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THE INVARIANT SUBSPACE PROBLEM FOR BI- EXPANSIVE
OPERATORS IN KREIN SPACES
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Abstract. The invariant subspace problem is one of the most classical ques-
tions in operator theory and has attracted research studies for several years.
The solutions for this question exist for compact operators. Recently, this
question has been solved for bi-contractive operators defined on a Krein space.
The authors established that every bi-contractive operators defined on a Krein
space, has maximal semi-definite invariant sub-spaces. In this paper, we ad-
dress this question for bi-expansive operators defined on a Krein space us-
ing Riesz projection and fixed fundamental decomposition. we establish that
every bi-expansive operator defined on a Krein space has maximal invariant
sub-spaces.

1. Introduction

Let G be a bounded linear operator defined on a normed linear space K. If T is
a subspace of K, then T is an invariant subspace of K if

GT ⊆ T . (1.1)

The invariant subspace classical question states as follows: Does there exist a
closed subspace T of K besides the trivial ones T = K and T = {0}? Let’s
note here that this question is still unsolved on Hilbert space in the general and
on a Krein space for bi-expansive operators. It is known that solutions for this
question do exist for some classes of operators, such as compact operators and
contractive operators defined on a Krein space K. It is known that operators
without invariant sub-spaces were independently discovered by [4] and [9] on
unknown Banach space. Counter examples on the spaces l1 and C0 were also
established by [9] and were later established by [3]. An equivalent account of
the theory of invariant subspace written before these examples was found in [12].
The question of invariant subspace for bi-contractive operators defined on a Krein
space K was addressed by [11]. The fixed fundamental decomposition of K is not
unique in general however, the components K+ and K− is be uniquely determined.
This fixed fundamental decomposition is expressed as

K = K+ ⊕K− (1.2)
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A Krein space for which is dim K− <∞ is called a Pontryagin space.

2. Indefinite inner product spaces

Let V be a complex linear space. By an indefinite inner product on V we mean
a complex valued function 〈., .〉V defined on V × V which satisfies linearity and
symmetry conditions.

(i) For linearity, we have, 〈αx+βy, z〉V = α〈x, z〉V+β〈y, z〉H for all x, y, z ∈ V
and α, β ∈ C,

(ii) For symmetry we have, 〈x, y〉V = 〈y, x〉V for all x, y ∈ V .

From linearity and symmetry conditions, we obtain;

〈z, αx+ βy〉V = α〈z, x〉V + β〈z, y〉V
We call a linear space V together with an indefinite inner product 〈., .〉V defined on
it, an indefinite inner product space. We denote this by (V , 〈., .〉V). Let (V , 〈., .〉V)
be an indefinite inner product space. By the anti-space of (V , 〈., .〉V) we mean the
space (V ,−〈., .〉V) which coincides with V as a vector space but with the sign of
the indefinite inner product reversed. Let V be an indefinite product space and
let T be its subspace. We say that T is:

(i) Positive if 〈f, f〉V > 0 for all f ∈ T ,
(ii) Negative if 〈f, f〉V < 0 for all f ∈ T ,

(iii) Definite if it is either positive or negative,
(iv) Indefinite if it is neither positive nor negative,
(v) Neutral if it 〈f, f〉V = 0 all f ∈ T .

3. Bounded linear operators

Let K1 and K2 be Krein spaces. By G(K1,K2) we mean the space of all bounded
linear operators from K1 to K2. For the case where K1 = K2, we write G(K1)
instead of G(K1,K1). For every A ∈ G(K1,K2), there is a unique A∗ ∈ G(K2,K1)
such that 〈Af, g〉K2 = 〈f, A∗g〉K1 , f ∈ K1, g ∈ K2. The operator A∗ is called an
adjoint operator of A. The operator A ∈ G(K1) is self adjoint if it satisfies the
condition that A∗ = A. A linear operator A in an inner product space K1 is said
to be isometric if 〈Ax , Ay〉 = 〈x , y〉, for every pair x , y ∈ D(A).

