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GROUP EMBEDDING OF GENERALIZED BOL LOOPS
ABDULAFEEZ OLALEKAN ABDULKAREEM!* AND OLUSOLA JOHN ADENIRAN?

ABSTRACT. In this paper, special embedding of generalized Bol loops in groups
is obtained. It is found that if the generalized Bol loop is specially embeddable
in a group, each loop isotopic to it is also specially embeddable in the group.
A generalized Bol loop obtained from a special subset of a group is specially
embeddable in the homomorphic image of the group. The universal embedding
of generalized Bol loops into free groups on n generators is obtained.

1. INTRODUCTION AND PRELIMINARIES

In 1937 Gerrit Bol [0] introduced Bol loops in the context of web geometry wherein
the loops that satisfy Bol and Moufang identities are shown to be related. Robin-
son [23] in his Ph.D. thesis investigated the algebraic properties of loops that
satisfy; Bol, Moufang and Bruck identities. The isotopic and holomorphic theory
of Bol loops were also developed and other notions on Bol loops among which is
the special embedding of Bol loops in groups are also investigated. The theory
of Bol loops is believed to have evolved through the thesis. Some later results on
Bol loops can be found in [1, 3], [6, 7, 8, 9], [25, 206].

In the 1980s, many researchers among whom are Burn [10, 11, 12], Solarin and
Sharma [29, 30, 31] became preoccupied by the construction of finite Bol loops
and in the current era, such construction has caught the attention of Chein and
Goodaire [13, 11, 15], Foguel at. al. [22], Kinyon and Phillips [I7, 18]. One of
the most important results in the theory of Bol loops is the solution of the open
problem on the existence of a simple Bol loop which was finally laid to rest by

Nagy [19, 20, 21].
In 1978, the algebraic properties of half-Bol loops was introduced and studied
by Sharma and Sabinin [27, 28]. Also Ajimal (see [2, 1]) introduced and studied

the algebraic properties of a dual notion of half-Bol loop called generalized Bol
loops. Since the introduction of generalised Bol loops, several studies have been
undertaken to reveal the structure and properties of generalized Bol loops. Some
interesting results on generalized Bol loops can be found in [2, 3, 4, 5].
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In the present study, we extend the notion of special embedding of Bol loops
in groups [24] to generalized Bol loops. Thus, through this study, we are able
to demonstrates how generalized Bol loops can be realized by introducing ap-
propriate binary operation on a selected subset (special subset) of a group. It
must however be noted that there is nothing unique about the group in which
the loop is embedded. This realization is referred to as special embedding of
generalized Bol loops in groups. The embedding is then examined relative to
isotopes, subloops and homomorphic images. The study is concluded by looking
at universal embedding of generalized Bol loops into free groups on n generators.

This section provides necessary background and some useful results needed
throughout the study.

In what follows, all mappings are assumed to be single valued. If f is a mapping
of set GG into itself or some other sets and = € G, then xf denotes the unique
image of x under f.

Definition 1.1. A mapping f of a set G is a permutation of G if and only if
f is one-to-one mapping of G onto G. If (G, ") is a groupoid and = € G, then
mappings R, and L, are defined by yR, = yxr and yL, = xy for all y € G. The
groupoid (G, -) is a quasigroup if and only if (G, -) is closed and for each = € G,
R, and L, are permutation of G.

Definition 1.2. A loop (Q, .) satisfying the identical relation

(zy.2)y = z(yz.y) (1.1)
YV x,y,z € Q is called a right Bol loop while a loop (Q, .) satisfying the identical
relation

y(zyz) = (y.2y)z (1.2)
YV x,y,z € Q is called a left Bol loop.
Loops satisfying (1.1) and (1.2) are named after Gerit Bol [0], who showed that

the identities (1.1) and (1.2) corresponds to certain configurations in 3-webs. Bol
also showed that there is a duality between the identities (1.1) and (1.2).

Definition 1.3. A loop is a generalized Bol loop if it satisfies the relation
(zy - 2)y" = x(yz - y*)
where y is the image of y under some mapping « of the loop onto itself.

The dual of the relation in Defintion 1.3 is given by

(y* - zy)z =y*(z - yx)
and it is called half-Bol loops.
Definition 1.4. Let (L,0) and (G,-) be two distinct loops and let U, V, W be a
bijection (U, V,W) : (L,o) — (G, ). For all x,y € G, (U, V,W) is called a loop
isotopism if and only if (z o y)WW = zV - yU. Then, (L,o0) and (G, -) are called
loop isotope.

