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ABSTRACT. In this paper, we investigate the existence and multiplicity of so-
lutions for a class of nonlocal discrete problems governed by a p(k)-capillarity
differential operator in a T-dimensional Banach space. Our technical approach
is based on a minimization method combined with adequate variational tech-
niques, particularly the mountain pass theorem of A. Ambrosetti and P.H.
Rabinowitz and the (S1) mapping theory.
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1. INTRODUCTION

In recent years, significant effort has been devoted to the study of discrete
problems under various types of boundary conditions. A range of techniques
has been utilized to tackle such problems, including fixed-point methods, the
method of lower and upper solutions, and applications of the Brouwer degree
(see [1,3,6,7,8,9,10, 12, 14] and the references therein). It is widely recognized
that critical point theory and variational techniques constitute powerful tools for
analyzing problems governed by differential equations.

The main goal of this paper is to investigate, under various conditions on the
data, the existence and multiplicity of solutions for the following nonlocal discrete
boundary value problem.

My (Ly(u) (=L¢(k =1, Au(k — 1)) + q(B)[u(k) O~ 2u(k)) = AMa(La(u) f (k, u(k))
+NM3(L3<U>>g(k7U(k))7 ke Z[LT]? (1'1)
Au(0) = Au(T) =0,
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where T > 2 is a fixed positive integer, and Z|a,b] denotes the discrete set
{a,a+1,...,b—1,b}or integers a < b. The functions f,g: Z[1,T] x R — R are
Carathéodory mappings, while My, My, M3 : [0, 00) — R are continuous and non-
decreasing. The constants A, u > 0 are real parameters. Moreover, p : Z[0,T] —
2,00), q : Z]1,T] — [1,00)are given functions. The forward difference operator
is defined by Au(k) = u(k; + 1) — u(k), and the nonlinear term ¢ is given by
o(k,v) = h(Jv[P™)|v[P® =2y, where h : R — R is an increasing function. In
addition, the terms Ly, Lo and L3 are defined by the following expressions

T+1 wll — pkl
Ll(u):ZH(’A k 1’ Zq ) [P®) (1.2)

P p(k —

t
H is the primitive function of h, i.e., H(t) = / h(s)ds,

0
F(k,u), (13)

Gk, u), (1.4)

where F(k,u) = /u f(k,s)ds and G(k,u) = /ug(k:, s)ds.
0 0

For the rest of this paper, we will use the following notations.

+ oo k T= k
p IceHZl%XT]p( ), P . erg[lonﬂp( ),
T
T= k T o= i k q = k
¢ = max q(k), ¢ = min q(k), 7 ZQ( )

Because difference equations naturally capture a wide range of discrete phe-
nomena encountered in practice, in areas such as statistics, computer science,
electrical circuit analysis, biology, neural networks, optimal control, economics,
and finance; it is essential to investigate the existence of solutions for these equa-
tions and the associated discrete boundary-value problems. For a comprehensive
survey of these topics, see, for example, the monograph [16] and the literature
cited therein.

The p(k)-capillarity operator models capillary phenomena in heterogeneous
media with spatially varying properties. It is applicable to non-Newtonian fluid
dynamics, where local rheology depends on variable shear rates. In image pro-
cessing and material science, it captures anisotropic diffusion and complex phase
transitions. Biological systems, such as elastic tissues with nonuniform proper-
ties, also motivate its study. Overall, the p(k)-framework provides a flexible tool
for describing nonstandard interface behaviors across diverse fields.

The discrete p(k)-Laplacian operator exhibits more intricate nonlinear behavior
compared to the classical discrete p-Laplacian operator; notably, it lacks homo-
geneity.
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The significance of studying problem (1.1) stems from the presence of a non-
homogeneous differential operator

Alp(k — 1, Au(k — 1)), (1.5)

which incorporates variable exponents. This framework encompasses, in partic-
ular, the discrete analogs of the classical p(k)-Laplace or p(k)-mean curvature
curvature operators, given respectively by

A (|Au(k — D)PE=D=2 Aq(k — 1)),

and

— 1) |p(k=1)
A1+ [Bulk— 1) |Au(k — 1D)PE D2 Ak —1)] .
V14 [Au(k — 1)2pk—1)

Thus, problem (1.1) can be regarded as the discrete counterpart of the following
functional differential equation

—((1+ P )\u’(tw—%'(o) S M), te(01),

1 |u/(8) 2P
u'(0) = /(1) =0,

(1.6)
By taking h(t) = 1 and M;(t) = Ms(t) = M3(t) = 1, problem (1.1) problem (1.1)
simplifies to the classical discrete p(k)-Laplacian problem:

= (|Au(k = 1)[PED=2 Ak — 1)) + q(k)|u(k) PP 2u(k) = Mf (k,u(k))
+pg(k,u(k)), keZ[1,T], (1.7)
Au(0) = Au(T) = 0.

