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Abstract. Using approximation techniques and the theory of maximal mono-
tone operators in Banach spaces, we prove the existence of at least one solu-
tion of a wide class of multivalued nonlinear elliptic problems involving natural
growth terms and general p(.)-Leray-Lions operator.
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1. Introduction

Nonlinear PDEs occupy one of the important places in modeling of natural phe-
nomena in several fields notably in physics, biology and engineering sciences.
In general, the equations resulting from this modeling are solved in classical
Sobolev spaces with constant exponent. But, to model phenomena involving
non-homogeneous materials, classical Sobolev spaces are insufficient as they do
not capture all the properties of these materials (for example the change of state).
So, we must use a more flexible approach, this led to solve equations in Sobolev
spaces with variable exponent, commonly denoted by W 1,p(.)(Ω) (to be defined
later).

Nowadays, the study of problems in Sobolev spaces with p(.) growth is cur-
rently gaining considerable attention in mathematical research since it has been
discovered that they are essential in various applications, including physics, me-
chanical process, electro-rheological fluids, stationary thermo-rheological viscous
flows of non-Newtonian fluids (see [4, 17, 22, 29, 30] for more details). They are
also used in image processing ([14]).
In this paper we deal with the following nonlinear multivalued problem

(E, f)

 β(u)− diva(x, u,∇u) + h(x, u,∇u) 3 f in Ω

u = 0 on ∂Ω.
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Here, we assume that Ω is an open, bounded domain in RN (N ≥ 3), with a
smooth boundary ∂Ω and f ∈ L1(Ω). The operator A(u) = −diva(x, u,∇u) is a

p(.)-Leray-Lions operator mapping from W
1,p(.)
0 (Ω) to its dual space W−1,p′(.)(Ω).

The function β : R → 2R is a maximal monotone mapping with 0 ∈ β(0). The
nonlinear term h(x, u,∇u), which has natural growth of order p(.) in ∇u, satisfies
a sign-condition.

It is worth noting that if the graph β has a single-valued range, the prob-
lem (E, f) has already been studied within the context of constant exponents
[8, 9, 11, 12]. These problems were subsequently adapted to the context of vari-
able exponents [5, 33]. In [1] the authors established the existence of a renor-
malized solution for a specific case of problem (E, f) in the setting of weighted
exponent spaces (see also [16]). When β ≡ 0 and g ≡ 0, Boccardo, Gallouët and
Murat [10] demonstrated the existence of at least one solution to the problem
(E, f) (we also refer readers to [8]). In [3], the existence of a solution to the
problem (E, f) is proven within the framework of constant exponent spaces.
Another significant contribution to the L1-theory for the p−Laplacian or
p(.)−Laplacian, involving differential inclusion equations, has focused on the fol-
lowing problem.

(P )

 γ(u)− div(a(x,∇u) + F (u)) 3 Υ in Ω

u = 0 on ∂Ω.

A lot of results of existence and uniqueness have been found concerning the
problem (P ) (see [2, 7, 23]). As far as problems like (E, f) are concerned, we refer
the reader to [25, 32], where the authors analyzed the existence and uniqueness of
solutions of related problem under Neumann and Robin boundaries conditions.
In a recent paper [3], Akdim and Ouboufettal examined the existence of solutions
to (E, f) within the framework of Sobolev space with constant exponent. The key
focus of our work lies in addressing general nonlinear operators −div(a(x, u,∇u)),
coupled with a graph, within the framework of Sobolev spaces with variable
exponent.

In this paper, following the ideas of the authors in [3], we generalize their main
result to the framework of Sobolev spaces with variable exponent.
Here is an overview of the paper’s contents. In Section 2, we recall some pre-
liminaries on variable exponent spaces. Section 3 presents our key assumptions
along with some fundamental results. In Section 4, we investigate the existence
of solutions when f ∈ L∞(Ω). Lastly, in Section 5, we establish the existence of
weak, entropy, and renormalized solutions when f ∈ L1(Ω).

2. Preliminaries

In the following, we review some definitions and fundamental properties of Lebesgue
and Sobolev spaces with variable exponents.
Let Ω be a bounded domain in RN (N ≥ 3), with smooth boundary ∂Ω. We
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define the set

C+(Ω) =

{
p(.) : Ω −→ (1,∞) continuous such that 1 < p− ≤ p+ <∞

}
,

where p− := min
x∈Ω

p(x) and p+ := max
x∈Ω

p(x).

Let p ∈ C+(Ω), the variable exponent Lebesgue space Lp(.)(Ω) is defined as the
set of measurable f : Ω → R such that its p(.)-modular ρp(.) : Lp(.)(Ω) −→ R
verifies

ρp(.)(f) :=

∫
Ω

|f |p(x)dx <∞.

The space Lp(.)(Ω) is equipped with the Luxembourg norm

‖f‖p(.) := inf

{
θ > 0 :

∫
Ω

∣∣∣∣f(x)

θ

∣∣∣∣p(x)

dx ≤ 1

}
.

For any f in Lp(.)(Ω), one has ([20, 21])

min
{
‖f‖p

−

p(.); ‖f‖
p+

p(.)

}
≤ ρp(.)(f) ≤ max

{
‖f‖p

−

p(.); ‖f‖
p+

p(.)

}
. (2.1)

Lemma 2.1 (Hölder type inequality, see [26]).

(i) For any f ∈ Lp(.)(Ω) and g ∈ Lq(.)(Ω) such that 1
p(x)

+ 1
q(x)

= 1 a.e. in Ω,

one has ∣∣∣∣ ∫
Ω

fgdx

∣∣∣∣ ≤ ( 1

p−
+

1

q−

)
‖f‖p(.)‖g‖q(.). (2.2)

(ii) For all p1, p2 ∈ C+(Ω) such that p1(x) ≤ p2(x) a.e. x ∈ Ω, one has that
Lp2(.)(Ω) ↪→ Lp1(.)(Ω) and the embedding is continuous.

Proposition 2.2. [26] For any un, u ∈ Lp(x)(Ω), the following assertions hold
true.

(i) ‖f‖p(.) < 1 (resp, = 1, > 1) if and only if ρp(.)(f) < 1 (resp, = 1, > 1);
(ii) ‖f‖p(.) > 1 imply ‖f‖p−p(.) ≤ ρp(.)(f) ≤ ‖u‖p+

p(.), and ‖f‖p(.) < 1 imply

‖f‖p+

p(.) ≤ ρp(.)(u) ≤ ‖u‖p−p(.);
(iii) ‖fn‖p(.) → 0 if and only if ρp(.)(fn) → 0, and ‖fn‖p(.) → ∞ if and only

ρp(.)(fn)→∞.

We now define the Sobolev space with variable exponents as follows

W 1,p(.)(Ω) :=

{
f ∈ Lp(.)(Ω) : |∇f | ∈ Lp(.)(Ω)

}
,

with the norm
||f ||1,p(.) = ‖f‖p(.) + ‖∇f‖p(.).

We denote by W
1,p(.)
0 (Ω) the closure of C∞0 (Ω) in W 1,p(.)(Ω).

The Sobolev exponent is defined as p∗(x) = Np(x)
N−p(x)

if p(x) < N and p∗(x) =∞ if

p(x) ≥ N .

Lemma 2.3. Let p be in C+(Ω), and f, fn ∈ Lp(.)(Ω) such that ‖fn‖p(.) ≤ C. If

fn(.)→ f(.) a.e. in Ω, then fn ⇀ f in Lp(.)(Ω).
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Theorem 2.4. [21, 24]

(i) Let p be in C+(Ω). Then, the sets Lp(.)(Ω) and W
1,p(.)
0 (Ω) are separable

and reflexive Banach spaces.
(ii) If q ∈ C+(Ω) and q(x) < p∗(x) for every x ∈ Ω, then the embedding

W
1,p(.)
0 (Ω) ↪→↪→ Lq(.)(Ω) is continuous and compact.

(iii) There exists a constant M > 0, such that

‖u‖p(.) ≤M‖∇f‖p(.), ∀f ∈ W 1,p(.)
0 (Ω).

(iv) There exists a constant M ′ > 0, such that

‖f‖p∗(.) ≤M ′‖∇f‖p(.), ∀f ∈ W 1,p(.)
0 (Ω).

Remark 2.5. By Poincaré’s inequality (iii) of Theorem 2.4, we deduce that ‖∇f‖p(.)
and ‖f‖1,p(.) are equivalent norms in W

1,p(.)
0 (Ω).

Definition 2.6. [18] Let W−1,p′(.)(Ω) be the dual of the set W
1,p(.)
0 (Ω) and G ∈

W−1,p′(.)(Ω). Then, there exists g0, g1, ..., gN ∈ Lp
′(.)(Ω) such that G = g0 +

N∑
i=1

∂gi
∂xi

.

Moreover, for every v ∈ W 1,p(.)
0 (Ω),

〈G, v〉 =

∫
Ω

g0vdx−
N∑
i=1

∫
Ω

gi
∂v

∂xi
dx,

and the dual space is equipped with the following norm

‖G‖−1,p′(.) '
N∑
i=0

‖gi‖p′(.).

