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SPECTRAL GAPS AND APPROXIMATE INVARIANCE IN
HILBERT SPACES

ROBERT OBOGI! AND MOGOI N. EVANS?*

ABSTRACT. This paper develops a quantitative theory of approximate invari-
ant subspaces for bounded linear operators on complex Hilbert spaces. We
provide novel characterizations for the existence of almost invariant subspaces
of nonself-adjoint operators using spectral gap conditions, and we investigate
how the geometry of the spectrum influences near-invariance. In particular,
we extend Lomonosov’s Invariant Subspace Theorem to approximate settings
by leveraging perturbation theory and compactness arguments. Applications
to quantum decoherence are explored, highlighting the role of approximate
invariance in the emergence of classical behavior from quantum systems. Ad-
ditionally, we propose new criteria for approximate spectral clustering and the
stability of invariant subspaces under small perturbations, providing a robust
framework for analyzing operator dynamics in infinite-dimensional spaces. Our
results contribute original tools and insights for the spectral analysis of oper-
ators beyond the self-adjoint and compact settings.
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1. INTRODUCTION

The study of invariant subspaces represents a fundamental pillar of opera-
tor theory, with deep connections to diverse areas of mathematics and physics
[1, 2, 8, 6]. While the existence of invariant subspaces for operators on finite-
dimensional spaces follows directly from the fundamental theorem of algebra
(see, e.g., [12]), the celebrated Invariant Subspace Problem for operators on
infinite-dimensional Hilbert spaces remains open, continuing to inspire significant
mathematical investigation [9]. Classical existence results for compact operators
were established by von Neumann, Aronszajn, and Smith [2], while Lomonosov’s
groundbreaking work [3] demonstrated the existence of invariant subspaces for
operators commuting with nontrivial compact operators, extending the theory
substantially beyond the compact case [11].
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In numerous physical applications, particularly in quantum mechanics [10, 4]
and numerical analysis [14], one frequently encounters situations where subspaces
are not strictly invariant but exhibit approzimate invariance under operator ac-
tion. For instance, the phenomenon of decoherence in quantum mechanics sug-
gests that certain states become approximately stable under temporal evolution,
leading to the emergence of classical behavior from quantum systems [10]. Simi-
lar approximate invariance phenomena arise naturally in numerical computations
[14], perturbation theory [5], and the analysis of partial differential equations [13].
These observations motivate a systematic study of approximate invariance with
rigorous mathematical foundations.

In this paper, we develop a comprehensive framework for approximate invariant
subspaces of bounded linear operators on Hilbert spaces. We establish several
new theorems connecting spectral properties—particularly the presence of gaps
in the spectrum [15]—to the existence of subspaces that are nearly invariant
under operator action. Our approach is quantitative, providing explicit bounds on
deviations from exact invariance, and leverages advanced tools from perturbation
theory [5], spectral analysis [7], and operator theory [1]. The resulting framework
offers new insights into operator dynamics, quantum decoherence processes, and
the stability of invariant subspaces under perturbations, contributing original
perspectives to the spectral analysis of operators beyond the self-adjoint and
compact settings.

2. PRELIMINARIES

Let be a complex Hilbert space, and let denote the algebra of bounded linear
operators on . The spectrum of an operator T' € is denoted by (7).

[e-Invariant Subspace] A closed subspace M C is called e-invariant under T €
if for every x € M with ||z|| = 1, the distance (Tz, M) < e. Equivalently, if
|\ TPy — PyTPy|| < e, where Py is the orthogonal projection onto M.

[Spectral Gap| Let 01,09 C (T') be disjoint subsets. The gap between oy and
09 is defined as

v = (01,00) =inf{|AN—p| : N € o1, 0 € 02}

If v > 0, we say T has a spectral gap.
We will use the following known result without proof:
[Riesz Projection] Let T' € and let Q2 C C be a simply connected domain such
that 92N (T') = 0. Let T be a contour surrounding 2. Then the operator
1
Py =— -T)d

is a projection onto the spectral subspace corresponding to €2.