Thus, problem (1.1) can be viewed as a generalization of (1.7).

It is important to emphasize that, due to the presence of the nonconstant
functions M; for i = 1,2, 3 in the first equation of (1.1), the relation no longer
holds pointwise, characterizing the problem as nonlocal. Such nonlocal problems
arise naturally in modeling various physical and biological phenomena, where the
state variable uu represents quantities influenced by their average behavior, such
as the distribution of a population. Furthermore, problem (1.1) is closely related
to the stationary form of the classical Kirchhoff equation (see [17]).

9%u Ea [*|0ul? 0%*u

Ox

where p > 0 the mass per unit length, 7 the base tension, £ the Young modulus,
a the area of the cross-section and L the initial length of the string.

Many authors have recently studied nonlocal discrete problems involving the
Kirchhoff-type operator, yielding several important and interesting results. We
refer the reader to [13, 18, 24, 29, 30]. The study of discrete anisotropic problems
of the p(k)-Laplacian tpe was introduced by Mihailescu et al. in [21] (see also
[19]).

To the best of our knowledge, the first work addressing anisotropic discrete
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boundary value problems involving p(-)-Kirchhoff-type operators was conducted
by Yiicedag (see [29]).

In [11], Fan initiated the study of a class of bi-nonlocal p(x)-Kirchhoff-type
problems with Dirichlet boundary conditions, by considering the following Dirich-
let boundary problem:

o [ Y ai (wape-swa) <o ([ ) s
Q Q

p(x)

u=0 on 0,

(1.9)
where a and b are continuous functions. Under suitable conditions on a, b and
the Ambrosetti-Rabinowitz-type condition on the nonlinear term f, the author
proved the existence of at least one nontrivial solution or the existence of infinitely
many solutions to problem (1.9) using variational methods.

In [2], G. A. Afrouzi et al. investigate a class of bi-nonlocal problems with
nonlinear Neumann boundary conditions and sublinear terms at infinity. Using
(S4) mapping theory and variational methods, the authors established the exis-
tence of at least two nontrivial weak solutions to the problem, provided that the
parameters are sufficiently large.

In the paper [25], Ouaro and Sawadogo prove the existence and partial unique-
ness of solutions for a nonlinear multivalued problem involving the p(u)-Laplacian
under Robin boundary conditions.

In [8], Candito and D’Agui studied the existence of at least three solutions for
a discrete nonlinear Neumann boundary value problem involving the p-Laplacian.
Their approach is based on three critical points theorems.

Guiro et al. [13] studied a class of discrete Neumann boundary value problems
of the form

{—A (a(k — 1, Au(k — 1)) + |u(k) PP ~2u(k) = f(k), ke€Z[1,T],

Au(0) = Au(T) = 0. (1.10)

Using the direct method of the calculus of variations, they proved the existence
and uniqueness of weak solution in a T-dimensional Hilbert space.

If we take h(t) = 1 and My (t) = M3(t) = 1 in problem (1.1), we obtain the Neu-
mann problem studied by Ourraoui and Ayoujil in [26]. The authors investigated
the existence and multiplicity of solutions for an anisotropic discrete boundary
value problem in a T-dimensional Hilbert space. Their approach is based on vari-
ational methods, particularly the three critical points theorem established by B.
Ricceri ([27]).

In [15], the authors investigate the existence of entropy solutions for a class
of nonlinear degenerate weighted elliptic problems involving the p(x)-Laplacian
operator, subject to Dirichlet boundary conditions and L' data. Within the
framework of weighted Sobolev spaces with variable exponents, their approach
relies on a regularization technique together with the derivation of suitable a
priori estimates.

In the paper by Moghadam and Avci [22], the existence of nontrivial solu-
tions to an anisotropic discrete nonlinear problem involving the p(k)-Laplacian
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operator with Dirichlet boundary conditions was investigated using variational
methods. The main technical tools employed are two local minimum theorems
for differentiable functionals, as provided by Bonanno [5].