We will use throughout the paper, for any γ > 0, the truncation function defined
by Tγ(s) = max{−γ,min{γ, s}}. It is obvious that lim

γ→∞
Tγ(s) = s and |Tγ(s)| =

min{|s|; γ}.
T 1,p(.)

0 (Ω) := {u : Ω→ R measurable function such that Tγ(s) ∈ W 1,p(.)
0 (Ω)}.

We stress that a function u ∈ T 1,p(.)
0 (Ω) does not necessarily belong to W 1,1

0 (Ω).
However, one can define, as follows, the weak gradient of u still denoted by ∇u
(see [7, 31]).

Proposition 2.7. Let u ∈ T 1,p(.)
0 (Ω). Then, there exists a unique measurable

function ϑ : Ω −→ RN such that ∇Tγ(u) = ϑχ{|u|<γ}, for a.e. x ∈ Ω and for all
γ > 0. The function ϑ is called the weak gradient of u and is still denoted by ∇u.

Moreover, if u ∈ W 1,p(.)
0 (Ω), then ϑ ∈ (Lp(.)(Ω))N and ϑ = ∇u coincides with the

standard distributional gradient of u.

The following lemma provides an useful result of convergence in the sense of graph
(see [32]).
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Lemma 2.8. Let (Bm)n≥1 be a sequence of maximal monotone graphs such that
Bn → B in the sense of graphs (for (r, s) ∈ B, there exists (rn, sn) ∈ Bn such
that rn → r and sn → s). Let (zn)n≥1 and (wn)n≥1 be two sequences of L1(Ω).
We assume that ∀n ≥ 1, wn ∈ Bn(ζ), (wn)n≥1 are bounded in L1(Ω) and ζn → ζ
in L1(Ω). Then,

ζ ∈ dom(B).

We now define some functions that will be used frequently throughout this paper.
For any real number s ∈ R, we define s+ as the non-negative part of s given by
s+ := max(s, 0). Additionally, let sign+

0 be a function that assigns values as
follows

sign+
0 (s) =

{
1 if s > 0,
0 if s ≤ 0.

For δ > 0, we define the function H+
δ : R→ R by

H+
δ (r) =



1 if r > δ

r

δ
if 0 ≤ r ≤ δ

0 if r < 0.

It is obvious that H+
δ is an approximation of sign+

0 .

Definition 2.9. Let (Ω,M, µ) be a finite measure space. A collection F ⊂ L1(µ)
is said to be uniformly integrable (or equi-integrable) if, for every α > 0 there
exists δ > 0 such that ∫

A

|f |dµ < α whenever µ(A) < δ.

Proposition 2.10. [15] Let (Ω,M, µ) be a finite measure space. A collection
F ⊂ L1(µ) is said to be uniformly integrable if one has

lim
b→∞

(
sup
g∈F

∫
{|g|≥b}

|g|dµ
)

= 0.

Proposition 2.11. [15] If the measure µ is bounded, any subset F in L1, bounded
in L∞, is uniformly integrable.

Proposition 2.12. [15] Let F be a subset of L1(µ). If there exists a positive
function f ∈ L1 such that |g| ≤ f for any g ∈ F , then, F is uniformly integrable.

Theorem 2.13. [19] (Dunford). A subset of L1(µ) is relatively weakly compact
if and only if it is both bounded and uniformly integrable.

3. Assumptions and main results

Let p be in C+(Ω) and let a : Ω × R × RN → RN be a Carathéodory function
such that for a.e. x ∈ Ω, and for any ϕ, ϕ′ ∈ RN , s ∈ R.

a(x, s, ϕ).ϕ ≥ λ|ϕ|p(x); (3.1)
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|a(x, s, ϕ)| ≤ Λ(j(x) + |s|p(x)−1 + |ϕ|p(x)−1); (3.2)

(a(x, s, ϕ)− a(x, s, ϕ′))(ξ − ϕ′) > 0 if ϕ 6= ϕ′; (3.3)

where λ, Λ are two positive constants and j(.) a given non-negative function in
Lp
′(.)(Ω).

Here, h : Ω×R×RN → R is a Carathéodory function satisfying for almost every
x ∈ Ω, s ∈ R, ξ ∈ RN ,

h(x, s, ϕ)s ≥ 0; (3.4)

|h(x, s, ϕ)| ≤ d(|s|)(c(x) + |ϕ|p(x)); (3.5)

where d : R+ → R+ is a continuous increasing function and c(.) is a non-negative
function in L1(Ω).
There exist σ > 0 and ρ > 0 such that

|h(x, s, ϕ)| ≥ ρ|ϕ|p(x) for all |s| ≥ σ. (3.6)

Lemma 3.1. [6] Let f ∈ Lp(.)(Ω) and fm ∈ Lp(.)(Ω) such that ‖fm‖Lz(.)(Ω) ≤ C.

If fm ⇀ f a.e. in Ω, then fm ⇀ f in Lp(.)(Ω), as m→∞.

Lemma 3.2. [6] Let (3.1)-(3.3) hold true. Let (um)m∈N be a sequence in W
1,p(.)
0 (Ω)

such that um ⇀ u in W
1,p(.)
0 (Ω) and∫

Ω

[
a(x, um,∇um)− a(x, um,∇u)

]
∇(um − u)dx→ 0. (3.7)

Then, um → u in W
1,p(.)
0 (Ω), as m→∞.

4. Problem with f ∈ L∞(Ω)

In this section, we aim to establish the existence of a weak solution for the problem
(E, f) with f in L∞(Ω). The proof is carried out in several steps.

Theorem 4.1. Suppose that f ∈ L∞(Ω). Then, the problem (E, f) admits at

least one weak solution (u, b) ∈ W 1,p(.)
0 (Ω)× L1(Ω). Namely, b(x) ∈ β(u(x)) a.e.

in Ω, h(x, u,∇u) ∈ L1(Ω) and∫
Ω

bϕdx+

∫
Ω

a(x, u,∇u)∇ϕdx+

∫
Ω

h(x, u,∇u)ϕdx =

∫
Ω

fϕdx, (4.1)

for any ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω).

Proof. step 1 Approximate problem.
We consider the approximating problems

(Eε, f)


βε(T 1

ε
(uε))− diva(x, uε,∇uε) + hε(x, uε,∇uε) = f in Ω

uε = 0 on ∂Ω,

where the function βε : R → R is obtained via Yosida’s approximation of β (see

[13]), and hε(x, s, ϕ) =
h(x, s, ϕ)

1 + ε|h(x, s, ϕ)|
for any ε ∈]0, 1].
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For all u ∈ W 1,p(.)
0 (Ω), we can readily observe that

〈βε(u), u〉 ≥ 0, |βε(u)| ≤ 1

ε
|u| and lim

ε→0
βε(u) = β(u),

hε(x, s, ξ)s ≥ 0, |hε(x, s, ξ)| ≤ |h(x, s, ξ)| , |hε(x, s, ξ)| ≤
1

ε

and

|βε(T 1
ε
(uε))| ≤

1

ε2
.

Proposition 4.2. Let f ∈ L∞(Ω). Then, the problem (Eε, f) has at least one

weak solution uε ∈ W 1,p(.)
0 (Ω). Namely,∫

Ω

βε(T 1
ε
(uε))ϕdx+

∫
Ω

a(x, uε,∇uε)∇ϕdx+

∫
Ω

hε(x, uε,∇uε)ϕdx =

∫
Ω

fϕdx,

(4.2)

for all ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω).

Proof. Let Aε : W
1,p(.)
0 (Ω)→ W−1,p′(.)(Ω) be an operator defined by

〈Aε(u), ϕ〉 = 〈Au, ϕ〉+
∫

Ω

βε(T 1
ε
(u))ϕdx+

∫
Ω

hε(x, u,∇u)ϕdx ∀ u, ϕ ∈ W 1,p(.)
0 (Ω),

where 〈Au, ϕ〉 =

∫
Ω

a(x, u,∇u)∇ϕdx.

The existence of a weak solution is established based on the following lemma.

Lemma 4.3. The operator Aε is both pseudo-monotone and bounded. Addition-
ally, Aε satisfies a coercivity condition, expressed as follows:

〈Aε(u), u〉
‖u‖1,p(.)

→∞ as ‖u‖1,p(.) →∞.

Proof. There exists a constant C > 0 such that (see [33])∣∣∣∣ ∫
Ω

hε(x, u,∇u)ϕdx

∣∣∣∣ ≤ C‖ϕ‖1,p(.). (4.3)

Since βε ◦T 1
ε

is bounded in Lp
′(.)(Ω), there exists a constant C ′ > 0 such that, by

applying a Hölder-type inequality, we obtain∣∣∣∣ ∫
Ω

βε(T 1
ε
(u))ϕdx

∣∣∣∣ ≤ ∫
Ω

|βε(T 1
ε
(u))ϕ|dx

≤
(

1

p−
+

1

(p−)′

)
‖βε(T 1

ε
(u))‖p′(.)‖ϕ‖p(.)

≤ C ′‖ϕ‖1,p(.). (4.4)

By applying the Hölder-type inequality along with the growth condition (3.5),
we can prove that A is bounded. Consequently, from (3.2), (4.3) and (4.4), we
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conclude that Aε is bounded. Regarding coercivity, one has for any u ∈ W 1,p(.)
0 (Ω),

〈Aε(u), u〉
‖u‖1,p(.)

