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ABSTRACT. Using approximation techniques and the theory of maximal mono-
tone operators in Banach spaces, we prove the existence of at least one solu-
tion of a wide class of multivalued nonlinear elliptic problems involving natural
growth terms and general p(.)-Leray-Lions operator.
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1. INTRODUCTION

Nonlinear PDEs occupy one of the important places in modeling of natural phe-
nomena in several fields notably in physics, biology and engineering sciences.
In general, the equations resulting from this modeling are solved in classical
Sobolev spaces with constant exponent. But, to model phenomena involving
non-homogeneous materials, classical Sobolev spaces are insufficient as they do
not capture all the properties of these materials (for example the change of state).
So, we must use a more flexible approach, this led to solve equations in Sobolev
spaces with variable exponent, commonly denoted by WP (Q) (to be defined
later).

Nowadays, the study of problems in Sobolev spaces with p(.) growth is cur-
rently gaining considerable attention in mathematical research since it has been
discovered that they are essential in various applications, including physics, me-
chanical process, electro-rheological fluids, stationary thermo-rheological viscous
flows of non-Newtonian fluids (see [4, 17, 22, 29, 30] for more details). They are
also used in image processing ([14]).

In this paper we deal with the following nonlinear multivalued problem

B(u) — diva(z,u, Vu) + h(z,u, Vu) > f in Q

(£, f)
u =0 on 0f).
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Here, we assume that  is an open, bounded domain in RY (N > 3), with a
smooth boundary 9 and f € L'(Q). The operator A(u) = —diva(x,u, Vu) is a
p(.)-Leray-Lions operator mapping from Wol’p(')(Q) to its dual space W17 () (Q).
The function 8 : R — 2% is a maximal monotone mapping with 0 € 3(0). The
nonlinear term h(z, u, Vu), which has natural growth of order p(.) in Vu, satisfies
a sign-condition.

It is worth noting that if the graph  has a single-valued range, the prob-
lem (E, f) has already been studied within the context of constant exponents
(8,9, 11, 12]. These problems were subsequently adapted to the context of vari-
able exponents [5, 33]. In [1] the authors established the existence of a renor-
malized solution for a specific case of problem (F, f) in the setting of weighted
exponent spaces (see also [16]). When 5 = 0 and g = 0, Boccardo, Gallouét and
Murat [10] demonstrated the existence of at least one solution to the problem
(E, f) (we also refer readers to [8]). In [3], the existence of a solution to the
problem (£, f) is proven within the framework of constant exponent spaces.
Another significant contribution to the L!-theory for the p—Laplacian or
p(.)—Laplacian, involving differential inclusion equations, has focused on the fol-
lowing problem.

y(u) — div(a(z, Vu) + F(u)) > T in Q

(P)
u= 0 on Of).

A lot of results of existence and uniqueness have been found concerning the
problem (P) (see [2, 7, 23]). As far as problems like (F, f) are concerned, we refer
the reader to [25, 32], where the authors analyzed the existence and uniqueness of
solutions of related problem under Neumann and Robin boundaries conditions.
In a recent paper [3], Akdim and Ouboufettal examined the existence of solutions
to (E, f) within the framework of Sobolev space with constant exponent. The key
focus of our work lies in addressing general nonlinear operators —div(a(z, u, Vu)),
coupled with a graph, within the framework of Sobolev spaces with variable
exponent.

In this paper, following the ideas of the authors in [3], we generalize their main
result to the framework of Sobolev spaces with variable exponent.
Here is an overview of the paper’s contents. In Section 2, we recall some pre-
liminaries on variable exponent spaces. Section 3 presents our key assumptions
along with some fundamental results. In Section 4, we investigate the existence
of solutions when f € L*>®(Q). Lastly, in Section 5, we establish the existence of
weak, entropy, and renormalized solutions when f € L'(Q).

2. PRELIMINARIES

In the following, we review some definitions and fundamental properties of Lebesgue
and Sobolev spaces with variable exponents.
Let © be a bounded domain in RY (N > 3), with smooth boundary 9. We



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM 47
define the set

C(Q) = {p() :Q — (1,00) continuous such that 1 < p~ < p* < oo},

where p~ := minp(z) and p* := max p(x).

) z€Q
Let p € C(Q), the variable exponent Lebesgue space LP()(Q) is defined as the
set of measurable f : © — R such that its p(.)-modular p,, : LPV(Q) — R
verifies

o) (f) = / [P d < oo.
Q
The space LPV)(Q) is equipped with the Luxembourg norm

p(x)
\umo:ﬂﬁ{e>oa/:ﬂ9 <MS1}
Q

6
For any f in LP()(92), one has ([20, 21])

. - +
min {71205 1F120,} < oo () < max {71205 IFIEG, - 2D)
Lemma 2.1 (Holder type inequality, see [20]).
(i) For any f € LPY)(Q) and g € LY (Q) such that —~ + (L =1 ae inQ,

1
p(x) q(x)
/mm_(— )mmwm (2.2)

(ii) For all p1, py € C4(Q) such that pl( ) < po(x) a.e. x € Q, one has that
Lr20(Q) «— LPO)(Q) and the embedding is continuous.

one has

Proposition 2.2. [26] For any u,,u € LP@(Q), the following assertions hold
true.
(1) [[fllpoy <1 (resp, =1, > 1) if and only if ppy(f) <1 (resp, =1, >1);
() [ fllpey > 1 imply £l < oy (f) < llully(y, and [|fllp) < 1 imply
1150y < poy(w) < Nlullygys
(iii) |[frllp) — 0 if and only zf pp()(fn) = 0, and || fullp) — oo if and only
pp(~)(fn) — 0.

We now define the Sobolev space with variable exponents as follows

WhrO(Q) = {f e LPI(Q): |Vf] e Lp(.)(Q)},

with the norm

1Al = ooy + 1V Fllne)-
We denote by Wy () the closure of C£°(€2) in W0)(().

The Sobolev exponent is defined as p*(x) = ]\J,Vp(z if p(x) < N and p*(x) = oo if

p(z) = N.

Lemma 2.3. Let p be in C(Q), and f, f, € LPO(Q) such that || fullp) < C. If
) = f() a.e. inQ, then f, — f in LPO(Q).
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Theorem 2.4. [21, 24]

i) Let p be in C(Q). Then, the sets LP)(Q) and WO (Q) are separable
+ 0
and reflexive Banach spaces.

(i) If ¢ € CL(Q) and q(z) < p*(z) for every x € Q, then the embedding
Wol’p(')(Q) s LI(Q) is continuous and compact.
(iii) There ezists a constant M > 0, such that

lully) < MUV fllpey, Y € WP (Q).

(iv) There exists a constant M' > 0, such that

If
Remark 2.5. By Poincaré’s inequality (iii) of Theorem 2.4, we deduce that ||V f{|,)

w0 < MV fllpy, Vf € Wa(Q).

and || f||1,() are equivalent norms in WY ().

Definition 2.6. [18] Let W~#)(Q) be the dual of the set Wy (Q) and G €
W-170(Q). Then, there exists go,g1,....,gv € L”)(Q) such that G = gy +

l dg;
i=1 Ox;

Moreover, for every v € W, * (')(Q),

N
ov
G — d_ ) d7
(G, v) /ngv:c ;/gg—axix

and the dual space is equipped with the following norm

N
11—y = D gl
1=0

We will use throughout the paper, for any v > 0, the truncation function defined
by T, (s) = max{—y, min{vy, s}}. It is obvious that lim 7’ (s) = s and |7,(s)| =
y—0o0

min{|s; v}
761”’(')((2) := {u : @ — R measurable function such that T (s) € W)},
We stress that a function u € 75 * (')(Q) does not necessarily belong to W, (€2).