Definition 1.5. A group is an ordered pair of a set G and one binary operation
on that set GG such that
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(1) the operation is associative;

(2) there is an identity element;

(3) (in the multiplicative notation) every element x of G has an inverse (there
is an element y of G such that zy = yx = 1).

Definition 1.6. A subgroup of a group G (written multiplicatively) is a subset
H of G such that

(1) 1e H;

(2) z € H implies z7! € H;

(3) x,y € H implies zy € H

Definition 1.7. A subgroup H of G is normal if ghg~! € H for each g € G and
h € H. Every subgroup of an abelian group is normal. If f is a homomorphism
from G to H, then the kernel of f, kerf ={x € G : (z)f =1} = f71(1) is easily

seen to be a normal subgroup of G.

Definition 1.8. A homomorphism of a groupoid A into a groupoid B (written
multiplicatively) is a mapping ¢ of A into B such that (zy)¢ = (z)¢(y)¢ for all
x,y € A.

In [10], it was proved that every free groups of a finite rank can be obtained as
a multiplication group of a loop. This fact stated in the results below becomes
our motivating factor to consider universal embedding of generalized Bol loops
into free groups.

Theorem 1.9 ([16], Theorem 1). For every free group F of a finite rank n > 1
there exists a commutative loop Q) with multiplication group isomorphic to F.

Corollary 1.10 ([16], Corollary 2). For every free group F' there exists a loop @
with multiplication group isomorphic to F.

2. SPECIAL EMBEDDING OF GENERALIZED BOL LOOPS

Theorem 2.1. Let G be a multiplicative group with 1 as the identity element of
G. Let H be a non empty subset of G such that o : H — H preserves inverse.
If

i. H generates G

ii. foreachy®™ € H there exists an automorphism 0,0 of G such that ((y*)~*2)6

H whenever z € H (in particular 1 € H)

ii. 0, =1

We define

-1

€

xoy=1y-x0, forall z,y € H. (2.1)
Under the above assumptions, (H,o) is a generalized Bol loop if and only if
w. xoy € H whenever z,y € H
. H(yoz)oya = dezgya Y,z € H.
Proof. From (2.1), it is evident that
[(zoy)ozloy* =x0[(yoz)oy?] foral z,y,2 € H, (2.2)
if and only if 20,0.0y" = 20 y02)oy~ for all z,y,z € H.
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Since H generate G and each 0,,u € H, is an automorphism of G, it follows that
20,0.0y" = 10(y02)0y~ holds for all z,y,z € H

if and only if

0,00y = 0(yoz)oye for all z,y, 2z € H.
is satisfied. Conversely, assume that i., ii., iii., iv. and v. hold. By ii.,, 1 € H.
Forallz,yc Hxol=1 20 =x and loy =y -16, = y. so 1 is also identity
element for (H,o0). For y,z € H ((y*)'2)0, € H and ((y*)'2)0, o y* =
v (1) 12080, = 2.

Moreover, for z,y,z € H, x o y* = z implies that
y* - 2bye =z and x = ((y*)"'2)0,..

Thus, for y, z € H, there exists a unique z € H such that zoy® = z. Hence, (H, o)
satisfies the right cancellation law. For € H, let ' be that unique element in
H such that 2’ ox = 1. For z,y,z € H, assume that z oy = z o 2. Then
t'of(zoy)ox®]=a"o(xoz)ox?
By (2.2)
[(#'ox)oy|ox® =[(a' ox)oz|ox®
So, yox® = zoxz® and by right cancellation law y = z. Thus, we have been able
to show that (H, o) satisfy the left cancellation law.
Now, if x,z € H, then 2’ o (z0x®) € H, by iv., so there is a unique y € H so that
yox®=2a"o(zo0z%)
Then
7' o[(woy) o] =a’ o (z01°).
and by (2.2),
r'of(xoy)ox®]=a"o(z0z%)
By cancellation laws x oy = 2. So for x,z € H there is unique y € H such that
rToy=z.
Consequently, (H, o) is a generalized Bol loop. 0
Definition 2.2. A generalized Bol loop (K, ) is specially embeddable in a group

G if and only if there exists a special subset H of G so that (K, -) and (H, o) are
isomorphic.