=

〈Au, u〉+

∫
Ω

βε(T 1
ε
(u))udx+

∫
Ω

gε(x, u,∇u)udx

‖u‖1,p(.)

≥

∫
Ω

a(x, u,∇u)∇udx

‖u‖1,p(.)

(by neglecting positive terms)

≥ λ

∫
Ω

|∇u|p(x)dx

‖u‖1,p(.)

→∞ as ‖u‖1,p(.) →∞ (since p− > 1).

Therefore, Aε is coercive.
It now remains to establish that Aε is pseudo-monotone. Let (um)m∈N be a

sequence in W
1,p(.)
0 (Ω) such that

um ⇀ u in W
1,p(.)
0 (Ω) as m→∞,

Aεum ⇀ χ in W−1,p′(.)(Ω) as m→∞,

lim
m→∞

sup〈Aεum, um〉 ≤ 〈χ, u〉.

(4.5)

Let us prove that

〈Aεum, um〉 −→ 〈χ, u〉 as m −→∞, where χ = Aεu.

Given the compact embedding W
1,p(.)
0 (Ω) ↪→↪→ Lp(.)(Ω), there exists a subse-

quence, still denoted (um)m∈N, such that um → u in Lp(.)(Ω) as m → ∞. Since

(um)m∈N is bounded in W
1,p(.)
0 (Ω), and by using the growth condition, it follows

that (a(x, um,∇um))m∈N is bounded in (Lp
′(.)(Ω))N .

Therefore, there exists a function ξ ∈ (Lp
′(.)(Ω))N such that

a(x, um,∇um) ⇀ ξ in (Lp
′(.)(Ω))N as m→∞. (4.6)

Since (hε(x, um,∇um))m∈N is bounded in (Lp
′(.)(Ω))N , there exists a function ψε ∈

(Lp
′(.)(Ω))N such that

hε(x, um,∇um)) ⇀ ψε in (Lp
′(.)(Ω))N as m→∞. (4.7)

Given that |βε(T 1
ε
(um))| ≤ 1

ε2
as m→∞, and um −→ u a.e. in Ω, we can apply

the Lebesgue dominated convergence theorem to conclude that

βε(T 1
ε
(um)) −→ βε(T 1

ε
(u)) in L(p−)′(Ω) as m→∞. (4.8)
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For all v ∈ W 1,p(.)
0 (Ω), we have

〈χ, v〉 = lim
m→∞

〈Aεum, v〉

= lim
m→∞

∫
Ω

a(x, um,∇um)∇vdx+ lim
m→∞

∫
Ω

hε(x, um,∇um)vdx

+ lim
m→∞

∫
Ω

βε(T 1
ε
(um))vdx

=

∫
Ω

ξ∇vdx+

∫
Ω

ψεvdx+

∫
Ω

βε(T 1
ε
(u))vdx. (4.9)

Applying (4.5) and (4.9), we obtain

lim
m→∞

sup〈Aεum, um〉

= lim
m→∞

sup

{∫
Ω

a(x, um,∇um)∇umdx+

∫
Ω

hε(x, um,∇um)umdx+

∫
Ω

βε(T 1
ε
(um))umdx

}

≤
∫

Ω

ξ∇udx+

∫
Ω

ψεudx+

∫
Ω

βε(T 1
ε
(u))udx. (4.10)

Thanks to (4.7), one has∫
Ω

hε(x, um,∇um)umdx −→
∫

Ω

ψεudx as m→∞. (4.11)

By using (4.8), one obtains∫
Ω

βε(T 1
ε
(um))umdx −→

∫
Ω

βε(T 1
ε
(u))udx as m→∞. (4.12)

It follows that

lim
m→∞

sup

∫
Ω

a(x, um,∇um)∇umdx ≤
∫

Ω

ξ∇udx. (4.13)

Using (3.3), we have∫
Ω

(a(x, um,∇um)− a(x, um,∇u))(∇um −∇u)dx ≥ 0,

then∫
Ω

a(x, um,∇um)∇umdx ≥
∫

Ω

a(x, um,∇um)∇udx+

∫
Ω

a(x, um,∇u)(∇um−∇u)dx.

Since ∇um ⇀ ∇u in Lp(.)(Ω) and using (4.6), we obtain

lim
m→∞

inf

∫
Ω

a(x, um,∇um)∇umdx ≥
∫

Ω

ξ∇udx.

Due to (4.13), one obtains

lim
m→∞

∫
Ω

a(x, um,∇um)∇umdx =

∫
Ω

ξ∇udx. (4.14)



54 I. KONATÉ, I. IBRANGO, S. OUARO

Therefore, combining (4.9), (4.11), (4.12) and (4.14), we obtain

〈Aεum, um〉 → 〈χε, u〉 as m→∞.

It remain to prove that a(x, um,∇um) ⇀ a(x, u,∇u) in (Lp
′(.)(Ω))N and

hε(x, um,∇um) ⇀ hε(x, u,∇u) in Lp
′(.)(Ω) as m→∞.

From (4.14), we can prove that

lim
m→∞

∫
Ω

(a(x, um,∇um)− a(x, um,∇u))(∇um −∇u)dx = 0.

Thanks to Lemma 3.2, one obtains

um → u in W
1,p(.)
0 (Ω) and ∇um → ∇u a.e. in Ω as m→∞.

Then, we conclude that

a(x, um,∇um) ⇀ a(x, u,∇u) in (Lp
′(.)(Ω))N as m→∞ (4.15)

and

hε(x, um,∇um) ⇀ hε(x, u,∇u) in Lp
′(.)(Ω) as m→∞, (4.16)

Thus, we can express χε = Aεu, which ends the proof of Lemma 4.3. �

Since Aε is bounded, coercive, and pseudo-monotone, it follows from Theorem 2.7
in [27] (see also [28]) that Aε is surjective. Therefore, for any f ∈ W−1,p′(.)(Ω),

there exists at least one solution uε ∈ W 1,p(.)
0 (Ω) for the problem (Eε, f), thereby

completing the proof of Proposition 4.2. �

Step 2 A priori estimates.

Lemma 4.4. Let uε ∈ W
1,p(.)
0 (Ω) be a weak solution of problem (Eε, f) under

assumption f ∈ L∞(Ω). Then, one has
• there exists a constant C1 > 0 that is independent of ε such that

‖uε‖1,p(.) ≤ C1, (4.17)

‖βε(T 1
ε
(uε))‖∞ ≤ ‖f‖∞. (4.18)

• For any k ≥ 1, there exists a constant C2 > 0 not depending on k, such that

‖∇Tk(uε)‖p(.) ≤ C2k
1
γ (4.19)

and there exists a constant C3 > 0 not depending on ε such that∫
Ω

uεhε(x, uε,∇uε)dx ≤ C3, (4.20)

where γ =

 p+ if ‖∇Tk(uε)‖p(.) ≤ 1

p− if ‖∇Tk(uε)‖p(.) > 1.
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Proof. Taking uε as test function in (4.2), we obtain∫
Ω

βε(T 1
ε
(uε))uεdx+

∫
Ω

a(x, uε,∇uε)∇uεdx+

∫
Ω

hε(x, uε,∇uε)uεdx

=

∫
Ω

fuεdx. (4.21)

Since

∫
Ω

βε(T 1
ε
(uε))uεdx ≥ 0, and hε satisfies the sign condition, one can infer

from (3.1) that

λ

∫
Ω

|∇uε|p(x)dx ≤
∫

Ω

fuεdx. (4.22)

Thanks to Poincaré inequality, there exists a constant C0 > 0 (depending on p−
and Ω) such that ∫

Ω

|uε|p−dx ≤ C
p−
0

∫
Ω

|∇uε|p−dx.

Applying Young’s inequality, one obtains∫
Ω

fuεdx ≤
∫

Ω

|f ||uε|dx

=

∫
Ω

(
2

1
p−C0

(λp−)
1
p−

|f |
)(

(λp−)
1
p−

2
1
p−C0

|uε|
)
dx

≤
∫

Ω

1

(p−)′

(
2

1
p−C0

(λp−)
1
p−

)(p−)′

|f |(p−)′dx+

∫
Ω

1

p−

(
(λp−)

1
p−

2
1
p−C0

)p−
|uε|p−dx

≤ C4

∫
Ω

|f |(p−)′dx+
λ

2C
p−
0

∫
Ω

|uε|p−dx

≤ C4‖f‖(p−)′

L∞(Ω)meas(Ω) +
λ

2

∫
Ω

|∇uε|p−dx

= C4‖f‖(p−)′

L∞(Ω)meas(Ω) +
λ

2

(∫
{|∇uε|<1}

|∇uε|p−dx+

∫
{|∇uε|≥1}

|∇uε|p−dx
)

≤ C4‖f‖(p−)′

L∞(Ω)meas(Ω) +
λ

2
meas(Ω) +

λ

2

∫
Ω

|∇uε|p(x)dx.

According to (4.22), one obtains∫
Ω

|∇uε|p(x)dx ≤ meas(Ω)

(
C4‖f‖(p−)′

L∞(Ω) +
λ

2

)
. (4.23)

Using Proposition 2.2, we get

‖∇uε‖αp(.) ≤ meas(Ω)

(
C4‖f‖(p−)′

L∞(Ω) +
λ

2

)
,
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where

α =

 p+ if ‖∇uε‖p(.) ≤ 1,

p− if ‖∇uε‖p(.) > 1.

