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ON HENSTOCK-KURZWEIL-STIELTJES-0-DOUBLE
INTEGRALS OF INTERVAL-VALUED FUNCTIONS ON TIME
SCALES

DAVID ADEBISI AFARIOGUN!*, ADESANMI ALAO MOGBADEMU? AND HALLOWED
OLUWADARA OLAOLUWA?

ABSTRACT. In this paper, we define Henstock-Kurzweil-Stieltjes-O-double in-
tegral for interval-valued functions on time scales. Some of the basic properties
of this integral are proved.

1. INTRODUCTION AND PRELIMINARIES

The theory of integration cannot be left behind in view of its several contributions
in the study of differential analysis, mechanics, physics, probability and statistics,
and so on. In 1988, Stephen Hilger [5] in his Ph.D. thesis introduced the theory
of time scales and its wide applications to so many branches of Mathematics.
The theory has attracted many researchers and mathematicians because of its
unification of both continuous and discrete systems with the minds of extending
them to more general classes of dynamical systems.

The concept of Henstock integral for real valued functions was first defined by
Henstock in 1963, and it is seen to be easier and simpler than the Lebesgue,
Denjoy, Wiener and Perron integrals. In the last decades or more, there have
been tremendous development in the study of Henstock integral. Many authors
have investigated Henstock integrals dealing with certain valued functions on time
scales. For further study of such valued-functions integrals and other important
properties (see [1]). In 2006, Peterson and Thompson introduced Henstock delta
integral on time scales and presented some of its basic properties [9]. Henstock-
Kurzweil integrals on time scales was studied by Thompson [10]. The theory
and application of delta and nabla derivatives and that of integration on time
scales is relatively new, therefore receiving less attention from the researchers (see
[1, 2,7, 8,9, 10]). Nevertheless, Thompson [10] studied a version of Henstock-
Kurzweil integrals on time scales using covering arguments. He showed that the
integral is expressible in some situations, as an ordinary integral in the Newton,
the Lebsgue, and Henstock-Kurzweil senses.
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The theory of interval analysis has a long history which can be traced back
to the celebrated book of Moore [6]. One of the initial applications of interval
analysis was to compute the error bounds of the numerical solution of a finite
state of machine and for providing reliable computations [6]. Other interesting
applications include; in automatic error analysis, computer graphics, rental net-
work optimization and many others. For more detailed results and applications
of interval valued functions, we refer the reader to see ([3, 11, 12]).

In 2000, Wu and Gong [!1] introduced the concept of the Henstock integrals
for interval-valued single functions and fuzzy-number-valued functions and gave
some of its simple properties. Yoon [|2] also presented some basic properties of
interval-valued Henstock-Stieltjes integral on time scales. Presently, Hamid and
Elmuiz [3] introduced the notion of Henstock-Stieltjes integrals of interval-valued
functions and fuzzy-number-valued functions and discuss some of their properties.
Nonetheless, to our best knowledge, not much have been done for interval-valued
functions on double time scales variable calculus for Henstock-Kurzweil-Stieltjes-
O-integral.

In this paper, with the hope to extend recent results given in [11], we intro-
duce the interval Henstock-Kurzweil-Stieltjes-Q-double integral on time scales.
We show the interval Henstock-Kurzweil-Stieltjes-(-double integral as general-
ization of Henstock-Kurzweil-Stieltjes integral. Also, some basic properties for
interval Henstock-Kurzweil-Stieltjes-Q-double integral are given.

2. MAIN RESULTS

Firstly, we discuss the following new concepts in Ty x Ty. Let a,b € Ty, ¢,d €
Ty, wherea < d,c < d,and R = [a,b)r, X[c,d)1, = {(t,s) : t € [a,]),s € [¢,d),t €
Ti,s € To}. Let g1,g2 : Ty X Ty — R be two non-decreasing functions on [a, b]r,
and [c, d|r,, respectively. Let f: T; x Ty — R be bounded on R. Let P, and P,
be two partitions of [a, b]T, and [c, d]t, such that P, = {tg,t1,...,t,} C [a,b]r, and
Py = {50, 1,...;8n} C [¢,d]1,. Let {&1,&o,...,&,} denote an arbitrary selection of
points from [a, by, with & € [t;_1,t;)r,,7 = 1,2, ...,n. Similarly, let {1, (2, o, Cn}
denote an arbitrary selection of points from [c,d|r, with {; € [sj_1,5;)1,,] =
1,2, k.

