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ABSTRACT. In this manuscript, we establish an existence result in the sense of
renormalized solutions for some elliptic anisotropic Leray-Lions problems in-
cluding Fourier boundary condition, variable exponent, measure data and some
nonlinearities that are Carathéodory and satisfy only some growth conditions.
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1. INTRODUCTION AND ASSUMPTIONS

Recently, the study of problems involving anisotropic variable exponent is a
very interesting topic. The intensive studying of such problems is due to their
applications in mathematical modeling of important physical and computer sci-
ence problems including image processing or robotics [2, 15], elastic mechanics
[35], electromagnetism [8, 33|, porous media [6, 21], nonstandard growth [4, 29, 34]
and electrorheological fluids [3, 5, 20, 31, 32]. It should be mentioned that most of
the previous works focused on the Dirichlet or Neumann homogeneous boundary
conditions (see [11, 12, 26]). In this note, we deal with existence of renormalized

solutions for Fourier boundary-value problems of the form

—Au+ N (z,u, Vu) + [u|"® "2 = R(z,u, Vu) + p — divg(u)  in Q,

(1.1)
Bu+ ku=h on 01,

where (2 represents a bounded open subset of RY (N > 2) and « denotes a strictly
positive real constant. A is a Leray-Lions type operator acting from W144)(Q)
into its dual denote W~=17"()(Q), defined by

N
Au = Z&Ciai(x,u,Vu) (1.2)
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and for v = (v', 1%, --- | v) the unit outward normal on 99, B is defined by
N
Bu = Z a; (:1:, u, Vu) v (1.3)
i=1
For our study, we assume that forany i =1,...,N, ¢;: Q x RxRY — R is a

Carathéodory function satisfying
Jda> 07 CLi(CU,S,&)-&i > a|§l
3B>0, lai(z,5,6)| < Bilx) +[sI*7" + |¢

(@), (1.4)
qz-(fv)*l) (1'5)

and
(ai(x757£) - CLi(l', 8777))(51 - 771) >0 for gz 7é i (16>

for almost every € Q and for every (s,&,7) € R x RY x RV, where j; is a
positive function in L&) ().
The function ¢ is such that

(b: (¢17"' 7¢N) S CO(RaRN)a (17)
and the nonlinearities A/, R : Q@ x R x RY —+ R are Carathéodory functions
verifying the growth conditions

(@), (1.8)

N
NV (z,5,8)] < 0(x) +b(]s]) Z [$
and

%(@) (1.9)

N
R(x,5,6)] < px) + |5 + > |&
=1

where v(.), p(.) : 2 — R, are measurable functions in L'(Q) and b(-) : R — R*
is assumed to be a decreasing function that lying in L'(R) N L>®(R). 6(.) : Q@ —
RN+ is a vector function satisfying

0 <dp(z) <m(x)—1

and
0 <d(x) < qZ(?E;T)(? 1_ D a. e. in Q for any i =0,1,..., N.
Also, p is a measure datum such as
p=f—div(g) in LYQ)+ W L@ Q) (1.10)
and

h e L'(09). (1.11)
Essentially, we restrict our attention to point out existence result to Problem
(1.1) under Fourier boundary condition which makes our study more complex
and interesting. Our approach is based on an approximation method and the
use of some suitable a priori estimates. We deal with the notion of renormalized
solutions proposed by Dal Maso et al [16] for the study of general degenerate
elliptic equations whose data is a measure, and then extended by Bidaut-Véron
[13]. Our main contribution is to combine tools, techniques and ideas developed
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n [10] and [22] to handle with some difficulties due to the incorporation of the
Fourier boundary condition in the definition of the considered notion of solutions.
It should be mentioned that the result of our investigation extend to the case of
Fourier boundary-value problems including measure data the existence result of
Benboubker et al. [10]. More precisely, these authors considered the following
strongly nonlinear elliptic problem with Neumann homogeneous boundary con-
ditions
—diva(z, u, Vu) + g(x,u, Vu) + |ul?O 20 = f(z,u, Vu) in Q,

(1.12)
azxuVu 7; =0 on L.

Mz

=1
Moreover, it enables us also to generalize in the sense of renormalized solutions

the existence result of Houede et al. [22] where the authors proved existence of

entropy solutions for the following strongly nonlinear elliptic problem
—Au+ g(z,u, Vu) + §|u[P°® 2y = p — dive(u) in Q, (1.13)
Bu+ M =h on Of. '

The remaining part of this paper is organized as follows: In Section 2, we recall
some notations and preliminaries about the anisotropic variable exponent Sobolev
spaces. We also present our main result for existence of renormalized solutions to
Problem (1.1). In Section 3, we give the main steps of our approximation method
to establish the proof of our result.

2. PRELIMINARIES AND MAIN RESULTS

Let Q be a bounded and open subset of RY (N > 2) with a smooth boundary 99
and meas(§2) > 0. We recall some known results on variable exponent Lebesgue
and Sobolev spaces. See [12, 14, 17, 18, 19, 23, 24, 25] and references therein for
more details. Define

C.(Q {q Q — R measurable and 1 < ¢~ < ¢" <N}
where
q¢ = essinf{q(z) | x € Q} and q" = esssup{q(x) | v € Q}.
For any ¢ € C, (),

L) = {u : 1 — R measurable and / u(z)|9®dr < oo}
Q

is the variable exponent Lebesgue space endowed with the so-called Luxemburg

norm
q(z)
[ugy :==1nf S A >0 / de <15.
Q

The mapping p() : L99(Q) — R defined by

= [ Ju(w) s
Q

ua)
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is the convex modular of the L) (Q) space and satisfies the following inequalities

(see [17, 19]): for any u € LI0)(Q)

) - + - + +
Tin {|U|g(,)? |U|g(,)} < Pg(y(u) < maX{IUIZ<,>; |U|Z(.)} < fulgey +1 (2.1)
and

. 1/q* 1/q~ 1/q* 1/q~ 1/q~
min { o1 (u); oyt (W)} < Julye) < max {p)1 (w); o34 (W)} < (pacy(w)+1)"" .
(2.2)
(L1O(Q), |-]4()) is a separable reflexive Banach space (see [17, 25]) and we denote
by L90)(Q) its conjugate space where ¢/(z) = q(qgll,
u € LIO(Q) and v € LYO(Q), the following Hélder type inequality holds true

(see [7, 25, 26]):
1 1
< | —+ - [ulg) [l ) < 2fulgolvle). (2.3)

/uv dx
Q q

Let us denote q.) = (qo(.),ql(.), o ,qN(.)) such that for any ¢ = 0,1,..., N,

¢(.) € CL(2) with
go(z) := max{q;(z)} forallz € Qandi=1,...N,

for all z € . For any

and put

1 < q; :=essinf ¢;(r) < esssupq(x) == q < o0,
(aSY xeQ)

Gm(z) == min{q (x),...,qn(x)} forallz € Q, ¢, :=min{q¢ ,...,qy5}
Now, the anisotropic variable exponent Sobolev space is defined as:
WH(Q) := {u € L*D(Q) and O,,u € L4¥(Q), Vi=1,...,N}
equipped with the following norm

N
lullgey = lulg) + Z |0z, u

i=1

a()- (2.4)

Then W'9)(Q) is a separable and reflexive Banach space (see [30]) and its dual
is denoted by W=17"0(Q), where ¢"(-) = (g5(), ¢4 (). ... gj(")) with

%) yi_o1....N
The following three lemmas are well known (see [1, 9, 10, 28]):

L<g()=

)

Lemma 2.1. The notation —<— denotes continuous and compact embedding.
Then we have the following properties (see [10]):
(i) If ¢, < N, then WSTO(Q) < LP(Q) for all p € [q,., ¢"[ where ¢, =
Np /(N = d,)-
(ii) If q,, = N, then WLTO(Q) <ss LP(Q) for all p € lq,,,, +00l.
(iii) If ¢, > N, then WhT0(Q) s L=(Q) N CO(Q).

Lemma 2.2. (see [9, 28]) Let ¥ € L1I(Q) and 9" € L1O(Q) with ||9"|,,) < C
for 1 < q(.) < oo. If 9" (x) — V() a.e. in §, then 9" — ¥ in LIO(Q).
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Lemma 2.3. (see [1, 11]) Assume that (1.4)-(1.6) hold, let (u™), be a sequence
in WHW(Q) such that u™ — u weakly in WH)(Q) and

n—-+00

N
lim { Z/ [ai(x, u”, Vu") — a;(z,u”, VU)] (@Czu” _ @CZU)
i=1 Y
+/ [\u”\%(')’?un — ]u\q‘)(')’Qu} (u™ — u)dx} =0. (2.5)
Q

then u™ — u strongly in Wh10)(Q) for a subsequence.

