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FAMILY OF HYBRID PAIRS OF MAPPINGS AND THEIR
FIXED POINT UNDER §—DISTANCES

LADLAY KHAN

ABSTRACT. In this paper, we prove some results on coincidence and common
fixed points for compatible as well as pointwise R-weakly commuting mappings
satisfying a generalized contraction type condition on a complete metrically

convex metric spaces which generalize relevant results due to Ciri¢ and Ume,
Khan and Imdad, Rhoades and others.

1. INTRODUCTION AND PRELIMINARIES

There have been many extensions and generalizations of well known fixed
point theorems for multi-valued mappings. Among many researchers, Assad [1],
Assad and Kirk [2], Ciri¢ and Ume [3], Ttoh [13] and others extended fixed point
theorems to more general class of multi-valued mappings while Rhoades [21] ob-
tained a generalization of Itoh’s fixed point theorem for multi-valued mappings
on a subset K of a metrically convex metric space X. In 1997, Huang and Cho
[9] proved common fixed point theorem for sequence of nonself multi-valued map-
pings in metrically convex metric spaces. After this result, many authors adopted
the same pattern and proved fixed point theorems for a sequence of multi-valued
mappings to mention a few we cite {[4], [5], [10], [12] and [15]...} etc.

The purpose of this paper is to prove some coincidence and common fixed
point theorems for a sequence of multi-valued and a pair of single valued nonself
mappings using diametral distance (instead of Hausdorff distance) satisfying cer-
tain contraction type condition. The result of this paper generalizes and extends
earlier results due to Rhoades [21], Ciri¢ and Ume [3], Khan and Imdad [14] and
others.

Now, we collect some relevant definitions and results.

Let (X, d) be a metric space. Then following Nadler [19], we recall
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(1) CB(X) = {A: A is nonempty closed and bounded subset of X}.

) C
(2) For nonempty subsets A, B of X and = € X,

d(z,A) = inf {d(z,a) :a € A}, D(A, B) = inf {d(a,b) :a € A,b € B},
H(A,B) = max [{sup d(a, B) : a € A}, {sup d(4,b) : b € B}]
and 6(A, B) = sup {d(a,b) :a € A,b € B}.

Notice that D(A, B) < H(A, B) < §(A, B), it is well known (cf.Kuratowski
[17]) that CB(X) is a metric space with the distance function H which is known

as Hausdorff-Pompeiu metric on X.

Definition 1.1. ([10]) Let K be a nonempty subset of a metric space (X,d), T":
K — X and F: K — CB(X). The pair (F,T) is said to be pointwise R-weakly
commuting on K if for given x € K and Tz € K, there exists some R = R(z) > 0
such that

d(Ty, FTz) < R d(Tx, Fx) for each y € F(z) N K. (1.1)

Moreover, the pair (F,T') will be called R-weakly commuting on K if for each
x € K,Tx € K and (1.1) holds for some R > 0.

If R =1, we get the definition of weak commutativity of (F,7") on K due to
Hadzic and Gajic [8]. If F,T : X — X then Definition 1.1 reduces respectively
to pointwise R-weak commutativity and R-weak commutativity for single valued
self mappings due to Pant [20].

Definition 1.2. ([7],[8]) Let K be a nonempty subset of a metric space (X,d),
T:K — X and F: K — CB(X). The pair (F,T) is said to be weakly
commuting (cf.[8]) if for every z,y € K with z € Fy and Ty € K, we have

d(Tz, FTy) < d(Ty, Fy),
whereas the pair (F,T) is said to be compatible (cf.[7]) if for every sequence
{z,} C K and from the relation
lim d(Fz,,Tx,) =0

n—o0

and T'z,, € K (for every n € N) it follows that lim d(Ty,, FTx,) = 0, for every

n—oo

sequence {y,} C K such that y, € Fx,,n € N.

For hybrid pairs of self type mappings these definitions were introduced by
Kaneko and Sessa [16].