3. EXISTENCE RESULTS VIA SPECTRAL GAPS

Our first main result shows that a spectral gap guarantees the existence of
approximately invariant subspaces, with the approximation error controlled by
the gap size.
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[Spectral Gap Approximate Invariance] Let T' € be such that its spectrum (7')
is the disjoint union oy U o9 with (oy,02) = > 0. Then:

(i) For every ¢ > 0, there exists a closed subspace M. C such that M. is
e-invariant under 7T'.

(ii) As e — 0, the subspaces M, converge in the sense of the gap metric to a
reducing subspace M for T

Proof. (i) Let ¢ satisfy 0 < § < /2. Define two open sets:
Uy={2€C:(z,00) <9}, Uy={z€C:(z2,09) <}

By construction, U; N Uy = () and 0U, N (T') = 0.

Let T be a contour in U; surrounding o;. We can choose I' to be a circle of
radius R centered at some point in oy, with R chosen such that I' C U; and the
length of I' is 2rR. Note that we can ensure R < (01) + d. Define the Riesz
projection:

1
P=— ¢(z—T)d=.
21t Jr
Let M = (P). For any x € M, we have Tx = T Pz. The deviation from invariance
is:
TP —PTP|=|(—-P)TP|.

Now, for z € T", we have the estimate:

Iz =TIl <

7| =

(2, (T))
Using the integral representation:

1

({[—-—P)TP=— ¢(I—-P)T(z—-T)dz.

™ Jr

Note that (I — P) commutes with the integral. Moreover, for z € I, we have:
T(z—T)=2(2—T)—1.
Thus,
1
(I—P)TP:—,f([—P)(z(z—T)—])dz.
21t Jr

Since (I — P) is a projection, ||/ — PJ|| < 1. The integral of I over a closed contour
is zero. Therefore,

1 1
0= PTPY < 52 § G - Dl o < - s
21 Jr 2m 0

Now, sup,cr |2| < supyeq, [A] + R < supyey, [A| + (01) + 6. Let C = supyg,, |A| +
(01) + /2. Then for 6 < ~/2, we have sup,.p|2| < C. The length of T is
27R < 27((01) +6) < 27((01) +v/2) =: L. Thus,
1 C CL
I_PTP <—'—~L:—.
Given € > 0, choose § < min {7/2,£%}. Then ||(I — P)TP|| < e. Hence, M is
e-invariant.

- length(T).



88 R. OBOGI, M. N. EVANS

(ii) The convergence of M. (which are the ranges of the corresponding Riesz
projections) to the reducing subspace M as € — 0 follows from the continuity
of the Riesz projection with respect to the contour. In the gap metric, this
convergence is well-defined and the limit is indeed a reducing subspace for 7. [

4. PERTURBATIVE APPROXIMATIONS

Next, we consider how approximate invariance behaves under small perturba-
tions.

[Perturbative Approximation Theorem| Let T' € and let K € be compact with
|K|| < 6. Then:

(i) If M is an e-invariant subspace for 7', then M is an (¢ + J)-invariant
subspace for T+ K.

(ii) There exists an approximate invariant subspace for 7'+ K with approxi-
mation error depending continuously on 9.

Proof. (i) Let M be e-invariant for 7', so ||({ — Pa)T Pyl < €. Consider:
(I — Py )(T + K)Py = (I — Py)T Py + (I — Pyp)K Py
Taking norms:
(L = Pu)(T + K)Pyl| < ||(I = Pur)T Pyl + || (I — Pu) K Py|| < e+ || K| < e+0.

Thus, M is (e + ¢)-invariant for 7'+ K.

(i) Since K is compact, it can be approximated by finite-rank operators. Let
{K,} be a sequence of finite-rank operators such that [|[K — K,| — 0. For
each n, the operator T'+ K, has a nontrivial invariant subspace M,, (e.g., by
Lomonosov’s theorem if K, # 0). By part (i), M, is d,-invariant for 7"+ K,
where §,, = [|[K — K,||. As n — o0, d§,, — 0, so the approximation error tends to
Z€ro. 0

5. APPROXIMATE LOMONOSOV-TYPE THEOREM

We now extend Lomonosov’s famous result to the approximate setting. The
key observation is that if 7" commutes with a nonzero compact operator K, then
T possesses nontrivial finite-dimensional invariant subspaces, which are trivially
e-invariant for all € > 0.