To properly introduce our notion of solution, we put
TH(Q) := {u: @ — R, measurable and Tj,(u) € WH7(Q), Vk > 0},
where, T} is the truncation function at height k£ > 0 defined by
Ti(s) = max{—k; min{k; s}}.
It is obvious that T}, is a uniformly continuous Lipschitz function and

Tx(0) =0, klim Ti(s) = s, |Ti(s)| = min{|s|; k}.
—00

Proposition 2.4 (See [10]). Let u € TH(Q), for anyi € {1..., N} there exists
a unique measurable function v; : @ — R such that

vk >0, aszk(u) = ViX{|u|<k}; G.€. T € Q.

where x 4 is the indicator function of a measurable set A. The functions v; are
called the weak partial derivatives of u and are still denoted O,,u. Moreover, if u
belongs to WHH(Q), then v; coincides with the standard distributional derivative
of u, that is, v; = O,,u.

Next, we denote by 7;"7(')(9) the set of measurable functions v € 79 (Q) such
that there exists a sequence (u") € WhI0(Q) satisfying u" — u a.e in €,
Op, Ti(u™) — 0, Ti(u) in LY(Q), V k > 0 and there exists a measurable function
v on 0f2 such that " — v a.e on Jf2.

Theorem 2.5. Under the assumptions (1.4)—(1.11), there exists at least one

renormalized solution of Problem (1.1), that is, a function u € ﬁi’(j(')(Q) such
that N'(x,u, Vu) € L'(Q), R(x,u, Vu) € L'(Q),

1 N

lim — / a; (x, u, Vu)f)gciudx =0, (2.6)
{lul<m}

m—+0o0 1 <
i=1
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and for any smooth function ~(.) € Wh°(R) with a compact support, u verifies
the following equality

N
Z/ai(x,u, Vu) (vf(u)goaziqu*y(u)am@)dij/N(x,u, Vu)y(u)pd
0
7T$ d ; d d
/lul “Puy(u)pdx +Z/¢> 900+ff/agm(u)s00
:/ (U)Wd/iﬂL/ hry(u) gOdU—i—/R x,u, Vu)y(u)pde
Q. 20 Q

(2.7)

\

for every o € WHIL)(Q) N L>=(K2), where:

— | Buy(u)pdo = Ii/ wy(u)pdo — /89 hy(u)pdo

o0 o0
1s the explicit expression of the terms arising from the boundary condition, and
the formulation of the divergence term is rigorously given by

- [ distuwpds
Q
N
- Z [ 60 (@0 1@np) e =3 [ ustu)eds
— Q
3. PROOF OF THE MAIN RESULT (THEOREM 2.5)

Throughout the rest of the work, C;, ¢ = 1,2--- and C denote positive con-
stants.

Step 1: Approximate problems.

We introduce E := WH)(Q) x L*O(99Q) a reﬂexwe space and Ey = {(u,v) €

E :v=r7(u)}, where 7(u) is the trace of u € T ( ) in the usual sense, since
u € WH(Q). In the sequel, we will identify an element (u,v) of E, with is
representative u € W) (Q).

Let us put

fn = Tn(f)a :un = fn - dngv Qb?(S) = ¢Z(Tn(8))7 h* = Tn(h)’

No(z,8,8) :=T,(N(z,s,£)), and R, (z,T,(s),§) := T, (R(z,s,£)).
It is not hard to show that:
frer=Q), fr — fin LYQ), and [0 <flle@-  (3.2)

n—-+400
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For any n € N, we consider the following Fourier boundary-value problems
u™ € Ly,

N
=3 B, T, V) + N, T 4 [T (™) 70T, (")

1 3.3
+—|ur|®@ =2y = R, (2, T, (u™), Vu™) + p" — dive™ (u™), (33)
n

N
Z a; (ﬂf, Tn(un), Vun) ]/i —+ /{Tn(un) — hn

i=1

Let us introduce the operators J,, : Ey — E|, defined for all u,v € Ej as follows:

N
(Jpu,v) = Z/ai(I,Tn(u),Vu)axivdx—l—/Nn(x,u, Vu)vdx
i=1 79 Q
+/ |Tn(u)\”(x)_2Tn(u)vdx+m/ Tn(u)vda—i-l/ |u| @2y da
Q 0 nJa
N N
—/Rn(x,Tn(u),Vu)vdx—l—Z/ ¢?(u)vda—2/¢?(u)8@vd:€.
Q i=1 7 0% i=1 Y8

Lemma 3.1. The operator J,, : Ey — Ej is both bounded and pseudo-monotone.
Moreover, J, satisfies the following coercive condition:

(Jav,v)
vl g0

— +00  as ||v]|g) = +oo  forv e Ej.
Proof of Lemma 3.1:

* Operator J, : £y — E|, is bounded and coercive.

Using (2.1)-(2.2), (1.5) and Holder type inequality, we have, for all u,v € Ej

|<Juv|<52/ @) + 17w
. N

+2n/|v|dx+ﬁ\u|qggz) Holgt) —i—/in/ |v|do + C(n Z /Q|8ziv|dx+/m|v|da)
=1

<BZ |]z |q

|qo (z)—1

a(@)= '+ 10,,u

W@ |8, vl de + n" /]v|dx

a() F (™ T 20) )

) + 2) |8$ZU

Ty

—|IUI 1]l () + &nlvleien) + C)vllg)
SCl( )HUIWQ

where C(n) = C(1 + nd 4 ||u||p7+(_)1) + (0™ ' 4 2n + kn) + C(n).
Thus, .J,, is bounded.
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Let v € Ey, using (1.4), we have

N
(Jov,v) > aZ/Wxiv
i=1 79

1
qi(m)dx—i——/ |v|q°(‘”)dx—2n/ |v|dx
n Jo Q
N
~co) S ([ ol + [ jolao)

i=1
@ 1 (@)
" —Na+— [ [v|*"%dz —2n [ |v|dx
qi(-) n Jo Q

N
aZ}@xiv
i=1
d:c—l—/ \v\da)
o9

N
(Jov,v) > CQ”UH;{:E?.L) —C3 — Na —2n||v[|5) — Ca(n)||v]lg()

Vv

—OQQE:(KJ@W

i=1

Consequently,

vz v ]lg0)

Cyllv]|%, — Cs — Naw — 2nlv — Cy(n)||v
oy CallllE — Cy oo = Cumlilzy

as [|v]|q.) — +00; i.e., J, is coercive on K.

* Operator J, : £y — E| is pseudo-monotone.

Namely, we show that if (u*); is a sequence in Ej, such that

uf — in FEy,
Jouf = x in o K, (3.4)
lim sup(J,u*, u*) < (x,u),

k—o0

then
X = Jnu and (JouF uFy — (x,u) as k — +oo.

In view of the compact embedding Wh70)(Q) < L) (Q) and the first line
of Assumption (3.4), we deduce that

(u")x is bounded in W1’7(')(Q) (35)
and u* — u strongly in L) (Q) for a subsequence. '

From the boundedness of the subsequence (u"); and the growth Condition (1.5),
it is clear that the sequence (a;(z, T, (u¥), Vuk))k is bounded in L% (Q) for any
i =1,...,N. Therefore, for i = 1,..., N there exists a function ¢ € L%0)(Q)
such that

a;(z, T,(u*), VuF) = ¢ weakly in  L%O(Q) as k — oo. (3.6)
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Similarly, it is not hard to show that (N, (z, u*, Vu*)), and (R, (x, T,,(u*), Vu*))y
are bounded in L(@)'()(Q), then there exists a function ¢, 6" € L@)'()(Q) such
that

Nn(x,uk,Vuk) — "

y (3.7)
and R, (x, T, (u¥), VuF) — " weakly in L0)(Q)  as k — oo.

