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1. INTRODUCTION AND PRELIMINARIES

Let C denote the complex plane, and let z = = + iy = re® € C. Then the set
D = {z € C: |z| < 1} defines the (open) unit disk. Let dm(z) denote the (nor-
malized) area Lebesgue measure on D, that is, dm(z) = %dxdy = %rdrd@, and
for a > —1, we define the weighted Lebesgue measure on D by

dme(2) = (1 —|2z]*)*dm(z) for each z € D.

On the other hand, let U= {w € C : ¥(w) > 0} denote the upper half-plane of C,
where &(w) denotes the imaginary part of w. Let du(w) denote the area measure
on U, and for « > —1, we define the weighted measure on U by

di(w) = ($(w))*dp(w) for w € U. The Cayley transform, 1, is a conformal
map from the unit disk, D, to the upper half-plane, U, and is given by

v = 2,

1—2

and it has an inverse. See [2] for more details.
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For an open subset € of C, let H(£2) be the space of analytic functions f : Q — C.
For 1 < p < oo, the Hardy space of the unit disk, H?(DD), is defined by

.mm—{mﬁmwmmm—ggi(fuwww@p<m}

2\ J_»

while the Hardy space of the upper half-plane, H?(U), is defined by

1

|f(z+ iy)\pd:c)p < 00

oo

(1.1)
It is well noted in literature that H? - functions can be identified with their

boundary values almost everywhere, and therefore we have that
1

27 >
Hmmmz(Arﬂwww),
Hf”HP([U) = (/_ |f(x)|de>p'

For 1 < p < oo, the weighted Bergman space of the unit disk, L2(ID,m,), is
defined by

Ly (D, mq) = {f € HD) : [[fllz@ma) = (/D [F ()P dma(2)>; < OO},

and

while the weighted Bergman space of the upper half-plane, L2(U, u, ), by

Lo(U, pa) = {f € HWU) < [[fll g wa) = (/U!f(w)lpdua(w)>p < OO}-

(1.2)
When o = 0 in both cases, we obtain the classical Bergman spaces, of the unit
disk, L2(ID,m), and of the upper half-plane, LP(U,u). If we let X(U) denote
H?(U) or LP(U, u,), we can then associate each X (U) with a parameter v, with
v = C“TfZ, and for X (U) = L2(U, py), @ > —1, and where X (U) = H?(U), a = —1.
See more details in [2].

The Hilbert matrix, H,, is a square matrix defined by

| S
11 e
1 2 3 " ntl
H, = P = . i . ,
vt =1/ i2123..m : : :
11 1
n+1 2n—1

where ¢ denotes the row, and j the column.

The Hilbert matrix operator can act discretely or continuously.
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(a) Discretely: On the sequence spaces
Considering a sequence (a,,),>0 in [P spaces as a column vector, and by conducting
matrix multiplication with H,, it follows that

oo a
oo = (3 505%57)

k=0
for those (ay,)n>o for which the sums are well defined.

(b) Continuously: On spaces of analytic functions

(i) On the unit disk
For f € H(D), the Hilbert matrix operator is defined by

H(f)(z) = / f()—

11—tz
(ii) On the upper half-plane
For f € H(U), the Hilbert matrix operator is defined by

H(f)(z) = /000 CJC(TC)ZdC, for z € U. (1.3)

dt, for z € D.

See more details in [3, 8].

Let X be a Banach space over C, and let T" be a closed operator on X. The
resolvent set of T is given by p(T') = {\ € C : A — T is invertible}, and the
spectrum of 7" is given by o(7T") = C\p(T"). The point spectrum of 7" is given by
0,(T) ={\ € C: T'(z) = Az for some 0 # = € X}. The resolvent operator of T’
or the resolvent of T" at A € p(T) is given by R(A,T) = (A —T)~!. The spectral
radius of T is defined as 7(7') = sup{|A| : A € o(T")}, and is characterized by
r(T) < ||T||. More details can be found in [5, 6].

A family (73):>0 of bounded linear operators on X, is said to be a one parameter
semigroup if it satisfies the following properties,

(i) Tiys=Ty0Ts fort,s>0,
(ii) Ty =1, where I is the identity operator on X.
The family (7}):>¢ is said to be strongly continuous if
lim ||T}(x) —z|| =0 for every z € X.
t—0t
If (7})s>0 is a strongly continuous semigroup, then its infinitesimal generator, G,
(an unbounded operator), is defined by
Ti(z)—z O

Gz = lim = —T,(x)

fi h
Jim . pr or each x € dom(G),

t=0
where dom(G) is the domain of the infinitesimal generator, and is given by

Tz —
lim W exists}.

t—0t+

dom(G) = {:): €eX
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See [6, 7] for more details.

