1, 2},
V G
i = Vi ∩ V (G). Thus, λ|G = (V G

0 , V
G
1 , V

G
2 ) is an OcFRDF on G. Observe

V (G+H) = NG+H [V G
1 ∪ V G

2 ] and V G
0 ∪ V (H) is a fair vertex set on G+H and

〈V G
0 ∪ V (H)〉 is a connected subgraph of G + H. This follows that V1 ∪ V2 =

V G
1 ∪V G

2 which indicates that (i.) holds. Meanwhile, we can set V H
0 = V (H)\FH ,

V H
1 = FH \ V2 and V H

2 = FH \ V1. By similar argument, it implies that for each
i ∈ {0, 1, 2}, V H

i = Vi ∩ V (H) and it follows that λ|H = (V H
0 , V H

1 , V H
2 ) is an

OcFRDF on H. And as we can also observe, V (G + H) = NG+H [V H
1 ∪ V H

2 ]
and V H

0 ∪ V (G) is a fair vertex set on G + H and 〈V H
0 ∪ V (G)〉 is a connected

subgraph of G + H. This means that V1 ∪ V2 = V H
1 ∪ V H

2 and consequently,
(ii.) holds. On the other hand, if u ∈ FH , then V G

0 ∪ V H
0 is a fair vertex set on

G + H and 〈V G
0 ∪ V H

0 〉 is a connected subgraph of G + H. Hence, we obtain
V1 ∪ V2 = (V G

1 ∪ V G
2 ) ∪ (V H

1 ∪ V H
2 ). Therefore, we can conclude that (iii.) holds.

(⇐) Assume that either (i.) or (ii.) or (iii.) hold. Since λ|G = (V G
0 , V

G
1 , V

G
2 ) is an

OcFRDF on G such that for all x ∈ V G
0 , V G

2 ⊆ NG(x) and λ|H = (V H
0 , V H

1 , V H
2 )
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is an OcFRDF on H such that for all y ∈ V H
0 , V H

2 ⊆ NG(y), for which V G
i =

Vi ∩ V (G) and V H
i = Vi ∩ V (H) for each i ∈ {0, 1, 2}, we can therefore conclude

that λ = (V0, V1, V2) is an OcFRDF on G+H. This completes the proof. �

The following corollary is a direct consequence of Theorem 2.19.

Corollary 2.20. Let λ = (V0, V1, V2) be an RDF on G + H where G and H are
connected graphs. Let λ|G = (V G

0 , V
G
1 , V

G
2 ) be an RDF on G such that for all

x ∈ V G
0 , V G

2 ⊆ NG(x) and λ|H = (V H
0 , V H

1 , V H
2 ) is an RDF on H such that for

all y ∈ V H
0 , V H

2 ⊆ NG(y). Then γ̃cFR(G+H) = min{γ̃cFR(G), γ̃cFR(H)}.

Proof. Let G and H be connected graphs and let λ = (V0, V1, V2) be an RDF on
G+H. Assume that λ|G = (V G

0 , V
G
1 , V

G
2 ) be an RDF on G such that for all x ∈

V G
0 , V G

2 ⊆ NG(x) and λ|H = (V H
0 , V H

1 , V H
2 ) is an RDF on H such that for all y ∈

V H
0 , V H

2 ⊆ NG(y). Suppose λ|G = (V G
0 , V

G
1 , V

G
2 ) is a γ̃cFR-function onG such that

for all x ∈ V G
0 , V G

2 ⊆ NG(x). Then V (G+H)\ (V G
1 ∪V G

2 ) is a fair vertex set and
the subgraph 〈V (G+H)\(V G

1 ∪V G
2 )〉 is connected. Since V (G+H) = NG+H [V G

1 ∪
V G
2 ], we set Vj = V G

j for each j ∈ {0, 1, 2}. In view of Theorem 2.19, it implies λ =

(V0, V1, V2) is an OcFRDF on G+H. Thus, we have γ̃cFR(G+H) ≤ ω̃cFR
G+H(λ) =

|V1|+2|V2| = |V G
1 |+2|V G

2 | = ω̃cFR
G (λ|G) = γ̃cFR(G). On the other hand, let λ|H =

(V H
0 , V H

1 , V H
2 ) be a γ̃cFR-function on H such that for all y ∈ V H

0 , V H
2 ⊆ NG(y).