Since ¢ = ¢; o T}, is a bounded continuous function and u* — u in L% (Q) it
follows that

ot (uF) — ¢"(u) in LEO(Q) as k— oo (3.8)
Moreover, we have

| T ()72, (u) = [T ()7 72T ()
1 1 _y (3.9)
and = |uF|©®=2yF 5 Z|y|©@) =2y strongly in L) 0(Q).
n n

Due to the second line of Assumption (3.4) and using (3.6)—(3.9), we observe
that for all v € Ej

(x,v) = lim (Ju* v)

k—o0

N
:klim {Z/ai(x,Tn(uk),Vuk)ﬁzivdx—k/Nn(x,uk,Vuk)vdx
—oo L= Ja Q

—/Rn(x,Tn(uk),Vuk)vdx—F/ | T, (uF) @21, (uF Y vda
0 0

1
+I€/ Tn(uk)vda—l——/ ]uk|q°(x)_2ukvdx
o0 n Jo
N N
—i—Z/ ¢?(uk)vda—2/gb?(uk)ﬁxivdx}
=1 o0 i=1 Q
N
=> / o0y, vdx + / Vude — / 0" vdz
i=1 Y Q Q

1
—|—/ ]Tn(u)\“(x)_zTn(u)de+—/ |u| @2y dr
Q nJja

N N
+rK /(m T, (u)vdo + ; /BQ o (u)vdo — ZZI /Q o ()0, vdx. (3.10)
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Therefore, the last line of Assumption (3.4) leads to
lim sup(.J,, (u*), u*)

k——+o0

N
_hmsup{Z/ai(x,Tn(uk)7vuk)axiu’fdx+/Nn(x,uﬂvuk)ukdx
Q

k——+o00

/R x, T, (u¥), Vu¥) kdx—i—/]T M @ de + = /\uk\qo

+/</ Tn(uk)ukda+2/ gbf(uk)ukda—Z/gbf(uk)axbukda:}
o0 i1 /00 = Ja
1
< S [aroaur s [vuae— [ puaes [ mooroa L [ o
@ Q

=1

—l—m/m uda—i—z QS" uda— /(b“ )0z, udz. (3.11)

So, using the convergences (3.7)-(3.9), we can say that

N

N
limsupz/ai(:c,Tn(uk),Vuk)axiukdx < Z/@?&uﬂldﬂﬂ- (3.12)
Q — Ja

k——+o0 i—

On the other hand, thanks to the Assumption (1.6), we see that

Z/ [&z , T, (u"), Vi) — ai(x,Tn(u’“),vu)} (Op,u® — Opu)dz > 0. (3.13)
Then

N
Z/ai(I7Tn(uk)avuk)axiukdx > —
i=1 /%

a; ($, T, (u"), Vu) Oy, udx

.
Il
—

] =
S~

a; (x, T, (u"), Vuk)(?xiuda:

@
Il
—

_|_
.MZ
S~

a; (z, T, (u*), Vu) ,,u"da

N
I
—

+
.MZ
S~

Taking into account (3.6), we get

im i P > udzx. :
llgligon/al x, T, (u"), VuF) 0, u*dx Z/ Oy, udx (3.14)

Consequently, we establish that

N

lim Z/ z, T, (u*), Vur) 0, ufde = Z o7 0y, udx. (3.15)

k—+4o00
i=1 Q
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Combining (3.10) and (3.15), we conclude that
(JouF uFy — (x,u) as k — oo.

Also, in view of (3.15), we get the relation

lim Z/ aZ x, T, (u"), Vu )—ai(x,Tn(uk),Vu)] (8Iiuk—8xiu)dx =0. (3.16)

k—00

Next, since uf — u strongly in L%)(Q), we end up with

lim {Z/ aZ z, T, (u”), Vu ) — ai(x,Tn(uk),Vu)} (&Eiuk — &Biu)

k—+o0

+/Q (|uk|q°(')_2uk — |u|q°(‘)_2u)(uk — u)dx} =0.
Finally, Lemma 2.3 implies the following convergences along a subsequence:
ub —u in W1’7(‘)(Q) and Opu’ — Opu ae. in Q, (3.17)
then
o = a;(x,T,(u), Vu) in LEO(Q) fori=1,...,N,
and
" =N, (2,0, V) and 0" =R, (v, T,(u), Vu) in L'0O(Q),

Evidently, in view of (3.9) the equality x = J,u is satisfied, which completes the
proof of the Lemma 3.1. [

Thanks to Lemma 3.1 (see [10], [27] and [28]), there exists at least one weak
solution u™ € Ey for Fourier boundary-value problems (3.3). Which means that,
for any v € Ej, the following integral identity holds true:

Z/ z, T,(u"), Vu") 0, vdm—f—//\/ z,u", Vu") vd:z:+/ T, (u™) "2, (u od
1 N
—|——/ || P0(@) =2 vdx—l—m/ w(u™)vdo + o (u")vdo
nJjo 0 B ZZI ig) (3.18)

:/vdu”+/ h”vdo—i—/R( T, (u"), Vu™) vda:+2/¢" ") 0y, vdx .
Q Joo o Ja B

-~

17 Iy Ty

n
IIO
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Step 2: Weak convergence of truncations.

Let us define

B(r) = %/076(]90(19 and  x(r) = (2— (;g_l)

1+7])

where

1<o< (g /65 —1)(w(x) —1).
Evidently,

2 [T
l<x(r)<2 and 0< B(oc) = 5/ b(0])d0 = C < co.  (3.19)
0

Replacing v by Ty (u™)x(u™)eBI#"D € Ey in (3.18), we derive useful estimates by
analyzing the different terms:

e Estimate of Z: This test function allows to rewrite our first term in (3.18)
as follow:

N
= Z / a; (1, T (™), V™) O, T (u™) x (™) B Dl
aZ x, T
—1)
“ Z/ 1+ \unn

2 n
o Z / a; (2, T (u™), V) O, u"b([u )| T (u™) | x (u™)e "Dl
i=1 /€

and, using Hypothesis (1.4), we get
' > ai/ |0, T (u™) %@y (u™) P Dz
a(o —1) Z / |?”““ —— | Tjo(u") P Dz (3.20)
+ [un)”
+2Z/ |0, u™

e Estimate of Z: Using Assumption (1.8), we deduce from the second term of
(3.18) that:

7| < / (@) T (™) 1 () B Dl
N
—l—Z/ |0, u™
i=1 79
N
SleB(OO)HVOHLl(Q)+Z/Q|af““"
=1

Oy, u" n
V") 0y, u T (u™) | B D

HO [T () (e

([ ) T (") ()P (3.21)

B T (u") [ x (") e V.
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e Estimate of Z7: From the definition of ™ given in (3.1), we rewrite the seventh
term of (3.18) as

“ o
N
+— Z/gz&clu (|| T (u™) | (u™)e B(ju™)) 4

gzaxlu (Ju™))
T d
Z/ T )™

then, by applying Young’s Inequality, we have
N
21 < [ 1IN 3 [ T
o
+4;/Q|aw<u )PV 4 Ca 2/ o
+9 Z / . b () e P D
@y / ) T e
a |@ u™
—1) Po? 1 T n\ B g
- (3.22)
gl B(lun)
(o Z/ - n| Ti(u™)|e x
< 2keP (|| fll 1y + Z /aQ |g;|dz) + C(a)eP) (2 4 k(o — 1)
i=1

N N
(2 v
F2AIO ) D [1a w5y [ 1.1
I Z / 0"

% (@) B g4

u™) qi(x)X(un)eB(lu"\)dx

B[ )| T (u") [ x (") e Vd
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e Estimate of Z{: Combining Hypothesis (1.9) and Young’s Inequality, the
ninth term of (3.18) gives

172 < / (&) T (u") (") P WD s + / T2 () T () e ()P D
9]

/z

< 2kl + 5 / 7, )P T e+

PO T (u) [ (u") eV

T4

—i—C’O/ |Tk(u”)|x(u”)eB(‘“n|)dx
Q

N
+/ =
s

< 20 ol + 5 [ IO Tl

+Co / (™) [ (u)eP D de (3.23)

%i(@) 78;(z) .
g (L [ ) 56 [T () [ ()P Dl
u”|) @

qi(x

|0, u" n n\ ,B(ju"|)
(c—1) /Z T |u"| T (u™)|x(u™)e dx

/Z 1 ) TR [T () [ ()P D

< 2k ol + [ [T T )

+(Co + C(’))/ ]Tk(u")|x(u”)63(‘“n|)d:c

|aﬂ%u |q n n\ ,B(Ju™)
(c—1) /Z T+ ) T (u™)|x(u™)e dx

3 / ()" T (") ()P D
Q
e Estimate of Zj: The last integral in the right hand side of (3.18) becomes

%=Z/WWW%WWWWW%
+—2/w " (™ ) [T (™) e ()20 D

- o7 (u") O, u” ny (LB ()
+(o 1); ey e e
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and, exploiting Young’s Inequality, we have

N
|Z16] < %Z/ |8xiTk(un)|Qi($)X(un)€B(|u”|)dx
i=1 /%
N
D3 [ 10
+— Z / |0, u"
Z / 67 (u

N
aa: n|qi(z) "
cong: B

HO [T () (e

D0 ()| T () P (u) e dee

(el (3.24)
Clo)o — 1 g ()| U B g
so@e Y [ )

i=1

)% da

N
< C(0)eP™) (24 k(o — 1)+ 2K0( Dl ) 3 / 162 (u
=1
a N
e n\ |qi () n\  B(Ju"])
+4 ;/QW%T;C(U )| x(u™)e dx
() T (™) [ ()

|amlu n\ [, B(lu™])
0—1 Z/ 1+\u"\ Ti(u")|e dx.

Next, combining (3.18) and estimates (3.20)-(3.24), we end up at

N
1
53 [T+ [ 1) < kG + Cufar o),
2 e nJeo

which implies that

min{‘;‘ 1} Z/mTk ")

Namely

o dx+/|Tk( Y] < ks

qz(x)dx S 08]{] for all k£ > 0.

