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A PROOF OF CONVERGENCE AND EQUIVALENCE FOR 1D
FINITE ELEMENT METHODS AND RELU NEURAL
NETWORKS

RONALD KATENDE!?* HENRY KASUMBA!, GODWIN KAKUBA! AND JOHN
MANGO!

ABSTRACT. This paper investigates the convergence and equivalence proper-
ties of the Finite Element Method (FEM) and Rectified Linear Unit Neural
Networks (ReLU NNs) in solving differential equations. We provide a detailed
comparison of the two approaches, highlighting their mutual capabilities in
function space approximation. Our analysis proves the subset and superset
inclusions that establish the equivalence between FEM and ReLU NNs for
approximating piecewise linear functions. Furthermore, a comprehensive nu-
merical evaluation is presented, demonstrating the error convergence behavior
of ReLU NNs as the number of neurons per basis function varies. Our results
show that while increasing the number of neurons improves approximation
accuracy, this benefit diminishes beyond a certain threshold. The maximum
observed error between FEM and ReLU NNs is 107, reflecting excellent ac-
curacy in solving partial differential equations (PDEs). These findings lay the
groundwork for integrating FEM and ReLLU NNs, with important implications
for computational mathematics and engineering applications.

1. INTRODUCTION

The equivalence between the Finite Element Method (FEM) and neural net-
works with Rectified Linear Unit (ReLU) activation functions has gained consid-
erable attention due to its potential for efficiently solving partial differential equa-
tions (PDEs) [9, 8, 19, 18, 20]. FEM and ReLU-based neural networks are both
widely employed in engineering and applied mathematics for addressing PDEs,
yet they differ fundamentally in their approaches. FEM discretizes a continuous
domain into finite elements, facilitating accurate numerical solutions but often
becoming computationally intensive for high-dimensional problems, which can
limit its scalability in large simulations [2]. In contrast, ReLU neural networks
offer flexibility in approximating complex functions by leveraging data-driven
learning, making them particularly efficient for high-dimensional and nonlinear
spaces without the need for traditional meshing techniques [25, 23, 11]. The
emergence of Physics-Informed Neural Networks (PINNs) has further bridged
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classical numerical methods and machine learning by embedding physical laws
directly into the training process [5]. This innovation allows neural networks
to solve both forward and inverse PDE problems with notable accuracy [16, 4].
This paper investigates the conditions under which ReLU neural networks can
effectively approximate FEM solutions, focusing on the minimal network config-
uration necessary to represent a FEM basis function accurately. Additionally, we
analyze the convergence properties and function space equivalence between FEM
and ReLU-based networks. By establishing their mutual inclusivity in function
space approximation, this study aims to lay a foundation for hybrid models that
leverage the strengths of both methods, providing scalable, robust solutions for
a wide range of PDE-based applications.

2. PRELIMINARIES

Consider the problem of solving the PDE
Lu=f, on§ (2.1)

over a domain €2, where L is a differential operator, u is the unknown solution,
and f encodes the data relevant to the PDE, including boundary and initial
conditions. We aim to determine the minimal number of neurons necessary for
a neural network to approximate a FEM basis (tent) function effectively. Be-
yond this optimal neuron count, the network output remains largely stable, while
configurations with fewer neurons may achieve optimality but at increased com-
putational expense. Previous work has established the theoretical equivalence of
FEM and ReLU neural networks, notably by Juncai He et al. [25] and Badia et
al. [11].

Theorem 2.1 ([25]). A continuous function f : R? — R, piecewise linear on
subdomains, can be represented by a ReLU deep neural network (DNN), where d
corresponds to the dimension of the finite element space. The number of hidden
layers, Nigyer, is bounded by [log,(d +1)], and the required number of neurons is
given by

N B O (d . 2mM+(d+1)(mfd71)) me Z d + 1’
neurons O(dzmM) me<d+1’

where M is such that m < M < m!, representing the number of subdomains.

We extend this foundational work by analyzing the optimal neuron count, as
well as convergence and function space equivalence across both FEM and ReL.U-
based approaches. Theorem 2.1 illustrates that a single hidden layer is sufficient
for convergence to the corresponding basis (tent) function in one-dimensional set-
tings. Consequently, we constrain our network to a single hidden layer with k neu-
rons. For a one-layer ReLU network with hidden layer weights {w}, w3, ... w}},
output weights {w?, w3, ..., w?}, hidden layer neuron values {pi, pa, ..., px}, hid-
den layer biases {b, by, ..., b}, and output bias by, the architecture is depicted
in Figure 1.
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FIGURE 1. A single-layer neural network with k& neurons.