Definition 2.1. A pair 6 = (d;,0r) of real-valued functions defined on [a, b]r, X
e, d]1, is said to be a A-gauge for [a,b]r, X [c,d]r, if

dr(t,s) >0 on (a,blt, x (¢, d|r,

dr(t,s) >0on |a,b)r, X [c,d)r,

52(a) > 0, Sp(b) > 06,(c) > 0 3p(d) > 0

Or(t,s) > o(t,s) — (t,s) for allt € [a,b)r,,s € [¢,d)r,.

A pair v = (y1,vgr) of real-valued functions defined on [a, blt, X [¢, d]r, is said to
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be a s7-gauge for [a,blr, X [c,d]r, if

vo(t,s) >0 on (a,blr, x (¢,d]r,

Yr(t,s) > 0on [a,b)r, X [c,d)T,

Yr(a) =2 0, yr(b) =2 0, y2(c) =2 0, Yr(d) =0

Yr(t,s) > (t,s) — p(t,s) forallt € (a,blr,,s € (¢,d]r,

Given a A-gauge § and a v/-gauge 7, the partitions P, = {to, 1, ...,t,} C [a, b,
with tag points & € [t;_1,t;]r, and P» = {so, s1, ..., sk} C [¢, d|r, with tag points
¢ € [sj-1,Sj]mey 7 =1,2,..., k, is said to be:

o S-fine if g(&;, () — 0r < g(tio1,55-1) < g(ti, 55) < 9((&i GG) + 0r(&is ¢5)) and
o ~-fine if g(&, ;) — v < g(ti-1,85-1) < g(tis s5) < (&, ¢5) + V(& G))-

Now, we present newly the following definitions.

Definition 2.2. Let Ty, Ty be two given time scales and let Ty x Ty = {(z,y) :
x € Ty,y € Ty} which is a complete metric space with the metric (distance) D,
define D(A, B) = D((a,¢), (b,d)) = ((b — a)* + (d — ¢)?) as the distance between
A and B. Then

D(A,B) = max(|A~ — B~ |,| A" — BY|)
= max(|(a_,c_) — (b_,d_)} ; ‘( T =07, d+)’)
1 1
= max((b” —a")?+(d” —c)H)2, (b7 —a®)? +(dF - )?)2.

Throughout this work, we denote Ig by the set of interval-valued functions on
real line.

Definition 2.3. Let F' : [a,b), X [¢,d)T, — Ir be an interval-valued function

on R and let g be a non-decreasing function defined on [a,b)r, X [¢,d)r, with

partitions P, = {tg,t1,....,tn} C [a,b]r, with tag points & € [t;_1,t;]r, for i =

1,2,....,nand P, = {so, $1, ..., g} C [¢, d|r, with tag points (; € [s;_1, s;|1, for j =
2,...,k. Then

n k

S(Pi, Py, Fogiga) = > Y P G)(g1(ts) = g1(tim1))(92(s5) — g2(s5-1))

i=1 j=1

is defined as Interval Henstock-Kurweil-Stieltjes-Q-double sum of F' with respect
to functions ¢g; and g».

Let P = P1 X P2 and <>g1i<>92]- = (gl(tz) — gl(ti_l))<gg(8]‘) — gg(Sj_1>), then the
Henstock-Kurweil-Stieltjes-Q-double sum of F' with respect to functions g; and
g2 is denoted by S(P, F, g) is written as

k

S(P7 F7 91792) = ZZF<€l7Cj><>glz<>g2ja (2 = 17 ooy TV j = 17 7k)

i=1 j=1
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Definition 2.4. Let F' : [a,b), X [¢,d)T, — Ig be an interval-valued function
on R = [a,b)r, X [¢,d)r,. We say that F' is Interval Henstock-Kurzweil-Stieltjes-
O-integrable with respect to non-decreasing functions ¢, : [a,b)r, — R and
g2 : [e,d)r, — R if there exists an interval I, € Ir such that for every ¢ > 0,
there are {-gauges d; and dy (or v, and -, ) for [a,b)r, and [c, d)r, respectively
such that