However, one can define, as follows, the weak gradient of w still denoted by Vu
(see [7, 31]).

Proposition 2.7. Let u € 761’10(')(9). Then, there exists a unique measurable
function ¥ : Q@ — RY such that VT,(u) = UX{ju<y}, for a.e. © € Q and for all
v > 0. The function ¥ is called the weak gradient of u and is still denoted by Vu.
Moreover, if u € Wol’p(’)(Q), then ¥ € (LPO(Q))N and ¥ = Vu coincides with the

standard distributional gradient of u.

The following lemma provides an useful result of convergence in the sense of graph
(see [32]).
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Lemma 2.8. Let (B,)n>1 be a sequence of mazimal monotone graphs such that
B, — B in the sense of graphs (for (r,s) € B, there ezists (1, s,) € B, such
that r, — 1 and s, — s). Let (2,)n>1 and (wy,),>1 be two sequences of L'(Q).
We assume that Vn > 1,w, € B,((), (w,)n>1 are bounded in L*() and ¢, — ¢
in LY(Q). Then,

¢ € dom(B).

We now define some functions that will be used frequently throughout this paper.
For any real number s € R, we define st as the non-negative part of s given by
sT := max(s,0). Additionally, let signi be a function that assigns values as
follows

. 1if s >0,

$@“@:{0ﬁ3<0
For 6 > 0, we define the function H; : R — R by
(1 ifr>9

H (r) = ifo<r<é

ol =

0 ifr<O.

\

It is obvious that Hj is an approximation of signg .

Definition 2.9. Let (2, M, ) be a finite measure space. A collection F C L' (1)
is said to be uniformly integrable (or equi-integrable) if, for every o > 0 there
exists 0 > 0 such that

/ |fldp < o whenever p(A) < 4.
A

Proposition 2.10. [15] Let (2, M, pu) be a finite measure space. A collection
F C LY(p) is said to be uniformly integrable if one has

lim (sup/ \g\du) = 0.
P00 N\ geF J{lgl>b)

Proposition 2.11. [15] If the measure u is bounded, any subset F in L', bounded
i L™, 1s uniformly integrable.

Proposition 2.12. [15] Let F be a subset of L'(u). If there exists a positive
function f € L such that |g| < f for any g € F, then, F is uniformly integrable.

Theorem 2.13. [19] (Dunford). A subset of L*(u) is relatively weakly compact
if and only if it is both bounded and uniformly integrable.
3. Assumptions and main results

Let p be in C,(Q) and let a : Q x R x RY — RY be a Carathéodory function
such that for a.e. x € Q, and for any ¢, ¢’ € RV, s € R.

a(z, s,0).0 = NlP™; (3.1)
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la(z, s, 0)| < A(i(z) + [s]P7 + P, (3.2)

(a(z,s,0) —alz,s,9)(€ —¢) > 0if o # ¢ (3.3)
where A\, A are two positive constants and j(.) a given non-negative function in
LPO(Q).

Here, h : Q x R x RY — R is a Carathéodory function satisfying for almost every
r€eN, seR, E€RY,

h(zx,s,¢)s > 0; (3.4)
|A(z, s, 9)| < d(ls])(c(z) + [@['); (3.5)

where d : RT — R™ is a continuous increasing function and ¢(.) is a non-negative
function in L'(Q).
There exist ¢ > 0 and p > 0 such that

B (x, 5, 0) > ple["™ for all [s| > o. (3.6)

Lemma 3.1. [6] Let f € LPY(Q) and f,, € LPY(Q) such that || f,,
If fo = f a.e. in Q, then f,, — f in LPO(Q), as m — oo.

Lz(.)(Q) < C

Lemma 3.2. [6] Let (3.1)-(3.3) hold true. Let (uy,)men be a sequence in Wol’p(')(Q)
such that u,, — u in Wol’p(')(Q) and

/ [a(x, U, V) — a(x, U, Vu) |V (U, —u)dz — 0. (3.7)
Q
Then, tm — u in Wo(Q), as m — oo,

4. Problem with f € L>(Q)

In this section, we aim to establish the existence of a weak solution for the problem
(E, f) with f in L>(£2). The proof is carried out in several steps.

Theorem 4.1. Suppose that f € L>*(). Then, the problem (E, f) admits at
least one weak solution (u,b) € Wy (Q) x LY(Q). Namely, b(z) € B(u(z)) a.c.
in Q, h(x,u,Vu) € L'(Q) and

/bgodx—i—/a(x,u, Vu)V(pdx—F/h(m,u,Vu)gpda::/fcpdm, (4.1)
Q Q Q Q

for any ¢ € Wol’p(’)(ﬂ) N L>(§2).
Proof. step 1 Approximate problem.

We consider the approximating problems
BE(T%(UE)) — diva(z, u, Vue) + he(z, ue, Vu,) = f in Q
(Ee, f)
ue =0 on 0f,
where the function 5. : R — R is obtained via Yosida’s approximation of [ (see

, h(z, s, ¢)
13 dh = fi 1].
[13]), and h.(z, s, @) T+ ch(z.s 9) or any € €]0, 1]
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For all u € Wy" (), we can readily observe that

(B ) > 0, || < ~ul and Tim 5. () = S(u)

he(w,5,6)s 20, |he(z,5, )] < [h(z,5,€)] , |he(z,5,8)] <

a |

and
1
5Ty ()] < 5.

Proposition 4.2. Let f € L*(Q2). Then, the problem (E, f) has at least one
weak solution u. € Wol’p(')(Q). Namely,

/Qﬁe(Ti(ue))wdl‘—I—/Qa(a:,ue,Vue)VgodaH—/

he(x,ue,Vue)wda::/fgodx,
Q Q

(4.2)
for all o € WiP(Q) N L2 (Q).

Proof. Let A, : WP (Q) — W=1#'0)(Q) be an operator defined by

(Ae(u),g0> = <Au7 SD>+/Q ﬂe(T% (U))gpdl’—l—/ﬂ he(x,u,Vu)godx Vu,p € Wol’p(.)(Q)v

where (Au, p) = / a(z,u, Vu)Vdz.
Q
The existence of a weak solution is established based on the following lemma.

Lemma 4.3. The operator A, is both pseudo-monotone and bounded. Addition-
ally, A. satisfies a coercivity condition, expressed as follows:

(Ac(u), u)
Jullipe)

Proof. There exists a constant C' > 0 such that (see [33])

— 00 as ||ul|1p) — oo.