Lemma 2.3. Let (K, -) be a generalized Bol loop and let G be the group generated
by all L, for allx € K. If G\, is the group generated by all L,, R, for allx € K,
then Gy is a normal subgroup of G ,.

Proof. Since (K, -) is a generalized Bol loop,
Ryo Ly Ryey-1 = Ly)-1 Lqy

for all z,y € K. That is Rye L, R(ye)-1 € G for all z,y € K.
Replacing y by y~!, we have

R(ya)fleRya = L(yfl)flL(xyfl) € G,V x,y € K since R(y—l) = R(y)fl
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Taking inverses,
Ryo Liz)-1 Riyoy-1 € Gy

and
R(ya)fleRya S G,\ v T,y € K
Clearly,
L(ya)flL;tlLya c GA
and
Ly LT Liyay-1 € Gy,
for all z,y € K. Hence G is normal in G ,. O

Theorem 2.4. If (K,-) is a generalized Bol loop then (K,-) is specially embed-
dable in a group.

Proof. Define G and G, as in the preceding lemma. Let H = {L,|r € K} and
let G = G). For each L, € H, define 0;_ by

Y0, = R,Y Ry

for all Y € G, ,. Each éLI is an inner automorphism of G ,.

For each L, € H, let 6, be the restriction of f;, to G. Clearly H generates
G and in view of (2.3), each 6, is an automorphism of G. Since (K,-) is a
generalized Bol loop

Lyy = LyRya Ly Ryoy— for all z,y € K. (2.3)
So,
[Lyy-1L)07) = Ryey-1Lyy-1 L. Ry
from (2.3) with x = y~! we obtain,
L(y)—l = RyaL(y—l)R(ya)—l for all y € K.
Hence,
(L1 L:)07, = Ly Rygey1 Lo Ryo
=Ly €H
Also, YOr, =Y for all Y € G. Define ¢ by ¢(z) = L, for all z € K. Then ¢ is a
one-to-one mapping of K onto H. For z,y € K,
¢(x) o ¢y) = Ly o L
=L, L0,
= LyRya L, R(yoy—
= Ly = ¢(y)

So, ¢ is an isomorphism of (K,-) onto (H,o). Thus (H,o) is a generalized Bol
loop. O
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2.1. On isotope, subloop and homomorphic image of the special embed-
ding. In this subsection we treated the special embedding relative to isotope,
subloop and homomorphic image of the generalized Bol loops.

Theorem 2.5. If the generalized Bol loop (K, -) is specially embeddable in a group
G, then each loop isotopic to (K,-) is also specially embeddable in G.

Proof. Let H be that special subset of G such that (H,o) and (K, -) are isomor-
phic. Let a be a self map on H such that f* € H and let L = Hf. For each
x € L, define 6, by

Since for each z € L, JEHJTal o f* € H, f, is an automorphism of G. In a similar
manner to the definition of “o” in H define “*” in L by

zxy=y- b,
for all ,y € L. Now let (H,®) be that principal isotope of (H,o) defined by
1@y =R (f*) oyLo(f*) ! for all 2,y € H.

We shall prove that 6. is an isomorphism of (H,®) onto (L,*). Let f*=1) be
the inverse of f* in the generalized Bol loop (H,o). Since 1 is the identity for
(H,o) as well as for the group G.

L= fo fo 0
So,
Jo = ()
Also by (v),
O fop-1yopa = 00 -1)0fa.
So, 01 = 9;1. Thus, we have
N =100 0y =64
and using the fact that Lg,)-1 = Rye)Ly-1)Rye)-1, we have

(Lo)(s)-1 = (Ro)(sa) (Lo) (p-1) (Ro) gy
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Now for x,y € H,

(x @)l = [2(Ro)(s) 0 y(Lo)(p)-110;
= [(x o f) o y(Ro)(pay(Lo) -1y (Ro) (pay-1] 0y
=[(@o f)o{[fTVo(yo f)]o(f*) b,
= [

{[(xo fyo fV o (yo f*)} o (f4) 110y
={lzo (y o f)] o (f) Y}y

{0 (F -y “ 20yopa )0 pay-1) 105

= {((f) 707 (f* - ybsa - DOyopa)B yoy—1) YOy
=(f)7 [ ylpe - 2byope

YOt - 20yo fo

But also, for =,y € H,
xéfa * yefa = ytgfa . ($6fa>0y9fa = yefa . $9fa9;o}9yofa = yﬁfa . l“eyofa
So,
(x @ y)lra = xbfa x ybpa for all x, y € H.
Since (L, *) is isomorphic to the isotope (H,®) of (H,o), it follows that (L, *)

is also a generalized Bol loop and since L generates G, L is a special subset of
G. O