Barghouthe et al. in the paper [4] presented a specific case of problem (1.1)

t
m? Ml (t)
My(t) = M;(t) = 1, and g = 0 in problem (1.1). Under appropriate conditions
on the given data, the authors in [4] investigated the existence and multiplicity
of solutions using critical point theory and variational methods.

Inspired by the works above, in this paper, we establish the existence of weak
solutions for a nonlocal problem involving Neumann boundary conditions. Under
certain conditions on the data f and g, we obtain a multiplicity result by ap-
plying the minimum principle associated with the mountain pass theorem. The
main result of this paper complements and improves previous results for the su-
perlinear case when Ambrosetti-Rabinowitz-type conditions are imposed on the
nonlinearities.

The remainder of this paper is organized as follows. Section 2 presents math-
ematical preliminaries, including several important inequalities and the abstract
critical point theorem. Section 3 is divided into two main parts. In the first part,
we establish the necessary tools for proving the existence of nontrivial solutions
under certain assumptions on the functions f and g defined in problem (1.1). In
the second part, we prove the existence of at least two nontrivial weak solutions.

with Dirichlet-type boundary conditions. By setting h(t) = 1+

2. PRELIMINARY

In this section, we first establish the variational framework associated with
problem (1.1). We consider the following 7-dimensional Banach space.

E ={u:7Z[0,T+ 1] — R such that Au(0) = Au(T) =0},
equipped with the norm

T+1 T 1/p~
Jull = (Z |Au(k —1)]7 + q(k)|u(k),p)

On the space E we also introduce the norm

T+1 T 1/p*
[ullp+ = (Z |Au(k — 1) + Q(k‘)|u(k)|p+>
k=1 k=1

and the Luxemburg norm

T+1 (k-1) T p(k)
_ Au(k—1)" u(k
|ul|pe.y = inf {,u >0: E Lulk—1) + E q(k) ulk) < 1}.
k=1 H k=1 H

In the sequel, we will use the following inequality.

pt—p~

Kllullpr < llull <2777 Kllullp, (2.1)
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pT—p=
where K := (max{T + 1,g}) »*»~ . Indeed, by weighted Holder’s inequality (see
[23]), we have

> |Auk - 1P
(le+ p~ > ’ (Z (\Au(k — 1)|p_>g>p

o - [TH =
<(T+1) (Z\Au —1)| ) :

Using the same arguments, one has

Then, we get from the above inequalities and the fact that p_+ < 1, the following.
p

pt—p—
[ull” < (max{T +1,q}) »~

(mek—l)\“)p n (Zq |>
k=1

“E

X
k=1
p_ Pt —p~
< 2'0F (max{T +1,q}) »
T+1 %
X (Z]Au — )P +Z ) o g |2,

Therefore, |jul| < 2pp+;p* K||ul|+-
+
On the other hand, we get by the fact that ]% > 1, the following.
p

+

JallZ? < (max{T + 1,7})"7
2 (mek—mp)p— (Zq u(k )

< (max{T+ 1)

+
Sl
]

+

p

T+1 =
<Z|Au — 1) —|—Zq ) = K" |ju|?".

S
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Therefore, K||u||,+ < ||u||. Hence, we conclude that (2.1) holds.
Moreover, we will also make use of the following norm.

)| o := max{|u(k)| : k € Z[0,T + 1]}, for all u € E.
Note that for any u € E, and for every k € Z[1,T], one has

T
¢ lu(R) < alk) Ju(k)["
k=1
which implies that

oo < (¢7) 77 [l (2.2)

Since F is of finite dimensional, therefore there exist two constants 0 < #; < 6,
such that

Orlullp) < [lull < O2lullp). (2.3)
Now, let ¢ : E — R be defined by

T+1

o(u) =Y |Dulk = )PED 3 (k) ulk)P®. (2.4)

If w € E, then the following properties hold.

+ —
ullpey <1 = lully < o) < flully, (2.5)
- +
lullpy > 1 = lullZr, < 6u) < el (26)
|t —ullpey =0 = d(u, —u) =0 asn — oo. (2.7)

To state the main result of this paper, we assume the following:
(M) There exist two positive constants mg, m; such that

mo < Mi(t) <mq, Vit>0.

(M) There exist two positive constants ms, ms > 0 such that
me < My(t) <mg, Vit>0.

(M3) There exist two positive constants mg, ms > 0 such that
my < Ms(t) <ms, Vit>0.