‘ / he(z,u, Vu)pdx
Q

< Cllelhpy- (4.3)

Since f. o Th is bounded in LP'()(Q), there exists a constant ¢’ > 0 such that, by
applying a Holder-type inequality, we obtain

‘/66 T1 ))pdz| < /|Be T1 ))p|dz

g(p— v ))um @) o Il

< el (4.4)

By applying the Holder-type inequality along with the growth condition (3.5),
we can prove that A is bounded. Consequently, from (3.2), (4.3) and (4.4), we




52 I. KONATE, 1. IBRANGO, S. OUARO

conclude that A, is bounded. Regarding coercivity, one has for any u € VVO1 #() (Q),

(Ac(u),u) <AU,U>+/Qﬁe(T1(U))Ud£E+/QgE(:E,u, Vu)udz

lullipey lell1p0)
/ a(x,u, Vu)Vudz
> 49 (by neglecting positive terms)
[ell1.p()
/ \Vu\p(x
— 00 as |[ul|1p) = oo (since p_ > 1).
|u||1p

Therefore, A, is coercive.
It now remains to establish that A, is pseudo-monotone. Let (uy,)men be a

sequence in Wy () such that

([ w, —uin WP () as m — oo,

Ay, — x in W O(Q) as m — oo, (4.5)

lim sup(Acttm, um) < (X, u).

\ Mm—00

Let us prove that
(A, Upm) — (X, u) as m — oo, where y = A.u.

Given the compact embedding Wol’p(')(Q) <y LPO(Q), there exists a subse-
quence, still denoted (ty,)men, such that u, — u in LPO(Q) as m — oo. Since

(Upm )men is bounded in W, (')(Q), and by using the growth condition, it follows
that (a(x, U, Vi) men is bounded in (LP'0)(Q))V.
Therefore, there exists a function ¢ € (L )(Q))" such that

a2, U, Vg, = € in (LPO(Q)N as m — oo. (4.6)

Since (he(z, Um, Vit ))mey is bounded in (LP'¢)(Q))V, there exists a function 1, €
(LP"O(Q))N such that

e, Uy Vg )) = the in (LPO(Q))N as m — oo. (4.7)

Given that |ﬁE(T1 (um))| < % as m — oo, and u,, — w a.e. in €2, we can apply
the Lebesgue dominated convergence theorem to conclude that

Be(T1 () — Be(Ti(w)) in L (Q) as m — oo. (4.8)
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1p(.
For all v € W, 2 )(Q), we have
(x,v) = lim (A, v)
m—00

= lim a(x, U, Vu,)Vodr + lim he(x, U, VU, )vde

+ lim BE(Tl (Up,))vdx

m—><x> 0

:/§Vvdx—|—/wevdx—i—/ﬁe(ﬂ(u))vdx. (4.9)
Q Q Q ©
Applying (4.5) and (4.9), we obtain

lim sup(Actm,, Un)
m—00

= lim sup{/a(:v um,Vum)Vumd:B—l—/h (x, um,Vum)umd:B—l—/BE T1 um))umdx}

m—r0o0

/SVudx + / Yeudr + / Be( T1 ))udz. (4.10)
Thanks to (4.7), one has
/Qhe(x, Uy VU ) Uy — /Qweudx as m — 0o. (4.11)
By using (4.8), one obtains
/Q&(Ti () ) U dr — /Qﬁe(Ti(U))de as m — 0o. (4.12)
It follows that
lim sup/ﬂa(x, Uy VU )V de < /QSVudx. (4.13)

m—0o0

Using (3.3), we have
/(a(:v,um, Vi) — a(z, u, Vu))(Vu, — Vu)dz > 0,
then Q
/Qa(x,um, Vi) Vi,de > /Qa(x,um, Vum)Vuda:+/ a(x, Uy, Vu)(Vt,—Vu)d.

Q
Since Vu,, — Vu in LPM)(Q) and using (4.6), we obtain

lim inf/ a(x, Uy Vi) Vugpde > / EVudz.
Due to (4.13), one obtains

lim a(:c,um,Vum)Vumd:c:/§Vud:c. (4.14)
0

m— 00 Q
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Therefore, combining (4.9), (4.11), (4.12) and (4.14), we obtain
(Actlm, Upm) — (Xe, ) as m — 0.
It remain to prove that a(z, ty,, Vi,) — a(z,u, Vu) in (LP(Q))Y and
he(, U, Vi) = he(z,u, Vu) in LPO(Q) as m — oo.

From (4.14), we can prove that

lim | (a(z,um, Vuy) — a(x, ty,, Vu))(Vu, — Vu)de = 0.

m—0o0 QO

Thanks to Lemma 3.2, one obtains

U — u in WePY(Q) and Vu,, — Vu ace. in Q as m — oo.

Then, we conclude that

a2, U, Vi) — alz,u, Vu) in (L7 O(Q)N as m — oo (4.15)
and

he (2, Uy Vitg,) = he(,u, V) in LPO(Q) as m — oo, (4.16)
Thus, we can express x. = A.u, which ends the proof of Lemma 4.3. 0

Since A, is bounded, coercive, and pseudo-monotone, it follows from Theorem 2.7
in [27] (see also [28]) that A, is surjective. Therefore, for any f € W~1'0)(Q),

there exists at least one solution u, € W, () for the problem (E., f), thereby
completing the proof of Proposition 4.2. O

Step 2 A priori estimates.

Lemma 4.4. Let u. € W&’p(')(Q) be a weak solution of problem (FE., f) under
assumption f € L>®(QQ). Then, one has
e there exists a constant Cy > 0 that is independent of € such that

[tel[1 ) < Ch, (4.17)

[1Be(T1 (ue)lloo < [[floo- (4.18)

e For any k > 1, there exists a constant Cy > 0 not depending on k, such that
1

VT (ue)|lp) < Cokn (4.19)

and there exists a constant C's > 0 not depending on € such that

/ Uehe(z, ue, Vue)dr < Cs, (4.20)
Q

pi i V() ) < 1
where 7 =

p— if [[VT(ud)llpy > 1.
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Proof. Taking u,. as test function in (4.2), we obtain

//Be(Tl(ue))uedx—k/a(x,ue,VuE)Vuedm—i—/he(x,uE,Vue)ugdx
9) ‘ Q Q

= /quedx. (4.21)

Since / Be(T1(ue))ucdr > 0, and h, satisfies the sign condition, one can infer

Q
from (3.1) that
)\/ ]Vu€|p(x)dx§/fu€da:. (4.22)
Q Q

Thanks to Poincaré inequality, there exists a constant Cy > 0 (depending on p_

and ) such that
/ [uP-dx < C§~ / |Vue|P-de.
0 Q

Applying Young’s inequality, one obtains

mesémmm
A (ip f 1) ((QPE;" |u€|)dx
L) e Y e
)\

<a [ 110 s
< C’4||f||Loo ymeas({) / |Vue|P~dx
- C’4|]f||(Lp;2;2)meas(Q) + —</ V[P~ dx + / |Vu5|pdx)
2\ J(vu<1} {[Vue|>1}
< C4Hf|]Loo ymeas(£2) + meas / |V [P
According to (4.22), one obtains
. A
[ 19uas < meas(@) (Cul iy +3). (1.23)

Using Proposition 2.2, we get

X Y A
HVUEHP(.) < meas((2) (C4||f”g;oo29) + 5)’
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where
Py i [Vl < 1,

p— if [[Vaue|lp) > 1.

Hence,
||VUE||p(-) < 057

where C5 := [meas(Q) (C4Hf||(Lpoozg) +2
Thanks to Remark 2.5, the two norms |[Vull,.y and |lul]1,) are equivalent in

WP (')(Q). Therefore, one has

||Ue||1,p(z) < (1.