4. Krein spaces

A Krein space is defined as an indefinite inner product space (V , 〈., .〉V) which
can be expressed as a direct orthogonal sum

V = V+ ⊕ V−, (4.1)

where V+ is a Hilbert space and V− is the anti space of a Hilbert space. The
representation in (4.1) is called a fundamental decomposition. We note that this
decomposition is not unique in general. However, the components V+ and V−
in (4.1) are uniquely determined. For a Krein space V , the numbers ind±K =
dimK± do not depend on the choice of the decomposition (4.1) above. We call
ind±K the positive and negative indices of the Krein space K. A Krein space V =
V+ ⊕ V− in which dim V− <∞ is called a Pontryagin space. The decomposition
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(4.1) induces a topology on the Krein K space. This is done as follows: Firstly,
we form the associated Hilbert space | V |:= V⊕ | V− | where we replace K− with
its anti space | V− | that is clearly a Hilbert space. The norm of a Hilbert space
‖ . ‖|V| is called the norm for the Krein space K. It is known that all notions of
convergence and continuity are with respect to this norm topology. The operator
JKh = h+ − h− for which h = h+ + h− with f± ∈ V± is called the fundamental
symmetry or signature operator associated with decomposition (4.1). If | V |
is a Hilbert space associated with decomposition (4.1) and [., .]|V| denotes the
corresponding positive definite inner product then

[h , g]|V| = 〈JVh, g〉V
for any vectors h, g ∈ V . This follows from

〈JKh, g〉 = 〈h+ − h− , g+ + g−〉
= 〈h+, g+〉 − 〈h−, g−〉
= [h, g]K.

Next, we give an example of a Krein space

Example 4.1. Consider the space C3 with an indefinite inner product 〈z , y〉 =
z1y1 + z2y2 − z3y3 defined on it for which z = (z1, z2, z3) and y = (y1, y2, y3).
Then space (C3, 〈·, ·〉) is a Krein space with only one possible decomposition that
is given by

C3 = C3
+ ⊕ C3

−,

where C3
+ consists of those elements of C3 of the form C3

+ = (z1, z2, 0) while C3
−

consists of elements of C3 of the form C3
− = (0, 0, z3).

Definition 4.2. [11]. Let G be abounded linear operator acting on a normed
linear space A. A subspace T of K is called an invariant subspace if GT ⊆ T .

5. Riesz Projection and spectral decomposition

The development of spectral theory in the finite dimensional space suggests
that a useful definition of the function f(G) of an operator G is given by the
Cauchy formula given by (5.1)

f(G) =
1

2πi

∫
d

(G− βI)−1dβ. (5.1)

where T is analytic scalar-valued function and d is a suitable contour. To under-
stand this better, we need to study the existence of the properties of the function,

G(β) = (G− βI)−1.

Let G: K −→ K, be a bounded linear operator acting on a normed space K,
if s is contained in K the equation Gs − βs = t has a unique solution s ∈ K.
Equivalently, β is in the resolvent set iff G− βI is an operator that has inverse,
that is there is a linear bounded operator G(β) on K such that G(β)(G− βI) =
(G − βI)G(β) = I. Let G be a bounded linear operator on a Banach space Y .
Given that T is a subspace of Y that is invariant under G, then G |N represents
the restriction of G to N , which is termed as an operator from N to N . Suppose
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the spectrum of G is a union of two non-empty and closed subsets φ and Ω with
φ ∩ Ω = ∅. Then the corresponding decomposition of a direct sum Y = N ⊕H
such that N and H are G-invariant subspaces of Y , the spectrum of restriction
G |N = Ω and that of G |H = φ. To prove that such a spectral decomposition
exists, we study the properties of the projector given below.

BΩ = − 1

2πi

∫
γ

(G− βI)−1dβ. (5.2)

We say BΩ is a bounded linear operator on Y given by (5.2) on the right hand and
γ which is in the resolvent set of G is a Cauchy contour separating φ = σ(G)\Ω
around Ω. The operator Bω is called a projection operator and it satisfies the
condition that BΩ = B2

Ω.

6. Expansive operators in Krein spaces

Definition 6.1. Let G be an operator defined on a Krein space V . Then G is
expansive if 〈Gx,Gx〉 > 〈x, x〉 ∀ x ∈ V .

Let V be a Krein space with expansive bounded linear operator G defined it.
Then, the following holds for G:

(i) Strictly expansive if 〈Gx,Gx〉 > 〈x, x〉 ∀ x ∈ V
(ii) Uniformly expansive if 〈Gx,Gx〉 > 〈x, x〉+ ε‖x‖2 for some ε ≤ 1 .
(iii) Bi-expansive if both G and its adjoint A∗ are expansive.