Definition 1.3. ([15]) A mapping T : K — X is said to be occasionally coin-
cidentally idempotent w.r.t mapping F : K — CB(X), if there exists a point
z € K such that T is idempotent at the coincidence points of the pair (F,T).
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Definition 1.4. ([2]) A metric space (X, d) is said to be metrically convex if for
any x,y € X with x # y there exists a point z € X,z # z # y such that

d(z,z) +d(z,y) = d(z,y).

Lemma 1.5. ([6]) Let {A,} and {B,} be two sequences in CB(X) and converg-
ing in CB(X) to the sets A and respectively B. Then

lim 6(A,, B,) = 6(A, B).

n—oo

2. MAIN RESULTS

Theorem 2.1. Let (X, d) be a complete metrically convex metric space and K be
a nonempty closed subset of X. Let {F,}32,: K — CB(X) and S,T : K — X
satisfying the conditions:

(1) 6K C SK NTK, Fy(K)NK C SK,F;(K)N K C TK,

(2) Tx € 6K = Fij(x) C K,Sx € 0K = F;(z) C K,

(3) (F;,T) and (F},S) are compatible pairs,

(4) {F.},S and T are continuous on K, and

6(Fi(z), F;(y)) < v d(Tw, Sy) + § maz {d(Tz, Fi(x)), d(Sy, F;(y)) }
+ 7y {d(Tz, F;(y)) + d(Sy, Fi(2))}, (2.1)

where i =2n—1,j =2n, (n € N),i # j for all z,y € K with x # vy, a, 3,7 >0
such that o + 28 + 3y + ay < 1.

Then {F,},S and T have a common coincidence point.

Proof. Firstly, we proceed to construct two sequences {x,} and {y,} in the follow-
ing way. Let € K. Then (due to 0K C TK) there exists a point zo € K such
that © = Tx. Since Tx € §K = F;j(x) C K for every odd integer (i € N),
one concludes that Fi(zg) € Fi(K)N K C SK. Let ;1 € K be such that
y1 = Sz € Fi(zg) C K. Since y; € Fi(zy), there exists a point yo € Fy(z1).
Suppose yo € K, then yo € F5(K) N K C TK, implies that there exists a point
x9 € K such that y, = T'zo. Otherwise, if yo ¢ K then there exists a point p € 0K
such that
d(Sz1,p) + d(p,y2) = d(Sz1,y2).

Since p € 0K C TK, there exists a point x9 € K with p = T'zy so that
d(Sz1, Txy) + d(Twe,y2) = d(Sx1,12).

Let y3 € F3(x3). If y3 € K then y3 € F3(K) N K C SK which implies that there
exists a point x3 € K such that y3 = Swzs. Otherwise if y3 ¢ K there exists a
point p; € K such that

d(Txa,p1) + d(p1,y3) = d(Tx2,y3).
Since p; € 0K C SK there exists a point x3 € K with p; = Sx3 so that
d(Twy, Sw3) + d(Sx3,ys) = d(Tx2,ys3).
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Thus, repeating the foregoing arguments, one obtains two sequences {x,} and
{yn} such that

(1) yan € Fon(T2n-1), Yont1 € Fony1(Tan),

(2) yon € K = Yo, = Ty, OF Yo, ¢ K = Ty, € K and
d(SxQn—la TxQn) + d(T"L‘Zna an) = d(SJ:Qn—lv an)a

(3) Yant1 € K = Yont1 = STopi1 OF Yony1 ¢ K = Swonyq € 6K and

d<Tx2na San—i—l) + d(Sl‘2n+17 y2n+1) - d(TfL‘Zna y2n+1)'
We denote

Py =A{Twy € {Twon} : Two; = yo;}, Pr = {Two € {Twan} : Two; # yai},
Qo = {Sx9i41 € {SToni1} 1 SToi1 = Yoip1} and
Q1 = {5211 € {STons1} 1 SToip1 # Yoit1}
One can note that (T'za,, Stony1) € P X Q1 and (Swo,_1, Twe,) € Q1 X Py.
Now we distinguish the following three cases.

