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ON EXTENDED SPECTRUM OF A COMPOSITION
OPERATOR ON SEQUENCE SPACES

DANCUN OTIENO!, PRISCAH OMOKE? AND JOB BONYO3*

ABSTRACT. In this paper, we investigate the spectral properties of a composi-
tion operator C,, : P — (P where 1 < p < oo and a null sequence @ = (g )gen,
defined by Chz = (0,121, @22, ...). In particular, we prove that the point
spectrum, the approximate point spectrum as well as the spectrum of C,, all co-
incide and is the singleton set containing 0. However, the extended spectrum of
C, turns out to be the complement of the closed unit disc of the complex plane.
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1. INTRODUCTION

Let X be an arbitrary Banach space and L£(X) be the space of all bounded
linear operators on X. For T" € L£(X), the resolvent set of T, p(T), is given by
p(T) = {X € C: T — A is invertible} and its spectrum 6(7") := C\ p(7). The
set of all eigenvalues of 1" is called its point spectrum denoted by d,(7"), while the
approximate point spectrum of T, 6,,(7"), is the set of all A € C for which there
exist unit vectors x,, € X such that ||(T"— Al)x,|| — 0 as n — co. The spectral
radius of 7" is defined by r(T") = sup{|A| : A € §(T)}. For a detailed theory on
spectra we refer to [3, 6, 13, 19].

A complex number A € C is called an extended eigenvalue of an operator
T € L(X) if there exists a nonzero operator A € L£(X) such that AT = AT A.
The set of all extended eigenvalues of T" will be denoted by g (T) and is called
the extended spectrum of T', while such an operator A € L(X) is called the
extended eigenoperator associated with the extended eigenvalue A of T'. It is
well known that dg. (7)) is a nonempty and closed subset of C. We refer to
[7, 10, 14, 15, 16] for a detailed theory on extended spectra.

The study of the extended spectrum of bounded operators has been considered
in different settings, see [1, 2, 4, 7, 9, 11] and references therein. Biswas et.
al. [2] considered the Volterra operator, while Lacruz et. al. [18] determined
the extended spectrum for discrete, finite and continuous Cesaro operators. In

Date: Received: Jan 23, 2025; Accepted: Feb 17, 2025.
* Corresponding author
(© The Author(s) 2025. This article is licensed under a Creative Commons Attribution-
NonCommercial-NoDerivatives 4.0 International License. To view a copy of the licence, visit
https://creativecommons.org/licenses/by-nc-nd/4.0/.

55


https://creativecommons.org/licenses/by-nc-nd/4.0/

56 D. O. OTIENO, P. M. OMOKE, J. O. BONYO

[9, 16, 12], interesting results on extended spectrum for shift operators are given
on the sequence space £2. It is important to note that sequence spaces still remain
a useful setting for spectral analysis of a variety of operators, see for instance the
recent work by Nuray [5]. In this paper, we consider a composition of a right
shift operator and a multiplication operator on the general sequence space (P,
1 < p < o0, and investigate its spectral properties. In particular, we determine
explicitly the extended spectrum of the resulting composition operator.

2. PRELIMINARY RESULTS

Let /7, 1 < p < oo denotes the space of p-summable sequences of real or complex
numbers while £ denotes the corresponding space of bounded sequences of real
or complex numbers. It is well known that /7, 1 < p < oo are Banach spaces
with respect to the norms || - ||, given by

1
00 P
|z, = (Z |xk|p> for all z = (23)3%, € /7, 1 < p < o0,
k=1

while
|%]|co = I£a§<|mk| for all z = (zg)52, € £*°.
=

The Unilateral right shift operator S : /# — (7 is defined by
St = (0,21, 29,...) forall z = (z;)52, € . (2.1)

For an arbitrary null sequence (aj)reny of real or complex numbers, define a
Multiplication operator M, : /# — (P by

Myx = (oqx1, a9z, a3x3,...) for all v = (24)ren € (. (2.2)