For 6 > 0, one applies @5, = %{TH(;(BE(Ti(uE))) — Tk(ﬁe(Ti(ue))):| as a test

function in (4.2) to obtain

/BE(T1(uE))<p57edx+/ a(m,uE7Vue)Vg057de+/ hg(x,ue,VuE)g057de:/fgo(;,edx.
Q ‘ Q Q Q

(4.24)
T @) Ve i k< |BTs (u0)] < k46
Since Vs =
0 elsewhere,
and as (3. is non-decreasing, by using (3.1), one gets

/ a(z, ue, Vue) Vs dr = %/ a(z, ue, Vue) (BT (ue)) Vuedz > 0.
Q Q ‘

Sine s, has the same sign as u., we infer from (3.4) that

/ he(z, ue, Vue)ps dr > 0.
Q
Then,

[ sri@esds < [ fosd
Q Q

Therefore

/ Be(Tl (U'E))SOLS,Ed:E S / 66(Tl (u€))<p§,ed1’ S / f905,edx'
{k+6<]Be(T1 (ue))[} ‘ Q ‘ Q

€

Since @5, = 0 on the set {|B:(T1(u.))| < k} and |pse| < 1, one deduces that

Pe(T1 (ue))ps.edr < / | fldz. (4.25)

{k<|Be (T% (ue))l}

ST

/{k+5§ﬁe (T (ue)) [}



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM 57

Since k < |Bc(T1(u.))| on the set {k+ 0 < |Bc(T1(u.))|}, one has

tmeas{k + < 8Ty (w))l} < [ 1B(T (u))lda

{hA-0<]Be(T'y (ue))[}
1

<5 Be(T1(ue))
{R<IB(T) (ue)) I}

</ flda
(k<18 )]}
< 1l oo @meas{k <[5 (T (ue))|}-
Letting 6 — 0 and choosing k > || f|| (), we obtain
kmeas{k < |Be(T1 (uc))[} < [ fllzee@meas{k < |5e(T1 (ue))|}-

It follows necessarily that meas{k < [Bc(T:(u.))|} = 0 for any k > || f||L=(0)-
Thus,

18e(Ts (ue))[[ (@) < I Fll (@)

Taking T} (uc) as a test function in (4.2), we obtain

/Qﬁe(Tl(ue))Tk(ug)dx—l—/Qa(x,ue,Vue)VTk(ue)dx—i—/Qhe(x,uE,Vue)Tk(ue)dx

_ /Q FTo(u)da.

Neglecting the positive terms/ﬁe(Tl(ue))Tk(ue)dx and/he(x,uE,Vue)Tk(ue)dm,
Q ‘ Q

we obtain

/Qa(x,ue,VuE)VTk(u6>dx:/

(a(x,uE,Vue))VTk(uE)dazgfka(ue)da:.
{lue|<k} Q

From (3.1), we deduce that

Bl e

/ ]VTk(u€)|p(x)d:v <
Q A

Using Proposition 2.2, we get

ISl
19T (o)l < “,

Therefore,
||VTk(u€)Hp(.) S CQ for all k& Z 1,

where Cy := (%) 7.

It now remains to prove that (4.20) is satisfied.
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According to (4.21) one obtains

/uehg(x,ue,Vuﬁ)da: < / fuedz.
Q Q
Then, we apply (4.17) to get

/ Uche(z, e, Vue)dr < Cs.
Q

Lemma 4.5. Let u,. be a solution of (E., ) and let k > 0. Then, we have

/Q(We(Tl ()| — k)Tdx < /Q(|f| — k)T dx.

Proof. Using the test function ¢ = H; (8.(T1(u.)) — k) in (4.2) we obtain

(4.26)

[ BT @) H (5T 0) = 0o+ [ atas e V) VH (BT (0) = Ry

€

+ / he(w, e, Vu ) HY (B(T1 (u,)) — K)da = / FH; (B(Tx (u)) — k)d.

Since [, is non-decreasing, using (3.1), one gets

/Qa(x,ue, Vue)(H;)’(ﬁe(T% (ue)) — k)BUT 1 (ue)) Vuedz = 0.

Using the sign condition on h, we deduce that

/Q he(, e, Vu ) H (BT () — K)da > 0.

Then, we have

/Q (BT (1) = D (BT () = W)ds < [ (7 = K (T3 0) — k).

Q
Letting 0 — 0 we obtain

/(&(Tgue) —k)tdr < /(f — k) *dw.
A similar reasoning gizes "

[+ 0y dr< [+
By combining (4.27) and (4.28), it follows (4.26).

Step 3 Convergence results.

(4.27)

(4.28)

O

Proposition 4.6. Let k > 0, and suppose that u. is a solution of (E., f). Then,

there exists a function b in L*°(Q) such that
Be(T1(ue)) — b weakly-* in L>(Q) as e — 0.

(4.29)

Proof. Thanks to (4.18), we can conclude that there exists a function b € L>(£2)

satisfying (4.29).

O
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Proposition 4.7. There exists u € Wol’p(‘)(Q) verifying u € dom(B) a.e. in €,

u. converges to u in measure and almost everywhere in Q as € — 0,  (4.30)

ue —u in LPY(Q) and u, — u in Wol’p(')(Q) as € = 0, (4.31)
and
Ti(ue) = Tp(u) in LPO(Q) and Ti(u) — Ti(u) in Wol’p(')(Q) as € — 0. (4.32)

Proof. Thanks to (4.17) and (4.19) in Lemma 4.4, it follows that the sequences
(te)eso and (Tk(ue))eso are bounded in Wol’p(')(Q). Then, there exists a subse-

quence still denoted (Ty(u,))es0, and a measurable function oy, € VVO1 P (')(Q) such

that
Ty(ue) = oy in Wol’p(')(Q) as € — 0, (4.33)
Ti(ue) — op in LPO(Q) and a.e. in Q. '
Let us now show that (ue)eso is a Cauchy sequence in measure on 2.
Indeed, using a Holder-type inequality and (4.19), one obtains

Fmeas{|u,| > k} / T () |dz < / T ()| d
{|ue|>k} Q

11
< (1; + p—+)Half(.)HTk(ue)Hp(m)
1 1 L
< (1; + F)(meaS(Q) + 1) 7 || Tk (ue) ||

< Gk
Consequently,

meas{|u.| >k} < Cj — 0 as k — oo. (4.34)

1—1
5

For all § > 0, one has

meas{|te, — Ue,| > 0} < meas{|ue, | > k} + meas{|ue,| > k} + meas{|Tx(u,,) +
Ty (uey)| > k}-

Let 6 > 0, applying (4.34), we can choose k = k(6) such that

0 0
meas{|u, | > k} < 3 and meas{|uc,| > k} < 3 (4.35)

The estimate (4.17) implies that the sequence (ue)e~o is Cauchy in measure on 2.
Thus, for any k, 6, > 0 there exists ng = no(k, d,0) such that

0
meas{|T(ue,) — Tp(ue,)| > 6} < 3 for any €1, €5 > nyg. (4.36)

We can deduce from (4.35) and (4.36) that for every ¢, 0, there exists ny = ng(J, 0)
such that

meas{|ue, — Ue,| > 0} < 0 for any €, €5 > nyg,
which means that (u.).so is a Cauchy sequence in measure, and there exists a
subsequence still labeled as (u,)e~0, along with a measurable function u such that

Ue — u a.e. in €2, as € — 0.
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Hence oy, = T)(u) a.e. in © and so u € 761’20(’)((2). We can also conclude that

ue — uin WoP(Q) as € — 0,
ue — win LPO(Q) and a.e. in Q as e — 0.