Case 1. If (Tx9p, Stopi1) € P, X Qo, then

d(T'zn, STant1) < 0(Fony1(T2n), Fon(Tan-1))
< d(Txan, Sxon—1) + f max{d(Txon, Foni1(xan)), d(Sxan—_1, Fon(r2,-1))}
+v {d(T22n, Fon(v2n-1)) + d(Swon_1, Foni1(220))},
< a d(yan—1,Yon) + B max{d(Yan, Yon+1); A(Y2n—1,Y20) } + Y{d(Y2n-1, Yons1)},
< a d(Yon—1,Y20) + B max{d(y2n—1, Y2n), d(Y2n, Y2n+1)}
+7 {d(y2n-1,Y2n) + d(y2n, y2nt1) },

d(TfB2n> 5332n+1) < (a + 'V)d(y2n—17 yzn) + 8 maX{d(QQn—b an), d(an, y2n+1)}

+7 d(an, y2n+1)' (22)
If we suppose that d(yen—1,Y2n) < d(Yan, Y2n+1) then we obtain

d(Twon, Stont1) < (a4 B+ 27)d(Yan, Yon+1)

which is a contradiction. Otherwise from (2.2) we obtain

d(Txon, Stoni1) < (a+ B+ v)d(Yon, Yon—1) + Yd(Yon, Yoni1)
which in turn yields
a+ B+

d(Txza,, Stoni1) < ( 11—~

Similarly if (Swzo,_1,T%2,) € Qo X Ps, then

d(Sxon—1,Txe,) < (%ﬁjfy

Case 2. If (Tx9,, Swopi1) € Py X @1 then
d(Twan, STont1) + d(SToni1, Yont1) = A(TTon, Yont1),

) d(5$2n—17 Tx2n)

) d(SZUQn—l, TiUQn—z)-
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which in turn yields

d(Txon, Stont1) < d(TT2n, Yont1) = d(Yan, Yont1),
and hence
d(Txon, Stoni1) < d(Yan, Yont1) < O(F 2oy, Gron_1).

Now, proceeding as in Case 1, we have
a+ B+

L=
If (Sxon_1,Txe,) € Q1 X P, then as earlier, we also obtain
a+ B+

Lt
Case 3. If (Txopn, Stopi1) € Py X Qo then Sxy, 1 = yo,,—1. Proceeding as in Case
1, we get

d(T2n, Stons1) = d(T220, Yonr1) < d(TTon, Yon) + d(Yan, Y2nt1),
< d(Twan, Yan) + 0(Font1(220), Fon(T20-1)),
< d(Txon, Yon) + @ d(Tway, Ston_1) + B max{d(Txa,, Foni1(T2n)),
d(Szan—1, Fon(w2n-1))} + 7 {d(T 22, Fon(v2n-1)) + d(ST2n_1, Foni1(720))},
< d(Txan, Yon) + o d(T'xay,, Sxon_1) + B max{d(Txan, Yon+1),
d(Szon—1,Y2n)} + v {d(T w20, yon) + d(ST2n_1, SToni1)}.
Since a < 1 and d(T'zay,, yan) + d(Tx2,, Ston_1) = d(STon_1, Y2n), We obtain
d(Txon, yon) + ad(Txoy, Ston_1) < d(STon_1, Yon)-

Also, by the triangle inequality, we obtain
d(Txon, Yon)+d(STon_1, SToni1) < d(Txopn, Yon ) +d(Sxon_1, Txon)+d(Txon, STapi1)

< d(Sxon-1,Y2n) + d(T gy, SToni1).

d(Tx2n, STons1) < ( ) d(Szon—1,Txe,).

d(Swon—1,Te,) < < ) d(Swon—1,TTon—2).