The value of the i*" neuron in the hidden layer is defined as

Pi = wl(l)x + bz‘,

where wgl) is the weight for the input x associated with the i*" neuron, and b

is the bias term. Using a Rectified Linear Unit (ReLU) activation function, the
network output unyy becomes

k
uxy = ReLU (Z w® - ReLU(w! Mz + b;) + b0> :
i=1

where wz@) represents the weights from the hidden layer to the output layer and b,
is the output bias. Since the ReLU function is defined as ReLU(z) = max(0, z),

we can rewrite the expression as

k
UNN = max <O, Z wl@) - max/(0, wfl)x +b;) + bO)
i=1

(1)

= max (O, [w?) max(0, w"z + b)) + w? max(0, wz + b)) + -+ + ’w,(f) max(0, w

The finite element method (FEM) solution for a one-dimensional problem on
n elements is given by

n
uppM = Y 0pér (),
r=1

where . is the coefficient obtained from solving a linear system, and ¢, (z) is the
piecewise linear basis function defined by

T—Tpr—1 .
e ifr, 1 <zx<ux,,
— LTr41—T :
gbr(x) - Tpp1—Tp if Ly S T S Tri1,

0, otherwise.

:c+bk)} +b0) .

(2.2
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3. EQUIVALENCE BETWEEN FEM AND NEURAL NETWORKS

To establish the equivalence between the FEM and neural network solutions,
we examine their parameter, convergence, and function space characteristics.

3.1. Equivalence in Parameters. We begin by expressing the FEM basis func-
tion ¢, in terms of the neural network model. Equating the NN solution in (2.2)
with the FEM solution, we get

UFEM = UNN,

implying
Zar@( max(O Zw mawa )x—i—b)—l—bO),
r=1
where wl(l) are the hidden layer weights, w§2) are the output weights, b; are the

hidden layer biases, and by is the output bias. The FEM basis functions ¢, can
be re-expressed using the ReLLU function by the following identities

T — Tr_q max(0,z — z,_1) — 2max (0, — x,.) + max(0, z, 1 — 7)

?

Ly — Tp-1 2h

Trpp —2 max(0,x — z,41) — 2max(0,z — x,) + max(0, z, 41 — x)

Y

Typr1 — Ty 2h

where h = Lpp1l — Tp = Ty — Lp—1- ThUS, the FEM solution becomes
u Q- | Mmax(y, T Tpr_1)+ max , Ly T max(u, xr Ty
FEM ) 2 1 1

+ 2max(0, z, — z) + max(0,x — x,41) + max(0, 2,41 — ). (3.1)

Equating (2.2) and (3.1), we obtain

k
max( Zw maX(Ow a:—i—b —I—b0>: hZar max (0, — z,_1) + - - - + max(0, 2,41 — x)].

i=1
Matching terms, we determine parameter relationships
bO :Oa bz - {_x07x07_x17x17_x27x2}a wz(l) - {1a_171a_1a17_]-}7

and

(2):{% R S U e ﬂ}

! 2h° 20" h’  h’2h’2h
Therefore, the neural network output for a single basis function is

unn(z) = w? - max(0, wz + b) = B, (3.2)

where



CONVERGENCE AND EQUIVALENCE FOR 1D FEM AND RELU NNS: PROOF 101

and

[ max (0,1 — ) T

max(0, —1 + zo)
max(0,1 — xq)

max(0, —1 + 1)
max(0, 1 — xq)

| max (0, —1 + ) |

Thus, for each FEM basis function, the neural network requires six neurons,
making k = 6n. This yields the following relationships for all r =1,2,...,n

w® ={1,-1,1,-1,1, -1},

b"' - {_x'f'—lﬂ Lp—1, =Lp, Lyy —Lr41, xT+1}7
(2) { Qp Qp O Qp Oy Qp }
w = Y3197 10 19710401 ("
" 2h° 2R h h ' 2h’ 2h
3.2. Equivalence in Convergence. To establish convergence of uxn(x) to upgnm (),

we examine uniform and pointwise convergence as the number of neurons k£ — oo.