We then define the composition of S and M, on ¢? by the operator C, := SoM,, :
P — (P. Specifically,

Cor = (0,121, 0979,...) forall 2 = (z})ren € . (2.3)

For an arbitrary 0 # A € C, we define the diagonal operators D, and D 1 on 12
as follows:

D>\ = )\2

and

>

D

= L

AQ

>

It can be easily verified that Dy : /7 — (” whenever |A| > 1 while Dy : ¢ — ¢¢

whenever |[A| < 1. We end this section by detailing the spectral properties of the
operators S, M, and C, as defined on the ¢ spaces.



EXTENDED SPECTRUM OF A COMPOSITION OPERATOR 57

Theorem 2.1. Let S : (P — (P be the unilateral right shift operator defined by
equation (2.1). Then:
(1) S is an isometry with ||S|| =1
(2) 6,(S) =0, that is, S has no eigenvalues
(3) 8(S) = {\ € C : |\| < 1}, which is a closed unit disk D
(4) 0qp(S) = G]D) where 0D is the unit circle.
)

(5) () =

Proof. To prove (1), for all x € /7,1 < p < oo, we have
1Szll; = [0 + |1 ]” + |as]” +
= Xyl
= [lllp-
That is, ||Sz||, = ||z||,- Now,

152]lc = maxa|

= [/l
Taking supremum over all x € %, 1 < p < oo, with ||z]|, = 1, we obtain the
desired result. To prove (2), we have that A € §,(S5) if and only if Sz = Az for
some nonzero x € (P. This is equivalent to (0,x1,z,...) = Az, T2, x3,...). If
A = 0, then clearly x = 0 and if A # 0, then x = 0 as well. Hence there are
no eigenvalues. Next we note that S is not surjective since (1,0,0,...) does not
belong to the range of S. Therefore by using (1), S is a non-invertible isometry.
It then follows immediately that §(S) = V(0,1) and 6,,(S) = 0V(0,1). This
proves assertions (3) and (4). Assertion (5) follows from the definition of the
spectral radius and assertion (3). O

Theorem 2.2. Let M, : (P — (P be the multiplication operator defined as in
(2.2). Then

(1) [| M| = maxpen |an|

(2) 0p(Ma) = {on : n € N}

(3) 0(My)={ay, : n e N} ={0} U{a, :n € N}
( g dap(My) = §(M,) = {a, : n € N}

r(M,) = max,en |ap]|.

Proof. To prove (1), we have for all x € (P,

[e%S)
Mozl = Y lanlblaal?
n=1

< max|a, Pl
Taking the p™-root on both sides yields || M, |, < max,ey |a, |||z, The result
now follows by taking supremum over all € Ball(¢?). On the other hand, let
en = (0,0,...,0,1,0,...) the unit vector having 1 at the n'® position and zero
elsewhere. Then e, € (7 with |e,|l, = 1 and so [|[M,] > | Maenll, = |an|.
Taking maximum over all n € N completes the proof of (1). Now, A € §,(M,)
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is equivalent to M,x = Ax for some 0 # x € (7 or (qyxq, 9Ty, (323, ...) =
Mxy, 29, g, ...). If X # 0, then ay = A\, ay = A,... and therefore {a,, : n €
N} C 6,(M,). f A =0, then 21 =0 =29 = 23 = ... and so A = 0 is not an

eigenvalue. Therefore 0,(M,) = {a, : n € N}, as desired. Following assertion

2, we have that ¢,(M,) C 6(M,) since the spectrum is always closed, where

0p(My) = {a,, : n € N} U{0}. We now prove that §(M,) C 6,(M,). Let
A€ C,A#0and A ¢ 6,(M,). This implies that A € p(M,,) which is equivalent
to Al — M, invertible, that is, A\l — M, : /? — (P is bijective. Therefore for
all y € 7, there exists a unique x € (P such that (A — M,)x = y. Taking

xr = (/\ZJ) , it follows that = € /7 and therefore 6(M,) = {a, : n € N} which
jeN

proves (4). To prove (5), we know that d,(M,) C d4p(M,) € 6(M,), that is,
{a, : m € N} C 6,p(M,) € {ay, : n € N}U{0}. Since 6,4,(M,) is closed, it
follows that d4,(M,) = 6(M,). This therefore implies that the spectral radius is,
r(M,) = max,en | v, |, which proves (6). O]