Therefore

d(Tizn, S$2n+1) < d(5$2n—1,?/zn) + 4 maX{d(TIZna y2n+1)7 d(yZn—la y2n)}

+y{d(STon—1, yon) + d(T 20, Yont1) }-
If d(Txon, Y2n+1) = d(Yon—1,Y2n) then we obtain

1+
ﬁ) d(Sxanla yzn)-

Otherwise, if d(T@2n, Y2nt1) < d(Y2n—1,Y2n) then

14+ 58+ 1+
d(Tx2n75x2n+1) < (#) d(5$2n—1ayzn) = <—fy> d(SiUzn—hyzn)-

d(Twon, Stony1) < (

- 1-5—~
Now proceeding as earlier, one also obtains

d(5$2n—1ay2n) S (LM

1—~ ) d(Sszn—leﬂﬁzn—Q)-
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Therefore combining the above inequalities, we have

1+ a+p+
d(Txon, Stont1) < k d(Swon—1,TT2,—2), Where k = (1 e zl 7) ( 1 f’y 7) :

Thus in all the cases, we have
d(TlUQmSﬂUan) <k max{d<sx2n717T:€2n)7d<Tx2n727 Sxanl)}a

whereas
d(5$2n+17T$2n+2) <k maX{d(SfUQn—l, T$2n), d(T$2n7 SIQn-I—l)}'

Now on the lines of Assad and Kirk [2], it can be shown by induction that
for n > 1, we have

d(Txon, Stoni1) < k™ § and d(Szapi1, Txonis) < ke g,
whereas
§=kz max{d(Tzo, Sz1),d(Szy1, Txs)}.

Thus the sequence {T'xq, Sx1, T'xa, Sw3, ..., Stop_1, Txon, STapi1, ...} is Cauchy
and hence converges to the point z in X. Then as noted in [7] there exists at least
one subsequence {T'xa,, } or {Sxa,,+1} which is contained in P, or @, respec-
tively. Suppose that there exists a subsequence {T'xs,, } which is contained in P,
for each k € N, also converges to z. Using compatibility of (F}, S), we have

klim d(Swan,—1, Fj(x9n,—1)) = 0 for any even integer j € N,
—00
which implies that klim d(ST o, , Fj(Stan,—1)) = 0.

—00

Using the continuity of S and Fj, one obtains Sz € Fj;(z) for any even inte-
ger j € N. Similarly the continuity of 7" and F; implies Tz € F;(z) for any odd
integer ¢ € N. Now

A(T=, 82) < 8(Fi(2), Fy(2))
< o d(T, §2)+8 max {d(Tz, Fi(2)), d(Sz, Fy())}+y {d(T=, Fy(2))+d(Sz, F(2)},
<ad(Tz Sz)+25 d(Tz,Sz),
implying thereby Tz = Sz. Thus z is a common coincidence point of F},, S and 7'
If one assumes that there exists a subsequence {Szy,,+1} contained in Qg
then the foregoing arguments establish the earlier conclusions. This completes

the proof.
OJ

Remark 2.2. 1f 6 distance is replaced by Hausdorff distance (H) in the Theorem
2.1, then one deduces the Theorem 3.2 due to Khan and Imdad [14].

Remark 2.3. Theorem 2.1 remains true if we utilized the pointwise R-weak
commutativity condition.
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In the next theorem we use the closedness of TK and SK (or F;(K) and
F;(K)) to relax the continuity requirements besides minimizing the commutativ-
ity requirements to merely coincidence points.

Theorem 2.4. Let (X,d) be a complete metrically convexr metric space and K
a nonempty closed subset of X. Let {F,}2°, : K — CB(X) and S,T : K — X
satisfying (2.1), the conditions (1) and (2) of Theorem 2.1. Suppose that

(1) TK and SK are closed subspaces of X. Then
(2) (F;,T) has a point of coincidence,
(3) (F},S) has a point of coincidence.

Moreover, (F;, T) has a common fized point if T is occasionally coincidentally
commuting and coincidentally idempotent w.r.t F; whereas (F};,S) has a common
fized point provided S is occasionally coincidentally commuting and coincidentally
idempotent w.r.t F;.