[Approximate Lomonosov Type Theorem| Let T € and suppose there exists a
nonzero compact operator K € such that TK = KT. Then:

(i) For every € > 0, T has a nontrivial e-invariant subspace M, C.
(ii) If K is of finite rank, then 7" has a nontrivial finite-dimensional invariant
subspace (hence e-invariant for all € > 0).

Proof. (i) Since K is compact and nonzero, it has a nonzero eigenvalue . Let E be
the corresponding eigenspace, which is finite-dimensional. Because T' commutes
with K, it leaves E invariant: if v € E, then Kv = \v, and K(Tv) = T(Kv) =
T(\) = ATw), so Tv € E. Thus, T|g is an operator on a finite-dimensional
space. Let v be an eigenvector of T'|z. Then the one-dimensional subspace Cuv is
invariant under 7'. This subspace is exactly invariant, hence e-invariant for any
e > 0. This proves (i).
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(i) If K is of finite rank, then the eigenspace F corresponding to any nonzero
eigenvalue is finite-dimensional. The invariant subspace constructed in (i) is a
subspace of E, hence finite-dimensional. O

6. APPLICATION TO QUANTUM DECOHERENCE

We now apply our framework to a model of quantum decoherence. The fol-
lowing theorem mathematically characterizes how decoherence can lead to the
emergence of approximately invariant subspaces.

[Decoherence and Near-Invariance] Let be a Hilbert space modeling a quantum
system and T' = e~ *#* € describe unitary time evolution. Let D be a dissipative
decoherence operator. Suppose D commutes with a compact projection P. Then:

(i) For small times ¢, the range of P is approximately invariant under 7" with
error controlled by ¢||[H, P]||.

(ii) Under the action of D, the system is driven toward (P). The effective
dynamics within (P) is generated by the Hamiltonian PH P, which has
discrete spectrum. This discrete structure is often associated with the
emergence of quasi-classical behavior.

Proof. (i) Since D commutes with P, the projection P decomposes the space into
decoherence-free subspaces. The time evolution under H does not necessarily
preserve (P), but the deviation is given by the commutator:

I(I = PYTP|| = ||(I = P)e™P].

For small ¢, we can expand the exponential using the Baker-Campbell-Hausdorff
formula or direct expansion:
2

. t
e”H'p = P —it[H,P] - E[H, [H,P]]+---.
Applying I — P and noting (I — P)P = 0, we get:
(I — P)e™™'P = —it(I — P)[H, P] + O(t?).

Taking norms:

I(I = P)e™ ™ P|| < t|[[H, P]|| + O(t?).
Hence, for small times ¢, (P) is approximately invariant under 7" with error pro-
portional to t||[H, P]|.

(i) The dissipative operator D causes decoherence, typically driving the system
into the decoherence-free subspace (P) on a suitable timescale. Once the state
is approximately in (P), the effective time evolution is governed by the operator
Pe7HtP_ For small ¢ or if [H, P] is small, this is approximately e *"#P)t Since
P is compact, the operator PH P acts on a finite-dimensional space (if P is finite-
rank) or has discrete spectrum (if P is compact but infinite-rank, under additional
assumptions). Dynamics with a discrete spectrum exhibit revivals and lack the
continuous spreading characteristic of purely quantum evolution, which can be
interpreted as a form of quasi-classical behavior [10]. This statement is meant
in a qualitative, physical sense, as a mathematical consequence of the discrete
spectral structure. O
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7. STABILITY AND SPECTRAL CLUSTERING

[Stability of Approximate Invariant Subspaces| Let T' €, and suppose {T,,} C
is a sequence converging strongly to T". Then:

(i) If each T}, admits an e-invariant subspace M, then every weak limit point
of {M,} is e-invariant for 7T'.

