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INTEGER PROGRAMMING FORMULATIONS AND
PROBABILISTIC BOUNDS FOR SOME DOMINATION
PARAMETERS
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ABSTRACT. In this paper, we further study the concepts of hop domination
and 2-step domination and introduce the concepts of restrained hop domina-
tion, total restrained hop domination, 2-step restrained domination, and total
2-step restrained domination in graphs. We then construct integer program-
ming (IP) formulations and present probabilistic upper bounds for these dom-
ination parameters. IP is a powerful optimization technique widely applied in
computer science to develop efficient algorithms.
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1. INTRODUCTION AND PRELIMINARIES

Domination in graphs is one of the extensively studied concept in graph theory.
This concept has historical roots as early as 1850s when Furopean chess enthusiast
studied the problem of dominating queens. The mathematical study of dominat-
ing sets has become of interest to numerous authors, in which the concept has
also been used for many different applications, such as wireless network topology
design [23], wireless sensor network [3], hoc network [22], and many others. Dif-
ferent modifications related to domination in graphs have been studied by several
authors, see [1, 2, 16, 17, 19, 20, 21]. The concept of total domination in graphs
has also been introduced in [6]. One may refer to [10, 11] for detailed survey on
domination parameters and [14] for thorough discussions on total domination.

Domination parameters have also been studied in the context of linear pro-
gramming because of their fundamental importance in graph theory and their
applicability to various optimization problems. These parameters measure the
minimum number of vertices required to dominate a graph under specific condi-
tions and are often formulated as integer programming problems. Since accurately
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determining domination numbers is typically NP-hard, linear programming for-
mulations and their relaxations provide a powerful framework for analyzing and
approximating these parameters. By framing domination problems as linear pro-
grams, researchers can derive useful bounds, develop efficient algorithms, and gain
deeper insights into the structural properties of graphs. This approach also en-
ables applications in network design, resource allocation, and other combinatorial
optimization areas where domination is critical.

Integer linear programming (ILP or simply IP) on the other hand is a powerful
optimization technique widely applied in computer science for solving problems
that involve discrete decisions, such as selecting, assigning, or ordering elements
under given constraints. In network design, IP can determine the minimum-cost
set of links or nodes required to achieve desired connectivity, as in communica-
tion or sensor networks. In graph theory, IP models are used to solve problems
like the minimum dominating set, vertex cover, graph coloring, and maximum
independent set, all of which have applications in areas such as social network
analysis, security, and resource placement.

Let G = (V(G), E(G)) be a simple undirected graph. A set S C V(G) is a
dominating set of GG if every vertex outside S is adjacent to a vertex in .S. The
domination number of GG is the smallest cardinality of a dominating set of G, and
is denoted by v(G). If every vertex in G is adjacent to a vertex in S, then we say
that S is a total dominating set of G. Similarly, the total domination number of
G, denoted by (@), is the smallest cardinality of a total dominating set of G.

In 1999, Domke et al. [7] initiated the study of restrained dominating set. This
notion was further examined in [25]. A set S C V(@) is a restrained dominating
set of G if every vertex outside S is adjacent to a vertex in S as well as an-
other vertex outside S. The restrained domination number of G is the smallest
cardinality of a restrained dominating set of G, and is denoted by ~,.(G). To
illustrate the idea of this domination parameter, to maintain safety and support,
each prisoner’s location (V(G) \ S) is monitored by at least a guard’s location
to maintain security, and each prisoner’s location is seen by another prisoner’s
location to protect the rights of prisoners.