Proof. Following the lines of the proof of Theorem 2.1, we assume that there
exists a subsequence {1z, } which is contained in P, and TK as well as SK are
closed subspaces of X. Since {T'xs,, } is Cauchy in TK, it converges to a point
u € TK. Let v € T~ u, then T = u. Since {Sxa,, 11} is a subsequence of Cauchy
sequence, { Sz, +1} converges to u as well. Using (2.1) one can write

d(Fi(v), Twan,) < 6(Fi(v), Fj(22n,-1))
< a d(Tv,Sxopn, 1) +  max {d(Szan, 1, Fj(v2n,-1)),d(Tv, F;(v))}
+7 {d(T'v, Fj(w2n,-1)) + d(Szon,—1, Fi(v))},
which on letting £ — oo, reduces to
d(Fi(v),u) < o 0+ 8 max {d(u, F;(v)),0} +~ {0+ d(F;(v), u)},

< (B +7) d(u, Fi(v)),
yielding thereby u € F;(v), which implies that u = Tv € F;(v) as F;(v) is closed.

Since Cauchy sequence {T'zy,} converges to u € K and u € F;(v), u €
FKNK C SK, there exists w € K such that Sw = u. Again using (2.1) we get

d(Sw, Fj(w)) = d(Tv, Fj(w)) < 6(Fi(v), Fj(w))
< ad(Tv, Sw)+f max {d(Tv, Fi(v)), d(Sw, Fj(w)) }+y {d(Tv, Fj(w))+d(Sw, F(v))}
< (a+7) d(Sw, Fj(w)),
implying thereby Sw € Fj(w), that is w is a coincidence point of (S, F}).

In case F;(K) and Fj(K) are closed subspaces, then u € Fi(K)N K C SK
or F;(K)NK C TK. The analogous arguments establish the desired conclusions.
If one assumes that there exists a subsequence {Sza,, 41} contained in @, with
TK as well as SK are closed subspaces of X, then {Szs,, 41} is Cauchy in SK,
the foregoing arguments establish that Tz € F;(z) and Sw € Fj(w).
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Since z is a coincidence point of (F;, T') therefore using occasionally coinci-
dentally commuting property of (F;,7") and coincidentally idempotent property
of T'w.r.t I one can have

Tve F,(v)andu=Tv=Tu=TTv="Tv = u,

therefore w = Tu = TTv € TF;(v) C Fj(Tv) = F;(u), which shows that u is
the common fixed point of (F};,T'). Similarly using the occasionally coincidentally
commuting property of (F}, S) and coincidentally idempotent property of S w.r.t
F; one can show that (F},S) has a common fixed point as well. This completes
the proof. O

Remark 2.5. Theorem 2.4 remains true if we substitute closedness of ‘T'K and
SK' with closedness of ‘F;(K) and F;(K)'.

Remark 2.6. By setting F,, = F' (for alln € N) and S =T = Ix in Theorem
2.4 one deduces a multi-valued version of a result due to Rhoades [21].

Remark 2.7. By setting F,, = F (for all m € N) and S =T = I in Theorem
2.4 one deduces a multi-valued version of a result due to Itoh [13].

Remark 2.8. If we choose F; = F (for any odd integer i € N) and F; = G (for
any even integer j € N) in Theorem 2.4 one deduces the Theorem 3.3 due to
Khan and Imdad [14].

Remark 2.9. If we choose F; = F' (for any odd integer i € N), F; = G (for any
even integer j € N) and S =T = [k in Theorem 2.4 one deduces a sharpened

form of a result due to Ciri¢ and Ume [3)].

Remark 2.10. we can prove a theorem when ‘closedness of K’ is replaced by
‘compactness of K.

Acknowledgement. The author is very grateful to the learned referees for
their fruitful suggestions for the improvement of the manuscript.