(Hy) h :[0,00) — R is an increasing continuous function and there exist two
constants ¢, co > 0 such that

Cléh(t)SCQ, VtZO
(Hs) There exists a constant ¢ > 0 such that

(R(EPMNIEPD=2¢ — h(|n[®)nl"™~2n) (¢ — 1) > ele —nlP™.

(Fy) f: Z[1,T] x R — R is a Carathéodory function such that there exists a
positive constant C with

|f(k,t)] < CL(1 + [tP®~Y), for all (k,t) € Z[1,T] x R.
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(G1) g : Z[1,T] x R — R is a Carathéodory function such that there exists a
positive constant Cy with

lg(k,t)| < Co(1 + [t|P®=Y), for all (k,t) € Z[1,T] x R.
Let C' be a positive fixed constant. We say that a C''—function vy : R — [0, 00)
verifies the property (I') if and only if
() S CIP VieR, ()

where p is either p~ or p™.
We consider four functions K;, i = 1,2, 3, 4, satisfying property (I') such that
For i = 1,2, 3,4, the functions K; satisfying

Clt|" for i =1,3,

Ki(t) <

C|tP for i =2,4.
We also introduce the following assumptions on the behavior of F' and G at the
origin and at infinity.

Y
F5) 1
(F2) T sup 25

Pkt
F3) lims
(£F3) 11;11);}11) Ka(t)

< 0 uniformly for all k € Z[1,T7;

< 0 uniformly for all k € Z[1,T];

(Fy) F(ko,d) > 0 for some kq € Z[1,T], d > 0;

Gk
Go) 1
(Ga) im0

} G(k,t)
Gj) 1
( 3) 11;22113 K4(t)

(G4) G(k‘o, d) > 0 for some kg € Z[l,T], d > 0.

< 0 uniformly for all k € Z[1,T7;

< 0 uniformly for all k € Z[1,T7;

As an illustration of functions K; satisfying property (I'), we present the fol-
lowing example:

C

§|t|p+ for i = 1,3,
c

§|t|p fOI' Z = 274

Let w : R — R be a C'-function satisfying |l‘im w(t) = lim w(t) = 0. Defining
t|—0

[t|—o0
C
F(x,t) = G(x,t) = gw(t)\ﬂp, where p = p* or p = p~ and w(t) = e tlsin(t), we
observe that the conditions (F})-(Fy) and (G)-(G4) are fulfilled.
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Furthermore, setting M; = 1 and h(t) = 1 the assumptions (H;)—(Hs) and (M;)
are also verified.

Additionally, it can be observed that the function h(t) = 1 +

- satisfies

hypotheses (H;)-(Hs). In this framework, problem (1.1) under assumptions (H;)-
(Hy) can be interpreted as a generalized capillarity problem.
Next, we introduce the following quotients

T+1 T
S Ak — )P+ qlk)uk)P
. k=1 k=1
Spp = uE}lEn\f{O} T
> Julk)
k=1
and
T+1 T
+ +
S Auk = 1P+ q(k)|u(k)
. k=1 k=1
Spr.B = uelen\f{O}

> lu(k)P”

k=1
In the sequel, we consider some definitions and lemmas which will be used later.
Definition 2.1. An element u € F is a critical point of the functional J : E — R
if

(J'(u),v) =0, for all v € E.
Definition 2.2. Let £ be a Banach space. Let J € C'(E,R). For any sequence
{u,} C E, if {J(u,)} is bounded and J'(u,) — 0 as n — oo possesses a conver-

gent subsequence, then we say that .J satisfies the Palais-Smale condition ((PS)
condition for short).

Definition 2.3. We say that a sequence {u,} C E is said to satisfy the (PS),
condition if
J(u,) = c€R and J'(u,) = 0 as n — oo.

Theorem 2.4. ([20]). If the functional J : E — R is weakly lower semicon-

tinuous and coercive, 1i.e. | lﬁm J(x) = oo, then there ezists xy € E such that
Z||—00

in]g J(x) = J(xo). Moreover, if J has bounded linear Gateaur derivative on E,

re

then xq is also a critical point of J, i.e. J'(xg) = 0.

