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UNIQUENESS PROBLEMS ON L-FUNCTIONS CONCERNING
WITH WEIGHTED SHARING OF
DIFFERENCE-DIFFERENTIAL POLYNOMIALS

NAGARJUN V.2* T. V. KARNAKUMAR? GIRISH SHARMA?

ABSTRACT. Relying on Nevanlinna’s Value Distribution Theory and certain
properties of L-functions in the extended Selberg class, we prove some unicity
results on L-functions concerning with weighted sharing of difference-differential
polynomials. This article extends the earlier works due to Nintu Mandal and
Nirmal Kumar Datta.

1. INTRODUCTION AND PRELIMINARIES

The concept of Riemann hypothesis and its forwarded version to the general
classes of L-function is the most speculative open world problem in today’s pure
Mathematics. L-functions find its applications in the modern number theory.

L(z) = Z af:z) is said to be an L-function in the Selberg class provided it

n=1
satisfies the following conditions.

(1) a(n) << n® for every € > 0.
(2) There exists an integer k& > 0 such that (z —1)*L(z) is a finite order entire

function.
(3) Every L-function satisfies the functional equation A,(z) = wAr(1 — 2),
k
where Af(2) = L(z) Q* H ['(;z+v;) with positive real number @, ; and
i=1

complex numbers v;, w with Re v; > 0 and |w| = 1.

(4) L(z) = HLp(z), where L,(z) = exp Z % with co-efficients b(p")

P = P
satisfying b(p*) << p* for some 0 < % and p denotes the prime number.
If L satisfies the conditions (1)-(3), then L is an L-function in the extended
Selberg class. In our work we always mean an L-function in the extended Selberg
class with a(1) = 1. Using Value Distribution Theory of Nevanlinna we study
the uniqueness of difference-differential polynomials of an L-function determined
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in the extended Selberg class. The standard notations and definitions are taken
from (see [?], [?], [?]). Let a € CU{oco} and f, g be meromorphic functions in
the complex plane. The set of all o points of f with multiplicities not exceeding
[ is denoted by Ej(a, f)(E))(a, f)), where [ is a positive integer and we consider
(ignore) the multiplicities of the a-points. The hyper order p,(f) of f is defined

by
po(f) = Tm log log T(r, f)
7—00 log r
We denote S(r, f) by any quantity satisfying S(r, f) = o{T(r, f)} as r — oo,
outside a possible exceptional set of finite linear measure. We say that f and g
share @ CM if they have the same set of a points with the same multiplicities

and if we do not consider the multiplicity then we say that f and g share a IM.

2. MAIN RESULTS
In 2017, Liu, Li and Yi [?] proved the following uniqueness theorems.

Theorem 2.1. [?] Let j > 1 and k > 1 be integers such that j > 3k + 6. Also
let L be an L-function and f be a non-constant meromorphic function. If (f7)®
and (L7)®) share (1,00) then f = aL for some non-constant a satisfying o’ = .

Theorem 2.2. [?] Let j > 1 and k > 1 be integers such that j > 3k + 6. Also
let L be an L-function and f be a non-constant meromorphic function. If (f7)®
and (L7)®) share (z,00) then f = aL for some non-constant a satisfying o’ = 1.

In 2018, W. J. Hao and J. F. Chen [?] proved the uniqueness results on L-function.

Theorem 2.3. [?] Let f be a non-constant meromorphic function and L be an
L-function such that [f*(f — 1)™]® and [L"(L — 1)™]®) share (1,00), where
n, m, k are positive integers. If n > m + 3k +6 and k > 2 then f = L or
i =nm=Lr(L-1m.

Theorem 2.4. [?] Let f be a non-constant meromorphic function and let L be
an L-function such that [f*(f — 1)™]% and [L"(L — 1)™® share (1,0), where
n, m, k are positive integers. If n > 4m + 7k + 11 and k > 2 then f = L or
=y =r(L-n"

In 2019, W. Q. Zhu and J. F. Chen [?] by using the concept of truncated sharing
proved the following.

Theorem 2.5. [?] Let L be an L-function and f be a transcendental meromorphic
function defined in C. Also let n, k (> 2),1 (> 2) be positz’ue integers such that
n>Tk+17. If Ep(1, (f”(f—l)) M) = Ey(1, (L"(L —1))¥), then f = L.