;N;/Q |0, T (u™)
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Using Condition (2.2), it follows that

N N
SO0 T, < S / 10, Th(w")|*Oda + N < Cek+ N for all k > 0.
i=0 i=0 /2

In other hand, according to the convexity of the application t € Rt — tim,
q,, > 1, we have:

Nqil (io lamiTk(U”)\qio)qm i@ 0, Ti(u")[27 ) < Csk+ N for all k > 0,
then, : :

(Z |0, T (") |gi(. )qm < (Cgk + N)N~1,
So, we get

Z 102, T (u™) gy < Co(k + DYam | with Cy = [maX(Cqug’*l,Nq’;)}l/q’_",
Wthh ensures that
1T (™) lgey = 1Te(u™) g0y + 28 Ty < Colk +1)Y% Wk > 0,(3.25)

where Cy is positive constant that does not depend on k and n.

So, by (3.25), (T)(u™)), is bounded in W14 (Q), then there exists a subsequence
still denoted (T (u™)), and n, € W9 (Q) such that

{Tk(u") — 7, weakly in WH(Q)  as n — oo, Vk > 0,

~ 3.26
Typ(u™) — . strongly in L()(Q) and a.e. in Q Vk > 0. (3.26)

Now, we will show that (u"), is a Cauchy sequence in measure in 2. Indeed, let
k > 0 be large enough, combining Hélder’s type inequality and (3.25), one has

kE meas({|u"| > k}) = /{| . | Ty (u™)| dz < /Q | Ty (u")| dz

(/a5 +1/(a) ™) 11y | T o

(1/qy +1/(q0)”) (meas(2) + 1)/ (| T3 (™) 1)
< Cio(k+ 1)em,

IN

IN

where
Cio = (1/%_ + 1/(q(l))_)(mea3(§2) + 1)1/(110)*0‘
This yields

meas({|u"| > k}) < Cho(1/kHm 4 1/k5) " 50 ask — 00, (3.27)
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Since, for every v > 0

meas{|u, — tuy| > v} < meas{|u,| > k}
+meas{|u,,| > k} + meas{|T}(u,) — Ti(um)| > v}, (3.28)

for all € > 0, using (3.27), we may choose k = k(¢) > 0 large enough such that

meas{|u,| > k} < % and  meas{|u,| > k} < % (3.29)

Therefore, from (3.26), we have Ty(u") — m in L) (Q) and a.e. in Q. Con-
sequently, we can assume that (7j(u™)), is a Cauchy sequence in measure in Q.
So, for all k > 0 and v,e > 0, there exists ng = ng(k, v,€) such that

meas{|Ti(u,) — Tk(um)| > v} < % for all m,n > ny(k,v,e). (3.30)

Finally, by combining (3.29) and (3.30) we obtain that
Vv,e >0, dng =no(v,e) such that meas{|u, —uy,| > v} <e Vm,n > ny.

It follows that (u"),, is a Cauchy sequence in measure in €2, then converges almost
everywhere, for a subsequence, to some measurable function u. Consequently, we
have

(3.31)

Tp(u™) — Ty(u)  weakly in WH)(Q) as n — oo, Vk > 0,
Te(u™) — Ti(u) strongly in L=()(Q) and a.e. in Q Vk > 0.

Invoking Lebesgue’s dominated convergence Theorem, we get
T (u") = Ti(u) strongly in L%0(Q) and a.e. in Qfori=1,...,N. (3.32)
k

Moreover, from (3.27), we obtain that — 0 strongly in L'(€) and weak*

in L>(Q).

Step 3: A priori estimates.

In this step, taking v = LT,,(u")x(u")eP(""D as test function in the weak For-
mulation (3.18) we establish some a priori estimates for the subsequence (u"),en.
As in Step 2, we start by treating certain terms separately:

e Estimate of Z}": Putting this test function in (3.18), the first term becomes

N
1 n
It = EZ/Qai(x,Tn(u"),Vu")@xiTm(u”)X(u”)eB(“ Ddaz
i=1

N
(0—1) /“i(x7Tn(U”)aVU")awi“" B(u))
+ T (u™)|e” Vdx
T [ e )

N

= Z/ai(x,Tn(u"),Vu”)@ziuﬂTm(u“)|X(un)b(|un|)63(u"|)dl,’
=1

+_
am < QO
1=
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then, using Condition (1.4), we obtain

N
" I n n n n u”
i =z EZ/ ai (2, T (u"), V) Oy, T (u) x (u™) P 1 Vil
— 1 qz n
O' Z/ |axlu ’ ( n)|€B(\u D (333)

1—i—|u”|
42 Z/ya "
mi3Je

BT () e (u)b(|u"]) e V.

e Estimate of Z§: From Hypothesis (1.8), the second term in (3.18) gives

1 n
731 < o [ @[T ) e Vs
m.Ja

1 N
—1——/ Oy, u"
T (u™
SQGB(OO)/ |%(x)lﬂd:c
9 m

1 N
+_/ |8Izun

BT () e (u)b(|u]) eV da

(3.34)

H | T () [x ()b ( ") V.

e Estimate of Z7: In view of the definition of 4 given in (3.1), we rewrite that

1 n
1= [ T s
m Jo
1 N
—— G T (u™) x (u™) B0 D g
m;ég (W)
1 N
L . T, (w )y (w)ePleD g
g 22 9O ) D
'“—ij%uhﬂﬁ<ﬂﬁ> 0D

— 1 lax n
0D [ e e s
1+ |ur|)e
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then, by applying Young’s inequality, we have

[Z7] < 2P /|f||m L4z + Ca 0—12/@\@1 JEIC )|B|u"|>d
CV)Z/ |9
i=1 /%
N
+Z/ l9i m X(u")e Z ‘9| "Dz

i=1 /0%

; Tm u” n u”
M%me%Jkawwm

(3.35)

qi (I

(0=1) L2 (ju)
Z/ (14 |un|)e T (") "1 Ve
+EZ/ |0 u"
m 4 @

/ 10, T (™)) x () B0 i,

BT () [x ()b [u” | eV da

e Estimate of Z)': Exploiting Hypothesis (1.9) and Young’s inequality, it coming
that

1 5 [ o + LoD e

+_/Z |a;ciun|6i(m)Tm(Un)X(Un)GB(mn‘)d:p
mJaiD
< o [T T ) e D

n 50 Tm un
—/ [T (™) [ x ()P 1D e 265 >/Q|p(x)\—| 751 P

A B .
/ | o5;(x) (1 + ‘U D a; () ’Tm(u )lx(u )eB(‘ Dd:L‘
i=1 1 + u”’ qz(z

—/ [T () [x () e l>dm+zeB<°O>/Q|p(x)|—‘ T(n N 4o

qi

(0 —1) |0, u . o B(um])
o) [ e e

C __obi(@) .
+—1/Z(1+ ") T T ()| (™) B D i,
mJaeio
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ultimately, we have

|m<—/w M@ T, () ()P D

T n
/|T B gy 4 2B /| () L] “”

Qz(z)

a(o —1) /Z |?xjru‘un‘ T (™) (™) B D e (3.36)

7—/mmmmﬂmmmwmﬁwwx

/ T (u B g

e Estimate of Zj,: The last integral in the right hand side of (3.18) becomes

N
1 n
Ty = > [ o0 T () Vi
i=1

N
~1 "m0, " .

mo =g (1+[ur])

N
+im2/ O (u™) D™ T (™) P (™)( ] )1 D s
i=1 Y8

then, using Young Inequality, we get
N
! Tm " n
1Z7| < C(a) Z/ |7 qi(z)b(\u"DM){(u”)eB('" D
i=1 /9 m
N
am—nZ/wy
s e
U - ]. |8wlu qi(z . o
DS [ e
23 / e
= w
m 4 '

Z/ 100, T (u

1oy | Do (U n
qi(z)| (u )|€B(\u D
m

e B(lu") g,

(3.37)

BT (u") [x (™) b(Ju"] eV

%@y (u )eB(‘“"Ddx.
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Next, combining estimates (3.33), (3.34) (3.35), (3.36) and (3.37), it follows that

|

—mZ/ai(:c,Tn(u”),Vu")ﬁxiTm(u”)dx

(c—1) |0, u™| %)

’L n d

Z/ e T ) da
1

+2m; [ a9 o

1
+—/|T )@ =27 (u )Tm(u")dx+—/|u”|q°(“”)_2u"Tm(u”)dx
nm Jo

< 9869 / (o(e)| + ()| + 177 + Co + ) gy g

m

+C{a)e P Z [ (g oy 0l
a)QeB(OO)Z/ (Igi p;(2)
20 °°>/ [HELLD A °°>Z/ (19| + o) T2 g

C(a
B(OO)—E
m izl/ﬂ(

From (3.27), we have: meas({|u"| > m}) — 0 as m tends to infinity, so

T (u™
EECH) N 0 weak™ in L>(€2). Then, using the Lebesgue’s dominated con-

+ ¢y (u")

Pé(x))b(|u”|)T

9:P" + |97 (u")

pé(x)) dr

m
vergence theorem, all the integral terms on the right-hand side of the inequality
(3.38) converge to zero. Thus, by sending m tends to infinity in (3.38), we dedude
that

N
1
lim limsup — / a;(z, T, (u"), Vu") Oy udx = 0. (3.39)
{lun|<m}

M=o 5soo M —

Moreover, we have

i |0, u™ () ( )
lim lim sup / L dr =0, 3.40
m—=00 np—oco i—1 ¢ {lun|>m} (1 + |un‘)a
then
N
lim lim SupZ/ |0, u™| 5 @b(|u"|)dx = 0. (3.41)
M= n—oo T J{|un|>m}
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Step 4: The equi-integrability of (|7, (u")|"®) 2T, (u")), and (|u"|©0)=2y"),,.