Hence,

‖∇uε‖p(.) ≤ C5,

where C5 :=

[
meas(Ω)

(
C4‖f‖(p−)′

L∞(Ω) + λ
2

)] 1
α

.

Thanks to Remark 2.5, the two norms ‖∇u‖p(.) and ‖u‖1,p(.) are equivalent in

W
1,p(.)
0 (Ω). Therefore, one has

‖uε‖1,p(x) ≤ C1.

For δ > 0, one applies ϕδ,ε =
1

δ

[
Tk+δ(βε(T 1

ε
(uε))) − Tk(βε(T 1

ε
(uε)))

]
as a test

function in (4.2) to obtain∫
Ω

βε(T 1
ε
(uε))ϕδ,εdx+

∫
Ω

a(x, uε,∇uε)∇ϕδ,εdx+

∫
Ω

hε(x, uε,∇uε)ϕδ,εdx =

∫
Ω

fϕδ,εdx.

(4.24)

Since ∇ϕδ,ε =


1
δ
(β′ε(T 1

ε
(uε)))∇uε if k ≤ |βε(T 1

ε
(uε))| ≤ k + δ,

0 elsewhere,
and as βε is non-decreasing, by using (3.1), one gets∫

Ω

a(x, uε,∇uε)∇ϕδ,εdx =
1

δ

∫
Ω

a(x, uε,∇uε)(β′ε(T 1
ε
(uε))∇uεdx ≥ 0.

Sine ϕδ,ε has the same sign as uε, we infer from (3.4) that∫
Ω

hε(x, uε,∇uε)ϕδ,εdx ≥ 0.

Then, ∫
Ω

βε(T 1
ε
(uε))ϕδ,εdx ≤

∫
Ω

fϕδ,εdx.

Therefore∫
{k+δ≤|βε(T 1

ε
(uε))|}

βε(T 1
ε
(uε))ϕδ,εdx ≤

∫
Ω

βε(T 1
ε
(uε))ϕδ,εdx ≤

∫
Ω

fϕδ,εdx.

Since ϕδ,ε = 0 on the set {|βε(T 1
ε
(uε))| < k} and |ϕδ,ε| ≤ 1, one deduces that

1

δ

∫
{k+δ≤|βε(T 1

ε
(uε))|}

βε(T 1
ε
(uε))ϕδ,εdx ≤

∫
{k≤|βε(T 1

ε
(uε))|}

|f |dx. (4.25)
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Since k ≤ |βε(T 1
ε
(uε))| on the set {k + δ ≤ |βε(T 1

ε
(uε))|}, one has

kmeas{k + δ ≤ |βε(T 1
ε
(uε))|} ≤

∫
{k+δ≤|βε(T 1

ε
(uε))|}

|βε(T 1
ε
(uε))|dx

≤ 1

δ

∫
{k≤|βε(T 1

ε
(uε))|}

βε(T 1
ε
(uε))

×
[
Tk+δ(βε(T 1

ε
(uε)))− Tk(βε(T 1

ε
(uε)))

]
dx

≤
∫
{k≤|βε(T 1

ε
(uε))|}

|f |dx

≤ ‖f‖L∞(Ω)meas{k ≤ |βε(T 1
ε
(uε))|}.

Letting δ → 0 and choosing k > ‖f‖L∞(Ω), we obtain

kmeas{k ≤ |βε(T 1
ε
(uε))|} ≤ ‖f‖L∞(Ω)meas{k ≤ |βε(T 1

ε
(uε))|}.

It follows necessarily that meas{k ≤ |βε(T 1
ε
(uε))|} = 0 for any k > ‖f‖L∞(Ω).

Thus,

‖βε(T 1
ε
(uε))‖L∞(Ω) ≤ ‖f‖L∞(Ω).

Taking Tk(uε) as a test function in (4.2), we obtain∫
Ω

βε(T 1
ε
(uε))Tk(uε)dx+

∫
Ω

a(x, uε,∇uε)∇Tk(uε)dx+

∫
Ω

hε(x, uε,∇uε)Tk(uε)dx

=

∫
Ω

fTk(uε)dx.

Neglecting the positive terms

∫
Ω

βε(T 1
ε
(uε))Tk(uε)dx and

∫
Ω

hε(x, uε,∇uε)Tk(uε)dx,

we obtain∫
Ω

a(x, uε,∇uε)∇Tk(uε)dx =

∫
{|uε|≤k}

(a(x, uε,∇uε))∇Tk(uε)dx ≤
∫

Ω

fTk(uε)dx.

From (3.1), we deduce that∫
Ω

|∇Tk(uε)|p(x)dx ≤ k‖f‖∞
λ

.

Using Proposition 2.2, we get

‖∇Tk(uε)‖γp(.) ≤
k‖f‖∞
λ

.

Therefore,

‖∇Tk(uε)‖p(.) ≤ C2 for all k ≥ 1,

where C2 :=

(
k‖f‖∞
λ

) 1
γ

.

It now remains to prove that (4.20) is satisfied.
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According to (4.21) one obtains∫
Ω

uεhε(x, uε,∇uε)dx ≤
∫

Ω

fuεdx.

Then, we apply (4.17) to get∫
Ω

uεhε(x, uε,∇uε)dx ≤ C3.

�

Lemma 4.5. Let uε be a solution of (Eε, f) and let k > 0. Then, we have∫
Ω

(|βε(T 1
ε
(uε)| − k)+dx ≤

∫
Ω

(|f | − k)+dx. (4.26)

Proof. Using the test function ϕ = H+
δ (βε(T 1

ε
(uε))− k) in (4.2) we obtain∫

Ω

βε(T 1
ε
(uε))H

+
δ (βε(T 1

ε
(uε))− k)dx+

∫
Ω

a(x, uε,∇uε)∇H+
δ (βε(T 1

ε
(uε))− k)dx

+

∫
Ω

hε(x, uε,∇uε)H+
δ (βε(T 1

ε
(uε))− k)dx =

∫
Ω

fH+
δ (βε(T 1

ε
(uε))− k)dx.

Since βε is non-decreasing, using (3.1), one gets∫
Ω

a(x, uε,∇uε)(H+
δ )′(βε(T 1

ε
(uε))− k)β′ε(T 1

ε
(uε))∇uεdx ≥ 0.

Using the sign condition on hε we deduce that∫
Ω

hε(x, uε,∇uε)H+
δ (βε(T 1

ε
(uε))− k)dx ≥ 0.

Then, we have∫
Ω

(βε(T 1
ε
(uε)− k)H+

δ (βε(T 1
ε
(uε))− k)dx ≤

∫
Ω

(f − k)H+
δ (βε(T 1

ε
(uε))− k)dx.

Letting δ → 0 we obtain∫
Ω

(βε(T 1
ε
(uε)− k)+dx ≤

∫
Ω

(f − k)+dx. (4.27)

A similar reasoning gives∫
Ω

(βε(T 1
ε
(uε) + k)−dx ≤

∫
Ω

(f + k)−dx. (4.28)

By combining (4.27) and (4.28), it follows (4.26). �

Step 3 Convergence results.

Proposition 4.6. Let k > 0, and suppose that uε is a solution of (Eε, f). Then,
there exists a function b in L∞(Ω) such that

βε(T 1
ε
(uε)) ⇀ b weakly-* in L∞(Ω) as ε→ 0. (4.29)

Proof. Thanks to (4.18), we can conclude that there exists a function b ∈ L∞(Ω)
satisfying (4.29). �
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Proposition 4.7. There exists u ∈ W 1,p(.)
0 (Ω) verifying u ∈ dom(β) a.e. in Ω,

uε converges to u in measure and almost everywhere in Ω as ε→ 0, (4.30)

uε → u in Lp(.)(Ω) and uε ⇀ u in W
1,p(.)
0 (Ω) as ε→ 0, (4.31)

and

Tk(uε)→ Tk(u) in Lp(.)(Ω) and Tk(uε) ⇀ Tk(u) in W
1,p(.)
0 (Ω) as ε→ 0. (4.32)

Proof. Thanks to (4.17) and (4.19) in Lemma 4.4, it follows that the sequences

(uε)ε>0 and (Tk(uε))ε>0 are bounded in W
1,p(.)
0 (Ω). Then, there exists a subse-

quence still denoted (Tk(uε))ε>0, and a measurable function σk ∈ W 1,p(.)
0 (Ω) such

that {
Tk(uε) ⇀ σk in W

1,p(.)
0 (Ω) as ε→ 0,

Tk(uε)→ σk in Lp(.)(Ω) and a.e. in Ω.
(4.33)

Let us now show that (uε)ε>0 is a Cauchy sequence in measure on Ω.
Indeed, using a Hölder-type inequality and (4.19), one obtains

kmeas{|uε| > k} =

∫
{|uε|>k}

|Tk(uε)|dx ≤
∫

Ω

|Tk(uε)|dx

≤ (
1

p−
+

1

p+
)‖1‖p′(.)‖Tk(uε)‖p(x)

≤ (
1

p−
+

1

p+
)(meas(Ω) + 1)

1
p′− ‖Tk(uε)‖p(.)