Then this implies that V (G+H)\(V H
1 ∪V H

2 ) is a fair vertex set and the subgraph
〈V (G + H) \ (V H

1 ∪ V H
2 )〉 is connected. Invoking Theorem 2.19 and by similar

argument, it follows that γ̃cFR(G+H) ≤ ω̃cFR
H (λ|H) = γ̃cFR(H). Accordingly, we

get γ̃cFR(G+H) ≤ min{γ̃cFR(G), γ̃cFR(H)}. Define l = min{γ̃cFR(G), γ̃cFR(H)}.
Let λ = (V0, V1, V2 be a γ̃cFR-function on G + H. Using the idea of Theorem
2.19, we can have λ|G = (V0 ∩ V (G), V1 ∩ V (G), V2 ∩ V (G)) is an OcFRDF
on G such that for all x ∈ V0 ∩ V (G), V2 ∩ V (G) ⊆ NG(x) and λ|H = (V0 ∩
V (H), V1 ∩ V (H), V2 ∩ V (H)) is OcFRDF on H such that for all y ∈ V0 ∩ V (H),
V2 ∩ V (H) ⊆ NG(y). Now, since V (G + H) = NG+H [(V1 ∪ V2) ∩ V (G)] and
V (G + H) \ ((V1 ∪ V2) ∩ V (G)) is a fair vertex set and the subgraph 〈V (G +
H) \ ((V1 ∪ V2)∩ V (G))〉 is connected, it implies that γ̃cFR(G+H) = ω̃cFR

G+H(λ) =
|V1| + 2|V2| = |V1 ∩ V (G)| + 2|V2 ∩ V (G)| = ω̃cFR

G (λ|G) ≥ γ̃cFR(G) ≥ l. In a
similar manner, we obtain γ̃cFR(G + H) ≥ γ̃cFR(H) ≥ l. Accordingly, we get
γ̃cFR(G + H) ≥ min{γ̃cFR(G), γ̃cFR(H)}. Therefore, we conclude that γ̃cFR(G +
H) = min{γ̃cFR(G), γ̃cFR(H)}. This completes the proof. �

Remark 2.21. Let G and H be complete graphs. Then γ̃cFR(G+H) = 2.

3. Conclusion

This paper has introduced a new restricted parameter of domination in graphs
involving the Roman dominating function, which is called the outer-connected
fair Roman dominating function. Important combinatorial properties of outer-
connected fair Roman dominating functions in some classes of graphs were dis-
cussed, including some bounds on outer-connected fair Roman domination num-
ber, characterization, and the realization problem. This paper suggests future
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research to characterize the outer-connected fair Roman dominating function un-
der some binary operations, including vertex corona, edge corona, Cartesian, and
lexicographic products, to strengthen the current results.

4. Acknowledgement

The authors would like to thank the reviewers for giving significant comments
and suggestions to improve the paper.

References

1. Cockayne, E. J., Dreyer Jr, P. A., Hedetniemi, S. M., & Hedetniemi, S. T. (2004). Roman
domination in graphs. Discrete mathematics, 278(1-3), 11–22. https://doi.org/10.1016/
j.disc.2003.06.004

2. Chellali, M., Haynes, T. W., & Hedetniemi, S. T. (2015). Roman and total domination.
Quaestiones Mathematicae, 38(6), 749–757. https://doi.org/10.2989/16073606.2015.
1015647

3. Pushpam, R. L., & Padmapriea, S. (2015). Restrained Roman domination in graphs. Trans-
actions on combinatorics, 4(1), 1–17. https://doi.org/10.22108/toc.2015.4395

4. Ahangar, H. A., Henning, M. A., Samodivkin, V., & Yero, I. G. (2016). Total Roman
domination in graphs. Applicable Analysis and Discrete Mathematics, 10(2), 501–517.
https://doi.org/10.2298/AADM160802017A