D(S(P,F,qg),1y) <e

provided that P, = {to,t1,...,tn} C [a,b]r, with tag points &; € [t;—_1,t;]r, for i =
1,..,n is a 0;-fine (or ) and P» = {so,s1,...,5x} C [c,d]1, with tag points
G € [sj-1,8j]my J = 1,2,...,k is a do-fine (or ;) are o-fine (or ) partitions of
la,b)T, and [c, d)T, respectively.

We say that I is the interval Henstock-Kurzweil-Stieltjes-(Q-double integral of
F with respect to g; and go defined on [a,b)r, X [¢,d)T,, and write

//RF(t, $)0g1(t)0ga(s) = I

Now we give our main results.

Theorem 2.5. If F' : (a,b|t, x (¢,d|r, — Ig is Henstock-Kurzweil-Stieltjes-{)-
double integrable with respect to two increasing functions g1, g2 on (a, blr, X (¢, d|1,,
then the Henstock-Kurzweil-Stieltjes-(Q-double integral of F' is unique.

Proof. Suppose that I; and I, are both Henstock-Kurzweil-Stieltjes-O-double in-
tegrals of F' on [a,b)r, X [¢,d)r,. With the assumption that I; and I are not
unique, then F' is said to be Henstock-Kurzweil-Stieltjes-(-double integrable on
(a,blt, x (c,d]r, if it satisfies the following point wise integrability criterion: for
every € > 0 there are {-gauges d; and d2 (or 7, and 72) defined on (a,bly, and
(¢, d]r, respectively, such that for every € > 0, there are Q-gauges 4] and 43 (or
vi and 73) for [a,b)r, and §2 and 62 (or 4# and ~3) for [c, d)r, such that

D (S(PY, F,g), 1) < g and D (S(P? F,qg),I5) < g for all pairs P! = P! x Py
and P? = P? x PZ? of §;-fine (or ;)

and for every € > 0 and i € {1,2}, there are {-gauges &, and &5 (or 7i and ~3)
for [a,b)r, and [c, d)r, respectively such that

provided that P! = P} x Pj is a pair of §{-fine (or +}) and di-fine (or 3) partitions
of [a,b)r, and [c, d)1, respectively.

Let 0; = min{d}, 6%} i.e. (61)z = min{(0})z, (61)r} and (61)r = min{(6})g, (6?)r}
and

0y = min{d,, 83} ie. (62)r = min{(63)z,(03),} and (02)r = min{(d;)r, (03)r},
d; and dy are Q-gauges for (a,blr, and (c,d|r, respectively, and given a pair
P = P, x P, of 6;-fine and dy-fine partitions of [a, b)r, and [c, d)r,, P, is a d;-fine
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and §?-fine partition of (a,blr,, P, is a di-fine and d5-fine partition of [c, d)r,,
hence

D(Iy, I5) D

D

([1 S(PFg)+S(P7Fag)a[2))

S(P,F,g),11)+ D(S(P, F,g), 1)

(
(

ININ

A\
NORNG)
N |

since for all € > 0, there are {-gauges d; and do (or 71 and 73), then it follows
that ]1 = ]2.

Hence, the Henstock-Kurzweil-Stieltjes-O-double integral of F' on [a, b)r, X [¢,d)r,
is unique. Il

Remark 2.6. (i). For a,b € Ty with a =b or ¢,d € Ty with ¢ = d then
b pd
|| Fe.s)00t00(s) -

(ii). For a,b € T; with a < b and ¢,d € Ty with ¢ < d. It is easy to see
that if Ty = T, =R and g1 = g2 = g, [ is Henstock-Kurzweil-Stieltjes-(-double
integrable if and only if f is Henstock-Kurzweil-Stieltjes-O-double integrable in
R in the classical sense, and the

// (t,8)0g1(t)0ga(s // (t,s)dg(t)dg(s),

where the integral on the right hand side is the ordinary Henstock-Kurzweil-
Stieltjes double integral.