≤ C5k
1
γ .

Consequently,

meas{|uε| > k} ≤ C5
1

k1− 1
γ

→ 0 as k →∞. (4.34)

For all δ > 0, one has
meas{|uε1 − uε2| > δ} ≤ meas{|uε1 | > k} + meas{|uε2| > k} + meas{|Tk(uε1) +
Tk(uε2)| > k}.
Let θ > 0, applying (4.34), we can choose k = k(θ) such that

meas{|uε1| > k} ≤ θ

3
and meas{|uε2 | > k} ≤ θ

3
. (4.35)

The estimate (4.17) implies that the sequence (uε)ε>0 is Cauchy in measure on Ω.
Thus, for any k, θ, δ > 0 there exists n0 = n0(k, δ, θ) such that

meas{|Tk(uε1)− Tk(uε2)| > δ} ≤ θ

3
for any ε1, ε2 ≥ n0. (4.36)

We can deduce from (4.35) and (4.36) that for every δ, θ, there exists n0 = n0(δ, θ)
such that

meas{|uε1 − uε2| > δ} ≤ θ for any ε1, ε2 ≥ n0,

which means that (uε)ε>0 is a Cauchy sequence in measure, and there exists a
subsequence still labeled as (uε)ε>0, along with a measurable function u such that

uε −→ u a.e. in Ω, as ε→ 0.
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Hence σk = Tk(u) a.e. in Ω and so u ∈ T 1,p(.)
0 (Ω). We can also conclude that{

uε ⇀ u in W
1,p(.)
0 (Ω) as ε→ 0,

uε → u in Lp(.)(Ω) and a.e. in Ω as ε→ 0.

We have Tk(u) ∈ domβ a.e. in Ω for any k > 0. Consequently, u ∈ domβ a.e. in
Ω (see [3]). �

Proposition 4.8. Let uε be a solution for problem (Eε, f) and t > 0. Then, up
to a subsequence, there exists a measurable function u such that

Tt(uε)→ Tk(u) strongly in W
1,p(.)
0 (Ω), (4.37)

∇uε → ∇u a.e. in Ω, (4.38)

a(x, uε,∇uε) ⇀ a(x, u,∇u) weakly in (Lp
′(.)(Ω))N (4.39)

and
hε(x, uε,∇uε)→ h(x, u,∇u) strongly in L1(Ω). (4.40)

Proof. For any t > 0, we will use the following as a test function

ϕε = ϕ(Tt(uε)− Tt(u)),

where

ϕ(s) = seαs
2

and α =

(
d(k)

λ

)2

.

It is widely recognized (see [9]) that

ϕ′(s)− d(k)

λ
|ϕ(s)| ≥ 1

2
∀s ∈ R. (4.41)

From this point forward, we will denote various sequences of real numbers that
converge to zero as η1(ε), η2(ε), ..., as ε approaches zero.
Choosing ϕε as a test function in (4.2), one obtains∫

Ω

βε(T 1
ε
(uε))ϕεdx+

∫
Ω

a(x, uε,∇uε)∇ϕεdx+

∫
Ω

hε(x, uε,∇uε)ϕεdx =

∫
Ω

fεϕεdx.

Since hε(x, uε,∇uε)ϕε ≥ 0 and βε(T 1
ε
(uε))ϕε ≥ 0 on {|uε| > t}, one deduces that∫

{|uε|≤t}
βε(T 1

ε
(uε))ϕεdx+

∫
Ω

a(x, uε,∇uε)∇ϕεdx+

∫
{|uε|≤t}

hε(x, uε,∇uε)ϕεdx

≤
∫

Ω

fεϕεdx. (4.42)

According to Lebesgue generalized convergence theorem, one has∫
Ω

fεϕεdx = η1(ε). (4.43)

Since the sequence (χ{|uε|≤t}βε(T 1
ε
(uε)))ε>0 is uniformly bounded, one can apply

the Lebesgue dominated converge theorem to conclude that∫
{|uε|≤t}

βε(T 1
ε
(uε))ϕεdx = η3(ε). (4.44)
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We will now define Gt(z) = z − Tt(z) for any z and t in R with t ≥ 0. Then, we
decompose the second term of (4.42) as follows.∫

Ω

a(x, uε,∇uε) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx

=

∫
Ω

a(x, Tt(uε),∇Tt(uε)) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx

+

∫
Ω

a(x, uε,∇Gt(uε)) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx. (4.45)

Since ∇Tt(uε) is zero where ∇Gt(uε) is different to zero, and conversely, we have∫
Ω

a(x, uε,∇Gt(uε)) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx

= −
∫

Ω

a(x, uε,∇Gt(uε)) · ∇Tt(u)ϕ′(Tt(uε)− Tt(u))dx.

Since ∇Tt(uε) ≡ 0 on the set {|uε| ≥ t}, one has

∇Tt(u)χ{|uε|≥t} → 0, a.e. in Ω as ε→ 0.

Using the fact that ∇Tt(uε) ∈ (Lp
′(.)(Ω))N , we can apply the Lebesgue dominated

convergence theorem to conclude that

∇Tt(u)χ{|uε|≥t} → 0, strongly in (Lp
′(.)(Ω))N as ε→ 0.

Having in mind that (a(x, uε,∇Gt(uε)))ε>0 is bounded in (Lp
′(.)(Ω))N , we obtain∫

Ω

a(x, uε,∇Gt(uε))·∇(Tt(uε)−Tt(u))ϕ′(Tt(uε)−Tt(u))dx = η3(ε)→ 0, as ε→ 0.

(4.46)
We now decompose the second term of (4.45) in the following way.∫

Ω

a(x, uε,∇uε) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx

=

∫
Ω

[a(x, Tt(uε),∇Tt(uε))−a(x, Tt(uε),∇Tt(u))]·∇(Tt(uε)−Tt(u))ϕ′(Tt(uε)−Tt(u))dx

+

∫
Ω

a(x, Tt(uε),∇Tt(u)) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx.

Let us observe that Tt(uε) converges weakly to Tt(u) in W
1,p′(.)
0 (Ω) as ε → 0,

lim
ε→0

ϕ′(Tt(uε)−Tt(u)) = 0, and the sequence (a(x, Tt(uε),∇Tt(u))))ε>0 is bounded

in (Lp
′(.)(Ω))N . From these observations, we can conclude that∫

Ω

a(x, Tt(uε),∇Tt(u)) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx = η4(ε). (4.47)

Thus, putting together (4.46) and (4.47), we obtain∫
Ω

a(x, uε,∇uε) · ∇(Tt(uε)− Tt(u))ϕ′(Tt(uε)− Tt(u))dx = (4.48)
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Ω

[a(x, Tt(uε),∇Tt(uε))−a(x, Tt(uε),∇Tt(u))]·∇(Tt(uε)−Tt(u))ϕ′(Tt(uε)−Tt(u))dx

+η5(ε).

On the other hand, one has∣∣∣∣ ∫
{|uε|≤t}

hε(x, uε,∇uε)ϕεdx
∣∣∣∣ ≤ ∫

{|uε|≤t}
|hε(x, uε,∇uε)||ϕε|dx

≤ d(t)

∫
Ω

(c(x) + |∇Tt(uε)|p(x))|ϕε|dx.

Since c(.) belongs to L1(Ω) and lim
ε→0

ϕε = ϕ(0) = 0, one has∫
Ω

c(x)|ϕε|dx = η5(ε). (4.49)

Then, using (3.1), it follows that∣∣∣∣ ∫
{|uε|≤t}

hε(x, uε,∇uε)ϕεdx
∣∣∣∣ ≤ d(t)

λ

∫
Ω

a(x, Tt(uε),∇Tt(uε))·∇Tt(uε)|ϕε|dx+η5(ε).

(4.50)
By adding and subtracting the term below in the right-hand side of the inequality
above

d(t)

λ

∫
Ω

a(x, Tt(uε),∇Tt(uε)) · ∇(Tt(uε)− Tt(u))|ϕε|dx,

we obtain

∣∣∣∣ ∫
{|uε|≤t}

hε(x, uε,∇uε)ϕεdx
∣∣∣∣

≤ d(k)
λ

∫
Ω

(
a(x, Tt(uε),∇Tt(uε)− a(x, Tt(uε),∇Tt(u)

)
· ∇(Tt(uε)− Tt(u))|ϕε|dx

+d(t)
λ

∫
Ω

a(x, Tt(uε),∇Tt(u)) · ∇Tt(u)|ϕε|dx+ η5(ε).

(4.51)
Since (a(x, Tt(uε),∇Tt(u)))ε>0 is bounded in (Lp

′(.)(Ω))N and ϕε converges to zero
as ε→ 0, one has

d(t)

λ

∫
Ω

a(x, Tt(uε),∇Tt(u)) · ∇Tt(u)|ϕε|dx = η6(ε).

Then, we deduce that

∣∣∣∣ ∫
{|uε|≤t}

hε(x, uε,∇uε)ϕεdx
∣∣∣∣

≤ d(t)
λ

∫
Ω

(
a(x, Tt(uε),∇Tt(uε))− a(x, Tt(u),∇Tt(u))

)
×∇(Tt(uε)− Tt(u))|ϕε|dx+ η7(ε).

