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ON PICARD AND MANN ITERATION CONVERGENCE FOR
A CLASS OF QUASI-CONTRACTIVE OPERATORS
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Abstract. This paper observes that a definition adopted by some authors for
comparing the rates of convergence of two iteration schemes is not correct. The
paper further proves that the Picard iteration scheme converges faster than the
Mann iteration scheme for contraction mappings and quasi-contraction map-
pings satisfying Zamfirescu conditions, in an arbitrary Banach space.
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1. Introduction and preliminaries

Let ρ be a metric on a set X. A self-mapping on X, T : X −→ X is called
a (strict) contraction if there exists a constant k ∈ [0, 1) such that ρ(Tx, Ty) ≤
kρ(x, y) for all x, y ∈ X. The well-known Banach Contraction Principle is given
by:

Theorem B (Banach Contraction Principle). Let (X, ρ) be a complete metric
space and let T : X −→ X be a contraction mapping with contraction constant
k ∈ [0, 1). Then there exists a unique p ∈ X such that p = Tp.

The Banach Contraction Principle has played, and continues to play significant
roles in the proofs of several existence results in Ordinary and Partial Differential
Equations. Popular proofs of Theorem B rely on the application of the Picard
iteration scheme defined by: x0 ∈ X,

xn+1 = Txn, n = 0, 1, 2, .... (1.1)

W.R. Mann [6] observed that if E denotes the circle plus its interior and T
stands for a rotation of π

4
radians about the center of the circle then the Picard

iteration scheme cannot be applied to approximate the unique fixed point of T .
To overcome the limitations of the Picard iteration scheme for mappings such as
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a rotation of π
4

radians about the center of the circle, Mann [6] introduced the
following iteration scheme: Let E be a real Banach space, let K be a nonempty
convex subset of E. Let x1 ∈ K,

xn+1 = T (
1

n

n∑
j=1

xj), n = 1, 2, 3, .... (1.2)

G.G. Johnson [5], following the technique of [6], employed the following itera-
tion scheme in his work: z0 ∈ K,

zn+1 =
1

n+ 1
Tzn +

n

n+ 1
zn, n = 0, 1, 2, .... (1.3)

The Mann-Johnson iterative scheme (1.3) is a special case of the iterative
scheme: z0 ∈ K,

zn+1 = αnTzn + (1− αn)zn, n = 0, 1, 2, ..., (1.4)

where {αn}∞n=0 ⊂ (0, 1), which is now widely referred to as the Mann iterative
scheme. Much research efforts have been devoted to the approximation of fixed
points and solutions of nonlinear mappings through iterative schemes, from the
time of Banach [1] to the present, see e.g., [8].

In [2], the following concept is adopted:

Definition 2.7 of [2]. “Let {un} and {vn} be two fixed point iteration pro-
cedures that converge to the same fixed point p and satisfy

‖un − p‖ ≤ an, ‖vn − p‖ ≤ bn, n = 0, 1, 2, ...,

respectively. If {an}∞n=0 converges (to zero) faster than {bn}∞n=0, then it can be
said that {un}∞n=0 converges faster than {vn}∞n=0 to p.”

Definition 2.7 of [2] is also adopted by the authors of [3]. One aim of this paper
is to show that Definition 2.7 of [2] is not correct. Another aim of this paper
is to provide proofs that the Picard iteration scheme converges faster than the
Mann iteration scheme for contraction mappings and quasi-contraction mappings
satisfying Zamfirescu conditions, in arbitrary Banach spaces.

Zamfirescu [9] introduced a class of mappings slightly more general than the
contraction mappings and proved the following theorem.

Theorem Z [9]. Let (X, d) be a complete metric space and T : X −→ X
be a mapping for which there exist the real numbers λ, µ and γ satisfying 0 <
λ < 1, 0 < µ, γ < 1

2
, such that for each pair x, y in X, at least one of the following

is true:

(z1) d(Tx, Ty) ≤ λd(x, y);
(z2) d(Tx, Ty) ≤ µ[d(x, Tx) + d(y, Ty)];
(z3) d(Tx, Ty) ≤ γ[d(x, Ty) + d(y, Tx)].