Theorem 2.3. Let C, : (7 — (P, be the composition operator defined by (2.3).
Then

Proof. For every x € (7 and (ay,)neny C F such that «,, — 0, we have

(o]
[Cazlly = Z’an$n|p
n=1

o0
< max |a,|? Z |z, [P
neN
n=1

= max|oy,|||z[|7.

Therefore,

IC.]] < max oy,
neN

To prove the reverse inequality, take z = €™ = (0,0, ...,1,0,0,...), a unit vector
having 1 at the nth position and zero elsewhere. Then,

ICall = |Cae™]ly = lan] = [|Call 2 max|ay].

Now, A € 6,(C,) < Chz = Az for some 0 # z € (P. Equivalently,

(0, 11, oo, agxs, . ..) = A(x1, X2, 23,...). Therefore if A # 0, then 0 = z; =
To = x3 = ...and so A # 0 is not an eigenvalue of C,,. For A = 0, «,, = 0 for some
n implying that there exists some nonzero eigenvector. Therefore 6,(C,) = {0},



EXTENDED SPECTRUM OF A COMPOSITION OPERATOR 59
which proves (2). To prove (3),

C’i(m) - Ca(07 Q1Tq, Qal2, 33, )
= <0707a2a11’1,063052$2, )
implying that,

|C2] = sup |anan 1]
neN

Also
Ca(z) = Ca(Cal@))
- Ca<0, O, o171, X3 X9, )
= (O, 07 0, Q3091 L1, g3, )
and thus,
||C§z|| = Ssup |anan+1an+2 .
neN

Implying that in general, [|CF|| = sup,,cy |nQn 1012 -Qnikl-

Therefore limy_,o [|C[|* = 0 and thus 7(C) = 0 proving (5). It therefore follows
that 0(C,) = {0}, which proves (3). Now, obviously d,,(C,) = 6(Cy) = {0}
which completes the proof.

3. EXTENDED SPECTRUM

We compute the extended spectrum for the composition operator C, in compar-
ison with the extended spectrum of the operators S and M,. It turns out that
there is no obvious relation between the point spectrum ¢, the approximate point

spectrum d,,, the spectrum § as well as the extended spectrum of the operators
S, M, and C,,.

Theorem 3.1. Let S, M, and C,, be defined on (? as given by equations (2.1),(2.2)
and (2.3) respectively. Then the following holds:
(1) 0pu(S) ={A € C:[A| 2 1}

(2) O (Ma) = {1}
(3) 0par(Ca) = {A € C: A > 1},

Proof. Let S : ¢ — (P be the unilateral right shift operator defined by equation
(2.1), and suppose that |[A\| > 1 and D, is the diagonal operator on ¥ so that

D%(xl, To, X3,...) = (T1, %xg, %Zﬁg, ...) then

1 1

SD%(IhIQ,SL’g,...) - S(Il,AI27A2 )
1 1

= (Oaxb /\:U27 )\2 )
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and

AD%S(%l,I‘Q,SUg,...) = )\D% 0,21, T, X3, ...)