3.2.1. Uniform Convergence. Uniform convergence is defined as
kh_g)lo ||UFEM - UNNHLOO([O,l]) =0,

where
uFEM(‘r) - Z ar¢r (ZL’),
r=1

with ¢, (x) as piecewise linear basis functions on subintervals [z,_1,2z,]. As n —
00, these subintervals diminish, and

||u — UFEMHL‘X’([O,l]) — 0.

The ReLU-NN approximation

k
UNN(I) = ZIUZ@)RGLU(U}Z(DI + bz) + bo

i=1

can uniformly approximate any continuous piecewise linear function for large k.
Hence, for any € > 0, a sufficiently large k exists such that

| upEm — UNN”LO"([OJ]) <6
yielding

I; _ o = 0.
kl_{{.lO”UFEM unN || 2o (po,1))
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3.2.2. Pointwise Convergence. Pointwise convergence is verified by
khm ‘UFEM(JI) — UNN(.%‘)| =0, Vx € [0, 1]
—00
Let u(z) be the target function. For upgpy(x) = >, a,¢,(z), we have
n—oo

Similarly, for the ReLU-NN approximation unn(x), each basis function ¢,(x) can
be approximated by ReLU-activated neurons, allowing

lim Zarqbr ) —unn(x)| = 0.

k—00

Thus, we obtain
lim unn(z) = lim uppm(z) = u(z).
k—o0 n—00

For any fixed = € [0, 1] and any § > 0, there exists k such that

‘UFEM(x) — uNN($)‘ < 0.
Thus, we conclude

klim luppm () — unn(z)| =0, Vo € [0,1].
—00

3.3. Equivalence in Function Spaces. We establish the equivalence between
the function spaces of ReLU neural networks (NNs) and finite element methods
(FEM) by proving mutual inclusion. The FEM approximation space Vigy con-
sists of piecewise linear basis functions ¢,(x) over a finite partition of Q = [0, 1]

VFEM:{ueﬂl - Zar@ areR}.

Here, H}(Q) is the Sobolev space of functions with square-integrable first deriva-
tives that vanish on the boundary, typical for FEM solutions.

For a sufficiently deep and wide ReLU NN the network can approximate any
continuous piecewise-linear function. Define the ReLU NN approximation space
VNN as

k
Van = {u cu(r) = ngz) ReLU(w Mz 4 b;) 4 bo, w”, w'® b, by € ]R} .
i=1
To show Vegm C Van, each FEM basis function ¢,.(z) (continuous piecewise-
linear over [x,_1,,41]) can be represented by a ReLU NN using a finite number
of neurons, thus any linear combination in Vpgy can be approximated in Vyy

Vrem € Van.

Conversely, since ReLU NNs approximate continuous piecewise-linear functions,
any function u(z) € Vin can be expressed as a sum of continuous linear segments.
FEM basis functions can similarly approximate any continuous piecewise-linear
function over a partition, so Van € Vrem

Van € Vegwm.
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Thus, Vrgm = Van, implying that ReLU NNs and FEM are equivalent for con-
tinuous piecewise-linear function approximation over Hj(€2).

3.4. Equivalence in Consistency. To show consistency equivalence, we ana-
lyze error convergence for FEM and ReLLU NNs as discretization is refined.

3.4.1. Consistency in Finite Element Method (FEM). For FEM, let uppy € Viem
approximate the exact solution u € H}(Q2). The FEM consistency error is
| — uppm || g1y < Ch?,

where h is the mesh size, with h — 0 as the partition refines, p is the polynomial
degree of FEM basis functions, C' depends on u’s regularity but not on h. As
h — 0, the FEM solution upgy converges to u in the H'-norm, demonstrating
FEM consistency.

3.4.2. Consistency in ReLU Neural Networks. Let uny approximate u using a
ReLU NN over €2. The NN consistency error is
lu — unxl 2@ < C'k7°,

where k£ is the neuron count in the hidden layer, o > 0 depends on network depth,
width, and architecture, C’ depends on u’s regularity and network properties,
independent of k. As k — oo, uxy converges to u in the L?-norm, implying that
increasing network capacity improves consistency.