A new domination parameter called 2-step domination in graphs was intro-
duced by Chartrand et al. [5] and further investigated in [4, 8, 15, 24]. Analogous
to 2-step domination, the concept of hop domination in graphs was introduced
by Natarajan and Ayyaswamy [18], which was further studied by some authors,
see [12, 13]. For any two vertices u and v of G, the symbol dg(u,v) or simply
d(u,v), is the length of a shortest path connecting vertices v and v in G, which
is also referred to as the distance between v and v. The degree of a vertex i in
a graph G, denoted by degg (i) or dg(7), is the number of vertices adjacent to @
and the smallest degree among the vertices of G is denoted by §(G), or simply .
The set of vertices adjacent to ¢ in G is denoted by N(i) and the set of vertices
at a distance 2 from i in G is denoted by Ny(7). The hop degree of a vertex 7 in a
graph G, denoted by deg,(7) or dp(i), is the number of vertices at distance 2 from
i in G. The smallest hop-degree among the vertices of G is denoted by d,(G), or
simply d5. A set S C V(@) is a hop dominating set of G if for every i € V/(G)\S,
there exists j € S such that dg(i,j) = 2. The hop domination number of G is
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the smallest cardinality of a hop dominating set of G and is denoted by ~,(G). A
set S C V(@) is a 2-step dominating set of G if for every i € V(G), there exists
j € S such that dg(7,j) = 2. The 2-step domination number of G, denoted by
Yastep(G), 1s the smallest cardinality of a 2-step dominating set of G.

In this paper, the concept of restrained hop dominating set, total restrained
hop dominating set, 2-step restrained dominating set, and total 2-step restrained
dominating set in graphs will be introduced. An integer programming (IP) for-
mulation will be constructed for these newly defined domination parameters and
sharp upper bounds will be provided using probabilistic methods.

2. IP FORMULATION

2.1. Hop domination and 2-step domination problems. From now on-
wards, let G = (V,E) be a simple undirected graph with V' = {1,2,... n}.
Decision variable x; indicates whether vertex i belongs to a hop dominating set

SCV, ie.,
[ 1ifies
Ti=191 0 otherwise.
Define
1 ifi=jord(i,j) =2
%j =Y 0 otherwise.

An IP formulation for the hop dominating set problem (HDP) can be constructed
as:

minz T; (2-1>
i=1

subject to:
Z&ijl’j > 1, VieV (22)
j=1
x; € {0,1}, VieV (2.3)

Theorem 2.1. The optimal solution of the IP formulation for the HDP is equal
to the hop domination number of G.

Next, we construct an IP formulation for the 2-step dominating set problem
(2SDP). Decision variable x; indicates whether vertex i belongs to a 2-step dom-
inating set. Since a 2-step dominating set is a special case of a hop dominating
set, we just replace constraint (2.2) with constraint (2.5). An IP formulation for
the 2SDP can be constructed as:

min Z T, (2-4)
i=1
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subject to:

> aya > 1, ViV (2.5)
J=1, j#i

z; € {0,1}, VieV (2.6)

Theorem 2.2. The optimal solution of the IP formulation for the 2SDP is equal
to the 2-step domination number of G.

2.2. Restrained hop and total restrained hop domination problems. A
hop dominating set S C V(@) is a restrained hop dominating set of G if for
every u € V(G) \ S, there exists v € V(G) \ S such that d(u,v) = 1. We
need to explicitly state here that a restrained hop dominating set of G has to
satisfy two independent properties: (1) it is a hop dominating set and (2) the
subgraph induced by V(G) \ S has no isolated vertices. For the construction of
an IP formulation for restrained hop dominating set problem (RHDP), decision
variable x; indicates whether vertex ¢ belongs to a restrained hop dominating set.
Define

1 ifi=j

by =4 1 if(i,j) € E(G)

0  otherwise.
Following the techniques employed in [9], an IP formulation for the RHDP can
be constructed as:

min Z x; (2.7)
i=1

subject to:
iaijxj > 1, VieV (2.8)
j=1
z”: bijx; < degq(i), VieV (2.9)
=1
] z; € {0, 1}, VieV (2.10)

Theorem 2.3. The optimal solution of the IP formulation for the RHDP is equal
to the restrained hop domination number of G.

A 2-step dominating set S C V(G) is a total restrained hop dominating set of G
if for every u € V/(G)\ S, there exists v € V(G)\ S such that d(u,v) = 1. Since the
total restrained hop dominating set is a special case for restrained hop dominating
set, we just replace constraint (2.8) by constraint (2.12). Decision variable z;
indicates whether vertex ¢ belongs to a total restrained hop dominating set. An
[P formulation for the total restrained hop dominating set problem (TRHDP)
can be constructed as:

minz z; (2.11)
1=1



INTEGER PROGRAMMING FORMULATIONS AND PROBABILISTIC BOUNDS 5

subject to:
zn: Q5T 5 Z 1, VieV (212)
=1, j#i
ibijmj < degG(i), VieV (213)
=1
] z; € {0, 1}, VieV (2.14)

Theorem 2.4. The optimal solution of the IP formulation for the TRHDP is
equal to the total restrained hop domination number of G.