(iii). If F(t,s) = F~(t,s) = F*(t,s) for all t,s € (a,b]r, x (¢,d|r,. It is clear
that Definition 2.4 implies the real-valued Henstock-Kurzweil-Stieltjes-(-double
integral on (a,blr, X (¢, d|r,.

Proposition 2.7. Assume a,b € Ty with a < b and ¢,d € Ty with ¢ < d. Every

constant function F(t,s) = A € Ix for (t,s) € [a,b)1, X [¢,d)r, is Henstock-
Kurzweil-Stieltjes-Q-double integrable over [a,b), X [c,d)T, and

/ / (t,5)091(£)0ga(s) = Alg1(b) — g1(a)][ga(d) — ga(c)].

Proof. Let a,b € Ty with a < b and ¢,d € Ty with ¢ < d. Consider a partitions
Pl - {([tz—lutz]agz) 1 S 1 S n} of (a’vb]Tl and P2 - {([Sj—lvstCj) 1 S] S k}
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of (¢,d|r,. Then

n k
S(P,Fg) = Y. A0 0,

i=1 j=1
= Z ZA 91(t:) — g1(ti-1))(92(s5) — g2(s5-1))

=1 j=1

k
= AZZ 91(t:) — g1(ti-1))(92(55) — g2(s5-1))
=1 j=1
= Algi(b) — g1(a)][g2(d) — ga2(c)].
Hence F' is {-double integrable and result of proposition 2.7 holds. U

Theorem 2.8. An interval-valued function F' : (a, b|t, X (¢, d|r, — Ir is Henstock-
Kurzweil-Stieltjes-O-double integrable with respect to g1, g2 on (a,blr, % (¢, d|r, if
and only if F~ and F* are interval Henstock-Kurzweil-Stieltjes-O-double inte-
grable on (a,blr, X (¢,d|r, such that

// (t,5)091(t)0g2(s)
[// (1,501 (£)Ogas //Fwsogl()@gx),

where F(t,s) = [F~(t,s), F(t,s)].

Proof. Let Iy = [Iy ,ISF | be an interval with property that for each € > 0 there
exists a gauge d(t, s) with respect to two increasing functions g; : [a,b)r, — R
and go : [¢,d)r, — R such that P, = {to,t1,....¢,} C [a,b]r, with tag points
& € [ti1, ti|r, for i = 1,...,n and P, = {so, 1, ..., Sk} C [¢,d|r, with tag points
¢ € [sj-1, S8, J =1, 2 .,k are o-fine (or ) partitions of [a,b)r, X [c,d)r,.
Then

D (Z ZF(fi,Cj)(gl(ti) = g1(ti-1))(92(s;) — 92(3j—1),fo> <e.

i=1 j=1
Let € > 0, there are {-gauges d; and 0y (or v, and 72) for [a,b)r, and [c,d)r,
respectively such that D(S(P, F,g), ly) < ¢ provided that P = P, x P; is such
that P, is a d;-fine (or 71) partition of [a, b), and P, is a do-fine (or v;) partition
of [¢,d)r,.
It is easy to notice that
S(P,F,g) =[S(P,F~,9),5(P,F",g)]
hence
D(S(P, F,g), lo) < & & max{|S(P, F~,g) = Iy |, |S(P, F*,g) = Ij |} < ¢
which implies

|S<P7F7’g>_j(]_| <Eg
|S(P7F+7g)_lg| <E.
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Therefore by remark 2.6.(iii), we say that F'~, F'" is interval-valued Henstock-
Kurzweil-Stieltjes-(Q-double integrable on [a, b, X [¢, d]r, and

i = [ | F(ts)0m0)0()
i = [ [ Fres0moon)

Conversely, let F~, Ft be Henstock-Kurzweil-Stieltjes-O-double integrable on
(a,blt, X (¢,d|r, — R, then there exists Ji, J; € R with the property that given
e > 0, there are gauges d; and s for [a,b)r, and [c, d)T, respectively such that