Let ¢ be a self analytic map on (2, then the composition operator C, induced by
¢ is defined by C,(f) = f o for all f € H(2). Let ¢, for t > 0 be a family
of self analytic maps on {2, then the composition semigroup C,, is defined by
Coi(f) = fow forall f e H(). The weighted composition semigroup is given
by S, (f) = (©))7(fopr), where v = O‘Tf2 for 1 < p < co. For more details, see [2].

Let m,n € C. Then the gamma function, I'(m), is given by
I'(m) = / e “a™ 1 dx, for M(m) > 0,
0
while the beta function, S(m,n), for B(m) > 0 and R(n) > 0 is given by

1
pB(m,n) = / 2™ N1 - 2)" da, (1.4)
0
or equivalently, by

B(m,n) = /000 (Ldt. (1.5)

1+ )mtn

The beta and gamma relationship is given by

B(m,n) = % (1.6)

Let m € C\ Z, then the Euler reflection formula is given by

T(m)D(1 —m) = —

sinTm’

See [1, 4] for more details.

Over the years, there has been extensive research on the Hilbert matrix operator
acting on H(ID). The research on the Hilbert matrix operator acting on H(U) is
minimal. In 2021, Siskakis [8] initiated the study of the Hilbert matrix operator
acting on HP(U). Nevertheless, the scope of research on the Hilbert matrix op-
erator on L?(U, ) remains limited.

In this paper, we study the Hilbert matrix operator on H?(U) and L?(U, p,), with
a focus on determining its operator norm and spectrum. These results contribute
to a deeper understanding of how the operator behaves on H(U), where stability
and boundedness are central questions. Beyond pure mathematics, the findings
can also support areas of computer science that rely on functional analysis, such as
numerical algorithms and computational methods for approximation and stability
analysis.
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2. NORM AND SPECTRUM OF THE HILBERT MATRIX OPERATOR ON X (U)

Theorem 2.1. The Hilbert matriz operator on H(U) can be expressed as

HOIE) = [ ()

which is the average of weighted composition operators.

Proof. We know from equation (1.3) that for all f € H(U),
I A i(9)
(e - [ 2

We then choose the path of integration to be a straight line from 0 to oo passing
through 2, and parametrizing it as ¢(s) = %>z for 0 < s < 1.

dc.

We let ¢(s) = ===z = ( and d( = T ds. Substituting, we get that

e

L S
B /0 1—3f(1—sz)ds’

as desired. O

Remark 2.2. By the definition of the weighted composition semigroup, we define
a family of self analytic maps on U as ¢;(z) = e’z where t € R, z € U, therefore
the corresponding group of weighted composition operators on X (U) is given by
S, (f)(2) = e f(e'z). The properties of a similar group, (S, ,)ier, were fully
analyzed in [2], where a family of self analytic maps ¢; = e 'z on U was consid-
ered.

Following [2], it can be easily deduced that (S, ).er is a strongly continuous group
of isometries on X (U), whose infinitesimal generator, G, is given by

Gf(z) =1f(2) + 2f'(2),
with domain, dom(G) = {f € X(U) : zf'(z) € X(U)}. Moreover, the point
spectrum is 0,(G) = 0, while the spectrum is o(G) = iR, indicating that G is
unbounded.

In the next result, we determine the upper norm bound of the Hilbert matrix
operator, H,

Theorem 2.3. Let X(U) denote either H?(U) or LE(U, u,), and let H be the
Hilbert matriz operator acting on X (U). Then,

™

H <
IH| xw)»xw) < ()’

for non-integral values of .
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Proof. When X (U) = HP(U), as remarked in the introduction, we use the fact
that HP-functions can be identified by their boundary values. Therefore,

1

()l = ( / N |H(f)(m)|pdx)p

- (L] ()

by the definition

b\
dx)

0o 1 1 P %
< </ / f( i x) dspdx)
oo |1 =87 \1—3s
by triangle inequality,
and by Fubini’s Theorem, we finally get
1 o] 1 g p %
H » < d d
ot = [ (e )
1 1 [e’¢) p %
= / (/ ’f( i a:) dx) ds.
o 1—s\J_ o I

Let u = %, then dr = % du. Substituting, we get

B < [ (S5 )
iy
-/ - s><i—”( | it du)’l’ds,

which is equal to

1
IH() vy < |1 F Loy / s - )5V ds. (2.1)

By the definition of f(m,n) given by equation (1.4), we get that

1

mzl—% , N= o,

making it 5(1 — 117’ %), and by using the beta and gamma relationship given by
equation (1.6), we get that

()= (=) G)

which by Euler reflection formula results in

F(l N %)FGJ) - sin?%)‘ (2.2)
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Finally, replacing with results obtained in equation (2.2) in equation (2.1), we get

IHN) e ) < 11 ey

)

and by taking supremum over all f € H?(U) with || f||z») < 1, we get that

sm(

S

™

HHHHP(U)%HP(U) < where 1 < p < o0. (2.3)

sm(%)

The same result was obtained by Siskakis [8] using the usual norm definition given
by equation (1.1).