We have Ty.(u) € domf a.e. in Q for any k£ > 0. Consequently, u € domf a.e. in
Q (see [3]). O

Proposition 4.8. Let u. be a solution for problem (E, f) and t > 0. Then, up
to a subsequence, there exists a measurable function u such that

Ti(ue) — Ti(u) strongly in Wol’p(')(ﬂ), (4.37)
Vu. — Vu a.e. in (Q, (4.38)
a(z, ue, Vue) — a(z,u, Vu) weakly in (L7 O(Q))N (4.39)
and
he(z,ue, Vue) — h(x,u, Vu) strongly in L'(Q). (4.40)

Proof. For any t > 0, we will use the following as a test function
Pe = w(ﬂ<ue) - E(U)),

where )
d(k
p(s) = se®’ and a = (%) :

It is widely recognized (see [9]) that

S(s) — @y@(sn > % Vs € R. (4.41)

From this point forward, we will denote various sequences of real numbers that
converge to zero as n'(e), n?(e), ..., as € approaches zero.
Choosing ¢, as a test function in (4.2), one obtains

/BE(T1(u€))goedx + / a(z, ue, Vue) Vipedr + / he(z,ue, Vue)pedr = / fepedz.
Q ‘ Q Q Q
Since he(x, ue, Vue)pe > 0 and S(T1 (ue))pe > 0 on {|u.| > t}, one deduces that

/ ﬁE(Tl(uE))goedx—i—/a(:c,ue,Vue)V@Gd:c—l—/ he(x, ue, Vue)pedz
{luel<t} ‘ Q

{luel<t}
< / feped. (4.42)
According to Lebesgue generalized cox?vergence theorem, one has
/Qfegoedm =n'(e). (4.43)

Since the sequence (X{ju.|<t}Be(T1(te)))eso is uniformly bounded, one can apply
the Lebesgue dominated converge theorem to conclude that

/{ » Be(T1 (ue))pedr = (). (4.44)

€



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM 61

We will now define G¢(z) = 2z — T;(z) for any z and ¢ in R with ¢t > 0. Then, we
decompose the second term of (4.42) as follows.

/Qa(% ue, Vie) - V(Ti(ue) — Ti(u) )@ (Ty(ue) — Ti(u))da

= / a(z, Ty(ue), VI (ue)) - V(Ti(ue) — Ti(u))@' (Ty(ue) — Ti(u))dx

Q

g a(z,ue, VGi(uc)) - V(Ty(ue) — Tp(w)) @' (Ti(ue) — Ti(u))dz. (4.45)

Since VT}(u,.) is zero where VG, (u,) is different to zero, and conversely, we have

/Q ale, u, VGi(u,)) - V(Ti(u) — Tolu))@! (Ti(u,) — Ty(uw))de

— [ a0, VGu(w) - V) (Tiw.) = Ta))da,
Q
Since VT;(u.) = 0 on the set {|u.| > t}, one has
VT, (u)X{ju >y — 0, a.e. in Qase— 0.

Using the fact that V7, (u.) € (LP)(Q))Y, we can apply the Lebesgue dominated
convergence theorem to conclude that

VT ()X {ju >ty — 0, strongly in (LPO(Q)N as e — 0.
Having in mind that (a(x, ue, VGy(u)))eso is bounded in (LP'¢)(Q))V, we obtain

/Qa(x,ue, VGi(u)) -V (Ti(u) =Ty (u)) @ (Ty(ue) — Ty (u))dx = 1°(€) — 0, as e — 0.

(4.46)
We now decompose the second term of (4.45) in the following way.

/Q (2, e, Viug) - V(T (ue) — To(w)) ' (To(ue) — T (u))de
- / (a(z, To(ue), VT (ue))—a(, Ty(ue), VT ()] (Ty(use) T ()@ (To(ee) T (10)

+/Qa(33»71(ue)>VTt(U)) - V(Ti(ue) = To(w) ' (Ti(ue) — Ti(u))de.

Let us observe that Tj(u.) converges weakly to T;(u) in Wol’p,(')(Q) as € — 0,
ling O (Ty(ue) — Ti(u)) = 0, and the sequence (a(x, T;(uc), VIi(u))))eso is bounded
e—

in (L"0)(Q))N. From these observations, we can conclude that

/Q oz, Ty(ue), VTo(w)) - V(Tu(ue) — To(uw)) @ (Ty(use) — To(uw))de = ' (e).  (4.47)

Thus, putting together (4.46) and (4.47), we obtain

/Qa(il?, te, Vuue) - V(Ty(ue) — T(w)) ' (Ti(ue) — Ti(u))da = (4.48)
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/Q[a(ivyTt(us),Vi’l(ue))—a(%ﬂ(us), VTi(w))]-V (Ty(ue) =Ty ()" (Ti(ue) =T (u) ) da

+1°(€)-
On the other hand, one has

/ he(x, ue, Vue)p.dr
{lue|<t}

< / e, e, V)il da
{luel<t}

< d(t) / () + [V T3 (u) ") g dor.

Since ¢(.) belongs to L'(Q) and liH(l) ve = ¢(0) =0, one has
e—

/Q (@) lpdz = (). (4.49)
Then, using (3.1), it follows that
dt
' / he(z, e, Vg )pedz| < % / a2, Ty(ue), VT () VT (o) e da—tnP e).
{|u€\§t} Q

(4.50)
By adding and subtracting the term below in the right-hand side of the inequality

above
d(t)

T [ 0l 1), VI() - V() - ) g,

we obtain
(
/ he(x,ue, Vue)pedr
{lue| <t}

< @/ﬁ <a(l‘aﬂ(ue)7vﬂ(ue) - a(%ﬂ(ue%vﬂ(U)) - V(Ti(ue) = Ti(u))[ e dw

|+ /Q alz, Ty(ue), VT (u)) - V() |pddz + 7 (e).

(4.51)
Since (a(x, Ty (uc), VT, (1)))eso is bounded in (L) ()N and ¢, converges to zero
as € — 0, one has

@/ﬂa(m‘,ﬂ(ue), VTi(u)) - VTi(u)|peldz = 1°(e).

Then, we deduce that

/ he(x,ue, Vue)p.dr
{lucl<t}

<20 [ (ate 10, 9T 0) = ol i) VT ) )

X (T (1) — To(u))peld + 7 (c).

By combining (4.42) and (4.52), one deduces that

/Q[a(x, Ty(ue), VTi(ue)) — ale, Ty(ue), VTi(w))] - V(Ti(ue) — Ti(u))

(4.52)
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d(t)

x [pe = = leelldz < m(e). (4.53)

Then, using (4.41), we obtain

0<s /Q[a@,mue),vmue))—a(x,ﬂ(ue), VT, ()] V(T (u0) ~ To(uw)dz < 177 (e).

Therefore

lim Q[a(:c,Tt(ue), VTi(ue)) = alw, Ty(ue), VIi(u))] - V(Ti(ue) — Ti(u))dr = 0.