In order to pass to the limit in approximate Problem (3.18), let us prove that

|Tn<un)|w(ac)72Tn<un) BN |u|7r(x)f2u

1 (3.42)
and —|u"|*0 %" — 0 strongly in L*(9).

n
From the convergence (3.31), we have
T (u™) " @27, (u") — |u[™™® 20 and 0”020 — |u|*02y  a.e in Q.
So, considering Vitali’s Theorem, it remains to prove that (Ju™|™®=2y"), and

(%\u”\qo(')_Qu”)n are uniformly equi-integrable. Indeed, on the one hand, thanks
0 (3.38) and (3.39)-(3.41), we can deduce

1
/ T, (u™) "~ da 4 —/ ju™| @ 1dr — 0 as m — oo, (3.43)
{lun|>m} {lun[>m}

hence, it follows that for any € > 0, there exists a sufficiently large m(e) > 0 such

that
ny|m(x)—1 1 n
T ()™ d + —~ | de
{lun>m(e)} S >m(e))

On the other hand, for any measurable subset £ C €2, there holds

/\T " @y 4 — /\u"|q° “ldx

/|T M@ty 4 — /|T ) [0@) =1 gy (3.45)

1
+/ |Tn(u”)|”(x)_1dx+—/ ™| 2@ =1 g,
{lun|>m(e)} T J{Jun|>m(e)}

Evidently, there exists p(e) > 0, such that for all £ C Q with meas(F) < u(e),
we have

(3.44)

[\DIF‘)

/lT 5) |7r ldl’—i— /|Tm(a |q0 ldl‘ég (346)

Finally, combining (3.44) and (3.46), we can assume that: For any € > 0, there
exists p(e) > 0 such that

/ T, (u™) 7@ + — / [u™| @1y < e, (3.47)
for any E C €, such that meas(E) < u(e)

This implies that the sequence (|T,,(u")[™™) =T, (u")), and (I|u"|®0)~2y"), are
equi-integrable, which conclude the proof of the convergence (3.42).
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Step 5: Strong convergence of truncations.

In this step, in order to verify part of the hypotheses of Theorem 2.5, we establish
the following strong convergences

Ty (u") — Tj(u) strongly in WL(TQ)(Q)

and O, u" — O u aein Qfori=1,... N,
and prove that the condition (2.6) is satisfied.
Let us put
T m - Tm
Qm(y>:1_|2 (V) (V)|

m

and
252 6
U(s) = sexp( 5 ) withd =2(c—1)+ a“b(.)HLOO(R).

Evidently,

1
W'(s) = 9[¥(s)| > 3 Vs € R. (3.48)

Let m>k>1 and z,=Tp(u")— Ti(u).
zpu" >0 and  0y,z, = —0,,Tk(u). (3.49)

From (3.32), we get the weak convergence z, — 0 weakly in L%()(Q), thus, we
have the weak convergence

Dp,2n — 0 weakly in L% (Q). (3.50)

On again, in view of (3.32), we get

It is clear that for |u™| > k, we have

U(z,) — 0 a.e. in Q, as n — oo, (3.51)
and
U(z,)] < U(2k), 1<W(z,) <V (2), neN. (3.52)
Using (3.51)-(3.52), we deduce the convergence
|U(z,)] = 0 weak* in L>(Q). (3.53)

Replacing v by W (2, )0, (u")x(u")eP*"D in (3.18) and thanks to (3.49), we obtain

N
i Z/Q‘“‘(l“’TnW"%Vu”)amiznv(zn)em<u">x<u">eB<'u">dx
i=1

1 N

w2 (5, Tou), V) a0 () P ()P
m i—1 7 {m<|un|<2m}

a;(z, T (u™), Vu™)Opu™ ny ,B(lu")
+o—=1) Z/ 1+|un|> sign(u") W (zn) Om (u")e” "z

—i—zZ/ai(x,Tn(u”),Vu")8ziu"b(|u”|)sign(u")\ll(zn)Qm(u")X(u")eB(“nDdx,
@im /e
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I+I + 1) + I3 + Iy
:/Nn(x,un,Vu")\I’(zn)Hm(u”)x(un)eB(lu”Ddx
Q
+ / | (u™) 72T, (™) U (2,) O (u™) x ()P D e
/| n|qo (z)—2 nw(zn)em( ) ( )eB(\u”Ddl,

/aQ T (u") W (2) O (u™) x (u™) 1 Do

N
30 ()b (@) o,
i=1 /00

N
he / I (20) O () x (") D — Z/ 90V (2) O (u™)x (u™)e" 1 Vdo
: i=1 /09

N
#3090 ()0 ()P
i=1 7@

1 N

{m<|un|<2m}

m

+(o—1) Z/ 9iOq; u Slgn(un)\p(Zn)gm(un)eBﬂu”Ddx

and

D+ I+ T = / hn‘lj(Zn)Qm(un)x(un)eB(‘“nDdg

[ Rala ) T a0 0Pt

+Z/ ¢?(un)0xiznwl(Zn)Qm(un)X(Un)eB(‘unDdx
i=1 7
1 N

Y/ )| () ()P
mi3 {m<|u"\<2m}

““‘”; %< O i

T Z/¢ "b(|u"|)sign(u") W (z,) O (u™)x (u™) e Dz,
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Next, according to (3.52) and (1.8)-(1.9), we can deduce the following inequality

N
Z / ai(z, T(u"), V") 0y, 20V (20) O (0 x (u™)e B0

al ZBT
+(oc—1) /
Z +|un|)

+§ Z / a; (2, Ty (u™), V') Oy u"b( " )sign(u™ )W (2, ) O (u") x (u" )P D dae
=1

V") Oru sign(u”)\ll (2n) O (u™) P10 D

< 2656 / (0(o) + (o) + £ DI () o + 2650 [ (T,) 2 () o

2 B(o0)
1268 17w "G (z,)|de + — " |©@ 1| (2,,) | da
n Q
20 (2k)eB)
—)Z/ a;(z, T, (u"), Vu") 0,0 da
m i=1 Y {im<|un|<2m}

+2€B<oo>/ B[ (2,) | dor + 2eP(2 /!T "I (20) ldo
o0
N
#2705 [ (]| (a) do + 270 > IRCGION
— o i—1 7 0%

26500 (2k) o
Neatdc) >Z/ 1910, u" |d
m —1 7 {m<|un|<2m} (3.54)

i=

2eB)Y (21) /
L 67 (u")]| O, " da
m 22:1: {m<[ur|<2m}
2By (2k) Z/ |7 (u™) [0, Zn|dx+2e "(2k) Z/ |gi]|0, 2 |da
+/Z|axiun|5i($)|\p(zn>|em(un)x(un)63(u"|)dx
Q=
N
—l—/Z]@xiu”

(0 —1) Z/ 9i0a,u 81gn(u")\11(zn)em(u”)eB(lunl)dx

T (| )W (20) |0 (u" ) x (u")e 1 D e

e _Z | 0 Dsien () (20, 0 ()P et

+(o—1) / éi T |5:fﬂi 51gn(u”)\11(zn)em(u”)eB““n')da:

“%Z/ &7 (u™) D, u"b(|u" | )sign (u )W (2, ) O (u) x (u™) e D .
i=1 7
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Let us denote by €;(n), n,i € N, some functions which converge to 0 as n tends
to infinity, similarly for ;(m) and £;(n,m). Since vo(z), p(z) and f™ belong to
L'(Q), applying the convergence (3.53) we deduce that

eo(n) = 265 /Q (vo(@) + p(x) + [f") ¥ (2)|[dz — 0 asn — oo. (3.55)

In the same way, since dp(z) < 7(z) — 1 a.e. in Q and in view of convergence
(3.42), we claim that