When X (U) = LE(U, u, ), we use the norm definition of L?(U, u,) given by equa-
tion (1.2) to get

H ez = ( / () () P ));
- (/w /01 1 i sf(l i Sz)ds pdua(z))

by substitution

- (I () eerae)

by the definition

L s P
< UJo 1_5f<1_32)

by triangle inequality,

hSA

IN

dsP(%(z))adm)

and by Fubini’s Theorem, we finally get

' 1
e < [ ([ 12r(752)

We let z = x 4 1y which results in

P

<%<z>>adu<z>) ds.

P

W < [ ([ [ (x+zy)) i) o
By
Ry s e
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Let u = =2 and v = vy, then y = =20, and dydr = (1:=2)? dvdu. Substitut-
1—s 1 sy Y s s

ing, we get

T R T = N = R I
= /0 1—3(/ / |f(u+iv)| ( )+2vadvdu);ds
_ /0(1_5) (1_5) i (/ / (u + iv) \pvo‘dvdu);ds
_ /015< (1 - ) </ / (u+ iv) ]pvadvdu>;ds.

However, we know that v = p 2 Substituting, we obtain

! v
IH) 22 0) S/ s7(1—s)7 (/ / (u+ v ]pvadvdu) ds.
0

If we let w = u + iv, then,

HD g < | e o ([ 1) dutw) ) ' is

which is equal to

1
I 220 < “fHLﬁ(U,ua)/O sT(1—s)" ds. (2.4)

By the definition of f(m,n) given by equation (1.4), we get that

mzl—v y =7,

making it 5(1 — 7, ), and by using the beta and gamma relationship given by
equation (1.6), we get that

Bl —7,7) =T —=7)(7),

which by Euler reflection formula results in

7T
'l —~)'(y) = . 2.5
(1= P0) = 5o (25)
Finally, replacing with results obtained in equation (2.5) in equation (2.4), we get
™
H <

Pz < iy ez

and by taking supremum over all f € LE(U, uo) with || f|[ 12w ,..) < 1, we get that
7r

IH 220 o) 22 (U ) < oy — (2.6)

for non-integral values of ~.
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From the result obtained in equation (2.6), we can also obtain the result given
in equation (2.3). To show this, we know that a = —1 on H?(U), resulting in
~v = 1/p, which is a non-integral value provided p > 1. Substituting, we get

1 H| 00— mr () < where 1 < p < o0,

m
. T
sin(7)

which is the same as our result in equation (2.3).

Therefore, we can now generalize our result to be, let X (U) denote either H?(U)
or LP(U, fiy), then

T

H < 2.7

IH|x ) xw) < ()’ (2.7)

for non-integral values of «. This completes the proof. O

Theorem 2.4. Let E be a Banach space over C, and let L(E) denote the Banach
algebra of bounded linear operators on E endowed with multiplication o. Let
(Ti)ier C L(FE) be a strongly continuous group of isometries on E, and ¢ € L*(R).
Define the operator Ty by

T,f = / T SOTifdt forf € E,

then T, € L(E), and by using convolution %, Ty., = Ty o T, for ¢, € L*(R).

Proof. By the definition of linearity, we get that if we let f,g € F and «, 8 € R,
then,

Ty(af +Bg) = /Oo o(t)Ti(af + Bg) dt

- / () (aTof + BTrg) dt
= odyf + PTyg.

Therefore T} is linear.

By the norm definition,

|Tsflle < ‘/_OO ¢(t)thdt‘
< [Tlowmia
< |Tfls / 60 dt.

o0

Since (T}):er is an isometry, we can therefore replace to get

ITefls < Ifle / ()] dt
= [fllelollL ),
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and by taking supremum over all f € E with ||f||z < 1, we get that

1Tsllp—e < o)l @)
Therefore Ty is bounded, implying that T, € L(E).