Then T has a unique fixed point p and the Picard iteration {xn}∞n=0 defined by

xn+1 = Txn, n = 0, 1, 2, ...,
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converges to p, for any x0 ∈ X.

The following correct definition is also recalled in [2].

Definition 1.1. Let {an}∞n=0 and {bn}∞n=0 be two sequences of real numbers that
converge to real numbers a and b, respectively. Assume that bn = b for only a
finite number of terms. Then if

lim
n→∞

|an − a|
|bn − b|

= 0,

the sequence {an}∞n=0 is said to converge faster to a than {bn}∞n=0 is to b.

In the proofs of our results in Section 2, we shall employ Definition 1.1.

2. Main Results

2.1. Observations on Definition 2.7 of [2]; A Counterexample. Let {un}∞n=1

and {wn}∞n=1 be two sequences in a normed linear space X which converge to the
same point p ∈ X. The following are possibilities for Definition 2.7 of [2]. Let

‖un− p‖ =
1

n7/3
, ‖wn− p‖ =

1

n5/2
and an =

1

n2
, bn =

1

n4/3
for each n ∈ N. Then

‖un − p‖ < an and ‖wn − p‖ < bn for each n ∈ N.

an
bn

=
1

n2/3
→ 0 as n→∞,

showing that the sequence of numbers, {an}∞n=1 converges faster to zero than the
sequence of numbers, {bn}∞n=1. However,

‖un − p‖
‖wn − p‖

= n1/6 for each n ∈ N,

showing that the sequence {un}∞n=1 does not converge faster to the point p than
the sequence {wn}∞n=1. Thus, Definition 2.7 of [2] is not correct. The procedure
which Rhoades [7] employed to compare the rates of convergence of two iteration
schemes makes a better sense.

2.2. Picard Iterates Converge Faster than Mann iterates.

Theorem 2.1. Let E be an arbitrary Banach space, let K be a closed convex
subset of E and let T : K −→ K be a contraction mapping with a contraction
constant k ∈ [0, 1). Let x0 ∈ K, {xn}∞n=0 be the Picard iterates defined by scheme
(1.1) and let z0 ∈ K, {zn}∞n=0 be the Mann iterates defined by scheme (1.4), where
{αn}∞n=0 is a sequence in (0, 1) satisfying

(i)
∞∑
n=0

αn =∞,

(ii) lim
n→∞

αn = 0.

Then

(a) both the Picard and the Mann iterative schemes converge to the unique
fixed point p of T ;
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(b) the Picard sequence {xn}∞n=0 converges faster to p than the Mann sequence
{zn}∞n=0.

Proof. Let E be an arbitrary Banach space, let K be a closed convex subset of
E and let T : K −→ K be a contraction mapping with a contraction constant
k ∈ [0, 1). By the Banach Contraction Principle, Theorem B, T has a unique
fixed point, p ∈ K, say.

(a) The proof that the Picard sequence {xn}∞n=0 converges to p is well known,
see e.g., [1] and [4]. We prove that the Mann sequence {zn}∞n=0 converges to
p, as well. The proof that {zn}∞n=0 converges to p only requires the fact that
{αn}∞n=0 ⊂ (0, 1) and Condition (i). From the Mann scheme (1.4) we see that

‖zn+1 − p‖ ≤ αn‖Tzn − p‖+ (1− αn)‖zn − p‖ ≤ [1− (1− k)αn]‖zn − p‖, (2.1)

for all n = 0, 1, 2, ..., which yields that ‖zn+1 − p‖ ≤ ‖zn − p‖. It follows that
lim
n→∞

‖zn − p‖ exists. From inequality (2.1), we see that

(1− k)
n−1∑
j=0

αj‖zj − p‖ ≤ ‖z0 − p‖ − ‖zn − p‖ ≤ ‖z0 − p‖

for all natural numbers, n ≥ 1. Since by Condition (i),
∞∑
n=0

αn = ∞, it can be

easily shown that lim inf
n→∞

‖zn − p‖ = 0. Hence, the Mann sequence {zn}∞n=0 con-

verges strongly to the unique fixed point p, of T .