In 2020, Nintu Mandal and Nirmal Kumar Datta [?] proved the following theorem
by cons1der1ng truncated sharing of small functions.

Theorem 2.6. [?] Let L be a non-constant L-function and p be a small function of
L such that p (# 0,00). If Egy(p; L) = Eg(p; (L™)®)), Ey)(p; L) = Es)(p; (L™)®)
and 2Ny42(r,0; L™) < (0 + 0o(1))T(r, L), where m > 1, k > 1 are integers and
0<o<l1,then L= (L™)®,
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In 2021, N. Mandal and N. K. Datta [?] proved the following two results by
replacing differential polynomials by difference differential polynomials.

Theorem 2.7. [?] Let L be a non-constant L-function and f be a transcendental

meromorphic function. Let k, n, d, p; (j =1, 2,...,d), A= Z;Lj be positive

j=1
integers such that n > X+ d(2k +4) +4 and w; € C— {0}, (j =1, 2,...,d)

d (k)
be distinct constants. Also let po(L) < 1, pa(f) < 1, [L"HL(Z + wj)“j]

=1
(k) ’
and | f" fz+w share (p(z),l) and f, L share (co,0) where p(z) is a
j

small functzon of fand L. Ifl=0andn > A+ (d+1)(5k+7) orl =1 and
n > X+ 3(d+1)(2k + 3), then one of the following holds.

d (k) d (k)
(i) [L” [1z+ wﬁ”f] = [f" [17G+w)"
j=1 Jj=1
(k)

d () d
(i1) [L”HL(erwj)“j] [f"Hf(z+wj)“j] =%

Theorem 2.8. [?] Let L be a non-constant L-function and f be a transcendental
d

meromorphic function. Let k, n, d, p; (j =1, 2,...,d), A= Zuj be positive

j=1
integers such that n > X+ d(2k +4) +4 and w; € C—- {0}, (j =1, 2,...,d)

d (k)
H (2 + w;)" ]

=1

)

be distinct constants. Also let po(L) < 1, pa(f

(k)
share (R(z),l) and f, L share (00,0) where p(z) is

d
and [f" Hf(z + w;)*

‘]7
a small function of f and L. If l=0 andn > A+ (d+1)(5k+7) orl =1 and
n>A+ %(d + 1)(2k + 3), then one of the following holds.
(k)

d (k) d
(i) [L”HL(z+wj)”j] = [f"Hf(Z+wj)“j] ;

d

d (k) (k)
(ii) [L” H L(z + wj)ﬂj] [ I+ wj)#j] = R(2)%.

J=1

Theorem 2.9. Let L be a non-constant L-function and f be a transcendental
meromorphic function. Let k, n, d, s, m, p; (j =1, 2,...,d), A = Z,uj

be non-negative integers and let o and [ be two non-zero constants such that
la| + 8] # 0 and let n 4+ ms > A+ d(2k +4) + 4 and w; € C — {0}, such that
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(7 =1, 2,...,d) be distinct constants. Also let po(L) < 1, po(f) < 1, such that
(k) (k)

and share

d d
[L"(aLm + 5)? H L(z 4 w;)t fHaf™+ p)* H [z 4w
=1 =1
(p(2),1) and f, L share (c0,0) where p(2) is a small function of f and L. Ifl =0
and n+ms > A+ (5k+7)(1+ms+d) orl =1 and n+ms > A3 (5k+9)(1+ms+d),
then one of the following holds.

d (k) d
(i) [L”(aLm+B 1] Z( z+wj)“ﬂ‘] = [f”(afm+ﬁ)sﬂf(z+wj)“f

j=1

(%)