£1 / T, (u™)|% x)|\11(zn)|d$ — 0 asn— o0 (3.56)
and
€9 / | T (u )_1|\I/(zn)]dx — 0 asn— oo. (3.57)
Analogously, thanks to (3.53), we get the following estimates
2eB()
e5(n) = / @G (2,)de — 0 as i — oo, (3.58)
n
) = 2eB() / T (u™) || ¥ (2,)|do — 0 as n — oo, (3.59)
e5(n) = zeB<<>°>/ 1% () [do — 0 as n — oo, (3.60)
o0
_ 9eB() Z/ G| ¥ () o — 0 asn o0, (3.61)
and
N
e7(n) = 2e8(°) Z/ 19i| |V (2)|[do — 0 as n — oco. (3.62)
— Jon
From estimate (3.39), we obtain evidently,
20 (2k)eP )
€g(m) = —( 77’>L
N (3.63)
X / a;(z, T (u"), V") Op,u"dz — 0 as m — oo,
i=1 7 Am<|u™[<2m}
9pB(o0)u(2k) N
go(m) = —— / giOp,u"dr — 0 as m — oo (3.64)
m i—1 Y {m<|ur|<2m}
and

9B (c0) ¥ (2k) N
ep(m) = ———— Z/ |oF (u™) |0y, u"dx — 0 as m — 00.(3.65)
1 J{m<|un|<2m}

m

1=
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Moreover, from the convergence (3.50), we get the estimates
N
e11(n) = 2P0 (2k) Z/ | (u"™)||On, 2n|dx — 0 as n — oo
i)

and

N
e12(n) = 2BV (2k) Z/ |9i||0, 2n]dz —> 0 as n — oo.
i=1 /@

Combining (3.54) and estimates (3.55)—(3.67), we obtain

N
> / i (2, T (™), V) O 20 (20) O (™) x (u™) B0 D
i=1 7/

J/

-~

Si(n,m)

al x, Tp( )axiu"
+lo—1) Z/ 1+yun|)

sign(u")W (zn)Hm(u”)eB(lun‘)dx

~~

52 (nvm)
N

a
=1

(3.66)

(3.67)

+ : Z/ ai(x,Tn(u"),Vu”)8xiu"b(\u"\)sign(u")\lf(zn)Gm(u")x(u")eB““nDdx
Q

J/

-

S3(n,m)

@1 (2,) [0 (™) x (u™) BT D

T

-~

S4(n,m)

/ Zw A ()T (2) o () ()P

J

g

Ss(n,m)

N
gi0z,u" n n\ B(|un|)
—1 —_ v "
+(oc—1) ;:1 /Q i+ ’un’)asgn(u YW (2) O (U )e dx

N

-~

Se(n,m)

N
2 n
T > / i, u™b(|u")sign (u™) W (2, ) O (u™) x (u™) P D da:
i=1 v

~~

S7(n,m)

N
_ ¢p (W) u” . ) B(lun)
+ (o —1) ;1 T ) sign(u")W (2, )6, (u")e dx

- s
g

Ss(n,m)

N
+ 2 Z/ O (u™) Oy, b(|u")sign (u™) W (2, ) O (u) x ()P D dz 4-215(n, m).
dim /e

J/

Sg(n,m)
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Next, applying (3.49), we get

Si(n,m) + Sa(n,m) + Ss(n, m)

||M2

= 3 [ T ) ) )P

N

- Z / a; (2, Tom (u™), Vo (u™)) 0y, Ty (u) W' (Zn)Gm(u”)x(u")eB(WDdx
{k<|u"\<2m}

=1

1 + |“"|) (3.68)

0— 1 Z/ M| (Zn>|9m<un)€B(|u"\)daj

k<\u"|<2m} 1 + |un|)

——Z / s (i, Ty ("), V(")) 0y, T (™ (" D0 (20) ()P Ve

+2 / |8xlu
Z {k<|um|<2m}

=1

BB )W (20) 10 (u")x (") Vi,

Sy(n,m) + Ss(n, m)

W (2,,) G (™) x (u™) BN

g

+/ Z |8xiun|qi(m)|b<|un|)\:[j(2n)|0m(un)X(un)€B(|unDde,
Q=1

Se(n,m) + 87(n m)

o glaxlTk B(|um))
(c—1) Z/ o \u"| W (z2,)le dx
N

9i0a,u” ) Bllu")
tlo—1 / [ U(20) [0 (0" )e dx
( )Zl (he<tun|<amy (1 + IU"!)"’ ()]

__Z/gzarlTk b([u™) W (2,) | x (u™)e B([u™) gy

N
2 § R
= / 90" b([u" )W (2,) [0 () x (u™) P 1D g
QST S {k<|un|<2m}
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and
_ ¢” aszk ) ()
oy / W furpy V()70 e
+(oc—1 / AT T T Ny 210, (u™ B gy
( )zzl: {k<|um™|<2m} (1—|— |u” )U ‘ ( )’ ( )
_—Z/Qb a Tk ) (lun’)‘\l}(zn)|X(un)6B(|“n‘)dx
) N
Y/ 01 () Do b ) [0 (z0) 1B (" (0P Vel
o i—1 Y A{k<|un|<2m}

In view of Young’s Inequality, it follows that

ql ()

Se(n,m) + S;(n,m) < ———= afo = 1) Z/‘a i

1+ \u”|

(0 - )0 / Gl O (2, de
814(n
N
+——F" | W(2,) |0 (u™) P D
5 2 o O e )
N

o= nC@er [ 914 (1) (")
. i=1 7 {k<[u™[<2m} )

61;(:1)

(3.69)

(DI (z) (e Va

+20(a)e" b (.) || Lz N (2,) |d

616(1’1)
N

1 /
+5 E |0, u"
2~ Jik<iun|<2m)

=1

+20(@)e" o HmZ /

k:<|u”\<2m}

TEb(u ) (20 )| (@) x (u") eV da

qi(’”) |\I/(zn) |0 (u")dx

J/

617( )
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and
Ss(n,m) + So(n, m)
N
-1 T (um) |2 (@) .
< a(o )Z |02, T (u") |\I/(zn)|eB(|“ Dda
3 2y (Lt
N
+ (o — 1)C(a)eP™> Z/ |¢?(u")\q§(m)\\ll(zn)|dx
i=1 7
61;?77,)
alc—1) & |0, um |4 (@)
+—Z/ |0 (2,) |0 (u™) P D
3 = Jpp<puri<amy (L + [ur])?
N
o= e Y | 6 () 0 (2) O (") e
. i=1 7 {k<|u™[<2m} )
61;En) (3.70)
1 N
#5330 [ 10T b () ()
=1
N
20O 3 [ 16 () da
=1
e20(n)
1 N
53 [ 0L D ) (e
2ZZ {k<|u”\<2m} ( )
+2C(a0)eB)]|1(. |\sz |67 (u™) | %W (2,,) |0 (u™)d +e13(0, M),
{k<|u™|<2m}
521(n)

Exploiting the convergence (3.53), we deduce the following estimates

() = (@) D™ Y [ 1o

e15(n) = (0 — 1)C(a)eB>)

qz’-(w)|\p(zn)|dx — 0 asn — o0, (3.71)

al , (3.72)
X Z/ |9; qi(x)N’(zn)l@m(u”)dx — 0 asn — oo,
i=1 7 {k<|u™|<2m}
e6(n) = 2C ()P [1b(.)]| Lo m)
(3.73)

qg(m)]\ll(znﬂdx — 0 asn— oo,

N
X;/ﬂwz‘
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err(n) = 2C(a)ePb() | =

xz/

k’<|u”\<2m}

(3.74)
G| (2,) 0 (u™)dz — 0 as n — oo,

e1s(n) = (0 — 1)C(a)eB)

XiLW(

, (3.75)
u") qi(z)|\11(zn)|dx — 0 as n — o0,

erg(n) = (0 — 1)C(ar)eB>)

. , (3.76)
XZ/ 167 ()| %@ (2,) [0 (u")dz — 0 as n — oo,
{k<|u™|<2m}

i=1

g90(n) = 2C(a)eBC||b()|| 1o

XZ/M

(3.77)

\\Il(zn)|dx — 0 asn— o

and

e (n) = 20(2)ePC) ()] 1~

al , (3.78)
X Z/ |7 (u") qi($)|\1/(zn)|0m(u")dx — 0 as n — oo.
. {k<|u™|<2m}

i=1
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Then, combining (3.68),(3.69),(3.70) and (3.71)-(3.76), we derive

N

- Z / @i (I’ Tgm(u”)’ VTQm(un))aszk(u)\Iﬂ (Zn)em(un)eBﬂunDdI
{k<|un|<2m}

(lz x, Tk ka( ))aszk’(un) B(Ju™|)
—(e—1) Z/ (1 + [un])” )7 o

N
-1 O,y ™% (@) Y

+MZ/ %W(%)wm(un)e%u D da
3 ; {k<|un|<2m} (1 + ‘U ‘)U

1=

——Z [ sl Tl FTL) T DI ) a0 D

+ / |0y, u™
Z; {k<lun|<2m)

N
< / 3 0. 8 )