REFERENCES

1. N. A. Assad, Fized point theorems for set-valued transformations on compact sets, Boll. Un
Mat. Ital. 4 (1973), 1-7.

2. N. A. Assad and W. A. Kirk, Fized point theorems for set-valued mappings of contractive
type, Pacific J. Math. 43(3) (1972), 553-562.

3. Lj. B. Ciric and J. S. Ume, On an extention of a theorem of Rhoades, Rev. Roumaine Math.
Pure Appl. 49(2) (2004), 103-112.

4. B. C. Dhage, A fized point theorem for nonself multi-maps in metric spaces, Comment.
Math. Univ. Carolinae, 40(2) (1999), 251-258.

5. B. C. Dhage, U. P. Dolhare and A. Petrusel, Some common fized point theorems for se-
quences of nonself multi-valued operators in metrically conver metric spaces, Fixed Point
Theory, 4(2) (2003), 143-158.

6. B. Fisher, Common fized point and contraction mappings satisfying a rational inequality,
Math. Sem. Notes, 6 (1978), 29-35.

7. O. Hadzic, On coincidence points in convexr metric spaces, Univ. U. Novom Sadu, Zb. Rad.
Prirod. Mat. Fak. Ser. Mat. 19(2) (1986), 233-240.

8. O. Hadzic and Lj. Gajic, Coincidence points for set-valued mappings in convex metric

spaces, Univ. U. Novom Sadu, Zb. Rad. Prirod. Mat. Fak. Ser. Mat. 16(1) (1986), 13-25.



FAMILY OF HYBRID PAIRS OF MAPPINGS AND THEIR FIXED POINT UNDER 6—DISTANCBS

9. N. J. Huang and Y. J. Cho, Common fixed point theorems for a sequence of set-valued
mappings, Korean J. Math. Sci. 4 (1997), 1-10.

10. M. Imdad and L. Khan, Fized point theorems for a family of hybrid pairs of mappings in
metrically convex spaces, Fixed Point Theory Appl. 3 (2005), 1281-1294.

11. M. Imdad and A. Ahmad, On common fixed point of mappings and set-valued mappings,
Publ. Math. Debrecen, 44(1-2) (1994), 105-114.

12. M. Imdad and L. Khan, Common fixed point theorems for a family of mappings in metrically
convez metric spaces, Nonlinear Functional Analysis and Applications, 13(1) (2008), 87-98.

13. S. Ttoh, Multi-valued generalized contractions and fized point theorems, Comment. Math.
Univ. Carolinae, 18 (1977), 247-258.

14. L. Khan and M. Imdad, Fized point theorems for two hybrid pairs of multi-valued non-
self mappings in metrically convex metric spaces, Nonlinear Analysis Forum, 21(2) (2016),
43-54.

15. L. Khan and M. Imdad, Rhoades type fized point theorems for two hybrid pairs of mappings
in metrically convex spaces, Applied Math. Computation, 218 (2012), 8861-8368.

16. H. Kaneko and S. Sessa, Fized point theorems for compatible multi-valued and single valued
mappings, Internat. J. Math. Math. Sci. 12(2) (1989), 257-262.

17. K. Kuratowski, Topology, Academic Press, I 1966.

18. M. S. Khan, Common fized point theorems for multivalued mappings, Pacific J. Math. 95(2)
(1981), 337-347.

19. S. B. Nadler, Multi-valued contraction mappings, Pacific J. Math. 30(2) (1969), 475-488.

20. R. P. Pant, Common fized points of noncommuting mappings, J. Math. Anal. Appl. 188
(1994), 436-440.

21. B. E. Rhoades, A fized point theorem for a multi-valued nonself mapping, Comment. Math.
Univ. Carolinae, 37(2) (1996), 401-404.

DEPARTMENT OF MATHEMATICS, MIRZA GHALIB COLLEGE, GAYA, BIHAR, INDIA.
Email address: kladlay@gmail.com



	1. Introduction and preliminaries
	2. Main results
	References