S YR P (6 G 1 (8) = gntim)) (ga(s) — 2(si0) = | <2,
’Z?:1 S FH(E G () — ga(tia))(ga(s;) — ga(sj1)) — J2‘ <,

provided that P, = {to,t1,...,tn} C [a,b]r, with tag points &; € [t;—_1,t;]r, for i =
L,...,n and Py = {sg,s1,...,8x} C [c,d|1, with tag points (; € [sj_1,Sj|1,, ] =
1,2,...,k are §;-fine (or ;) and do-fine (or 72) partitions of [a,b), and [c, d)r,
respectively. If F7(&,¢) < F*(&,¢), then J; < Jo. We define 0(t,s) =
min{d; (¢, s), d2(t, s)} and Iy = [J1, J2] to have

n k
(353 P60 - ittt - - ) <=
i=1 j=1
where Iy = [J1, Jo].

Hence F': (a,b]r, X (¢,d|r, — Ig is interval Henstock-Kurzweil-Stieltjes-Q-double
integrable with respect to g1, g2 on (a,blr, x (¢, d|r,. O

Theorem 2.9. (Bolzano Cauchy Criterion) Let F : (a,blr, X (¢,d]r, — Iz be
an interval-valued function over a rectangle (a,blr, x (¢,d|r, and consider two
non-decreasing functions gy : [a,b)r, — R and gs : [¢,d)7, —> R. Then, F is
Henstock-Kurzweil-Stieltjes-O-double integrable on (a, blr, X (¢, d|1, with respect to
g1 and g if and only if for each € > 0 there exists {-gauges 61 and 0y (or v, and ys)
for[a,b)r, and [c,d)r, respectively, such that D(S(P', F,g),S(P? F,g),F,q)) <e
for all pairs P' = P! x P} and P* = P} x P? of 6, (or v1)-fine partitions of
la,b), and 6y (or ~2)-fine partitions of [c,d)r,.

Proof. Suppose F' is Henstock-Kurzweil-Stieltjes-O-double integrable on (a, blr, x
(¢, d], with respect to g; and go , and let

= [ /R F(t,5)001(£)09a(s).

Let € > 0. There are ¢-gauges d; and d, for [a,b)r, and [c, d)T, respectively such
that D(S(P,F,g), 1) < g provided that P = P, x P, where P, is a 6, (or 1)
fine partition of [a,b), and P» is a ds (or 72) fine partition of [c, d)r,. Therefore,



HENSTOCK-KURZWEIL-STIELTJES-0-DOUBLE INTEGRAL ON TIME SCALES 35

if P= P x P, and P = P, x P, are pairs of §; (or 7;) fine partition of [a,b)r,
and P; is a 0y (or 72) fine partition of [¢, d)r,, then

D(S(P,F,g),S(P',F,g)) D(S(P, F,g),1o) + D(Iy, S(P', F, 9))

<
< +

6_5
2—.

DO ™

Conversely, suppose that for all € > 0 there are {-gauges 6; and d; (or v; and 7»)
for [a,b)r, and [c, d)t, Tespectively such that D(S(P', F,g),S(P? F,g)) < ¢ for
all pairs P! = P} x P} and P? = P? x P} of §; (or 7;)-fine partitions of [a, b)r,
and d2 (or 2)-fine partitions of [c, d)r,.

1
Let n € N. Taking ¢ = —, there are {-gauges d,, and da,, (or 71, and vs,,) for
n

[a,b)r, and [c,d)r, respectively such that D(S(P', F,g),S(P? F,g)) < ¢ for all
pairs P! = P} x Py and P? = P} x P} of 61, (or 1,,)-fine partitions of [a,b)r,
and 0y, (or v2,)-fine partitions of [c, d)r,.