BB ) (20) 1 (@) x (") Vda

O'— 1 |8 un|‘h(x) -
\II (lw™))
Q
N
—1) Ti( ail
(o Z !6 i ( |\I/(zn)|e (14™1) 7.
- 1+ |U”|)
2y / 0, T(

Now, using (1.4), it follows that

Z/ x, Tp(u"), VT (u ))axizn\lf'(zn)X(u”)eB““nDdx

un) qz(:(;)b(‘un‘”q](zn) ’X(un)eB(W"Ddx + 522(71, m)

_22/ a; (2, Tom (u ),VTgm(u"))amiTk(u)q,/(Zn)em(un)eB(lu"\)dx

{k<|u™|<2m}

0_1 Z/ az €, Tk ka( ))al"sz(u )|\I/(Zn)|€B(|unDdx

(14 [ur])

(3.79)

——Z/ x, Tp(u"), VT (u ))8xiTk(u”)b(|u”|)|\I/(zn)|X(u”)eB(|“n|)dx < eg3(n, m).
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Since (a;(x, Tom(u™), Vo (u™)))
function ¢ € L% (Q) such that

. 1s bounded in L% (Q), then there exists a

a; () Topm (u™), Vm (u™)) = @ weakly in  L%W(Q) as n — oo

for any ¢+ = 1,..., N. From where, concerning the second term of the left-hand
side of (3.78), we have

ggq(n) = Z

i=1

/ a; (2, Tom (u™), Vo (u™)) O, T () W' (2) O (u™) P14 Ve
{k<|um|<2m}

'(2k) Z/ |ai (2, Tom (u"), Vo (u")) |05, T (w) | dz

{k<|u™|<2m}

— B (2k) Z/ ‘gpl |8961T;€ )|dm=0 as nm — 00.

{k<|u|<2m}

We conclude that

Z / a; (, T (u"), VTi(u™) O, 20 W' (20) x (u") P Vi

_(2(0 —1)+ M) Z /Q a; («%’,Tk(un), VTk(un))amiTk(u")\\If(zn) |eB(|“n|)dx
) S 825(71,771).
6150) i,

Having in mind that ¥ = 2(o — 1) + , we deduce

«

Z/ a;(z, Tp(u"), VT (u")) — ai(x’Tk(un)vVTk(U)))amiZn\P/(Zn)x(u”)eBO“"‘)dx
+Z/CLZ((L',Tk(Un),VTk(u))axlznllll(Zn)X(u”)eB(W"Ddx

i=1 78

—192/ (ai(z, Ti(u™), VT (u™)) — ai(x, Ti(u™), V(1)) Oy 20 ¥ (20) [P Dz (3.80)
—192/(1@ x, Tp(u"), VT (u ))(9zizn\\11(zn)|63(|“n|)da:

—192/ z, Tp(u"), VT (u ))8miTk(u)|\I/(zn)|eB(|“n|)dx < e96(n,m).

In view of the convergence (3.32), we have T} (u") — Tx(u) in L%)(Q), then

ai(x,Tk(u”),VTk(u)) — ai(x,Tk(u),VTk(u)) strongly in qu{(')(Q),
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and using the convergence (3.53), for the second term of the left-hand side of
(3.80), we obtain

527 Z/az x Tk VTk( ))axlzn\lﬂ<2n)6B(lun‘)dx

(3.81)
Z/ la; (z, Te(u"), V(1)) ||0p, 2n|dz — 0 as  n — oo.

Similarly, for the fourth term of the left-hand side of (3.80), we have

eas(n Z/al x, T, (u"), VT (u ))axizn\lf(zn)em“n‘)dx
(3.82)

Z/ |a; (z, Ty (u"), VT (0))||0z,20|dz — 0 as n — oc.

Since (|a;(z, T(u™), O, T (u™))|)n is bounded in L%)(Q), then there exists v; €
L%O(Q) such that |a;(z, Ty (u™), Oy, Tr(u ))\ — v; weakly in Lqi(')(Q), and since
Oy, Tie(u)|¥(2,)| tends strongly to 0 in L% for any ¢ = 1,..., N, concerning the
last term of the left-hand side of (3.80), it follows that

£99(n al x, Tp(u"), VT (u ))aka(u)N;( )]e (™))

(3.83)
oo)Z/ la; (2, Te(u"), VIi(u™) |05, Te(w)]| ¥ (2,) |[dz — 0 as n — oo.

Combining (3.80) and estimates (3.81)-(3.83), it follows that

Z / aal, To(w™), VTL(w™)) — as e, Te(u), V(1)) Dayznda

N (3 84)
Z/ ai(x, Tu(u"), VIi(u")) — ai(z, To(u"), V(1)) Oz, 20 (V' (20) — 9| W (20]) d

< ez(n,m) — 0 asn,m — oo.

Invoking Lebesgue dominated convergence theorem, we have Ty (u™) — Ti(u)
strongly in L%(2). Thus, by letting n then m tend to infinity, we deduce that

Z / ai(x, Tp(u™), VT (u™) — ai(x, Tp(u™), V() (0 Ti(u™) — 04, Tio(w) ) da
(3.85)

—i—/Q [ T3 (u™) |72 (u™) — T3 (w) |29 2Ty (u) | (Ti (u™) — Ty (w))dz — 0 as n — 0.
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Thanks to Lemma (2.3), we conclude that

{Tk(u") — Ty(u) strongly in WHa)(Q), (3.56)

Op,u" — Oz,u aein Qfori=1,... N.

Moreover, we have a;(z, T, (u"), Vu™)0u"™ converges to a;(x,u, Vu)Ou almost ev-
erywhere in 2, in view of Fatou’s lemma and (3.39), we conclude that

N
1
lim — / ai(x,u,Vu)('?xiuda:
mﬁ*‘”m; {Jul<m}
1 N
< lim liminf —) / a; (x, T (u"), V™) Oy, u"dac (3.87)
1 J{un|<m}

T m—+oo n—oo M 4
1=

N
1
< lim limsup — / a;(z, T,(u"), Vu") Oy, u""dz = 0
{lum|<m}

T om—400 00 M4 1
1=

which prove (2.6).
Step 6: The equi-integrability of (V,,(z,u", Vu™)), and (R, (z,u"™, Vu™)),.

In this step, in order to pass to the limit in approximate Problem (3.18) and
also satisfy part of the conditions of the Theorem 2.5, we establish the following
convergences

No(z,u", Vu™) — N (z,u, Vu)

3.88
and R, (z,u", Vu") — R(x,u, Vu) strongly in L'(Q). (3.88)

From the second line of (3.86), we have
No(z,u™, Vu) — N(x,u, Vu)
and R, (z,u", Vu") — R(z,u, Vu) a.e in .

Then, according to Vitali’s Theorem, it remains to prove that NV, (z, u™, Vu") and
R (x,u™, Vu") are uniformly equi-integrable. Indeed, replacing v by (T},,+1(u™) —
T (u™))x(u™)eP1u"D in (3.18), we will derive below some useful estimates:
Obviously (Tp41(u") — T, (u™)) has the same sign as u”, so, using assumption
(1.4) and (3.19), evidently,

N
> aZ/ |ou™
i=1 /1

4i(2) B(l") g

m<|u?|<m+1}

N ai(x)

|Ou” B(Ju™))
+ 1 E L1 (") — T (u™ “ld 3.89
Aoy i=1 /{7n§|u”|} (1 ‘unl)U’ 1) Wle ’ ( )

N

w [ e
; {m<|un(}

i=1

SO T () — T () [b(Ju"] )XV
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Due to assumption (1.8) and (3.19), we obtain

125

<2 T () - Tl
{m<un|}

N
23y / D"
i=1 7 {m

<fum(}

(3.90)

T T () = T (") b(|u" | e D el

Next, using the definition of ™ given in (3.1), Young’s inequality and (3.19), it
follows that

|Z7|
= 2/{ } | T (") = T (u) [P Vel
m<|un

N
+0(@) Y / g EEBD g
i=1 Y {m<un|<m+1}
N

(o - 1)0@)2/ o

i=1 J{Am<|un ]}

qé(w)‘TmH(un) B Tm(un)\eB(‘”nDdx

N
+C(a)2/{ <fun]} |93 % o1 (u™) — T (™) (|| )P D

i=1

(3.91)

N
+2 Z/a |gz| |Tm+1(u") — Tm(un)|€B(|“"|)do-
i=1

QN{m<|um|}

N
«
+4i:1Am ’u

<|um|<m+1}

4i(2) o B(1u™]) g

N

+04(‘7 - 1) Z/ |Ou™
{m

4 = gy (L4 [un])?

qi(z)

Trnir (u™) — T (u™) ]P0 Vg
N

>
+= |ou™
22 {m<lun}

2

GO\ T3 (1) = T () b(ju” )P V.
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Thanks to hypothesis (1.9), Young’s inequality and (3.19), it is easy to check that

<2 [ T - Tl
{m<[|un|}

+2/ T (™)@ T 1 (u™) — T (™) €20Vl
{m<\un|}

2 Z ) 10, 0" %O T 1 (u™) = T (u™) B0 D e
<2 / () Toss (") — To ()P i
{m<fur ) o

1 - n n uw™
+Z/ T (™) " Ty (u) — T (u™) B0 D e
{m<[|un(}

+C / T (u™) — Ton(™) |0
{m<|un\}

qi(z)

alc—1) / |0, u™ B
+—- R n T (u" [u™) g
4 {m<un|}Z 1+ e et () = Tnu)le !