3.4.3. Fquivalence of Consistency in the Limit. As h — 0 for FEM and k& — oo
for NNs, both consistency errors vanish

}ZEI%)HU_UFEMHH%Q) = O, and ]}LIEOHU_UNNH[P(Q) = 0.

This demonstrates that FEM and ReLLU NNs achieve convergence to u through
mesh refinement and network capacity increase, respectively, affirming that both
methods can yield equivalent accuracy in the limit.

3.5. Equivalence in Robustness. Robustness measures the sensitivity of Fi-
nite Element Method (FEM) and ReLU neural network (NN) solutions to input
perturbations. We analyze robustness by examining each method’s response to
noise.

3.5.1. Robustness in Finite Element Method (FEM). For FEM, robustness is as-
sessed by introducing noise 7 in the force vector f, yielding the perturbed system
Kuggn = f+1,
where K is the stiffness matrix and ujg,, is the perturbed solution. Robustness

requires
Jugpy — uremll < Clinll,
where C' is a constant. Subtracting the original system Kupgpy = f gives
K(upgy — uppm) =1, or  duppy = K ',
where dupgy = Upgy — turem. Thus,
-1
[durenl| < [[K([[[nll,
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showing that FEM robustness depends on the norm ||K~!||, which controls sen-
sitivity to perturbations.

3.5.2. Robustness in ReLU Neural Networks. For ReLU NNs, robustness is de-
termined by the output’s sensitivity to input perturbations. Given an input =
perturbed by &, we have

5UNN = UNN<SC -+ f; 0) — UNN(SC; 9),
with the robustness condition
Jounn]| < L'lE],

where L' is the Lipschitz constant, depending on network architecture and regu-
larization.

3.5.3. Regularization Techniques for Robustness in ReLU NNs. The Lipschitz
constant L' is crucial for NN robustness, often controlled by regularization;

(1) Weight Decay: Lo-regularization penalizes large weights, minimizing

\ L
L) = £o(6) + 5 S Wil
=1

where ) is a regularization parameter and W, is the weight matrix of layer
l. Weight decay reduces L', yielding L' < CA~/? for some constant C.

(2) Dropout: By randomly omitting neurons during training, dropout cre-
ates a more distributed representation, enhancing robustness and reducing
overfitting. The dropout-modified NN output is

inn(30) = Wpo(Wi_io (- o(Wiz +by) -+ ) + br_1) + by,
where W, represents weights after dropout.

3.5.4. Regularization in FEM: Damping. In FEM, robustness can be improved by
modifying the stiffness matrix with a damping term a/ (where a > 0), resulting
in a modified matrix K’ = K 4+ al. The perturbed system

K'ugpyg = f+1
is more robust, as ||[K'7|| < [|[K7!||, reducing sensitivity to noise . Both FEM
and ReLLU NNs maintain robustness under perturbations: FEM robustness is
governed by ||K ||, while NN robustness is controlled via regularization that

bounds the Lipschitz constant L'. These methods achieve solution stability under
noisy or irregular input conditions by their respective robustness techniques.

Theorem 3.1 (Depth-Enhanced Convergence Rate for ReLLU Neural Networks in
Approximating H' Functions). Let u € H'(Q) be a target function on Q = [0, 1],
and let upgy and uyy represent the FEM and ReLU-NN approximations of wu,
with a piecewise linear basis for FEM and a ReL U-activated neural network with
width k (neurons per layer) and depth d (hidden layers). Suppose that uyy is
constructed such that;

(i) it uses a ReLU activation function, allowing piecewise linear approrima-
tion
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(i) it satisfies equivalence in function spaces with FEM, as established in the
manuscript.

Then, there ezists a constant C' > 0 and an exponent ~(d) = 7o + dd, where g
and 6 are constants depending on u’s reqularity and the ReLU-NN structure, such
that

= w2y < Clk - d)

as k — oo and d — oo, where for functions in H'(Y), v(d) achieves up to y(d) =
1/2 + dd, indicating that increasing depth improves the convergence rate. This
rate enhancement applies only for activation functions like ReLU that support
piecewise linearity and sufficient neuron allocation in each layer.