By the definition of convolution, we get

Tyof = / T (G Q) OTf di

:/ (/ B(s t—sds)thdt for t,s € R,

Then by Fubini’s Theorem, we get that

ey Z o(5) ( / Z ot — )T dt) ds

We let w =t — s, therefore t = s + w and dt = dw. Substituting, we get

Tt = [ :¢<s>( / Zw<w>T3+wfdw) s
~ [Coo( [ ewimensa) i
- [ ¢<s>Ts( | et dw) ds

T,f = / w)Ty, fdw for f € E.
Substituting, we get that

Towof = / P(s

Next, we let

= (TsoT0)f,
thus T : L'(R) — L(E) is an algebra homomorphism between L'(R) endowed
with convolution *, and L(FE) endowed with multiplication o. O]

In the next result, we apply Theorem 2.4 to give a new representation of the
Hilbert matrix operator, H,

Proposition 2.5. Let X (U) denote HP(U) or LP(U, ita), (S4,)ier be a strongly
continuous group of isometries on X (U), and ¢, € L'(R), then the Hilbert matrix

operator takes the form
~ [ ews.ne,

o) =S (2.8

where
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and

Se(f)(z) = 7' f(e'2).

> f(Q)
= [ Ha
o (+=z
we choose the path of integration to be a straight line through z, parametrizing

it as p(t) = e’z for —co < t < oo. We let p(t) = ez = (, then d{ = e’zdt, and
substituting, we get

Proof. Using

He) = [ 29w
= /_Z etit—l fle'z)dt

which can be written as

~ [ o080

as claimed. ]

Proposition 2.6. Let ¢, be defined as in equation (2.8), then,

/ o0t =

for non-integral values of .

Proof. Integrating ¢.(t) given by equation (2.8) with respect to —oco < t < o0,
we get that
9] p o e(1—'y)td
Hdt = S
/_OO ¢’Y< ) /_Oo et i 1
o0 t. et
o €l +et)
o0 —'yt
- / _C
—oo (I 4e71)

We let u = e %, then dt = i—z. We also get that when t = —o0, © = o0, and when
t = oo, u = 0, which gives us that

[Cown = [ Gt
= | dra

u
5), we get that

1
By the definition of (m,n) given by equation (1.
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m=~yandn=1-—r,

making it (7,1 — ), and by using the beta and gamma relationship given by
equation (1.6), we get

By, 1—=7) =TT —7),

which by Euler reflection formula gives us that

O =) = S

for non-integral values of ~. OJ

Theorem 2.7. Let ¢, be defined as in equation (2.8), then its Fourier transform,
¢, is given by

~ T

Pr(s) = sin(my + ims)’
Proof. By using the definition of the Fourier transform, we get that

O,(s) = /OO e‘is’*e(lﬂ)tdt
K e et +1

00 ) t, ,—t
_ / it €€
coo (I +e)

00 - e—wt J
= e " ———dt.
/_oo (1+e™)

We let u = e !, then dt = f—z. We also get that when ¢t = —00, u = 00, and when
t = 0o, u = 0, which gives us that

0
- : d
b(s) = [t

- (1+u)—_u

0o, (y+is)—1
- [ e
o (1+wu)

By the definition of S(m,n) given by equation (1.5), we get that

m = (y+is)and n =1— (y+1is),
making it 5(y +is,1 — (v +is)), and by using the beta and gamma relationship
given by equation (1.6), we get
By +is, 1= (y+is)) =T(y +is)l(1 = (v +is)),

which by Euler reflection formula gives us that

Py +is)0(1 = (v +1s)) = m

as claimed. O
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Theorem 2.8. The spectrum of H is given by

1) = { o =z <

m
sin(7y)’

and consequently,

IHxw)-xw) =
for non-integral values of .
Proof. As noted in [8], we have that
o(H) = 6(0(Q)). (2.9)

Using equation (2.9), we obtain

I A

- w1 R}

When we take g = 0, it means that ﬁ € o(H). Since the quantity Sm?—m) is a

real number contained in o(H), it must be dominated by the spectral radius of
H, r(H). That is,

<r(H).
sin(my) — r(H)
Now, by using the spectral radius inequality, it follows that

<r(H) < [[H]],

sin(77y)
for non-integral values of ~.

By combining these results with the ones obtained on the upper norm bound of
H on X (U) given in equation (2.7), we get that
T
sin(7y)’
for non-integral values of 7, as desired. OJ

IH| xw)-xw) =

Corollary 2.9. If X(U) = H?(U), then,
T

sin(%)’

| H| e 0y Uy = where 1 < p < o0.

Proof. Taking av = —1 yields 7 = 1/p by the definition of v. By substitution, we
get that

T
sin(%)
The results shown in equation (2.10) coincide with what was obtained by Siskakis
8]. O]

‘|HHHP(U)—>HP(U) = where 1 < p < o0. (2.10)
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Corollary 2.10. If X(U) = L2(U, p), then,

||H||L5(U7u)%Lg(U,#) = L% where 1 <p <2 and 2 < p < oo.

Sln(?)
Proof. Taking ov = 0 yields v = 2/p by the definition of . By substitution, we
get that
||H||L§(U,M)%L3(U,M) = m, forl<p<2and2<p< oo,
p

as claimed. ]
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