By replacing ¢;, by min{d;1,d;2,...,0;,} with ¢ € {1,2}, we may assume that
dim+1 < 6;p. Thus, for all j > n 9, ; < 6;,, so any pair P* = Pl* x P} of 61, (or
71,n)-fine partitions of [a,b)r, and ds,, (or vs,,)-fine partitions of [¢, d)r, is also a
pair of 0y ; (or vy ;)-fine partitions of [a,b)y, and dy; (or 7o;)-fine partitions of
[c, d)T,, hence

. 1
D(S(P",F,q),S(P’,F,q)) < 3

This shows that {S(P", F, g)}nen is a Cauchy sequence.
2

Let Iy be the limit of {S(P™, F,g)}nen. For all € > 0, choosing N > —, for
5

O-gauges 01 v and o n (or 1 v and Yo n) for [a,b)r, and [c, d)r, respectively,

D(S(P,F,g),I,) < D(S(P,F,g),S(P",F,g))+ D(S(P",F,g),I)
1. e _¢.¢
N 2 2 2

=ec.
for pair P = P, x P, such that P; is a d; y (or 71 n) fine partition of [a,b)r, and
P, is a dy v (or 72,x) fine partition of [¢, d)r,. O

We present the following algebraic properties of the interval Henstock-Kurzweil-
Stieltjes-O-Double integral on Time Scales.

Theorem 2.10. Let F : [a,b), X [¢,d)r, — Ir be an interval-valued function
and let g1 and gy be non-decreasing functions respectively on |a,blr, and [c,d|T,.
If F' is Henstock-Kurzweil-Stieltjes-(O-double integrable with respect to g and go
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on R = [a,b)r, X [¢,d)r,. Then,

i / /R A0 (10g2(5) = Mgr(8) — g1(a))(9a(d) — g2(c)), A is a constant:
//RF(t’ $)0g1(t)0g2(s) = 0 when g or go are constants;

/ / F(t, 5)0g1(£)0ga(s) = f(a, ) (g7 (a) — g1(a)) (g3 (c) — ga(c))

with b = 1 (a) and 7'2( )

// AF(t, 8)u[Cg1(t)Og2(s) // MF(t, 5)0g1(1)0ga2(8); A and p are constants.

The proof of Theorem 2.10 is straightforward by using our definition 2.4.

Theorem 2.11. Let F, G be interval-valued Henstock- Kurzweil-Stieltjes-O-double
integrable with respect to increasing functions g1 and go on R = [a,b)r, X [¢,d)r,
and A\, € R. Then

i. AF + uG is also interval-valued Henstock-Kurzweil-Stieltjes-(-double inte-
grable with respect to g1 and g on R = [a,b)r, X [¢,d)r, and

[ [[or.s) 4 n611.9)00 000

3 [ [ P00+ [ [ Gson®onm)

ii. Let F(t,s) = G(t,s) almost everywhere on [a,b)r, X [¢,d)r,. Then

// (t,5)001(t)Oga(s // (t,5)0g1(t)0ga(s)-

Proof. (i). If F,G be interval-valued Henstock-Kurzweil-Stieltjes-O-double inte-
grable with respect to ¢g; and g on R = [a,b)T, X [¢,d)r,, then F~ F* G~ G
be interval-valued Henstock-Kurzweil-Stieltjes-Q-double integrable with respect
to g1 and gs on R = [a,b)1, X [¢,d)r, by Theorem 2.8. Hence

AF™ + uG= AF~ 4+ pGHAFT + uG~, AFT + uG™ be interval-valued Henstock-
Kurzweil-Stieltjes-Q-double integrable with respect to increasing functions g; and

g2 on R = [a,b)r, X [¢,d)r,.

Case 1. If A= p=0. It is trivial.
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Case 2. If A > 0 and g > 0, then

/ / (AF(t, ) + uG(t, 5))~ 001(1)0a(s)
- // (AF=(t, ) + 1G~ (1, 5)) 091 (£)0gs(s)

= // “(t,5)) 001(1)0ga(s +u//
(o) (] [t
) <//R (t900(000(s) + 1 [ | Glt90mO0m: >

Case 3. If A <0 and p < 0, then

// (AF(t,s) + uG(t,s))” 0g1(t)0ga(s)
- // (AF*(t, ) + pG*(t, 5)) Og1(t)0ga(s)

- //R (F*(t,5)) 0g1(t)0ga(s +u//R(G+(t,S))091(?5)092(5)
_ )\( /] F(t,s><>gl<t><>gz<s>)++u( /[ G(zf,s><>gl<t><>92<s>)+
— ()\//RF(t,s)Ogl(t)Ogg(s)—l—,u//RG(taS)le(t)O%(S))~