Theorem 2.6. If a generalized Bol loop (K, -) is specially embeddable in a group
G, then each subloop of (K,-) is specially embeddable in a subgroup of G

Proof. Let H be that special subset of G such that (H,o) and (K, -) are isomor-
phic. Let H be any subloop of (H, o) and let G be the subgroup of G generated
by H. For each * € H and consequently, for each 2 € H, there corresponds an
automorphism Qxa of G so that (i), (i), (m) () & (v) are satlsﬁed Fory,z € H,
((y*)™'2)0,4 o y® = z and thus ((y*)'2)0,s € H. Hence, to prove that H is a
special subset of G it suffices to show that G« = H for each z* € H.

For z,y € H, let « : H — H, we have y0,« = (z*)71(y o 2%). Since, H is a
subloop of (H o), yox* € H. So Y0y € G for all z,y € H. Also, forx ,y € H,
Y 100 = (yhe)™t € G. Now let z € G. The z =y, y5?,- -+ , ¥ where y; € H
and ¢, =1 or — 1. Let 2* € H, then

Zeza = yilexU‘,y;Q@xa cee enema

But, each yi'0,« € G. So, GO« C G for all 2% € H. For 2% € H, let z® ~Y be
the inverse of 2 in the loop (H, o).

Recall that 0,a-1) = 0’1. So, GO,a-1y € G or G C GO,e. Consequently, GO,o =
G for all z* € H and the proof is complete. O

Theorem 2.7. Let H be a special subset of a group (G, +). If 0 is a homomorphism
of the group (G,-) onto the group GO with kernel K such that

(1) =% = y* whenever z*,y* € H and z®§ = y*0
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(2) kbya C K for all y* € H,
then the generalized Bol loop (H, o) is specially embeddable in GO

Proof. Define a one-to-one map, ¢, of H onto Hf to be restriction of 6 to H.
Also, define 0,0 for y* € H by

(2%0)0 09 = (%040 )0 for all 2% € G.
Before we proceed, we shall establish that each éyag, y“ € H is a well defined map
of GO into GO. Now suppose that x*0 = z%0 for x,z € GG. Then set 2 = 2z - k
for some k € K and

(290)0yop = (2"0ya )0 = ((2* - k)0ya)0 = (300 - kbyo)0
= (%00 )0 - (kOy )0
= (2%0y=)0 (Since kb, o € K by 2 of Theorem 2.7)

= (2°0)8,00

Hence, 0,04 is well-defined for each y* € H.
Now, let %, 2% € G and y* € H,

(50 - 220)y0 = (2% - 27)0)ge0 = (2 - 22)0,0)0
= (I'aeya . Zaeya)e = (.Taeya)e . (Zaeya>9

= (2°0)0,00 - (2°0)f,09.

Thus, for each y* € H, it follows that 6,0 is a self homomorphism of the group

Go.
Also for z* € G and y* € H observe that

(&0 yoy-1)0)0yp = (2°0(yoy-10,0)0 = 2°0.

Thus, 6,29 maps G onto Gf. For 2%, y* € H define 220 5 y*0 = y*0 - (.’L'aeéyag)
and observe that
(%o y®) = (y* - 2%0ya )0 = y*0 - (x%0ya )0
= y*0 - (2%0)0 09 = 20 5 y*0
Thus (H, o) and (H6, ) are isomorphic generalized Bol loops. Since H /3 generates
GO implies that HO is a special subset of GO, (H, o) is specially embeddable in
Go. O

2.2. Universal embedding of generalized Bol loops into free groups.
Motivated by Corollary 2 of [16] stated as Corollary 2.1 above, we are poised to
investigate the universal embedding of generalized Bol loops into free groups.

Theorem 2.8. A generalized Bol loops of order n+1 is specially embeddable into
free group on n generators.