)

d (k) d (k)
(i) [L” al™ + ) SHL z+ w;)" ] [f”(afm+5)SHf(z+wj)“j] = p°.
j=1 j=1

Theorem 2.10. Let L be a non-constant L-function and f be a transcendental
d
meromorphic function. Let k, n, d, s, m, p; (j =1, 2,...,d), A = Z,uj

be non-negative integers and let o and [ be two non-zero constants such that
la| + 8] # 0 and let n +ms > XN+ d(2k +4) + 4 and w; € C — {0}, such that
(7 =1, 2,...,d) be distinct constants. Also let po(L) < 1, po(f) < 1, such that
(k) (k)

and share

d d
LMaL™ + B)* [T Lz + wy) friafm 4 8) [T £z +wy)
j=1 j=1
(R(z),1) and f, L share (c0,0) where p(z) is a small function of f and L. Ifl =0
and n+ms > A+(5k+7)(1+ms+d) orl =1 and n+ms > A3 (5k+9)(1+ms+d),
then one of the following holds.

d (k) d
(i) [L”(aLm—Fﬁ)SHL(Z—i—wj)“j] [f” af™+pB) SHf z 4 wj)*

J=1

(k)

d (k) d (k)
(ii) [L”(aLerB)SHL(erwj)“j] [f”(afm+ﬁ)sﬂf(z+wj)“f] = R(2)".

Remark 1. If s = 0 then Theorem ?7-7?7 reduce to Theorem 77-77.

3. SOME DEFINITIONS

Definition 3.1. [?] Let f be a meromorphic function defined in the complex
plane. Let n be a positive integer and o € CU{oc0}. By N(r, a; f| < n) we denote
the counting function of the a-points of f with multiplicity less than or equal to
n and by N(r,a; f| < n) the reduced counting function. Also by N(r,a; f| > n)
we denote the counting function of the a-points of f with multiplicity greater
than or equal to n and by N(r,a; f| > n) the reduced counting function. We
define

Nu(r,a; f) = N(r,a; f) + N(r,a; f] > 2) 4+ ...+ N(r,a; f| > k).

Definition 3.2. [?] Let f be a meromorphic function in defined in C and p(z)
be a small function of f or a rational function. Then we denote the notations by
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N(r,p; f| <m), N(r,p; fl <m), N(r,p; f| = m), N(r,p; f| > m), Nu(r,p;f)
etc., the counting functions N(r,0; f —p| <m), N(r,0; f —p| <m), N(r,0; f —
pl = m). N(r.0:f — p| > m), No(r,0: f — p) ctc.. respectively.

Definition 3.3. [?] Let f and g be two meromorphic functions defined in the
complex plane and n be an integer (> 0) or infinity. We denote by E,(«; f) the
set of all zeros of f —«a and a € CU{oo} and a zero of multiplicity k is counted
k times if £ < n and n + 1 times if & > n, we say that f and g share a with
weight n if E,(a; f) = E,(a;g). We say that f and g share (o, n) to mean that
f, g share a with weight n. Clearly, f, g share o IM or CM if and only if f and
g share («,0) or (a, 00) respectively.

Definition 3.4. [?] Let f be a meromorphic function defined in the complex
plane and p(z) be a rational function or a small function of f. Then we denote
by Em)<pa f)7 Em)(pa f) and Em(pa f) the sets Em)(07 J - p)v Em)(07 J - p) and
E(0; f — p) respectively. We write f, g share (p,n) to mean that f — p and
g — p share the value 0 with weight n. Clearly, if f, g share (p,n) then f, g share
(p, m) for all integers m, 0 < m < n. Also, we note that f, g share p IM or CM
if and only if f, g share (p,0) or (p, c0) respectively.

Definition 3.5. [?] Let f and g be two non-constant meromorphic functions share
a value o IM. Denote by N.(r,«; f, g) the counting function of the a-points of f
and g with different multiplicities, where each a-point is counted only once.

Definition 3.6. [?] Let f and g be two non-constant meromorphic functions
share a value a@ IM. We denote by N(r,a; f| > ¢) the counting function of the
a-points of f and ¢ with multiplicities with respect to f is greater than the
multiplicities with respect to g, where each a-point is counted only once.

Definition 3.7. [?] Let f and g be two non-constant meromorphic functions
share a value a IM. We denote by Ng(r,a; f,g| > m) the counting function of
the a-points of f and g with multiplicities greater than m and the multiplicities
with respect to f is equal to the multiplicities with respect to g, where each
a-point is counted only once.

4. AUXILIARY LEMMAS

Denote H by the following function.