2.3. 2-step restrained and total 2-step restrained domination problems.
Finally, we construct an IP formulation for the 2-step restrained dominating
set problem (2SRDP). If GG is a graph, then we denote by Dist(G;2) the graph
consisting of the vertex set V' and edge set {uv : dg(u,v) = 2}.

A hop dominating set S C V(G) is a 2-step restrained dominating set of G if
for every u € V(G) \ S, there exists v € V(G) \ S such that d(u,v) = 2. Decision
variables x; indicates whether a vertex ¢ belongs to a 2-step restrained dominating
set. Define

-1 ifi=y
0  otherwise.
An IP formulation for the 2SRDP can be constructed as:

min Z T; (2.15)
i=1

subject to:
zn:aijxj >1, VieV (2.16)
j=1
Zcij:vj < degpigyai) (1), VieV (2.17)
=1
] z; € {0,1}, VieV (2.18)

Theorem 2.5. The optimal solution of the IP formulation for the 2SRDP is
equal to the 2-step restrained domination number of G.

A 2-step dominating set S C V(G) is a total 2-step restrained dominating set
of G if for every u € V(G) \ 9, there exists v € V(G) \ S such that d(u,v) =
2. Decision variable z; indicates whether a vertex ¢ belongs to a total 2-step
restrained dominating set. Replacing constraint (2.16) with constraint (2.20), an
IP formulation for the total 2-step restrained dominating set problem (T2SRDP)
can be constructed as:

min » "z (2.19)
=1
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subject to:
zn: A5 4 Z 17 VieV (220)
J=1, j#i
Zcijxj < degpist(ci2) (4) VieV (2.21)
=1
J x; € {0,1}, VieV (2.22)

Theorem 2.6. The optimal solution of the IP formulation for the T2SRDP is
equal to the total 2-step restrained domination number of G.

3. PROBABILISTIC BOUNDS

In this section, we present probabilistic upper bounds for Yostep(G), Vrn(G),
’Ytrh(G)a ’YQST(G)a and ,thST(G)'

3.1. 2-step domination number. Before we present the probabilistic upper
bound for yastep (G), we shall consider first the following two known results:

Theorem 3.1. [14] If G is a graph with minimum degree 6, then

Ind +1
1 (G) < ;

Observation 3.2. [12, p.915] If G is a graph, then the following hold:
(i) %4(G) = 1(Dist(G:2)).
(i) Y2step(G) = 1 (Dist(G; 2)).
In view of Theorem 3.1 and Observation 3.2, we have the following result.

Theorem 3.3. If G is a graph of order n with 0y, := 0,(G) > 1, then

Indy, +1
72step(G) S g—n
h

n.

Proof. Note that
Yastep(G) = n(Dist(G;2))
In§(Dist(G;2)) + 1
- d(Dist(G;2))
In (Sh +1
This completes the proof of the theorem. O

3.2. Restrained hop and total restrained hop domination numbers. Given
a graph G, a matching M in G is a set of pairwise non-adjacent edges, that
is, no two edges share common vertices. A maximum matching, also known as
mazimum-cardinality matching, is a matching that contains the largest possible
number of edges. There may be many maximum matchings. The matching num-
ber of a graph G, denoted by v(G) is the size of a maximum matching. This
number is also called the edge independence number.
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A perfect matching, also known as complete matching, is a matching that
matches all vertices of the graph, that is, a matching is perfect if every vertex of
the graph is incident to an edge of the matching.

A near-perfect matching, or near-complete matching, is a matching in which
exactly one vertex is unmatched. It is not difficult to see that a graph can only
contain a near-perfect matching when the graph has an odd number of vertices.

The proofs of the following three results are analogous in [26].