(4.54)
Using Lemma 3.2, as ¢ — 0, one has
Ty(ue) — Ty(u) in Wy (Q), (4.55)
then
Vu, — Vu a.e. in €.
We deduce that
a(z,ue, Vue) = a(z,u, Vu) a.e. in §2 (4.56)
and
he(z, ue, Vue) = g(x,u, Vu) a.e. in Q. (4.57)

Since (a(z, e, Vue))eso is bounded in (L7 ()Y, using (4.56) and Lemma 2.3,
we have

a(z, ue, Vue) — a(z, u, Vu) weakly in (LZO(Q))N as e — 0.
O
Proposition 4.9.

he(z,ue, Vue) — h(z,u, V) strongly in LY(Q) weakly in (LPO(Q)Y as e — 0.
(4.58)

Proof. Let us prove that h(x,u., Vu,) is uniformly equi-integrable. To achieve
this, we apply a classical technique similar to that used in [3, 5, 8, 10].
For any measurable subset B of 2 and for any v € R™, one has

/\he(x,ue,Vueﬂd:c:/ \he(x,ue,Vue)]dx+/ \he(, ue, Vue)|dx
B B{|ue|<v}

Bn{|ue|>v}

-, (helie, T (), VT, ()| do
Bﬂ{l“f‘gl’}

+ / |he(x, ue, Vue)|dz.
Bn{|uc|>v}
Since

1
/ |he(x, ue, Vue)|de < / —uche(x, ue, Vu)dx
{Jue|>v}

{Jue|>v} Ul

1
S _/uehe(xaueavue)dx7
Q

v
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we deduce from (3.5) and (4.20) that

/E\he(ﬂc,ue,Vue)!dw < d(v) /B(C(iv) + VT (ue) ")) dz + <

y .

(4.59)

Thanks to (4.59) and the strong convergence of VT, (u.) in (LP)(Q))N as e — 0,
we deduce the equi-integrability of h.(x, u., Vu,) (see [3, 10]).
According to (4.57), we obtain

he(z, ue, Vue) — h(x,u, Vu) strongly in L'(Q) as € — 0.
0

Relying on the aforementioned convergence results, we take the limit in (4.2), as
e — 0, to get

/ bodr + / a(x,u, Vu)Vedr + / h(z,u, Vu)pdr = / fodz.
Q Q Q Q
Moreover, as h(x, u., Vue)ue > 0 a.e. in Q, he(z, u., Vue)u, — h(z,u, Vu)u a.e.
in €2, as € — 0 and
0< / he(z,ue, Vue)ucdr < Cs,
Q
by applying the Fatou’s lemma, one obtains
h(z,u, Vu)u € L*(Q).
We complete the proof of Theorem 4.1 by expressing that u € D(f) and b € 5(u)
a.e. in  (see [3]). O
5. Problem with f € L'(Q)

This section is devoted to establish the existence of weak, renormalized, and
entropy solution for problem (E, f) when the datum f belongs to L'().

5.1. Existence of weak solution.

Theorem 5.1. Suppose that f € L'(Q). Then, the problem (E, f) has at least
one weak solution (u,b) € Wy (Q) x LY(Q). Namely, b(z) € Blu(z)) a.e. in
Q, h(z,u,Vu) € LY(Q) and

/bg@da:+/a(x,u, Vu)Vgpdx+/h(:c,u,Vu)g0dx:/fgpdx, (5.1)
0 0 0 0

for any ¢ € WoPY(Q) N L=(Q).

Proof. Step 1 The approximated problem
For each n € N, we consider the following approximated problem

B(uy,) — div(a(z, u,, Vuy,)) + h(z, u,, Vu,) 3 f, in Q,
(E, fn)
U, =0 on 012,

where f,, is a sequence of L*°-functions which converges strongly to f in L'(Q)
and | f,,| <|f|. For example, one can choose f, = T,(f).
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Thanks to Section 4, there exists a solution (u,,b,) € Wol’p(')(Q) X L>®(Q) of
(E, f,) such that

/bncpdx+/a(m,un,Vun)chdx+/h(x,un,Vun)godx:/fngpdm, (5.2)
Q Q Q Q

for all ¢ € WP (Q) N L=(€).
Step 2 A priori estimates

Lemma 5.2. Let (u,,b,) be a solution to (E, f,), with t > 1. Then, there exists
a constant Cy > 0 not independent of t such that

VT (1)) < Cat> (5.3)
and
1onll 1) < 1 fllr @), (5.4)
P+ i [VTe(ue)llp) <1
where v =

p— if IVT(ue)llp) > 1.

Proof. Taking T}(u,,) as a test function in (5.2), we obtain

/bnTt(un)dx—i—/a(x,un,Vun)Vﬂ(un)d$+/h(m,un,Vun)Tt(un)d:p
) Q Q

= / fTi(uy,)dz. (5.5)
Q

Given that the first term on the left hand side of (5.5) is non-negative and g
satisfies the sign condition, it follows from (3.1) that

k
[ 198 P < e
0 A
Applying Proposition 2.2, we obtain

k[l fllzr o)

g
||VTt(un)||p(_) < \

Then,
VT (1) ||y < Cot™ for all £ > 1,

1

£l 7
where Cg 1= S

Since /bnTt(un)dx > 0 and /h(x,un,Vun)Tt(un)dx > 0, we can infer from
(5.5) that N

[ eTitw)ds < [ Tiu)ds < b,
Dividing the above iQnequality by t >Ql, we obtain

1
/ b T () < [ flloxn.
0
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1
Since b, € [(u,) a.e. in Q and tlim ;Tt(un) = signg(u,), we pass to the limit in
—00

the above inequality as t — oo to obtain

/Q balde < 11l

0
Step 3 Convergence results and passage to the limit
Lemma 5.3. Let (u,,b,) be a solution to (E, f,). Then, as n — oo, one has
b, — b weakly in L'(1). (5.6)
Proof. Let (uf, b)) be a solution of the following problem

ﬁE(T%(u;)) diva(z, uf, Vus) + h(z,us, Vus) = f, in Q

) n’ Y n’

us, =0 on Of.

The proof of (5.6) follows the same line as in [3].
Let k£ > 0, then from Lemma 4.5, we have

J s ) =yrar < [ (4=t (5.7

Since B(T1(us) — b, in L=() as € goes to 0, we obtain

/Q(\bn\ — k)tdx < /Q(\fn] — k)*dz. (5.8)

Remark 5.4. We now make the following claim

lim meas({|f.| > k}) =0, (5.9)
k—o0
lim [ (|fu] = k)Tdz =0 (5.10)
k—o00 0
and
klim kmeas({|b,| > k}) = 0. (5.11)
—00

Indeed, since / | fuldz < / |fldx = || f]|1, taking the limit as k — oo in the

1
estimate meas({|f,| > k}) < —/ | fuldz yields (5.9).

Since A := (fu)nen C LY(Q) and |f,| < |f| € LY () for every n € N, it follows
from Proposition 2.12 that the sequence (f,,)nen is uniformly integrable.

/ (1l — k)t dz = / fuldz — kmeas({|fu] > £})
Q {lfnl=k}

< / | fuldz
{Ifnl>k}

< sup/ | frldx.
anA {|fn|2k’}



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM

Then, passing to the limit as k — oo, we obtain (5.10).

Claim: b, — b in L'(Q) as n — co.
Indeed,

/ by, |dx = /(|bn| — k)Tdx + kmeas({|b,| > k})
{Ifn|>k} Q

< [ (ful = )" d+ Rmeas({[b] = 1)
Q

Using (5.11), we have

lim sup (/ |bn|d:1:) = 0.
K700 fueF NI fnl 2k}

67

Therefore, the sequence (b,,),en is uniformly integrable. Consequently, it follows

from Theorem 2.13 that it is relatively weakly compact in L'(().