F// 2F1 L// 2L/
H= = - Y _
FF—1 LI L-1

Lemma 4.1. [?] Let L be an L-function with degree q. Then

T(r,L) = g, log r+ O(1).
T

Lemma 4.2. [?| Let L be an L-function. Then
N(r,o00; L) = S(r,L) = O(log ).
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Lemma 4.3. [?] Let f be a non-constant meromorphic function and L be an
L-function. If f and L share (00, 0) then

N(r,o00; f) = S(r,L) = O(log ).

Lemma 4.4. [?] Let f(z) = &Tﬁ‘jlzfigmj; be a non-constant rational function
defined in the complex plane C where a, aq, ..., a,(# 0) and By, P1,-- -, Bm(# 0)

are complex constants. Then

T(r, f) = max{m,n}tog r + O(1).

Lemma 4.5. [?] Let f be a transcendental meromorphic function of hyper order
p2(f) < 1. Then for any a € C — {0}

T(r, f(z+a)) =T(r, f) + S5(r, f),
N(r,oo;f(z+a)):N(r,oo;f)—i—S(r,f),
N(r,0; f(z + @) = N(r,0; f) + 5(r, f)

Lemma 4.6. [?] Let F and G be two non-constant meromorphic functions sharing
(1,1) and (00,0). If H # 0, then

T(r, F) < Nofr,0: F) + No(r,0:G) + SN(r, F) + N(1. )
F N F.G) + SN (r0:F) + S(r, ) + S(r,C).

Lemma 4.7. [?] Let F' and G be two non-constant meromorphic functions sharing

(1,0) and (00,0). If H# 0. Then

T(r, F) < No(r,0; F) + No(r,0; G) + 3N(r, F) + 2N(r,G) + N.(r, F,G) + 2N(r,0; F)
+ N(r,0;G) + S(r, F) + S(r,G).

T(r,G) < No(r,0; F) + Ny(r,0;G) + 3N (r,G) + 2N(r, F) + N.(r, F,G) + 2N (1, 0; G)
+ N(r,0; F) + S(r, F) + S(r,G).

Lemma 4.8. [?] Let I be a non-constant meromorphic function and k, p be two
positive integers. Then

T(r, F®) < T(r,F)+ kN(r,F) + S(r, F).
N,(r,0; F®) < T(r, F®Y — T(r, F) + Npyp(r,0; F) + S(r, F).
N,(r,0; F®) < N, i (r,0; F) + EN(r, F) 4+ S(r, F).
N(r,0; F®) < N(r,0; F) + kN(r, F) + S(r, F).

Lemma 4.9. [?]| Let f be a non-constant meromorphic function, define the poly-
nomial P(f) =ag+arf+...+a,f", where ay,...,a, are complex constants and
an, # 0. Then

T(r, P(f)) = nT(r, f) +S(r, f)-
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Lemma 4.10. Let f be a transcendental meromorphic function of hyper order

d
p2(f) < 1 and define the function F(z) = f*(af™ + B)st(z + w;)" where
j=1
w; € C—={0},(j =1, 2,...,d) are constants, n, m, d, s, p; (7 =1, 2,...,d) are
non-negative integers and a and 8 are non-zero constants such that || + 8] # 0

d
and A = Z,uj then

(n4+ms—=\NT(r, )+ St f)<T(r, F)<(n+ms+NT(r, f)+S(r, f).

Proof. Since f is a transcendental meromorphic function of hyper order po(f) < 1.
Then from Lemma ?? and Lemma ?7 we have

T(F) < T( ") + Tlr. af " + ) + T ( [176G+ wj)“j>

<(n+ms+NT(r,f)+ S(r, f).

(4.1)

On the other hand rom Lemma 7?7 and Lemma 7?7 we have
(n+ms+NT(r, f) <T(r, frf™ ) + S(r, f)
<m(r, ™) + N f7 ™ 1) + S(r, f)

< m(r, F()f ) + N(r, F@)f > + S(r, f)

Hf(z+wj)“j Hf(z+wj)“j
<T(r,F)+2XT(r, f) + S(r, f).
(n+ms+ NT(r, f) < T(r,F) +2XT(r, f) + S(r, f). (4.2)

From inequalities (?7?) and (??7) we get

(n4+ms—=NT(r,f)+ St f)<Tr, F)<(n+ms+NT(r, f)+S(r, f).