Theorem 3.4. If G is a graph of order n with 6, > 1 and v := v(G) > v,(G),
then
2In(8, + 1) + 6, + 3

-2
op +1 " g

%h(G) <

o 21n(8y) + G + 2
+ 0+
fYtrh(G> S T (5}1 L n

Proof. Let D be a minimum hop dominating set of G. Then |D| = v,(G) =: .
Let M be a maximum matching of G. Then v := v(G) = |M|. Let M =
{e1,€9,...,e,}. If all of the end vertices of the edges in M are not in D, we
may replace an edge of M with an edge such that one of the end vertex is in
D. Hence, we may assume that the first k£ edges of M have at least one end
vertex contained in D. It follows that v — k edges in M have both end vertices
contained in V(G) \ D. Since k < |D| = ,(G), v — v, < v — k. Since v > ~p,
at least v — 75, edges in M have both end vertices contained in V(G) \ D. Let
D' = {u € V(G)\ D : wuisnot an end vertex of the v — k edges in M}. Let
S:=DUD' Then S is a restrained hop dominating set of G. Now,

— 2.

Tn(G) < |S]
= |DUD|
= n—2w-—k)
< n=2v-—m)
= n+ 2y, —2v.
In(o, + 1 1
In view of [12, Theorem 12, p.926], v}, < Mn Hence,
o +1
21n(6) + 1) + 6, + 3
S (G) < — .
Ml G) < on+ 1 e

This proves the first part of the theorem.

Next, let D® be a minimum 2-step dominating set of G. Then |D®| =
Yastep(G) = Yastep- Using the same technique employed above, we can construct
a total restrained hop dominating set S; := D® U D’ of G so that

Yern(G) < 1A 279tep — 20

Indy, +1
By Theorem 3.3, vastep < %n Hence,
h
2Indy, + 0 + 2
en(G) < ST EE,

— 2.
5 v
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This completes the proof of the theorem.

Corollary 3.5. If a graph G of order n has a perfect matching with v(G) >
th(G)7 then
In(op, + 1) +1

< 2
%«h(G) o op +1 "
and s
no,+ 1
fYtrh(G) S g—2n
h

Corollary 3.6. If a graph G of order n has a near-perfect matching with v(G) >
w(G), then
ln(éh + 1) + 1

” < 2 1
7 h(G) ~ 5h T 1 n +
and 5
| 1
vn(G) < %zn 1
h

Next, we improve the assumption in Corollary 3.5. From now onwards, let R be
the set of real numbers and let [0,1]" = {p = (p1,...,pn) : pi € R,0 < p; < 1},
Let fn 1 [0,1]™ — R be the function defined by

frn(p) = ZPi‘FZ(l—pi) H (1—py)

JEN2(i)

+Z(1—pi) 1—(1-p) [] (0=py)

< 1 (p+@=2) [T @=mo)
)

JEN(i ke N2 (5)
Theorem 3.7. If G is a graph of order n, then

Ve (G) = in frn(p)
Proof. Let G be a graph with vertex set V' = {1,2,...,n}. We pick randomly
and independently each vertex ¢ € V with probability p;, where 0 < p; < 1,
to form a set X C V, that is, P(i € X) :=P{i € V : i € X}) = p;. Let
Z={i¢ X Ny(i)NnX=g}landY ={i ¢ XUZ:N(i) C XUZ}. Consider
D=XUZUY.

First, we show that D is a restrained hop dominating set of G. Let u € V'\ D.
Then v ¢ X UZ UY so that No(u) N X # &. This means that there exists
v € X C D such that dg(u,v) = 2. Also, N(u) € X U Z. It follows that there
exists s € N(u) such that s ¢ X U Z. If s € Y, then N(s) C X U Z, which
implies that u € N(s) C X UZ, a contradiction. Hence, s ¢ Y. Thus, s € V'\ D.
Accordingly, D is a restrained hop dominating set of G.



INTEGER PROGRAMMING FORMULATIONS AND PROBABILISTIC BOUNDS 9

Define X; := X(7) by

1 ifieX
Xi = { 0 otherwise.
Similarly, define Z; := Z(i) (resp., ¥; ;==Y (i)) by
|1 ifie Z (resp.,i€Y)
Zi (resp., ¥i) = { 0 otherwise.