Proof. Let (K, -) be a generalized Bol loop of order n+1. Let K = {ag, a1, a,}
with ap denoting the identity element of (K, -). Now let G be the free group on
n free generators xy,xs, -+ ,x, and let xy be the identity element of G. Now let
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(1))

H = {xg, 21, - ,x,}, clearly H generates G. Define a binary operation “o” on
H by

T; 0 a:? = x;, if and only if a; o ajo-‘ = ay,
for all 4,5,k = 0,1,--- ,n. Then (H, o) is a generalized Bol loop isomorphic to
(K,-). For each fixed integer j, 0 < j < n, let us define a mapping 7; by

Ty = T; O l’?

for i =0,1,--- ,n. Since (H,0) is a loop, 7, is a permutation of H.
We shall show that for each z§ € H, there exists an automorphism Qx? of G such
that
= (¢9) N(am;) for all 2; € H (2.4)
Then we shall have z; o :)30‘ =zf- :Eﬂx? for all z;, ry € H and it follows that H is
a special subset of G. Let 0,, = I and note that (2.4) with j = 0 is satisfied for
all z; € H.

Now for p,q = 1,2,--- ,n, p # q, there exists automorphisms P,,, V,, W, of G
such that

k‘SD

<.

Py xy — Tg, g — Tp, 2, — v for k #p,q
Vpixy, — x)l a, — xyp for k #p
Wiy Tg — Tpxq, v —> xp for k # g
For 2§ € H,j # 0 of order m in (H, o), let

LS J— o . o P & fg
TF = xg Wy, TG, = T z;, i T3 = @p.

Oé

Since m; is a permutation on H — {xj, jp"' x5

}, there exists an auto-

morphism of G of type Py, such that z50; = xf, %6; = ]2, g 0 =
z3 x?m729j = ¥ and y*0; = y°m; for all y 6 H — {a:j, FRRRE 75”3‘1%1} )

Then 6, followed by n — 1 applications of automorphisms of type W,(q # j) and
application of V; yields automorphism ijo_z satisfying (2.4). O

Before we proceed, we provide a partial converse of Theorem (2.7) in the lemma
stated below.

Lemma 2.9. Let H be a special subset of a group G and let 8 be a homomorphism
with kernel K of G onto the group GO. If HO is a special subset of GO and if the
restriction of 0 to H is a homomorphism of the generalized Bol loop (H, o) onto
the generalized Bol loop (HO,0), then

kOy C K for ally® € H.
Proof. for all x,y € H and o : H — H, we have
Yyl - 20,00 = (y* - 2040 )0 = (z 0 y*)0 = x60 0 y*0 = y*0 - 00,0y.

Consequently, 0,00 = 200,09 for all x,y € H and o : H — H. Since H
generates G,
2000 = 200,09 for all z € G and all y* € H. (2.5)

From (2.5) with z € K, we have
2008 = 200,09 = 10,09 = 1 for all y* € H.
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That is k0, C K for all y* € H. O

We are now in a position to investigate universal embedding of generalized Bol
loops into free groups. Before then, we define the notion of universal embedding.

Definition 2.10. A generalized Bol loop (K, -) is universally embeddable in a
group G if and only if the following two conditions are satisfied
(1) (K,-) is specially emdeddable in G
(2) If (K, -) is specially embeddable in a group G’, then there is a homomor-
phism 6 of G onto G’ such that 1. and 2. of Theorem (2.7) hold.

Theorem 2.11. A generalized Bol loop of order n + 1 is universally embeddable
in the free group on n generators.

Proof. Let (K, ) be a generalized Bol loop of order n+ 1, from Theorem (2.8),we
see that condition (1.) of Definition (2.10) is satisfied.

Assume that (K, -) is specially embeddable in a group G’, then there is a special
subset H' of G’ such that (H',0) and (X, -) are isomorphic.

Let H' = {ag,as,az, - ,a,} with ao denoting the identity element of (H’, o).
Now let G be free group on n free generators 1, xo, - -+, ,. Let H = {xg, 21, -+ ,2,}

[

where z( is the identity element of G. Introduce the binary operation “o” on H
by

ryoxf =z if and only if a; o af = ay for ¢, j,k =0,1,--- ,n.
Then by the proof of Theorem (2.8), H is a special subset of G. Since G’ is
generated by a1, as, - - - , a,, there is a homomorphism 6 of G onto G’ so that x;0 =
a; fori =0,1,--- ,n. Furthermore, the restriction of # to H is an isomorphism of
(H,o) onto (H',0). Thus by Lemma (2.9), condition 2. of Theorem (2.7) holds.
Condition 1. of Theorem (2.7) is obvious. O
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