(4.52)

By combining (4.42) and (4.52), one deduces that∫
Ω

[a(x, Tt(uε),∇Tt(uε))− a(x, Tt(uε),∇Tt(u))] · ∇(Tt(uε)− Tt(u))



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM 63

× [ϕ′ε −
d(t)

λ
|ϕε|]dx ≤ η7(ε). (4.53)

Then, using (4.41), we obtain

0 ≤ 1

2

∫
Ω

[a(x, Tt(uε),∇Tt(uε))−a(x, Tt(uε),∇Tt(u))]·∇(Tt(uε)−Tt(u))dx ≤ η7(ε).

Therefore

lim
ε→0

∫
Ω

[a(x, Tt(uε),∇Tt(uε))− a(x, Tt(uε),∇Tt(u))] · ∇(Tt(uε)− Tt(u))dx = 0.

(4.54)
Using Lemma 3.2, as ε→ 0, one has

Tt(uε)→ Tt(u) in W
1,p(.)
0 (Ω), (4.55)

then

∇uε → ∇u a.e. in Ω.

We deduce that

a(x, uε,∇uε)→ a(x, u,∇u) a.e. in Ω (4.56)

and

hε(x, uε,∇uε)→ g(x, u,∇u) a.e. in Ω. (4.57)

Since (a(x, uε,∇uε))ε>0 is bounded in (Lp
′(.)(Ω))N , using (4.56) and Lemma 2.3,

we have

a(x, uε,∇uε) ⇀ a(x, u,∇u) weakly in (Lp
′(.)(Ω))N as ε→ 0.

�

Proposition 4.9.

hε(x, uε,∇uε)→ h(x, u,∇u) strongly in L1(Ω) weakly in (Lp
′(.)(Ω))N as ε→ 0.

(4.58)

Proof. Let us prove that h(x, uε,∇uε) is uniformly equi-integrable. To achieve
this, we apply a classical technique similar to that used in [3, 5, 8, 10].
For any measurable subset B of Ω and for any ν ∈ R+, one has∫
B

|hε(x, uε,∇uε)|dx =

∫
B∩{|uε|≤ν}

|hε(x, uε,∇uε)|dx+

∫
B∩{|uε|>ν}

|hε(x, uε,∇uε)|dx

=

∫
B∩{|uε|≤ν}

|hε(x, Tν(uε),∇Tν(uε))|dx

+

∫
B∩{|uε|>ν}

|hε(x, uε,∇uε)|dx.

Since ∫
{|uε|>ν}

|hε(x, uε,∇uε)|dx ≤
∫
{|uε|>ν}

1

|uε|
uεhε(x, uε,∇uε)dx

≤ 1

ν

∫
Ω

uεhε(x, uε,∇uε)dx,
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we deduce from (3.5) and (4.20) that∫
E

|hε(x, uε,∇uε)|dx ≤ d(ν)

∫
B

(C(x) + |∇Tν(uε)|p(x))dx+
C3

ν
. (4.59)

Thanks to (4.59) and the strong convergence of ∇Tν(uε) in (Lp(.)(Ω))N as ε→ 0,
we deduce the equi-integrability of hε(x, uε,∇uε) (see [3, 10]).
According to (4.57), we obtain

hε(x, uε,∇uε)→ h(x, u,∇u) strongly in L1(Ω) as ε→ 0.

�

Relying on the aforementioned convergence results, we take the limit in (4.2), as
ε→ 0, to get∫

Ω

bϕdx+

∫
Ω

a(x, u,∇u)∇ϕdx+

∫
Ω

h(x, u,∇u)ϕdx =

∫
Ω

fϕdx.

Moreover, as hε(x, uε,∇uε)uε ≥ 0 a.e. in Ω, hε(x, uε,∇uε)uε → h(x, u,∇u)u a.e.
in Ω, as ε→ 0 and

0 ≤
∫

Ω

hε(x, uε,∇uε)uεdx ≤ C3,

by applying the Fatou’s lemma, one obtains

h(x, u,∇u)u ∈ L1(Ω).

We complete the proof of Theorem 4.1 by expressing that u ∈ D(β) and b ∈ β(u)
a.e. in Ω (see [3]). �

5. Problem with f ∈ L1(Ω)

This section is devoted to establish the existence of weak, renormalized, and
entropy solution for problem (E, f) when the datum f belongs to L1(Ω).

5.1. Existence of weak solution.

Theorem 5.1. Suppose that f ∈ L1(Ω). Then, the problem (E, f) has at least

one weak solution (u, b) ∈ W 1,p(.)
0 (Ω) × L1(Ω). Namely, b(x) ∈ β(u(x)) a.e. in

Ω, h(x, u,∇u) ∈ L1(Ω) and∫
Ω

bϕdx+

∫
Ω

a(x, u,∇u)∇ϕdx+

∫
Ω

h(x, u,∇u)ϕdx =

∫
Ω

fϕdx, (5.1)

for any ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω).

Proof. Step 1 The approximated problem
For each n ∈ N, we consider the following approximated problem

(E, fn)

 β(un)− div(a(x, un,∇un)) + h(x, un,∇un) 3 fn in Ω,

un = 0 on ∂Ω,

where fn is a sequence of L∞-functions which converges strongly to f in L1(Ω)
and |fn| ≤ |f |. For example, one can choose fn = Tn(f).
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Thanks to Section 4, there exists a solution (un, bn) ∈ W
1,p(.)
0 (Ω) × L∞(Ω) of

(E, fn) such that∫
Ω

bnϕdx+

∫
Ω

a(x, un,∇un)∇ϕdx+

∫
Ω

h(x, un,∇un)ϕdx =

∫
Ω

fnϕdx, (5.2)

for all ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω).

Step 2 A priori estimates

Lemma 5.2. Let (un, bn) be a solution to (E, fn), with t ≥ 1. Then, there exists
a constant C2 > 0 not independent of t such that

‖∇Tt(un)‖p(x) ≤ C2t
1
γ (5.3)

and

‖bn‖L1(Ω) ≤ ‖f‖L1(Ω), (5.4)

where γ =

 p+ if ‖∇Tk(uε)‖p(.) ≤ 1

p− if ‖∇Tk(uε)‖p(.) > 1.

Proof. Taking Tt(un) as a test function in (5.2), we obtain∫
Ω

bnTt(un)dx+

∫
Ω

a(x, un,∇un)∇Tt(un)dx+

∫
Ω

h(x, un,∇un)Tt(un)dx

=

∫
Ω

fTt(un)dx. (5.5)

Given that the first term on the left hand side of (5.5) is non-negative and g
satisfies the sign condition, it follows from (3.1) that∫

Ω

|∇Tt(un)|p(x)dx ≤
k‖f‖L1(Ω)

λ
.

Applying Proposition 2.2, we obtain

‖∇Tt(un)‖γp(.) ≤
k‖f‖L1(Ω)

λ
.

Then,

‖∇Tt(un)‖p(x) ≤ C6t
1
γ for all t ≥ 1,

where C6 :=

(
‖f‖L1(Ω)

λ

) 1
γ

.

Since

∫
Ω

bnTt(un)dx ≥ 0 and

∫
Ω

h(x, un,∇un)Tt(un)dx ≥ 0, we can infer from

(5.5) that ∫
Ω

bnTt(un)dx ≤
∫

Ω

fTt(un)dx ≤ k‖f‖L1(Ω).

Dividing the above inequality by t > 1, we obtain∫
Ω

bn
1

t
Tt(un)dx ≤ ‖f‖L1(Ω).
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Since bn ∈ β(un) a.e. in Ω and lim
t→∞

1

t
Tt(un) = sign0(un), we pass to the limit in

the above inequality as t→∞ to obtain∫
Ω

|bn|dx ≤ ‖f‖L1(Ω).

�

Step 3 Convergence results and passage to the limit

Lemma 5.3. Let (un, bn) be a solution to (E, fn). Then, as n→∞, one has

bn ⇀ b weakly in L1(Ω). (5.6)

Proof. Let (uεn, b
ε
n) be a solution of the following problem

βε(T 1
ε
(uεn))− diva(x, uεn,∇uεn) + h(x, uεn,∇uεn) = fn in Ω

uεn = 0 on ∂Ω.

The proof of (5.6) follows the same line as in [3].
Let k > 0, then from Lemma 4.5, we have∫

Ω

(|βε(T 1
ε
(uεn)| − k)+dx ≤

∫
Ω

(|fn| − k)+dx. (5.7)

Since βε(T 1
ε
(uεn) ⇀ bn in L∞(Ω) as ε goes to 0, we obtain∫

Ω

(|bn| − k)+dx ≤
∫

Ω

(|fn| − k)+dx. (5.8)

Remark 5.4. We now make the following claim

lim
k→∞

meas({|fn| ≥ k}) = 0, (5.9)

lim
k→∞

∫
Ω

(|fn| − k)+dx = 0 (5.10)

and
lim
k→∞

kmeas({|bn| ≥ k}) = 0. (5.11)

Indeed, since

∫
Ω

|fn|dx ≤
∫

Ω

|f |dx = ‖f‖1, taking the limit as k → ∞ in the

estimate meas({|fn| ≥ k}) ≤ 1

k

∫
Ω

|fn|dx yields (5.9).