Then |X| =Y X;, |Z| = ZZZ, and |V ] = ZY Note that

E[Xz] =P(i € X) = Di,

ElZ]=PlicZ)=(1-p) H (1 —=pj),

JEN2(3)
and
E[Y]]
= PieY)
= (1=p) | 1=C=p) [] O=pp) | II s+ =pp) JI —pn)
JEN2(4) JEN(4) keN2(j)
Hence,

E[D] = E[IX+E[Z]]++E[Y]]

Zpi + Z(l —p) ] -»)

JEN2(i)

+Z(1—p¢) 1—(1—p) J] 0 =py)

jENQ(i)

< 1T |p+@=p) [T 1=p)

JEN(4) keN2(j)
= frh(pl>p27 s 7pn)

This means that there exists a restrained hop dominating set of G of cardinality

at most E[|D|]. Thus, v,4(G) < H[lou;l] frn(D).

Next, let D’ be a minimum restrained hop dominating set of G. Then |D'| =
Y (G). Let p" = (pi, ph, -, pf,), Where
, |1 itieD
Pi= 1 0 otherwise.

Then
frh sz |D,| :’7rh(G)
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Accordingly, v,1,(G) = min f.4(p). O]
pel0,1]"

Theorem 3.8. If G is a graph of order n with 0, > 1, then
ln(5h —f- 1) + 1
op+1

Proof. Let p = (p,p,...,p) € [0,1]". For each i € {1,2,...,n}, o, < dy(i) and
1—x <e®for x € R, and we have

frh(p) _ Zp + Z(l . p)dh(i)-H
i=1 i=1

’Vrh(G) S 2n.

+ Z(l — p) (1 — (1 _ p)dh(i)-i-l) (p + (1 _p)dh(i)—i-l)deg(i)
=1

< np+n(l—p)" T +n(l—p)(p+(1- p)5h+1)6
< np+n(l-p)" T+l -p) (p+ (1 -p)T)
< np+n(l=p)"* +ap(l —p) +n(l —p)**
< 2np+2n(1 — p)ontt
< 2np + 2ne PCRHY),
Note that the function g(p) = 2np + 2ne P+ p € [0,1], has an absolute
In(d, + 1 In(d, + 1
minimum value at p = M Observe that 0 < M < 1. Let
on +1 op +1
In(dy + 1
p'=.,p,....p) €[0,1]", where p’ = nfih——:_l) Then by Theorem 3.7,
h
’ In(d, +1)+1
1 (G) < f(p') < 2np’ + 2ne? (on+1) — Mgn
o +1
This completes the proof of the theorem. 0

Next, we improve the upper bound in Theorem 3.8 but we need to put addi-
tional assumption. This technique is also used in [26].

Theorem 3.9. If G be a graph of order n with 6,0, > 1 and n < &, then
ln 5h —|— 1
ln(5h + 1) + 1
< \hT T2
and
Ind, +1
’ytrh(G> S g n
h

Proof. In view of [12, Theorem 12, p.926], let D be a hop dominating set of G
with
In(o, +1)+1
ID| < (@ +1)+1
Op + 1
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5511 5> ln5h+1

m, 5h n. Let u & V(G) \ D. Then

Since n <

1
n5h+1n - In(é, +1) +1
o op +1
This means that there exists v € V(G) \ D such that uwv € E(G). Thus, D is a
restrained hop dominating set of G. Accordingly,
In(ép, +1)+1
— .
op+1

dega(u) > 9 > n=|D|.

’Vrh<G) <

This proves the first part of the theorem.
Next, in view of Theorem 3.3, let D® be a 2-step dominating set of G with

Do) < ot
On
Let w € V(G) \ D. Then
Inj, +1
dega(u) > 6 > %n = |DW|.
h

This means that there exists v € V(G) \ D such that uv € E(G). Thus, D® is a
total restrained hop dominating set of GG. Accordingly,

h’l 5h + 1
—N.
o

This completes the proof. Il

Yirh (G) S

3.3. 2-step restrained and total 2-step restrained domination numbers.
Given a graph G, a hop matching H in G is a set of paths of size two such that
no two paths share a common end vertex. A mazimum hop matching is a hop
matching that contains the largest possible number of paths of size two. There
may be many maximum hop matchings. The hop matching number of a graph
G, denoted by 14 (G), is the cardinality of a maximum hop matching.