Now, we can deduce that there exists a subsequence, still denoted (b,,),en such

that
b, — b weakly in L' () as n — oo.

O

Remark 5.5. The estimate (5.3) leads to the following (see the proof of Proposition

4.7)
Uy, — U a.e. in €,

Ti(up) — Ti(u) in Wy (),
Ti(up) = Ti(u) in LPY(Q) and a.e. in Q.

Lemma 5.6. Let (u,,b,) be a solution of the problem (E, f,,), with k > 0.

letting n — oo, 1t follows that

Ti(un) = Ty(w) strongly in WP (€),

Vu, - Vu a.e. in €,

a(x, Uy, Vuy,) — a(z,u, Vu) a.e. in Q,

hon (2, Uy, Vuy,) — h(z,u, Vu) a.e. in )
and

a(z, Uy, V) = a(z, u, Vu) weakly in (PO (Q))N.
Proof. For any k > 0, we define the function
on = o(Th(up) — Ti(u)),

where )
2 d(k
o(s) = se* and o = (%) :

By taking ¢, as test function in (5.2), we get

(5.12)
(5.13)
(5.14)

Then,

/bncpndx—i—/a(x,un,Vun)Vgondx—i—/h(x,un,Vun)gpndx:/fncpndx.
Q Q Q Q

(5.20)
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Let us denote by n'(n), n*(n), ..., various sequences of real numbers which con-
verge to zero when n — oo.
Since ¢, — 0 in L>(Q) and f, — f in L*(Q) as n — oo, one has

Q

/bngonda::/ bngondx—i—/ bpndx (5.21)
Q {lun|<k} {lun|>k}

and b,, € B(u,), the second term of (5.21) is non-negative.
Notice that the function x|y, |<}bn is uniformly bounded; thus, we can apply the
Lebesgue dominated convergence theorem to obtain

{lun|<k}

Therefore, we deduce from (5.20) that

/a(:v,un,Vun)thndl‘—{—/h(:v,un,Vun)gpnden?’(n). (5.22)
Q 0

Reasoning similarly as in the proof of Proposition 4.8, one deduces

lim [ [a(z, Ti(un), VTk(u,)) — a(z, Ty(un), VTe(w))] - V(Ti(u,) — Ti(u))dz = 0.

n—o0 0
(5.23)
Using Lemma 3.2, one has

Ty () — Ti(u) in WP ().

Thus
Vu, — Vu a.e. in ).

We can also conclude that
a(x, Uy, Vu,) — a(z,u, Vu) a.e. in

and
ho (2, U, Vuy,) — h(z,u, Vu) a.e. in Q.

Since the sequence (a(x, u,, Vi, ))nen is bounded in (LP')(Q))V, one has

a(z, Uy, V) = a(x,u, Vu) weakly in (LF'C(Q))N.

Proposition 5.7. If u, is a solution of (E, f,,), then we have
B (2, U, Vun) — h(x,u, Vu) strongly in L*(Q). (5.24)
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Proof. Since hy,(x, up, Vu,) — h(x,u, Vu) a.e. in Q as n — oo, and given (3.5),
it is sufficient to show that g(x, u,, Vu,) is uniformly equi-integrable.
For any measurable subset B of Q and any ¢ € R*, it holds that

/]hn(x,un,Vun\dx:/ | (2, Uy, V) |dx
B En{lun|<d}
+/ | (2, Uy Vuy,)|dx
BN{|un|>d}

/ n(, Ts(uy), VTs(uy))|de
Bﬁ{lun\<5}

/ (@, up, Vu,)|dz
ﬁ{\un|>§}

< d(s) / (C(2) + |V T3 ()P de

/ (x, Up, Vu,)|dx
m{\un|>5}

For fixed ¢ in N, one has

Ly < d(s) /B (C(2) + VT3 ()P da

which is small, uniformly in n for fixed § when the measure of B is small (remark
that (VTs(uy))nen converges strongly in (LPO(Q))N as n — o0).

We treat the second term of (5.25) by using the test function Ss(u,) in (5.2),
where for § > 1, S5 is defined as follows.

S&(S) = 07 if |S| < 0 — 17
Ss(s) = Ll if |s] > 4,
Si(s) =1, ifd—1<]s| <.
It follows that
/ b, Ss(uy)dx + / a(x, U, Vig)Vu,Ss(u,)dr + / h(x, Uy, Vi, )Ss(u,)dx
Q Q Q

= /Q fSs(uy,)dx

Using the fact that the function (, o T: is non-decreasing, Sy is increasing on
{6 — 1 <u,| <}, and h,, verifies the sign condition, we deduce that

/ a(x,un,Vun)Vundx—l—/ \h(x, wy, Vu,)|dx
{6-1<un|<6} {Jun|>5-1}

< / | fnldz.
{un|>6-1}
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Using (3.1), we obtain

/\/ |Vun|p(”")d$+/ |h(z, U, Vuy,)|dx
{0-1<un <6} {lun|>0-1}

/ a(x un,Vun)Vundas+/ |h (2, Up, Vu,)|dz  (5.26)
(6-1<|un|<5} {Jun|>6—1}

/ \fulde,
\ {Jun|>6—-1}

It follows that

VAN

IN

/ h(z, t, V)| dz < / \flda,
{lun|>6—-1} {lun|>6-1}

then
lim sup / \h(x, u,, Vu,)|dx S/ |fldz.
{|un|>0—1}

§—o00 neN {Jun|>6—1}

Consequently, L, remains small, uniformly with respect to n and B when ¢ is
sufficiently large. This allows us to conclude that h.(x,u,, Vu,) is uniformly
equi-integrable in €.

By virtue of Vitali’s theorem, we have

B (0, Uy, V) — h(x,u, Vu) strongly in L*(Q).
]

Given the convergence results outlined above, we can take the limit as n — oo in
(5.2) to obtain

/bgadx—i—/a(x,u, Vu)Vgodx—i—/h(m,u,Vu)godx:/fcpdx,
Q Q Q Q

for any ¢ € Wol’p(')(Q) N L>(Q). O
5.2. Entropy solution.

Here we establish the existence of entropy solution of the problem (£, f) for any
datum f in L'(Q).

Theorem 5.8. Let f be a function in L'(Q) and t > 0. Then, the problem (E, f)
admits at least one entropy solution (u,b) € 761’;)(')(9) X LY(Q) in the sense that
b(z) € B(u(z)) a.e. in Q, hix,u,Vu) € L'(Q) and

/ bTi(u — @)dx + / a(x,u, Vu)VT(u — )dx + / h(z,u, Vu)Ti(u — p)dx
Q Q Q

glﬁﬂw—¢wa (5.27)

for any ¢ € WP (Q) N L2 (Q).