5. Alqesmah, A., & Gangabylaiah, D. (2025). On the roman domination polynomial of the
commuting and non-commuting graphs associated to the dihedral groups. Annals of Math-
ematics and Computer Science, 27, 44–54. https://doi.org/10.56947/amcs.v27.482

6. Cyman, J. (2007). The outer-connected domination number of a graph. Australasian journal
of Combinatorics, 38, 35–46. https://ajc.maths.uq.edu.au/pdf/38/ajc_v38_p035.pdf

7. Caro, Y., Hansberg, A., & Henning, M. (2012). Fair domination in graphs. Discrete Math-
ematics, 312(19), 2905-2914. https://doi.org/10.1016/j.disc.2012.05.006

8. Duhilag Jr., R. L., Baterna, M. L., Estrada, G. M., Engcot, M. K. C., & Enriquez, E. L.
(2025). Outer-Connected Fair Domination in Graphs. International Journal for Multidisci-
plinary Research, 7(3), 1–9. https://doi.org/10.36948/ijfmr.2025.v07i03.48706

9. Haynes, T. W., Hedetniemi, S., & Slater, P. (2013). Fundamentals of domination in graphs,
CRC press. https://doi.org/10.1201/9781482246582

10. Anand, B. S., Dayap, J. A., Casinillo, L. F., Pepper, R., & Nair, R. S. (2025). On distance
k-domination number of graphs under product operations. Gulf Journal of Mathematics,
19(1), 117–124. https://doi.org/10.56947/gjom.v19i1.2032

11. Casinillo, L. F. (2018). A note on Fibonacci and Lucas number of domination in path,
Electronic Journal of Graph Theory and Applications, 6(2), 317–325. http://dx.doi.
org/10.5614/ejgta.2018.6.2.11

12. Casinillo, L. F. (2020). Odd and even repetition sequences of independent domination
number. Notes on Number Theory and Discrete Mathematics, 26(1), 8–20. https://doi.
org/10.7546/nntdm.2020.26.1.8-20

13. Casinillo, L. F. (2023). A closer look at a path domination number in grid graphs. Journal
of Fundamental Mathematics and Applications, 6(1), 18–26. https://doi.org/10.14710/
jfma.v6i1.16608

14. Cockayne, E. J., Dawes, R. M., & Hedetniemi, S. T. (1980). Total domination in graphs.
Networks, 10(3), 211–219. https://doi.org/10.1002/net.3230100304

1 Department of Mathematics, Visayas State University, Philippines
Email address: leomarichcasinillo02011990@gmail.com

2 Department of Mathematics, Visayas State University, Philippines
Email address: elagumbay12201990@gmail.com

https://doi.org/10.1016/j.disc.2003.06.004
https://doi.org/10.1016/j.disc.2003.06.004
https://doi.org/10.2989/16073606.2015.1015647
https://doi.org/10.2989/16073606.2015.1015647
https://doi.org/10.22108/toc.2015.4395
https://doi.org/10.2298/AADM160802017A
https://doi.org/10.56947/amcs.v27.482
https://ajc.maths.uq.edu.au/pdf/38/ajc_v38_p035.pdf
https://doi.org/10.1016/j.disc.2012.05.006 
https://doi.org/10.36948/ijfmr.2025.v07i03.48706
https://doi.org/10.1201/9781482246582
https://doi.org/10.56947/gjom.v19i1.2032
http://dx.doi.org/10.5614/ejgta.2018.6.2.11
http://dx.doi.org/10.5614/ejgta.2018.6.2.11
https://doi.org/10.7546/nntdm.2020.26.1.8-20
https://doi.org/10.7546/nntdm.2020.26.1.8-20
https://doi.org/10.14710/jfma.v6i1.16608
https://doi.org/10.14710/jfma.v6i1.16608
 https://doi.org/10.1002/net.3230100304

	1. Introduction and preliminaries
	2. Main results
	3. Conclusion
	4. Acknowledgement
	References