1 1 1
= )\(0, Xxl, ﬁx% ﬁl’g, )
1 1
= (O, Ty, XZBQ, ﬁl’g, )

Therefore from the two above equations SD1 = AD1S. So, {\A € C : |\ >

A

1} € dpue(S). Now we need to show that g, (S) C {)? € C: |\ > 1}, that is,
A€ 0pu(S) = [N > 1.
We use the proof by contrapositive. Let A € C be such that |A| < 1 and consider
the diagonal operator D). Then
SD)\<£L'1, T2, T3, ) = S(xl, )\i[)z, )\2$3, )

= (O, Ty, )\l’g, )\2373, ),

and
ADAS(Il,ZE%.Tg,...) - /\DA(O,ZEhZEQ,Ig,...)
/\(0, )\3171, )\21'2,/\3[L'3)

= (0, )\21'1, )\BZEQ, )\41’3, )
Thus SDy # AD,S, implying that A ¢ dg.(S). Therefore dg.(S) C {\ € C:
|A| > 1}, implying that

dpt(S) = {AeC:|A > 1}

This completes the proof of (1).

To prove (2), let M, : ¢’ — (P be the multiplication operator defined as in (2.2),
and suppose that |[A| > 1 and D§ is the diagonal operator on P so that

1 1

(.fCl, T2, T3, ) = (.1‘1, X.CEQ, ﬁﬂj‘g, )

D

%
Then
1 1

(ZUl, T2, T3, ) = Ma(xl, X:UQ, ﬁﬂ?g, .. )

1 1
(041961, Qi — T2, 043ﬁ$37 .- ‘)7

A
and

)\D%Ma(l'l, X9, T3, ) = /\D% (O[lfbl, Qol9, N33, )
1 1
= /\(Oéll'l,OéQ—l'Q,(l/gﬁfL‘g,...)

A

1
= (041)\:1:1, o9, OégX.ZL’g, )

Thus for A =1, MQD% = /\D§Ma and therefore 1 € dg.(M,).
On the other hand, for A # 1, MoD1 # AD1M, and so AeC:|N\N>1} ¢
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dpet(M,). Using the proof by contrapositive, Suppose {\ € C : |\| < 1} and let
D,y be the diagonal operator on ¢?. Then
MQD)\(Qll, T2, T3, ) = Ma(l‘l, )\332, )\2I3, )
- (Oéll’l, Oég)\IQ, 063)\2.1’3, ),
and
/\D)\MQ<I1, Lo, T3, ) = )\D)\<041£U1, oo, X33, )

= )\(alxl, 042/\272, Oég)\[EQ, Oég/\2$3, )

= ()\ozlxl, /\20425E2, )\30(35(73, )
Thus for |\ < 1, M,Dy # AD)M,, and therefore {\ € C : |\| < 1} & 0pu(M,).
Hence, dp.t(M,) = {1}, which completes proof (2).

For the composition operator defined by equation (2.3), given that |[A| > 1 and
D§ is the diagonal operator, then

1 1

(331,372,373,--.) - (xlaxx%ﬁx&“')?

D

1
x
and so

1 1

(r1,m9,23,...) = Culzy, Xl’g, ﬁ.ﬁlj’g, )

1 1
= (0,121, —axe, — 33, ...);

A A2

while
)\D§C°‘(I1’I2’x3"") - AD§(070K1$170€29€270139037---)
1 1 1
= A0, Xalxla ﬁazxz, Fagﬁg, )
1 1
(07 a1, XOéQiEQ, ﬁ&g.ﬁtg, )

Thus
C.D: = AD.C,,
A A

implying that {\A € C: |A\| > 1} C 0gu(Ca}).
Now suppose |A| < 1 and D, is the diagonal operator where

Dy(x1, 9, T3,...) = (11, AT, \213,...).
Then
CoDy(z1,79,73,...) = Cul1, A9, N23)
= (0, a121, Aaowa, Nass, ....),
and

)\D)\Ca(.fl, To, T3, ) - )\D)\(O, 1Ty, a9, V3T 3, )
)\(0, /\ozlxl, )\2062132, )\30(35133, )

2 3 4
(0, A a1, A Ao, A 33, )
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Thus,

C.Dy # AD\C..

implying that A ¢ 0g..(C,).

Therefore {\ € C: |\| > 1} C 0p.t(C,) which completes the proof of (3). O
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