Theorem 2.5. ([1]. Let J € C'(E,R) satisfy the (PS) condition. Suppose that

(1) J(0) =0;
(2) there exists p > 0 and o > 0 such that J(u) > « for all u € E with
[ull = p;

(3) there exists uy € E with ||u1]| > p such that J(uy) < «.
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Then J has a critical value ¢ > a. Moreover, ¢ can be characterized as

c:=inf max J(u),
9€T" ueg([0,1])

where I' = {g € C(E,R)/g(0) =0,9(1) = uy }.
Let us define the functionals ®, W, I : E — R as follows.

®(u) := M (L (u)), (2.8)
U(u) = My(La(u)), (2.9)
I(u) == My(Lg(u)), (2.10)

WhereM /M )ds,i=1,2,3.
The energy functional corresponding to problem (1.1) is defined as Jy, : £ — R,
Iop(u) = @(u) — AV(u) — pl(u), forallu € E (2.11)

It is easy to verify that ®, W and I are three functionals of class C*(F, R) whose
Gateaux derivatives at the point u € E are given by

(@ (u), 0) = My (L (u (Zi@ — 1, Ak — 1) Ak — 1) +

iqwu(kw“)2u<k>v<k>), 212
(¥ (), v) = MalLa() Z £k, u()e(h), 213
(), 0) = My(Ly(u) iguﬂ, a(k))o k), (2.14)

for all u,v € E.
We observe that

<‘];\,,u(u)7 U> = <CI)/(U)’ U> = A <\Dl(u)a U) —H <I,(u)7 U> :
Definition 2.6. We say that v € E is a weak solution of the problem (1.1) if

T+1 T
M (L (u (Z ok —1,Au(k —1)Av(k—1)+ > q(k 2u(k)v(k)>
k=1 k=1
T T
= /\MQ L2 Zf MMB L3 Zg 7
k=1 k=1

for any v € F.
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Note that Jy, € C'(E,R) with

<J§\’H(u),v> =

T+1

My (Ly(u)) (Z ol — 1, Su(k — 1) Av(k — 1) +

k=

[M]=

q(’f)\U(/f)!p('“”u(k)v(/f)>

1

g(k, u(k))v(k)

Mu

——AA4Q.L2 2{:(f MA436L3( ))

=1

ol

=1
for all u,v € F.

Since Au(0) = Au(T) = 0, one has

My (Ly (u (ng — 1, Au(k — 1)) Av(k — 1) +Zq ) w(k)PH- ()())

=1

~ Dok =1, Auk = 1)) + q(k)[u(k) O 2u(k)) v(k),

I
NNl
=

then,
(Su(w)y0) =D Mi(La(w) (=A(p(k = 1, Duk = 1)) + q(k)[u(k) "N "2u(k)) v(k)
—A L My(Lo(w) f (k, ulk))o(k) — Y Ma(Ls(u))g(k, u(k))v(k).

Thus, the critical points of J, , in E are the solutions of the problem (1.1).
Now, we recall some auxiliary results to be used in the next section.

Lemma 2.7. Let u € E with ||ul| > 1. Then,

T+1

S 1Aulk = DPED + 3 g@u(BP® = el - (1+¢7)T -1

k=1 k=1

!

Proof. Let u € E be fixed. By a similar argument as in [13], we define

ptif |Au(k—1)| <1 ptif Ju(k)] <1
= d o, :=
P {p_ it |Au(k—1)|>1 - i ,
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for each k € Z[1,T.
For w € E with ||ul| > 1, one has

T+1

S 1Aulk = DY + 3 g(fu(k) PO

T+1 T+1

>N duk -1 - Y (\Au(k D - Ak — 1)|p+)
k= k=1,8,=p*

+ 3 a@luk)l — gt (o)™ = fu(k))
kf:l k=1,5k:p+

> |Aulk =D = (T+1)+ > q®)uk) —q'T
k=1 k=1

3. EXISTENCE OF AT LEAST TWO NONTRIVIAL WEAK SOLUTIONS

In this section, under the assumptions of Theorems 2.4 and 2.5, we establish
the existence of at least two nontrivial weak solutions to problem (1.1).
We state the following result.

Theorem 3.1. Assume that (Ml)—(M3>, (Hl)—(HQ), (Fl)—(F4) and (Gl)—(G4)
hold. Then, there exist \*, ux > 0 such that for all X > X\* and p > px, the
problem (1.1) has at least two nontrivial weak solutions.

For the proof of Theorem 3.1, we first establish the following lemmas.

Lemma 3.2. The functional Ly given by relation (1.2) is weakly lower semicon-
tinuous.