NONLINEAR ELLIPTIC PROBLEM INVOLVING NATURAL GROWTH TERM 71

Proof.
Let (un,b,) be a to problem (E, f,) and t > 0. For any v € Wol’p(')(Q) N L>(),
taking T} (u, — v) as test function in (5.2) and setting L = ¢ + |||, We obtain

/bnTt(un—v)d:U+/ a(x,un,Vun)VTt(un—v)da:—l—/ P (2, Uy Vg ) Ty (U, —v)da
Q Q Q

- /anTt(un — v)dz, (5.28)

Notice that if |u,| > L, then |u, —v| > |u,| — ||v]|s > t. Therefore, {|u, —v| <
t} C {|u,| < L}, which gives
(

/ a(z, uy, Vu,)VTi(u, —v)de
0

= /Qa(x,TL(un),VTL(un))(VTL(un) — VU)X fu—v|<tydT

= /Q(a(m, Tr(un), VT (un)) — a(x, TL(uy), V) (VT (tyn) = VU)X fu,—v| <ty dT

T / (e, To (1), V) (VT2 () — V) g, ojty
\ Q

Using Fatou’s Lemma, we obtain

(

lim inf/ a(x, uy, Vu,)VTi(u, —v)dz
Q

n—oo

> /Q(a(x,TL(u), VT (uy — a(x, Tp(u), Vo)) (VT (u) — VU)X {u—v<tydx

+ lim a(x, Tr(un), VO)(VTL(un) — VU)X {un—v|<tyd.

\ n—oo QO

(5.29)

Since

lim CL(I, TL<un)7 vv)(VTL<un) - vv)X{Un—v\St}dx

n—oo Q

_ /Q a(w, Ty (w), Vo) (VT3 (1) — Vo) Xfu_sfcryd
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we deduce from (5.29), that
(
liminf/ a(z, up, Vu,)VTi(u, —v)dz
Q

n—oo

> / (2, T (1), Vo) (VT (1) — Vo)X uvicry

— /Q a(x, T (u), Vo) (VTL(u) — VU)X {u—v<tyd

\ :/Qa(x,TL(u),VU)VTt(U—U)dI.

Since T (u, —v) — Ti(u—v) in L=(Q) and h,, (2, up, Vu,) — h(z,u, Vu) in L1(Q)
as n — 00, one deduces that

/ hon (2, Uy V)T (U, — v)dr — / h(z,u, Vu)Ti(u — v)dz. (5.30)
Q Q
By using Lebesgue dominated convergence theorem, we obtain
/ foTi(u, —v)dx — / fTi(u —v)da. (5.31)
Q Q

Since b, — b weakly in L'(Q) and T}(u, —v) = Ty(u —v) in L®(Q) as n — oo,
we obtain

/ by 1y (uy, — v)dz — / b1 (u — v)dz. (5.32)
Q Q

By passing to the limit in (5.2) as n — oo, we obtain the entropy inequality
(5.27). O

5.3. Renormalized solution.
In this subsection, we prove that an entropy solution is also a renormalized solu-
tion of problem (FE, f).

Theorem 5.9. Let f € L'Y(Q). then, the problem (E, f) admits at least one

renormalized solution (u,b) € Wol’p(')(Q) x LY (Q) in the sense that b(z) € f(u(x))
a.e. inQ, h(z,u, Vu) € L'(Q) and

/QbS(u)godx+/Qa(:)s,u,Vu)(S’(u)aqu+S(u)V<p)d$+/h(:r,u, Vu)S(u)pdx

Q

= /QfS(u)cpdx (5.33)
and

lim |Vul[P@dz =0, (5.34)
I=teo Ju<u<i+1}

for any ¢ € Wol’p(')(Q) N L>*(Q) and any function S € Wh(Q) with compact
support.
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Proof. Let us start by proving that (5.34) holds.
Let u be an entropy solution of (F, f).
According to (5.26) one has

A / IV [P + / h(z, t, V)| dz < / | ldz,
{i<hunl<i+1} {lun|>1) {lun|>0)

thus
A/ |V, [P da g/ | foldez.
{I<lun| <i+1} {lun]>1}

Then, letting n — oo and | — oo successively we obtain (5.34).
Let (uy,)nen be a sequence of weak solutions of (5.2) and S € W1*(Q) such that
suppS C [—L, L] for some L > 0. We already know from Lemma 5.6 that

for any t > 0, Ty(u,) — Ty(u) strongly in Wy () as n — oco.

For any v € C§°(Q2), we choose S(u,)v € Wol’p(')(Q) as test function in (5.2) to
obtain

/bnS(un)vd@“—l— / a(z, un, V) (S (un)vVu, + S(u,)Vo)dz
0

Q
+/th(x,un,Vun)S(un)vdx—/anS(un)vdat. (5.35)
Since S(uy)v — S(u)v in L>®(2) as n — oo, one deduces that
/anS(un)vdx%/bS(u)vdx, (5.36)
/h(x Up, V) S (uy,)vde —>/ x,u, Vu)S(u)vdz (5.37)
and ’
/fn up)vdr — / fS(u)vdz. (5.38)

It remain to treat the second term of the left on side of (5.35).
Indeed, one has

/Qa(x, Up, Vu, ) (S (un)vVu, + S(u,)Vo)dx

- /Q 0, o (1), VT3 (1)) (S (1 YOV T (1) + S (1) V)

Thanks to (3.2), (a(x, Ty (uy), VT (tn)))nen is bounded in (L7 O (Q))N and
a(x, Tr(uy), VT (uy)) — a(x, Tr(u), VI (u)) a.e. in Q.
Then, using Lemma 3.1, we obtain
a(z, T (un), VI (1)) = a(z, Ty (uw), VI (w)) weakly in (LPC(Q))N.
As n — 00, one has

(S ()0 T (1) +S (1) V) = (S (w)vV Ty ()45 (u) Vo) strongly in (LPO(Q))N
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then
lim [ a(x, Tp(uy), VT (u,)) (S (un) oV T (uy) + S(u,)Vo)de

n—oo 9]

= /Qa(x, Tr(u), VT (uw) (S (w)oVTL(u) + S(u)Vo)dz

= /Qa(x,u, Vu)(S' (u)vVu + S(u)Vv)dx. (5.39)

Since (5.36)-(5.39) hold, passing to the limit in (5.35) as n — oo, we obtain the
renormalized equality (5.33)

/bS(u)vch—i—/a(x,u, Vu)(S’(u)vVu+S(u)Vv)dm+/h(x,u,Vu)S(u)vdx
Q Q 0

= /QfS(u)vda;.

Let us prove the last step which consists to show that u belongs to W, * (')(Q).
Indeed, for any ¢t > 0, choosing T;(u,) as a test function in (5.2), we deduce from
the proof of Lemma 5.2 that

t
/ \Vun]p(x)d:c = / |VTt(un)]p(x)dx < M (5.40)
{lunl<t) 0 A
and
/ \h(2, U, V) |de <t f| L) (5.41)
{lun|>t}
Taking t large enough (¢ > o) and using (3.6), we get
p/ |V, |P®dx < / lg(z, up, Vu,)|dz. (5.42)
{lun|>t} {lun|>t}

Adding (5.40) and (5.42), we get

1
/ |Vun|P(x)dac + p/ |Vun‘P(x)dgj < (1 + X) ||f||L1(Q),
{lun|<t} {lun|>t}

then .
min{1, p}/ |Vun|P(9~")dx < (1 + X) I fll2r 0,
Q
thus
/ \Vun|p(”)dx < Cy,
Q
1+
here C7 := ——2 .
where C; min{l’p}HfHLl(Q)

We deduce from the Poincaré inequality, the existence of a constant C's > 0 not
depending of n such that
||un||1,p(.) < OS-
Hence,
[ullp) < Cs.
Thus, the proof of Theorem 5.9 is complete. O
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