(b) Let {αn}∞n=0 be a sequence in (0, 1) satisfying lim
n→∞

αn = 0. From the Mann

scheme (1.4),

‖zn+1 − p‖ = ‖(1− αn)(zn − p) + αn(Tzn − p)‖
≥ (1− αn)‖zn − p‖ − αn‖Tzn − p‖
≥ [1− (1 + k)αn]‖zn − p‖ (2.2)

for all n = 0, 1, 2, ... . There exists a natural number N1 such that
1− (1 + k)αn > 0 for all n ≥ N1. Now, we compare the Picard iterates and the
Mann iterates. From the Picard scheme (1.1), inequality (2.2) and the fact that
T is a contraction map,

‖xn+1 − p‖
‖zn+1 − p‖

≤ k

1− (1 + k)αn

‖xn − p‖
‖zn − p‖

∀ n ≥ N1.

Choose a natural number N2 > N1 such that 0 < αn <
1−k

(1+k)2
for all n ≥ N2.

Then
‖xn+1 − p‖
‖zn+1 − p‖

≤ k

1− (1 + k)αn

‖xn − p‖
‖zn − p‖

≤ 1 + k

2

‖xn − p‖
‖zn − p‖

for all n ≥ N2. We observe that l = 1+k
2
∈ (0, 1) and that

‖xn+1 − p‖
‖zn+1 − p‖

≤ l
‖xn − p‖
‖zn − p‖

≤ ln+1‖x0 − p‖
‖z0 − p‖
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for all n ≥ N2. Thus, lim
n→∞

‖xn − p‖
‖zn − p‖

= 0. Hence, the Picard iteration scheme

converges faster than the Mann iteration scheme. �

Theorem 2.2. Let E be an arbitrary Banach space, let K be a closed convex
subset of E and let T : K −→ K be a Zamfirescu mapping, i.e., T satisfies at
least one of the Conditions: (z1), (z2) and (z3) of Theorem Z. Let x0 ∈ K, {xn}∞n=0

be the Picard iterates defined by scheme (1.1) and let z0 ∈ K, {zn}∞n=0 be the Mann
iterates defined by scheme (1.4), where {αn}∞n=0 is a sequence in (0, 1) satisfying

(i)
∞∑
n=0

αn =∞,

(ii) lim
n→∞

αn = 0.

Then

(a) both the Picard and the Mann iterative schemes converge to the unique
fixed point p of T ;

(b) the Picard sequence {xn}∞n=0 converges faster to p than the Mann sequence
{zn}∞n=0.

Proof. Let T : K −→ K be a Zamfirescu mapping. Then T satisfies at least one
of the Conditions: (z1), (z2) and (z3) of Theorem Z. Let p ∈ K be the unique
fixed point of T . For any x ∈ K, the inequality

‖Tx− p‖ ≤ max{λ, µ

1− µ
,

γ

1− γ
}‖x− p‖

holds and k = max{λ, µ
1−µ ,

γ
1−γ} ∈ (0, 1). From this point on, the proof follows

as in the proof of Theorem 2.1. �

3. Conclusion

In this paper, we have shown that the procedure adopted by Berinde [2] and
some other authors, for comparing the rates of convergence of two iteration
schemes is not adequate. We have also proved that the Picard iteration scheme
converges faster than the Mann iteration scheme for contraction mappings and
quasi-contraction mappings satisfying Zamfirescu conditions, in an arbitrary Ba-

nach space. We note that the sequence of original parameters,
{ 1

n+ 1

}∞
n=0

in

the Mann-Johnson iterative scheme (1.3) is a special case of the sequence of pa-
rameters {αn}∞n=0 in our Theorems 2.1 and 2.2.
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