A perfect hop matching or complete hop matching, is a hop matching such that
every vertex of the graph is an end vertex of an element of the hop matching.

A near-perfect hop matching, or near-complete hop matching, is a hop matching
such that exactly one vertex of the graph is not an end vertex of an element of
the hop matching.

Theorem 3.10. If G is a graph of order n with 6, > 1 and Dist(G;2) has no

1solated vertex, then

2In(6p + 1)+, + 3
0p + 1

Yosr(G) < n —2u,(Q)

and
2ln5h+5h+2

On

'7t2sr(G) S n — 21/h(G)
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Proof. Let D be a minimum hop dominating set of G. Then |D| = 7,(G) =: .
Let H be a maximum hop matching of G. Then v, := v,(G) = |H|. Let
H={P},P; ... Py*}. If all of the end vertices of the elements in H are not in
D, we may replace an element of H with a path of size two such that one of the
end vertex is in D. Hence, we may assume that the first £ paths in H have at
least one end vertex contained in D. It follows that v, — k paths in H have both
end vertices contained in V(G) \ D. Since k < |D| = y(G), v, — v < v, — k.
Since Dist(G;2) has no isolated vertex, by [13, Theorem 2, p.2314], v, > 7y, so
that at least v, — 75, paths in H have both end vertices contained in V(G) \ D.
Let D' = {u € V(G)\ D : u is not an end vertex of the v, — k paths in H}. Let
S:=DUD'" Then S is a 2-step restrained dominating set of G. Now,

7237"(G) S |S’

= |DUD|
= n—2y — k|

< n—=2[v, — ]
= n-+ Z’yh — 21/h.
In(é 1 1
In view of [12, Theorem 12, p.926], v}, < Mn Hence,
o +1
21n(d, + 1) + 0y + 3
() < — .
12r(G) < on+1 S

This proves the first part of the theorem.

Next, let D® be a minimum 2-step dominating set of G. Then |D®| =
Yastep(G) = Yastep- Using the same technique employed above, we can construct
a total 2-step restrained dominating set S; :== D® U D’ of G so that

'7t2sr<G) S n+ 2/72step - 2Vh-

lIl(Sh—I— 1

By Theorem 3.3, Yastep < 5
h

n. Hence,

21n6h+6h+2

7t25r(G) S 5h n — 2Vh-

Corollary 3.11. If a graph G of order n has a perfect hop matching, then

In(o, + 1) +1
< — "9
72ST(G) o (Sh +1 "

and
111 5h —I— 1

On

Corollary 3.12. If a graph G of order n has a near-perfect hop matching, then
ln(éh + 1) +1
op + 1

Yt2sr (G) S 2n

Yosr (G) < on +1
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and

Iné, + 1
2o (G) < %zn +1
h

Next, we improve the assumption in Corollary 3.11. Let foq. : [0,1]" — R be
the function defined by

fosr(p) = ZpHrZ(l—pi) IT a-»)

JEN2(4)

+30-p) [1=(1=p) I] -2y

JEN2(7)

< IT lei+=p) JI —pw)

JEN2 (i) keN2(j)
The proof of the following result is similar with Theorem 3.7 with Y = {i ¢
XUZ:N(i) CXUZ}replaced with Y ={i ¢ X UZ: No(i) C X U Z}.
Theorem 3.13. If G is a graph of order n, then

,YQST(G> = min f2sr (p)
pG[O,l}"

Theorem 3.14. If G is a graph of order n with 0, > 1, then
1n(5h + 1) —|— 1
op+1

Similar with section 3.2, the upper bound in Theorem 3.8 can be improved but
we need to put additional assumption.

’}/QST(G) S 2n.

2

h__ then

Theorem 3.15. If G be a graph of order n with 05, > 1 and n < ————
In (Sh +1

In(op, +1) +1
—n

<
’YQST(G) o op +1
and s .
noy +
,thS’I‘(G) S g—n
h

4. CONCLUSION AND RECOMMENDATIONS

This paper has introduced the concepts of restrained hop, total restrined hop,
2-step restrained, and total 2-step restrained dominating sets and constructed
their corresponding IP formulations. Sharp upper bounds have also been pro-
vided using probabilistic methods. A worthwhile direction for further study is to
consider the complexity of these domination parameters.
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