Case 4. If A\>0and u <0, (or A <0, and p > 0), then

// (AF(t,s) + pG(t,s)” Ogi(t)0ga(s)
_ // (AF~(t,s) + uG™(t,5)) 0g1(t)Oga(s)

- // (t,5)) 0g1(t)Oga(s +u// (G*(t,9)) Og1(t)Oga(s)
= ([ [ resonwone) ([ [ ots0non)
= ([ [ Fesom@onts [ [ G(t,s><>gl<t><>gz<s>).
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Similarly, considering the four cases above, we have

//R()\F(t’s)+”G(t>5))+<>g1(t)<>g2(s)

(/\/AF(t,S)Ogl(t)ng(S)+/~L//RG(%S)<>91(75)<>92(3)>+

Hence by Theorem 2.8, if A\F' + uG is interval-valued Henstock-Kurzweil-Stieltjes-
{-double integrable with respect to ¢g; and g2 on R = [a,b)r, X [¢,d)r, then

[ [[or9) 4061090000000
)\//RFQ’S)OQI(UOQQ(S)+/‘//RG(7575)091(75)<>92(5).
O

The proof of (ii) is just a straightforward application of (i) of the Theorem 2.11
since F(t,s) = G(t, s).
Theorem 2.12. Let F' : [a,b)T, X [¢,d)r, — Ig be an interval-valued function and
let g1, g2 be an increasing function on [a,b)r, X [¢,d)r,. If F(t,s) < G(t,s) nearly
everywhere on la,b)r, X [c,d)r, and F,G are Henstock-Kurzweil-Stieltjes-(-double
integrable on [a,b), X [¢,d)T,, then

// (t, )00 (£)0gs(s //Gts<>91 )0ga(s).

The proof of Theorem 2.12 follows easily by applying Theorem 2.11.

Theorem 2.13. Let F,G : [a,b), X [¢,d)r, — Ir be interval-valued Henstock-
Kurzweil-Stieltjes-(-double integrable functions (IVHS) and D(F, Q) is (LS) Lebesgue-
Stieltjes-Q-double integrable on [a,b)t, X [¢,d)r,. Then

([VHS // (t,5)0g1(t)0ga(s), (IVHS) // (t,5)091(t)0ga(s ))

< (LS) //D (t,5), G(t,)00(6)0gs(s),

where the integrals on the left-hand side is the interval Henstock-Kurzweil-
Stieltjes-O-double integral, and that on the right-hand side is the Lebesgue-
Stieltjes integral.

Proof. Let F~, F*, G, G" be interval-valued Henstock-Kurzweil-Stieltjes-O-double
integrable on [a,b)r, X [¢,d)r,.

Denote (IVHS) [ [, F(t,s)0191(t)0292(s) by interval-valued Henstock-Kurzweil-
Stieltjes-Q-double integral and LS [ [, F/(t, s)0g1(t)0g2(s) by Lebesgue-Stieltjes-
{-double integral.

Then
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D ((IVHS) [ [ F(t,5)001(£)0g2(s), (IVHS) [ [ G(t,5)0g1(t)0g2(s))
= max (|(IVHS) [ [ F(t,5)001(£)0g2(5)) —(IVHS) [ [ G(t,5)091(t)0ga(s)) |,
[(IVHS) [ [ F(t,5)061(8)02(5)) " = (IVHS) [ [ G(t, 5)091(£)0g2(s)) " |

= max((1vS) [ [ (F(t5) = G (0.9)0m(00m ()]
|UVHS{//YF+wsw—GWa$xmaw@b@m

< max(25) [ [ 1P (1:5) = G(0:9)/0m(1)002(5)
(LS)/i/)KF+@wﬂ-—G+@wﬂN09dﬂngsD

< (28) [ [ max((F~ () = 6 (1 DL P (1:5) = G769 093 ()00

::LS//D (t, %), G(1, $))0g1 (£)0ga (s).

We sce that D (IVHS [ [, F, IVHS [ [, G) < LS [ [, D(F,G), as desired.
UJ
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