Proof. Since H is a convex and nondecreasing function and ¢ — |t[P®) is convex,
then L, is convex.
Thus, it is enough to show that L, is lower semicontinuous. For this, we fix u € E
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and € > 0. Since L; is convex, we deduce that for any v € FE,

Ly(v) > Ly(u) + (L (u),v — u)

> Li(u —CQiI‘AU DPED"1Au(E — 1) — Au(k — 1))
= a®)|u(k) PO o (k) — u(k)]
k=1

p_—1 1

i -0\ P [ -\’
> Li(u) — co Z]Au -1 Z|Av —1) = Au(k=1)]

p —1 1

: (Z qu)lu(k)!p’(’g(i)ll)) pi (Zq(k) lo(k — 1) — u(’f)‘p> pi

k=1

> Ly(u) — K <Z [Av(k —1) = Au(/f)lp_> "4 (Z q(k) [o(k =1) = U(/f)!”_> Y

where K = max(K,, K,) with

T+1 B ;:1 T _ =
p_ (p(k=1)—1) p_(p(k—1)
Ky =« ( E |Au(k —1)| » -1 ) and Ky = < E q(k)|u(k)| »=1 )
k=1

1
Taking the above inequalities and as — < 1, we get

L1<U) Z Ll(U) —2 P maX(Kl,KQ)HU—U”
Z Ll(u) — €,
for all v € E with [[v —ul| < = ‘ . O]

p_—1

2 r maX(Kl, KQ)

Lemma 3.3. The functional ® given by relation (2.8) is weakly lower semicon-
tinuous.

Proof. Let {u,} be a sequence that converges weakly in E. By using Lemma 3.2,
we have

liminf Ly (u,) > Li(u),

n—oo

and from the continuity and monotonicity of the function ¢ — ]\//_71 (t), we get
lim inf My (Ly (up)) > My (Iiminf Ly (u,)) > My (L (v)) = ®(u).
n—00 n—00
So, the functional ® is weakly lower semicontinuous in E. OJ

Lemma 3.4. The functionals Ly and Lj given by relations (1.3) and (1.4) are
weakly continuous.
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Proof. Let {u,} be a sequence converging weakly to u in E. We want to show
that

F(k, u(k))

E

lim > F(k,un(k)) =

k=1

b
Il

1
and

]~

JLH;OZG(k,un(k)) = Gk, u(k)).

i

1
By using (F}), one has

T
S Z |f(k7u+9n(un _u)| |un —U|

T
<0y (1 4 O (u — u)yp*—l) TR

k
ST [T+t Ol — )P — ]

gl = Bl B> 1,
pr—tif 0 < B <1.

Moreover, the sequence {||u + 6,,(u, — u)||} is bounded in E. Therefore, by pass-
ing to the limit, we obtain the desired result for F.
Similarly, it can be shown that

lim > Gk un(k) =Y Gk, u(k)).

k=1

Lemma 3.5. The functional Jy, is weakly lower semicontinuous.

Proof. For all u € E, we have J, ,(u) = ®(u) — AV (u) — pd(u). By Lemma 3.3,
the functional ® is weakly lower semicontinuous.
It remains to prove that ¥ and I are weakly lower semicontinuous.
Let {u,} be a sequence that converges weakly in E. By the weak continuity of
the functional Lo, it follows

liminf Ly(u,) = La(u).

n—o0

Combining this with the continuity of the function ¢ — ]\/4\2(15), we get
lim inf W (u,) = §minf Ma(La(u,)) = Mo(liminf Ly (u,)) = Ma(Lo(u)) = U (u).
n—oo n—oo

n—o0
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Similarly, we have that [ is weakly lower semicontinuous.
Thus, we deduce that Jy , is weakly lower semicontinuous in E.

Lemma 3.6. The functional Jy , is coercive and bounded from below.

Proof. Fix A\, it > 0. To prove the coercivity of .J, ,, we may assume that [ju| > 1
and we get from (H;), (M;) and Lemma 2.7 that

D (u) > molLy(u)

o 741 T
> —mln (c1,1 <Z|Au 1)Pk=b +Zq )

p k=1

Mo .
> min (e, 1) [l = (1+q")T = 1]
Moreover, let C' be as in the property (I'). By (Fi), (F3) and (Gy), (G3), there
exist some constants C, C), > 0 such that

momin (¢, 1)S

AF(k,u) < ProTow PP Ko (u) 4+ Cy,  forall ke Z[1,T]
3

and
momin (¢1,1)S,- g
4Cmsp*
Then, by the above inequalities, we have
I pu(w) > moLy(u) — AmgLo(u) — pmsLs(u)
— me(l+¢NT -1
pt

pG(k,u) <

Ky(u)+C), forall ke Z[1,T].