Since A := (fn)n∈N ⊂ L1(Ω) and |fn| ≤ |f | ∈ L1(Ω) for every n ∈ N, it follows
from Proposition 2.12 that the sequence (fn)n∈N is uniformly integrable.∫

Ω

(|fn| − k)+dx =

∫
{|fn|≥k}

|fn|dx− kmeas({|fn| ≥ k})

≤
∫
{|fn|≥k}

|fn|dx

≤ sup
fn∈A

∫
{|fn|≥k}

|fn|dx.
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Then, passing to the limit as k →∞, we obtain (5.10).

Claim: bn ⇀ b in L1(Ω) as n→∞.
Indeed, ∫

{|fn|≥k}
|bn|dx =

∫
Ω

(|bn| − k)+dx+ kmeas({|bn| ≥ k})

≤
∫

Ω

(|fn| − k)+dx+ kmeas({|bn| ≥ k}).

Using (5.11), we have

lim
k→∞

sup
fn∈F

(∫
{|fn|≥k}

|bn|dx
)

= 0.

Therefore, the sequence (bn)n∈N is uniformly integrable. Consequently, it follows
from Theorem 2.13 that it is relatively weakly compact in L1(Ω).
Now, we can deduce that there exists a subsequence, still denoted (bn)n∈N such
that

bn ⇀ b weakly in L1(Ω) as n→∞.
�

Remark 5.5. The estimate (5.3) leads to the following (see the proof of Proposition
4.7)

un → u a.e. in Ω, (5.12)

Tk(un) ⇀ Tk(u) in W
1,p(.)
0 (Ω), (5.13)

Tk(un)→ Tk(u) in Lp(.)(Ω) and a.e. in Ω. (5.14)

Lemma 5.6. Let (un, bn) be a solution of the problem (E, fn), with k > 0. Then,
letting n→∞, it follows that

Tk(un)→ Tk(u) strongly in W
1,p(.)
0 (Ω), (5.15)

∇un → ∇u a.e. in Ω, (5.16)

a(x, un,∇un)→ a(x, u,∇u) a.e. in Ω, (5.17)

hn(x, un,∇un)→ h(x, u,∇u) a.e. in Ω (5.18)

and
a(x, un,∇un) ⇀ a(x, u,∇u) weakly in (Lp

′(.)(Ω))N . (5.19)

Proof. For any k > 0, we define the function

ϕn = ϕ(Tk(un)− Tk(u)),

where

ϕ(s) = seαs
2

and α =

(
d(k)

λ

)2

.

By taking ϕn as test function in (5.2), we get∫
Ω

bnϕndx+

∫
Ω

a(x, un,∇un)∇ϕndx+

∫
Ω

h(x, un,∇un)ϕndx =

∫
Ω

fnϕndx.

(5.20)
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Let us denote by η1(n), η2(n), ..., various sequences of real numbers which con-
verge to zero when n→∞.
Since ϕn

∗
⇀ 0 in L∞(Ω) and fn → f in L1(Ω) as n→∞, one has∫

Ω

fnϕndx = η1(n).

As ∫
Ω

bnϕndx =

∫
{|un|≤k}

bnϕndx+

∫
{|un|>k}

bnϕndx (5.21)

and bn ∈ β(un), the second term of (5.21) is non-negative.
Notice that the function χ{|un|≤k}bn is uniformly bounded; thus, we can apply the
Lebesgue dominated convergence theorem to obtain∫

{|un|≤k}
bnϕndx = η2(n).

Therefore, we deduce from (5.20) that∫
Ω

a(x, un,∇un)∇ϕndx+

∫
Ω

h(x, un,∇un)ϕndx ≤ η3(n). (5.22)

Reasoning similarly as in the proof of Proposition 4.8, one deduces

lim
n→∞

∫
Ω

[a(x, Tk(un),∇Tk(un))− a(x, Tk(un),∇Tk(u))] · ∇(Tk(un)− Tk(u))dx = 0.

(5.23)
Using Lemma 3.2, one has

Tk(un)→ Tk(u) in W
1,p(.)
0 (Ω).

Thus

∇un → ∇u a.e. in Ω.

We can also conclude that

a(x, un,∇un)→ a(x, u,∇u) a.e. in Ω

and

hn(x, un,∇un)→ h(x, u,∇u) a.e. in Ω.

Since the sequence (a(x, un,∇un))n∈N is bounded in (Lp
′(.)(Ω))N , one has

a(x, un,∇un) ⇀ a(x, u,∇u) weakly in (Lp
′(.)(Ω))N .

�

Proposition 5.7. If un is a solution of (E, fn), then we have

hn(x, un,∇un)→ h(x, u,∇u) strongly in L1(Ω). (5.24)
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Proof. Since hn(x, un,∇un) −→ h(x, u,∇u) a.e. in Ω as n→∞, and given (3.5),
it is sufficient to show that g(x, un,∇un) is uniformly equi-integrable.
For any measurable subset B of Ω and any δ ∈ R+, it holds that∫

B

|hn(x, un,∇un|dx =

∫
E∩{|un|≤δ}

|hn(x, un,∇un)|dx

+

∫
B∩{|un|>δ}

|hn(x, un,∇un)|dx

=

∫
B∩{|un|≤δ}

|hn(x, Tδ(un),∇Tδ(un))|dx

+

∫
B∩{|un|>δ}

|hn(x, un,∇un)|dx

≤ d(δ)

∫
B

(C(x) + |∇Tδ(un)|p(x))dx

+

∫
B∩{|un|>δ}

|hn(x, un,∇un)|dx

= L1 + L2. (5.25)

For fixed δ in N, one has

L1 ≤ d(δ)

∫
B

(C(x) + |∇Tδ(un)|p(x))dx,

which is small, uniformly in n for fixed δ when the measure of B is small (remark
that (∇Tδ(un))n∈N converges strongly in (Lp(.)(Ω))N as n→∞).
We treat the second term of (5.25) by using the test function Sδ(un) in (5.2),
where for δ > 1, Sδ is defined as follows.

Sδ(s) = 0, if |s| ≤ δ − 1,

Sδ(s) = |s|
s
, if |s| ≥ δ,

S ′δ(s) = 1, if δ − 1 ≤ |s| ≤ δ.

It follows that∫
Ω

bnSδ(un)dx+

∫
Ω

a(x, un,∇un)∇unS ′δ(un)dx+

∫
Ω

h(x, un,∇un)Sδ(un)dx

=

∫
Ω

fSδ(un)dx.

Using the fact that the function βn ◦ T 1
n

is non-decreasing, Sδ is increasing on

{δ − 1 ≤ |un| ≤ δ}, and hn verifies the sign condition, we deduce that∫
{δ−1≤|un|≤δ}

a(x, un,∇un)∇undx+

∫
{|un|>δ−1}

|h(x, un,∇un)|dx

≤
∫
{|un|>δ−1}

|fn|dx.
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Using (3.1), we obtain

λ

∫
{δ−1≤|un|≤δ}

|∇un|p(x)dx+

∫
{|un|>δ−1}

|h(x, un,∇un)|dx

≤
∫
{δ−1≤|un|≤δ}

a(x, un,∇un)∇undx+

∫
{|un|>δ−1}

|h(x, un,∇un)|dx

≤
∫
{|un|>δ−1}

|fn|dx.

(5.26)

It follows that ∫
{|un|>δ−1}

|h(x, un,∇un)|dx ≤
∫
{|un|≥δ−1}

|f |dx,

then

lim sup
δ→∞ n∈N

∫
{|un|>δ−1}

|h(x, un,∇un)|dx ≤
∫
{|un|>δ−1}

|f |dx.

Consequently, L2 remains small, uniformly with respect to n and B when δ is
sufficiently large. This allows us to conclude that hε(x, un,∇un) is uniformly
equi-integrable in Ω.
By virtue of Vitali’s theorem, we have

hn(x, un,∇un)→ h(x, u,∇u) strongly in L1(Ω).

�

Given the convergence results outlined above, we can take the limit as n→∞ in
(5.2) to obtain∫

Ω

bϕdx+

∫
Ω

a(x, u,∇u)∇ϕdx+

∫
Ω

h(x, u,∇u)ϕdx =

∫
Ω

fϕdx,

for any ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω). �

5.2. Entropy solution.
Here we establish the existence of entropy solution of the problem (E, f) for any
datum f in L1(Ω).

Theorem 5.8. Let f be a function in L1(Ω) and t > 0. Then, the problem (E, f)

admits at least one entropy solution (u, b) ∈ T 1,p(.)
0 (Ω)× L1(Ω) in the sense that

b(x) ∈ β(u(x)) a.e. in Ω, h(x, u,∇u) ∈ L1(Ω) and∫
Ω

bTt(u− ϕ)dx+

∫
Ω

a(x, u,∇u)∇Tt(u− ϕ)dx+

∫
Ω

h(x, u,∇u)Tt(u− ϕ)dx

≤
∫

Ω

fTt(u− ϕ)dx, (5.27)

for any ϕ ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω).
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Proof.