O
5. PROOF OF MAIN RESULTS
Proof of Theorem ?77?.
F*) e n m s - K
Proof. Denote F' = Ji~ and L = J15 where F1 = f"(af™ + f) Hf(z+wj) J
j=1

d

and L; = L"(aL™ + (5)° H L(z + w;)" respectively. Then F', L share (1,/) and
j=1

share (00,0) except for zeros and poles of p(z). Clearly by Lemma 7?7 L is a
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transcendental meromorphic function. We have by Lemma ?7 and 77?7
Na(r,0; F) < No(r,0: F{") + 5(r. f)

< T(r, F®) = T(r, Fy) + Nipa(r, 0, Fy) + S(r, f)

(k)
< T(T, %) — (n+ms —=N)T(r, f) + Niyo(r,0; FY)

+ S(r, f).

Hence from inequality (?7) we get

(n4ms — \NT(r, f) < T(r, F) — No(r,0; F) + Nyio(r,0; Fy) + S(r, f).

Similarly,

(n+ms—\NT(r,L) <T(r,L)— No(r,0; L) + Ng12(r,0; L1) + S(r, f).

Now we have to consider the following two cases.

(5.1)

(5.2)

(5.3)

Case 1. Let H #0. In this case we have to consider the following two subcases.
Subcase 1. Let | = 0. Hence by Lemmas 7?7, 7?7 and 7?7 and inequality 7?7 we

have
(n+ms—XN)T(r, f) < Na(r,0; F)
S NQ(T707F)

—|—Nk+2(T,O;F1) S(T,f)+S(T,L)

< Ny(r, 0; Fl(k)) + No(r, 0; Lﬁ"’)) + 2N (r, 0; Fl(k)) + N(r,0; Lgk)) — No(r,0; Fl(k))

+ Niya(r, 0; Fr) + S(r, f) + S(r, L)

< No(r,0; L) + 2N (r, 0, FF) + N (7, 0; L) + Niyo (7, 0; F)
+ S(r, f)+ S(r, L)

§ Nk+2(7", 0, Ll) + 2Nk+1(7°, O, Fl) —+ Nk+1<7", 0, Ll) -+ NkJrQ(?“, 07 Fl)

+ S(r, f)+ S(r, L)
<@B+2k)(1+ms+d)T(r,L)+ (3k +4)(1 +ms+ d)T(r, f)
+S(r, f)+ S(r, L).

Hence

+ No(r,0; L) + 2N(7’, oo; L) + 3N(r, ooy F') + N(r,o0; f, L)
+2N(T707F)+N(T?07L)_N2(r707F>+Nk+2(r707F1)+S<T7f)+S(T7L)
+ Ny(r,0; L) + 2N(r,0; F) + N(r,0; L) — Ny(r,0; F)
_|_

m+ms—NT(r,f) < B+2k)1+ms+d)T(r, L)+ (3k+4)(1 +ms + d)T(r, f)

+ S(r, f)+ S(r,L).

Simalarly,

(5.4)

(n+ms—\NT(r,L) < (3+2k)(L+ms+d)T(r,f)+ Bk +4)(1+ms+d)T(r, L)

+ S(r, f)+ S(r, L).

(5.5)
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From inequalities (?7) and (?77) we get
(n4+ms =M\ {T(r,f)+T(r,L)} < (T+5k) 1 +ms+d){T(r,f)+T(r,L)}

+ S(r, f)+ S(r, L).
(5.6)

which is a contradiction from (77) as n+ms > X+ (7 + 5k)(1 + ms + d).
Subcase 2. By Lemmas 7?7, 7?7 and 7?7 and inequality (?7) we have

(n+ms—XN)T(r, f) < Na(r,0; L) + ;N(r, F)+ N(r,L) + N,.(r,00; F, L) + %N(r, 0; F)
+ Niya(r, 0; F1) + S(r, F) + S(r, L)
1 —
< Na(r, 0; L") + 5 N1 (r, 03 F1) + N (r, 0; L) + Nego(r, 05 F1)
+S(r, F)+ S(r, L)
1
<(k+2)(1+ms+d)T(r,L)+ 5(3k +5)(1+ms+d)T(r, f)
+S(r, f)+ S(r,L).
Hence
1
(n+ms—=NT(r, f) < (k+2)(1+ms+d)T(r,L) + 5(31{: +5)(1+ms+d)T(r, f)