mo . .
> p—+m1n (c1, 1)||ul? min (¢, 1)

momin (¢, 1)S a momin (¢, 1)S d
0 1, 1)5p- B - 0 1, 1)5p- B ~
- 10p ;K2(U>_C>\_ 10p+ ;KMU)_CM

er

mo . - .
> p—+m1n (cr, D)||u|P min (¢, 1)

. T 1
_momin (ci,1)S,- p ZMI)_ o momin (¢1,1)S,- g Z| -,

Apt 4p+
1 T -1 _ _
> ﬂmm(cl, DfjullP — o +pq+> min (¢1,1) — C\ — ..
Hence, since p~ > 1, as |Ju|| = oo, we can conclude that Jy ,(u) — oo and then
Jx,u 18 bounded from below on F. O

According to Lemma 3.5, the functional Jy , is weakly lower semicontinuous
on F. Moreover, by Lemma 3.6, J, is coercive on £. Consequently, invoking
Theorem 2.4 (see also [28]), we conclude that there exists @ € F such that o € E
is a global minimizer of .J, , and thus a weak solution to problem (1.1).

The next lemma establishes that @ is a nontrivial weak solution, provided that A
and p are re chosen sufficiently large.
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Lemma 3.7. Assume that (My)-(Ms), (Hy), (Fy) and (G4) hold. Then, there
exist X*, pux > 0 such that for all X > X* and p > px, we have Jy (@) < 0.

Proof. Put

pr= prif0<p<1

and let w € E, defined by w(ky) = d and w(k) =0 if k € Z[1, T|\{ko}.
So, we deduce that

Ip(w) < myLi(w) — AmeLo(w) — ppmyLs(w)
< ﬁj(@dﬂko—l) + codP®0) 4 (ko) dP*O)) — XmoF (Ko, w (ko)) — pmaG ko, w(ky))
P

. {51?* if 8> 1,

my(2cy + ¢)dP”

p

Then, there exist \*, s > 0 such that J,,(w) < 0 for all A € (A\*,00) and
p € (pk,00). Hence, for all A > A* and p > px, Jy,(4) < 0 and so @ is a
nontrivial weak solution of problem (1.1) for all A, x large enough. O

IN

- >\m2F<kZ0, d) - ,um4G(k0, d)

Lemma 3.8. The mapping V' and I' weakly-strongly continuous, namely
U, — uin E asn — oo imply V' (u,) — V' (u) and I'(u,) — I'(u) in E*.

Proof. Let {u,} be a sequence which converges weakly to u in E. From (F}),

T
the mappings Ny, N, : E — E* defined by (Ny(u),v) = Y _ f(k,u(k))v(k) and
k=1

T
(Ng(u),v) = Z g(k,u(k))v(k) are weakly-strongly continuous.

k=1
Due to the weak continuity of the functionals L2 Ls, Lzand the continuity of the

functions My and M3z, the mappings V', I’ are weakly-strongly continuous. O

Lemma 3.9. The function L} is of type (Sy), which means that

U, — uin E asn — oo and limsup (L} (u,), u, —u) <0,
n—oo

imply u, — u in E asn — 0.

Proof. We define the mappings A, B : E — E* respectively by

(A(u),v) = q(k’)\u(k)|p(k)’2u(k)v(k), VuovekL
k=1
and
(B(u),v) =Y @k —1,Au(k —1))Av(k—1), Yu,veE.

Let {u,} be a sequence which converges weakly to u in £ and

limsup (A(uy,) + B(uy), u, —u) < 0.

n—oo



NONLOCAL DISCRETE PROBLEM 17

The fact that {u,} converges weakly to u implies that
lim (A(u) + B(u), u, —u) = 0.

n—oo

By using (Hj) and inequality (2.7), we have
0 > Timsup [(A(u) + Blus)s un — ) — (Alu) + Blu) 1w, — )]

n—oo

= liinﬁs;ip [(B(uy) — B(u),u, —u) + (A(u,) — A(u), uy, — u)]
> ¢ limsup ¢(u,, — u)

n—oo

. : + h
> ¢ lim sup <m1n(||un - U”i(.y ||“n - u”p(-))) ’
n—oo

Thus, the sequence {u,} converges to u in E. Therefore, the functional L} is of

type (S4).
0

By Lemma 3.9, it is clear that the mapping ® is of type (S, ). Indeed, assume
that {u,} is a sequence that converges weakly to u in E. Then,
limsup (Jy (), wy, — u) = imsup My (Lq(u,)) (L (un), un, — u) < 0.

n—oo n—oo

From (M), it follows that
lim sup (L] (uy,), un, — u) < 0.

n—oo

Therefore, by Lemma 3.9, it follows that {w,} converges to u in E.
Lemma 3.10. The functional Jj , is of type (S,).