Let (un, bn) be a to problem (E, fn) and t > 0. For any v ∈ W 1,p(.)
0 (Ω) ∩ L∞(Ω),

taking Tt(un − v) as test function in (5.2) and setting L = t+ ‖v‖∞, we obtain

∫
Ω

bnTt(un−v)dx+

∫
Ω

a(x, un,∇un)∇Tt(un−v)dx+

∫
Ω

hn(x, un,∇un)Tt(un−v)dx

=

∫
Ω

fnTt(un − v)dx. (5.28)

Notice that if |un| ≥ L, then |un − v| ≥ |un| − ‖v‖∞ > t. Therefore, {|un − v| ≤
t} ⊆ {|un| ≤ L}, which gives

∫
Ω

a(x, un,∇un)∇Tt(un − v)dx

=

∫
Ω

a(x, TL(un),∇TL(un))(∇TL(un)−∇v)χ{un−v|≤t}dx

=

∫
Ω

(a(x, TL(un),∇TL(un))− a(x, TL(un),∇v))(∇TL(un)−∇v)χ{un−v|≤t}dx

+

∫
Ω

a(x, TL(un),∇v)(∇TL(un)−∇v)χ{un−v|≤t}dx.

Using Fatou’s Lemma, we obtain



lim inf
n→∞

∫
Ω

a(x, un,∇un)∇Tt(un − v)dx

≥
∫

Ω

(a(x, TL(u),∇TL(u) − a(x, TL(u),∇v))(∇TL(u)−∇v)χ{u−v|≤t}dx

+ lim
n→∞

∫
Ω

a(x, TL(un),∇v)(∇TL(un)−∇v)χ{un−v|≤t}dx.

(5.29)
Since


lim
n→∞

∫
Ω

a(x, TL(un),∇v)(∇TL(un)−∇v)χ{un−v|≤t}dx

=

∫
Ω

a(x, TL(u),∇v)(∇TL(u)−∇v)χ{u−v|≤t}dx
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we deduce from (5.29), that

lim inf
n→∞

∫
Ω

a(x, un,∇un)∇Tt(un − v)dx

≥
∫

Ω

a(x, TL(u),∇v)(∇TL(u)−∇v)χ{u−v|≤t}dx

=

∫
Ω

a(x, TL(u),∇v)(∇TL(u)−∇v)χ{u−v|≤t}dx

=

∫
Ω

a(x, TL(u),∇v)∇Tt(u− v)dx.

Since Tt(un−v)
∗
⇀ Tt(u−v) in L∞(Ω) and hn(x, un,∇un)→ h(x, u,∇u) in L1(Ω)

as n→∞, one deduces that∫
Ω

hn(x, un,∇un)Tt(un − v)dx −→
∫

Ω

h(x, u,∇u)Tt(u− v)dx. (5.30)

By using Lebesgue dominated convergence theorem, we obtain∫
Ω

fnTt(un − v)dx→
∫

Ω

fTt(u− v)dx. (5.31)

Since bn ⇀ b weakly in L1(Ω) and Tt(un − v)
∗
⇀ Tt(u− v) in L∞(Ω) as n → ∞,

we obtain ∫
Ω

bnTt(un − v)dx→
∫

Ω

bTt(u− v)dx. (5.32)

By passing to the limit in (5.2) as n → ∞, we obtain the entropy inequality
(5.27). �
5.3. Renormalized solution.
In this subsection, we prove that an entropy solution is also a renormalized solu-
tion of problem (E, f).

Theorem 5.9. Let f ∈ L1(Ω). then, the problem (E, f) admits at least one

renormalized solution (u, b) ∈ W 1,p(.)
0 (Ω)×L1(Ω) in the sense that b(x) ∈ β(u(x))

a.e. in Ω, h(x, u,∇u) ∈ L1(Ω) and∫
Ω

bS(u)ϕdx+

∫
Ω

a(x, u,∇u)(S ′(u)ϕ∇u+ S(u)∇ϕ)dx+

∫
Ω

h(x, u,∇u)S(u)ϕdx

=

∫
Ω

fS(u)ϕdx (5.33)

and

lim
l→+∞

∫
{l≤|u|≤l+1}

|∇u|p(x)dx = 0, (5.34)

for any ϕ ∈ W
1,p(.)
0 (Ω) ∩ L∞(Ω) and any function S ∈ W 1,∞(Ω) with compact

support.
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Proof. Let us start by proving that (5.34) holds.
Let u be an entropy solution of (E, f).
According to (5.26) one has

λ

∫
{l≤|un|≤l+1}

|∇un|p(x)dx+

∫
{|un|>l}

|h(x, un,∇un)|dx ≤
∫
{|un|>l}

|fn|dx,

thus

λ

∫
{l≤|un|≤l+1}

|∇un|p(x)dx ≤
∫
{|un|>l}

|fn|dx.

Then, letting n→∞ and l→∞ successively we obtain (5.34).
Let (un)n∈N be a sequence of weak solutions of (5.2) and S ∈ W 1,∞(Ω) such that
suppS ⊂ [−L,L] for some L > 0. We already know from Lemma 5.6 that

for any t > 0, Tt(un)→ Tt(u) strongly in W
1,p(.)
0 (Ω) as n→∞.

For any v ∈ C∞0 (Ω), we choose S(un)v ∈ W 1,p(.)
0 (Ω) as test function in (5.2) to

obtain ∫
Ω

bnS(un)vdx+

∫
Ω

a(x, un,∇un)(S ′(un)v∇un + S(un)∇v)dx

+

∫
Ω

hn(x, un,∇un)S(un)vdx =

∫
Ω

fnS(un)vdx. (5.35)

Since S(un)v
∗
⇀ S(u)v in L∞(Ω) as n→∞, one deduces that∫

Ω

bnS(un)vdx→
∫

Ω

bS(u)vdx, (5.36)∫
Ω

h(x, un,∇un)S(un)vdx→
∫

Ω

h(x, u,∇u)S(u)vdx (5.37)

and ∫
Ω

fnS(un)vdx→
∫

Ω

fS(u)vdx. (5.38)

It remain to treat the second term of the left on side of (5.35).
Indeed, one has ∫

Ω

a(x, un,∇un)(S ′(un)v∇un + S(un)∇v)dx

=

∫
Ω

a(x, TL(un),∇TL(un))(S ′(un)v∇TL(un) + S(un)∇v)dx.

Thanks to (3.2), (a(x, TL(un),∇TL(un)))n∈N is bounded in (Lp
′(.)(Ω))N and

a(x, TL(un),∇TL(un))→ a(x, TL(u),∇TL(u)) a.e. in Ω.

Then, using Lemma 3.1, we obtain

a(x, TL(un),∇TL(un)) ⇀ a(x, TL(u),∇TL(u)) weakly in (Lp
′(.)(Ω))N .

As n→∞, one has

(S ′(un)v∇TL(un)+S(un)∇v)→ (S ′(u)v∇TL(u)+S(u)∇v) strongly in (Lp
′(.)(Ω))N ,
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then

lim
n→∞

∫
Ω

a(x, TL(un),∇TL(un))(S ′(un)v∇TL(un) + S(un)∇v)dx

=

∫
Ω

a(x, TL(u),∇TL(u))(S ′(u)v∇TL(u) + S(u)∇v)dx

=

∫
Ω

a(x, u,∇u)(S ′(u)v∇u+ S(u)∇v)dx. (5.39)

Since (5.36)-(5.39) hold, passing to the limit in (5.35) as n → ∞, we obtain the
renormalized equality (5.33)∫

Ω

bS(u)vdx+

∫
Ω

a(x, u,∇u)(S ′(u)v∇u+ S(u)∇v)dx+

∫
Ω

h(x, u,∇u)S(u)vdx

=

∫
Ω

fS(u)vdx.

Let us prove the last step which consists to show that u belongs to W
1,p(.)
0 (Ω).

Indeed, for any t > 0, choosing Tt(un) as a test function in (5.2), we deduce from
the proof of Lemma 5.2 that∫

{|un|≤t}
|∇un|p(x)dx =

∫
Ω

|∇Tt(un)|p(x)dx ≤
t‖f‖L1(Ω)

λ
(5.40)

and ∫
{|un|>t}

|h(x, un,∇un)|dx ≤ t‖f‖L1(Ω). (5.41)

Taking t large enough (t ≥ σ) and using (3.6), we get

ρ

∫
{|un|>t}

|∇un|p(x)dx ≤
∫
{|un|>t}

|g(x, un,∇un)|dx. (5.42)

Adding (5.40) and (5.42), we get∫
{|un|≤t}

|∇un|p(x)dx+ ρ

∫
{|un|>t}

|∇un|p(x)dx ≤
(

1 +
1

λ

)
‖f‖L1(Ω),

then

min{1, ρ}
∫

Ω

|∇un|p(x)dx ≤
(

1 +
1

λ

)
‖f‖L1(Ω),

thus ∫
Ω

|∇un|p(x)dx ≤ C7,

where C7 :=
1 + 1

λ

min{1, ρ}
‖f‖L1(Ω).

We deduce from the Poincaré inequality, the existence of a constant C8 > 0 not
depending of n such that

‖un‖1,p(.) ≤ C8.

Hence,
‖u‖1,p(.) ≤ C8.

Thus, the proof of Theorem 5.9 is complete. �
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Dunod. Gauthier-Villars, Paris. https://searchworks.stanford.edu/view/604703
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