Proof. Since upgn, uny € H'(Q), we assume both capture piecewise-linear prop-
erties in H'. By equivalence, for sufficiently large k,d, uxy uniformly approxi-
mates any continuous piecewise-linear f € H', including FEM basis functions.
For fixed d and width k, a ReLU-NN approximates any u € H'(Q2) with error
O(k=°), where vy = % Increasing d refines approximation by allowing layers to
segment linearly. Defining uy as the depth-d approximation, we obtain an error
O((k - d)="¥), where v(d) = § + dd for § > 0. To bound the L?-norm error, we
note that pointwise convergence of uxy — u as k,d — oo and v € H'(€)) implies

L?-convergence by Sobolev embedding. Thus,
||u — uNNHLQ(Q) S C(k? . d)iy(d),

where y(d) improves as d increases, leveraging ReLU’s piecewise linearity for
recursive refinement. Non-piecewise-linear activations lack this rate enhancement.

O

3.5.5. Connection to Fquivalence. This theorem builds on the equivalence estab-
lished in the manuscript by quantifying the rate at which ReLU-NNs converge
to FEM in function approximation, with an enhanced rate through depth. The
established equivalence ensures that both FEM and ReLU-NNs operate within
the same function space H'(f2). This theorem then extends the equivalence by
proving that ReLU-NNs, unlike FEM, can leverage depth to achieve faster con-
vergence rates, offering a computational advantage. This result justifies the use
of deeper ReLLU networks as a viable alternative to FEM for efficiently approx-
imating solutions to PDEs, especially when higher precision is required. The
improved convergence rate suggests that ReLU-NNs can reach FEM-level accu-
racy with potentially fewer overall neurons, by appropriately leveraging depth.
Practically, this highlights ReLU-NNs’ scalability and efficiency, particularly for
high-dimensional or computationally intensive problems where traditional FEM
becomes inefficient due to mesh complexity. This theorem, therefore, not only
reinforces the equivalence of ReLU-NNs and FEM in terms of approximation ca-
pabilities but also demonstrates how ReLU-NNs can achieve superior efficiency by
utilizing network depth, thereby offering a powerful framework for computational
mathematics applications where both accuracy and efficiency are critical.
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4. NUMERICAL RESULTS

We present numerical results for the FEM-ReLU-NN model with 3, 6, and
9 neurons per basis function to approximate target functions and solve one-
dimensional PDEs. The equivalence of FEM and ReLU NN solutions is assessed
by comparing absolute errors across various configurations. We first approximate
the cosine function over the domain [0, 1] using 10 evenly spaced points. As shown
in Table 1, the approximation error is negligible when using more than 6 neurons.
Absolute errors are evaluated for different neuron counts per basis function (p)
and various values of k.

TABLE 1. Absolute error for the FEM-ReLU-NN model of archi-
tecture (1,p- k, k, 1) in interpolating cos(z) on [0, 1], with p = 3, 6.

Neurons per basis function, p 1 3 6 9
Absolute Error, k = 2 1.2416 x 1072 [ 2.4653 x 1073 [ 1.6539 x 10~*] 1.0216 x 10~*
Absolute Error, k =5 8.7155 x 1073 | 7.8617 x 10~*]2.4554 x 107> | 2.4008 x 10~°
Absolute Error, k = 10 1.7461 x 107* [ 3.6519 x 107> | 6.4439 x 1075 | 6.4432 x 107

Table 1 indicates a clear trend. That is, as neurons per basis function (p)
increase, absolute error decreases across all k values. The most notable error
reduction occurs as p increases from 1 to 6, with minimal further gains for p = 9,
suggesting that 6 neurons per basis function strikes an optimal balance between
complexity and accuracy. Beyond this threshold, further increases offer diminish-
ing returns, indicating a saturation in the network’s capacity to capture function
nuances. Next, we apply the FEM-ReLU-NN model to solve three PDEs, i.e.,
Burgers’ equation, Schrodinger’s equation, and the wave equation. Figures 2, 3,
and 4 display solutions from both FEM and ReLLU-NNs, showing high agreement.
In particular, the Schrodinger equation’s peak around z =~ 0.75 is accurately
captured by both methods, validating ReLU-NNs’ ability to approximate FEM
solutions.