+S(r, f)+ S(r, L).
(5.7)

Similarly
(n+ms—\NT(r,L) < (k+2)1+ms+d)T(r, f) + %(31{: +5)(1+ms+d)T(r, L)

+ S(r, f)+ S(r,L).
(5.8)

From inequalities (7?) and (?7) we arrive at a contradiction as n + ms > \ +
(9 + 5k) (1 + ms + d).

Case 2. Let H =0. Then

ol OF L 21/
H=|— — — | = =
Fr F-1 L' L-1

Integrating both sides we get

0.

B L-1
Cb—c(L—1)
where b # 0 and ¢ are constants. Now we have to consider the following subcases.
Subcase 3. Let ¢ =0. Then from (??7) we have

L—-1

F—1=— 5.10
. (510)

F—1 (5.9)

If b # 1 then from (77)
N(r,0; F) = N(r,1 —b; L) (5.11)
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By Lemma 77?7 and 77, using second fundamental theorem of Nevanlinna and from
inequality (??) we have

(n+ms — AT (r, L) < T(r, L) — No(r,0; L) + Njyo(r,0; L) + S(r, L)

< N(r,0; L) + N(r,1 —b;L) + N(r, L) — No(r,0; L)

+ Nieya(r, 0: L) + S(r, L)

< N(r,0; L) 4+ N(r,0; F) — No(r,0; L) 4+ Niyo(r,0; Ly) + S(r, L)
N(r,0: FY 4 N(r,0: L) + Nyyo(r, 05 Ly) + S(r, L)
Niy1(r,0; Fy) + N1 (r,0; G1) + Nigo(r,0; Ly) + S(r, L)
2k+3)1+ms+d)T(r,L)+ (k+1)(1+ms+d)T(r, )
S(r, f)+ S(r,L).

+ IAN AN IA

Hence
(n+ms—NT(r,L) < (2k+3)(1+ms+d)T(r,L) + (k+1)(1 + ms +d)T(r, f)
+5(r, f) +5(r, L).
(5.12)
Similarly
(n+ms—NT(r,f) < 2k+3)1+ms+d)T(r,f)+ (k+1) (1 +ms+d)T(r,L)
+S(r, f)+ S(r, L).
(5.13)
From the inequalities (77) and (?7) we arrive at a contradiction as n + ms >
A+ Bk +4)(1+ms+d). Hence b=1 and therefore we get from (?7)
d (k) d (k)
[L”(aLm + B)° H L(z+ wj)“f] = [L"(ocfm +pB)* H f(z 4 w;)H
j=1

J=1

Subcase 4. Let ¢ # 0 and b = —c. If ¢ = 1, then from (??) we have FL = 1.
Hence
d (k) d (k)
[L”(aLm +8) [ L=+ wj)“f] [L”(afm +8) [ F(=+ wj)w] = p.
=1 j=1

If ¢ # 1, then from (7?) we have
1 —cL

F (1-¢L-1
Hence N(r,0; F) = N(r, l%c; L>. Now proceeding as in subcase 3 we arrive at a
contradiction. If ¢ =1, then from (7?7) we have

—b
F=———7—. 14
L—-b—-1 (5.14)

Hence by Lemma ?? we have from (?7)

N(r,c+1;L)= N(r,F) = S(r,L).
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Now proceeding as in subcase 3 we arrive at a contradiction. If ¢ # 1, then from
(??) we have

1 _
Fo(i-)=— o
c 02(L _ w)
Therefore by Lemma 7?7 we have

—( b+c
T?

N ) — N(r,F) = S(r, L).

c
Proceeding as in subcase 3 we arrive at a contradiction. This completes the proof
of the Theorem.

O
Proof of Theorem ?77.

Proof. Since f and L are transcendental meromorphic functions and R(z) is a
rational function therefore R(z) is a small function of f and L. Hence by Theorem
7?7 we get required result. O
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