1 n
‘f“/ |Tn(un)|7r(:v)—1|Tm+1(un) o Tm(u )|eB(\u D der.
4 Jmsluny

From the last integral in the right hand side of (3.18), by using Young’s inequality,
we get

N

Z15| < C(a) Z/ |60 (™) 4@ BUD g
{m<|um|<m+1}

i=1

N

Ho=pe@y [ o)

Z / 67 (u
{m<junl}
—i—% ;/ |0u™

{m<|un|<m+1}

q;(z)|Tm+1(un) . Tm(u )|€B(\un|)d

" T (u”) = T () (" )PVl
(3.93)

0:(@) B g

N
alc—1) / |Bun (@)
A — T (u") — T () g
apd ) (L e Tt (@) = Tnu) e e

N

>
+3 |ou™
22 fm<lun ]}

2

G@ 1 (W) — To(u™)[b(Ju|) B0 D .
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Combining (3.18) with estimates (3.89)-(3.93), yields the following inequality

N
«

- |ou”™
2 Zl /{m<|un<m+1}

N

4i(2) o B(l™) g

qi(z)

—1 ou™ .
alc-1) / |U—|Tm+1(u”) T (™) |B D gy
4 = Jomgury (1 [un])?

N
—i—Z/ |Ou™
i=1 /A

BN T (u") = Ton(u") b))V

m<|un[}
1 n
3 [ P T ) - TP D
{m<[un}
: /{ o (120() () + O T (u7) = T ()2 Vil (3.94)
m<|u™

N
+22/ (167 (u™)] + |gi] + [") [Tonr (u™) — T (u™)] P Do
i1 Joan{m<lun|}

N
@) [ (194 + |67 (")) D
i—1 J {Am<|un|<m+1}
N

Ho—1)C@)Y / (Ig.

i=1 Y Am<|un |}

D 67 () ) [Ty () = T (") 00"

N

et Zl /{m<|u"} (|gz

Applying (3.27), we deduce that

B [ (u)| 5N T () = Ton (™) [0 [ x (u) P V.

afo —1)eP) al / |Ou™| (@)
4 — Jimirgpuny (1 [u?])?

N

+eP) / |0, u"| %@ b(|u"|)da (3.95)
i=1 JAm+1<]un |}

eB(OO)
+ / T (u™)|" @ e < p(m) — 0 as m — oo
2 Jimirgy

where 7(m) denote integrals in the right-hand side of the inequality (3.94).
In view of (3.92) and (3.95), we obtain that for any € > 0 there exists m(s) > 0
such that

(3.96)

N
/ (!Tn<u”>|5°<” + ) 10u”
{m(e)<[u} py

5@) Y gy < =
)<
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and

N
Z/ O ™| (U < = (3.97)
{m(e)<un]} 4

i=1

On the other hand, for any measurable subset E C €2, we have
/ (|T ORI )dx + Z/ |0,,u"
</ (|Tm<a> WY 310, Ty () QL

E i=1

N
£y / 19, Ty (") @b Ty (™))l
=1

+/ <|T |60<w>+Z|a PR )
{m(e)<[un(}
—i—Z/ |0y, u”

e)<|um|}

HOb(|u"|)dx

Hu")de

Exploiting (3.86), there exists a(g) > 0 such that for all £ C 2 with meas(E) <
a(e), we have the inequality

N
/E(|Tm(€)(un)|60(x) +Z|8xiTm(5)(Un)|6i(w))dl'
=1

. (3.98)
+Z/E 10n, Toney ()| * (| Ty (u) ) < 2.
i=1
Finally, taking into account (3.96)-(3.98), we obtain that
[ (e + Z 07 )
(3.99)

“@p(lu"|)dr < e, VE C Qsuch that meas(E) < afe).

N
+ ;/E |0,

This implies that the sequences (|T,(u™)|% 9”) Z |0, u™|%®)

N
and (Z |0, u™
i=1
and (1.9), we deduce the equi-integrability of (N, (z, u", Vu™)) and (R, (z, u", Vu")).

Consequently, using Vitali’s theorem, we conclude the convergence (3.88).

@il (|u”|)n are uniformly equi-integrable. So, in view of (1.8)
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Step 7: Passing to the limit.

Let v € Wh*°(R) be such that sup(y) C [-M, M] for M > 0. For any function
o € WHO(Q) N L=(Q) and (u"), a sequence of weak solutions of the problem
(3.18), we have y(u™)p € WHTL(Q) N L>®(). We will first show that

n—00 4

N
i=1 /&

= Z /Q a; (z,u, Vu) (05w (u)p + 7(u) 0y, p)da.

Indeed, for n > M, we have

Z/ﬂai (., Tu(u"), V") (9, u™y' (u")p + 7 (u") Dy, p) dae
=1 (3.100)

=Y /Q a; (2, Tag (W), VT (u™)) (0, Tar (W)Y (W) + 7 (Ths (u)) O, p) di.

Using Convergences (3.86) and Hypothesis (1.5), we deduce the boundedness of
(a; (x,TM(u"),VTM(u"))n in L%0(Q), and since a; (2, Tar(u™), VI (u™)) tends
to a;(z, T (u), VT (u)) a.e. in €, we obtain the weak convergence

a; (z, T (u™), VT (u™)) = a;(z, Tar(u), VTn(w))  in LEO(Q).  (3.101)
Moreover, using the Convergences (3.86), it follow that

O, Tag (u")y' (u")op + 7 (Tas (u")) O, 0

, N (3.102)
— 0, Tor(u)Y' (w) @ + y(Tar (1)) 0y, 0 strongly in L4O(Q).

Combining (3.101) and (3.102), we get

N
i=1 /9

n—00 4

= lim Zl/gai(x,TM(u”),VTM(u”))(@CiTM(u”)fy’(un)go+'y(TM(u”))6xigo)dx

n—00 “

-3 /Q s (2, Tor (), Vs (1)) (9o, Tag () () + 7 (Tos (w)Dayi0)

N

= / a;(z, u, V) (O, 0y (w)ip + 7(1)Or, p) da (3.103)

Q
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Furthermore, we have ~v(Ty(u")) — ~v(Ta(u)) weak® in L>(2). So, in view of
(3.88), we deduce that

/Q/\/n(:z, u™, Vu" )y (Tar(u™))pda
o /QN(I,U, VU)W(TM(U))godx:/QN(x,u, Vu)y(u)pdr
and
/QRn(x, u”, Vu")y(Tor(u”))pdx

—>/R(m,u, Vu)’y(TM(u))godx:/QR(z,u,Vu)”y(u)godx.

Also, thanks to (3.42), we have
2 (T ()

. / ™2y (Tyg () ol = / "y () pde
Q Q
and

lim — /]u"!qo D72y (u™)pda = 0.

n—oo M,

Net, using Hypotheses (1.7), (1.11) and the Lebesgue dominated convergence
Theorem to get

/f" (T (u gpda:—>/f7TM )godx—/]W )edz,
i [ T T oo = [ wnTutwodo = [ wi(wgds

i [ BTy () )pdo = /mhv(TM(U))wdoz /8 hy(w)pdo,

lim maﬁ?(un)’v(TM(U”))wda: ¢i(u)y(Tar(u))pdo = m@(u)v(umda

n——oo

and

lim Firy(Ty (u™))pdo = /89 Fiy(Ty(u))pdo = /a Fiy(u)edo.

Moreover, in view of (3.86), it follows that

O (T (u™)) — @i(Thr(u)) = ¢i(u) strongly in Lqé(')(Q)7 Vi=1,---,N
and

0,y (Tar (W) — 00,y (Tar () )¢ = 0,7(u)gp strongly in L0(Q),
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using Lebesgue’s dominated convergence Theorem, we deduce that
[ 68 Tt oo
Q

—>/Qﬁf)z‘(u)azﬁ(TM(u))godx:/ngi(u)amﬁ(u)godx as n — oo.

Similarly, we have

/F,-@zﬁ(TM(u"))godx—>/Fl-amﬁ(TM(u))godx:/Fﬁxﬁ(u)gad:z: as n — 00.
Q Q Q

Now, taking vy(u")y as a test function in approximate Problem (3.18), we have
everything at our disposal to pass to the limit and get the desired relation (2.7).
This completes the proof of Theorem 2.5.
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