We chacterize a Krien space V using the Riesz projection B that is B2 = B , fixed
fundamental decomposition and known results from spectral theory as follows:
From spectral theory, if η = 1, for every η ∈ ρ(G), the resolvent of set G then
the operator (G − ηI)−1 exists, where I represents the identity operator on V .
Let b ∈ V such that b 6= 0 . As G is bi-expansive, we have from the definition of
Bi-expansive of G that the inequality (6.1) is true.

〈G(G− ηI)−1b,G(G− ηI)−1b〉 ≥ 〈(G− ηI)−1b, (G− ηI)−1b〉 (6.1)

Taking c = (G− ηI)−1b.
Then b = c(G - ηI), for I an identity operator as earlier defined.
b = Gc - ηc.
It implies that b = cG - c η
Inequality (6.1) is simplified in 6.2 as

〈Gc,Gc〉 ≥ 〈c, c〉. (6.2)

Since Gc = b + ηc, inequality (6.2) can be stated as;

〈 b + η c, b + η c 〉 ≥ 〈 c, c 〉
〈 b + ηc, b + η c 〉 - 〈 c,c 〉 ≥ 0
〈 b, b 〉 + η〈 c, b 〉 + η〈 c, c 〉 ≥ 0.

using c = (G− ηI)−1b in the above inequality, we obtained the following:

〈b, b〉+ η〈(G− ηI)−1b, b〉+ η〈b, (G− ηI)−1b〉 ≥ 0 (6.3)

We introduce the Riesz Projection (5.2) and Substitute η = eiα in 6.3 to obtain

〈b, b〉+ eiα〈(G− eiαI)−1b, b〉+ eiα〈(G− eiαI)−1b, b〉 ≥ 0 (6.4)
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Multiplying (6.4) by 1
2π

and integrate from 0 to 2π with respect to α to obtain

〈b, b〉+
1

2πi

∫ 2π

0

eiα〈(G− eiαI)−1b, b〉dα +
1

2π

∫ 2π

0

eiα〈(G− eiαI)−1b, b〉dα ≥ 0.

(6.5)
We write inequality (6.5) as;

〈b, b〉+
1

2πi

∫ 2π

0

eiα〈(G − eiαI)−1b, b〉dα +
1

2πi

∫ 2π

0

eiα〈(G− eiαI)−1b, b〉dα ≥ 0

(6.6)

− 1

2πi

∫ 2π

0

ieiα〈(G− eiαI)−1b, b〉dα− 1

2πi

∫ 2π

0

ieiα〈(G − eiαI)−1b, b〉dα ≥ 〈b, b〉

(6.7)
The above (6.7) can be stated as;

− 1

2πi

∫
|η|=1

〈(G− ηI)−1b, b〉dη − 1

2πi

∫
|η|=1

〈(G− ηI)−1b, b〉dη ≥ 〈b, b〉 (6.8)

The function 〈., b〉 is linear functional on a Krein space V . Using this fact we
obtain;

〈− 1

2πi

∫
|η|=1

(G − ηI)−1bdη, b〉+ 〈− 1

2πi

∫
|η|=1

(G − ηI)−1bdη, b〉 ≥ 〈b, b〉 (6.9)

We write inequality (6.9) as;

〈− 1

2πi

∫
|η|=1

(G− ηI)−1bdη, b〉+ 〈− 1

2πi

∫
|η|=1

(G− ηI)−1bdη, b〉 ≥ 〈b, b〉 (6.10)

Then we obtain;

〈Bb, b〉+ 〈b, Bb〉 > 〈b, b〉

Hence, from complex value function, we obtain the following expansive condition
under the operator B.

2Re〈Bb, b〉 > 〈b, b〉. (6.11)

From the above, we obtain the following theorem.

Theorem 6.2. Let G be a bi-expansive operator acting on Krein space V. For
|µ| = 1 for µ ∈ σ(G), V is the direct sum V = R+

⊕
R− of two spaces R+

and R− invariant under G such that a maximal non-negative is R+ and maximal
non-positive is R−.

Corollary 6.3. Every bi-expansive operator defined on a Krein space has maxi-
mal non-positive and maximal non-negative invariant sub-spaces.
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7. Conclusion

Suppose that B is a bi-expansive operator acting on a Krein space V . Then
operator B and its adjoint B∗ are both expansive. If the resolvent sets B and B∗

intersect such that the circle whose radius |η| = 1 lies in this intersection, then
B and B∗ have maximal invariant sub-spaces.
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