(i) If sup,, dim M,, < oo, then the dimension is stable under strong conver-
gence.

Proof. (i) Let M be a weak limit point of {M,,}, meaning there is a subsequence
{M,, } such that the orthogonal projections Py, — Py weakly. For any x € M,
we have PMnkx — Pyrx = x. Consider:

(T, M) = |[(I = Pp)T]].

Since T, — T strongly and Py, — Py weakly, and using the fact that strong-
weak sequential continuity holds for the inner product, we have:

|(T = Pas)Tal] < Tigninf (T = Pag,, )Tyt < elfe]|

The last inequality follows because M, is e-invariant for T,,, , so [|({ =Py, )Ty, Pu,, || <
e, and since x € M implies Py, x — x, the inequality holds in the limit. Thus,
M is e-invariant for T

(ii) If the dimensions are uniformly bounded, then the convergence of projec-
tions Py, — Py weakly implies convergence in norm (for finite-dimensional
subspaces, weak convergence implies norm convergence). Hence the dimension of
M equals the dimension of M, for large k, and is thus stable. O

[Approximate Spectral Clustering] Let T' € have spectrum concentrated near
a finite union of disjoint compact subsets {A;}7_;. Then:

(i) There exist mutually orthogonal subspaces {M;}7_, such that each M; is
approximately invariant under T'.

(ii) The restriction of T" to M; approximates an operator with spectrum in A;
up 10 O((A;).

Proof. (i) For each j, choose a contour I'; surrounding A; and separating it from
the rest of the spectrum. Define the Riesz projections:

1
i T 5
2 Jp,

(z—=T)dz.

These projections are mutually orthogonal if the contours are chosen in disjoint
neighborhoods of the A;. Their ranges M; = (P;) are invariant under 7" in the
exact sense if the spectra are perfectly separated. In the approximate case, where
the spectra are only nearly separated, the same construction yields approximately
invariant subspaces. The error in invariance, ||({ — P;)TP;||, can be bounded by
the distance from I'; to (7') and the length of I';, similar to the proof of Theorem
3. By choosing I'; close to A;, this error can be made small, controlled by the
distance between the sets A;.

(ii) The spectrum of 7’| 5, is contained in the neighborhood of A; surrounded by
I';. By the spectral mapping theorem and the continuity of the spectrum under
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small perturbations (or directly from the properties of the Riesz projection), the
deviation of (T'|y,) from A; is of the order of the diameter of A; and the distance
to the rest of the spectrum. O

8. CONCLUSION

We have established a comprehensive theory of approximate invariant sub-
spaces for bounded operators on Hilbert spaces, extending classical invariant
subspace results to quantitative, approximate settings. Our results demonstrate
that spectral gaps (Theorem 3), small perturbations (Theorem 4), and commu-
tation relations with compact operators (Theorem 5) all lead to the existence of
nearly invariant subspaces with explicit error bounds. Furthermore, our analysis
of quantum decoherence (Theorem 6) provides a mathematical framework for un-
derstanding the emergence of classical behavior from quantum systems, while our
stability results (Theorem 7) and spectral clustering theorem (Theorem 7) offer
new tools for numerical analysis and operator theory. These findings have sig-
nificant implications for multiple disciplines, including numerical analysis ([14]),
quantum mechanics ([10]), and the structure theory of operators ([1, 7]). The
quantitative nature of our results provides practical criteria for assessing near-
invariance in applications where exact invariance cannot be achieved. Future
work could focus on several directions: (1) obtaining sharp quantitative esti-
mates for the constants involved in our error bounds, particularly in Theorem
4; (2) applying our framework to specific classes of operators such as Toeplitz
operators or Schrodinger operators with magnetic fields ([15]); (3) exploring con-
nections to other notions of almost invariance, such as those arising in the theory
of almost-invariant sets in dynamical systems; and (4) extending our approach to
more general Banach space settings using the theory of operator ideals ([11]).
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tive comments which made this paper take this best shape.
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