Proof. As Jy u(u) = ®(u) =AW (u)—pl (u), it is clear that J3 , is of type (S} ), since
' is of type (5 ) and the mappings V', I” are weakly-strongly continuous. [

Lemma 3.11. The functional Jy, satisfies the Palais-Smale condition in E.

Proof. From Lemma 3.6, we know that the functional J) , is coercive. Let {u,}
be a Palais-Smale sequence for Jy , in F.
Then,

Iap(un) = cand Jy |, (u,) — 0, asn — oo. (3.1)

Since J) , is coercive, relation (3.1) implies that the sequence {u,} is bounded in
E. Moreover, E is reflexive, we may extract a subsequence, still denoted by {uw,}
still denoted {u,}, which converges weakly some u € E.

Given that J3 ,(u,) — 0, we have <J§\’H(un), u, —u) — 0. Since Jy . satisfies the
(S4) condition, it follows that u,, — w in E. 0J

We now seek to establish the existence of a second nontrivial weak solution to
problem (1.1) by invoking the mountain pass theorem (Theorem 2.5). To this
end, it suffices to verify that for every A > A\* and p > px, the functional J, ,
possesses the mountain pass geometry.
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Lemma 3.12. There exist two constants p,r > 0 such that p € (0,|u|) and
Iap(w) >1r >0, for all u € E with ||ul| = p.

Proof. Let ||ul| be small enough such that ||u|| = p € (0,1). Let C be as in (I").
By (F1), (F2) and (G1), (Ga), there exist two constants Cy, C}, > 0 such that

momin (¢1,1)Sp+ g

AF(kyu) < —— = Ki(u) + CJu|", forall keZ[1,T]
4Cmzp*t2 »~
and
momin (¢1,1)Sy+ g P _
uG(k,u) < —— ——K3(u) + C|ul", forall ke Z[1T];
4Cmgzpt2 »-

where v > pt.
Thus, by using relation (2.1), one has

Inpu(u) > moLy(u) — AmgLo(u) — pimsLs(u)

mo . ot momin (¢, 1)S,+ g d
> — min (1, 1)|ul[}, — p— Ky (u)
p 4C2 »= pt k=1

T . T
momin (c1,1)Sy+ g
—C ) ful” - R K () = O Yl
k=1 k=1

mo
> =
R

p
pr2 e
11—
= max(T'+ 1,9 »~ C"yflul]”

min (cq, )K" Juf”" = [max(T + 1,9)]" "7 C4lul|”

mo . ~ —pt 5 —pt +

= ( e win (e 1) = Cylul7™ = 7y ul [T ) [l
ptKP 2 o T

where C'\ = [max(T + 1, q’)]l_P% C4 > 0and €', = [max(T + 1, (j)]l_z% ¢, >0.

Since v > p™, there exist two positive constants r, p such that Jy ,(u) > r > 0

for all u € F with ||u|| = p and ||@| > p. O

Proof of Theorem 3.1. By Lemmas 3.5, 3.6 and 3.7, problem (1.1) has a
nontrivial weak solution @ as a global minimizer of Jy .
Put

‘= glorg“ wep(0.1) T,

where I' = {¢ € C(E, [0,1])/¢(0) = 0, ¢(1) = u}.
From lemmas 3.11 and 3.12, all the assumptions of the mountain pass theorem
(see Theorem 2.5) are satisfied, J) ,(@) < 0 and [|@| > p.
Then ¢ which is a critical value of J, ,, this means that there exists 4 € E such
that J ,(u) = ¢ and <J§w(ﬂ), v) =0for allv € E or @ is a weak solution of (1.1).
Moreover, w is nontrivial and @ # @ since J ,(u) = ¢ > 0 > J, ,(@). Hence, u
and @ are two nontrivial weak solutions of problem (1.1)
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