FEM 1D Wave Equation Solution RelU-NN 1D Wave Equation Selution

10 10

0E g

06 06

0.4 04

0.2 0z

o0 0o

0o 0z 04 08 ek} 1a 0o 0z 04 08 ek} 10
x x

FiGUure 2. FEM and ReLU-NN solutions for the wave equation.
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FEM 1D Schrodinger's Equation Solution RellJ-NN 1D Schrodinger's Equation Solution

10 10

0E g

06 06

04 04

0z 0.2

0o oo

0o 0z 04 08 ek} 1a 0o 0z 04 08 ek} 10
x x

Ficure 3. FEM and ReLU-NN solutions for the Schrodinger equation.

FEM 1D Burgers' Equation Solution RelU-NN 1D Burgers' Equation Solution

10 q 10+

D& A

g

0.6 4

06

0.4 4

04 A

0.2 4 0.2 A

0.0 + 00
0o 0z 04 08 ek} 1a 0o 0z 04 08 0.8 10

x x

FiGure 4. FEM and ReLU-NN solutions for the Burgers’ equation.

The absolute errors between FEM and ReLU-NN solutions for these PDEs are
presented in Table 2. For k = 2, the wave equation exhibits the highest error, with
errors increasing slightly at £ = 5, but remaining stable, indicating robustness
in both methods. Errors decrease again at k£ = 10, showing that larger networks
improve accuracy, though with diminishing returns at higher neuron counts.

Table 2 shows that the wave equation has the highest error consistently, pos-
sibly due to the challenges in modeling wave phenomena. However, errors are
within acceptable limits for both FEM and ReLU-NNs. As k increases, errors
reduce, confirming that larger networks enhance accuracy but with diminishing
improvements, consistent with trends seen in function approximation. These re-
sults demonstrate the equivalence between FEM and ReLU-NNs in solving PDEs.
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TABLE 2. Absolute errors between FEM and ReLU-NN solutions
for Burgers’, Schrodinger, and wave equations.

KATENDE, KASUMBA, KAKUBA AND MANGO

Errors Burgers’ Schrédinger Wave
k=2 [5.00533 x 107 | 1.76518 x 10~* | 4.32171 x 10~*
k=5 [321527 x 10~* | 3.28062 x 10~* | 3.37295 x 10~*
k=10 | 3.11879 x 107* | 3.05617 x 104 | 3.14139 x 1074

ReLU-NNs achieve high accuracy in approximating FEM solutions, proving effec-
tive for complex PDEs and capable of capturing detailed physical behaviors, such
as wave propagation and quantum effects. Thus, ReLU-NNs offer scalability for
higher-dimensional and nonlinear problems while matching FEM’s accuracy. This
equivalence supports the development of hybrid models that harness ReLU-NN
computational efficiency with FEM robustness and precision, advancing compu-
tational PDE solving in scenarios where both efficiency and accuracy are crucial.

5. CONCLUSION

This study illustrates the robust potential of ReLLU-based neural networks
(ReLU-NNs) in accurately approximating solutions to one-dimensional partial
differential equations (PDEs), achieving results comparable to those produced by
the Finite Element Method (FEM). Our findings confirm that both FEM and
ReLU-NNs provide similar error bounds when approximating continuous piece-
wise linear functions, establishing a practical equivalence between the two meth-
ods. Notably, six neurons per basis function were found to offer an optimal
balance between computational efficiency and accuracy, suggesting an effective
configuration for ReLU-NNs in PDE approximation. These results point to the
feasibility of a hybrid approach that leverages the strengths of both FEM and
ReLU-NNs, creating a robust framework for solving complex PDEs where both
precision and computational efficiency are essential. The practical implications
are substantial, especially in computational fields requiring high accuracy and
efficiency, such as aerospace, structural engineering, and physics simulations. In
these domains, integrating ReLLU-NNs within traditional FEM workflows could
enhance performance, potentially reducing computational costs while preserving
accuracy. Additionally, ReLU-NNs provide scalability, making them well-suited
for managing problems of increasing dimensionality and complexity. This hy-
brid methodology offers potential benefits such as faster prototyping, detailed
simulations, and the capability to handle real-time computations, which are par-
ticularly valuable in high-stakes applications like material design and fluid dy-
namics. Future research should focus on extending the FEM-ReLU-NN equiv-
alence to higher-dimensional problems, where PDEs and their solutions become
increasingly complex. Addressing higher-dimensional PDEs introduces challenges
such as the curse of dimensionality, which can exponentially raise computational
demands and memory usage. Additionally, more sophisticated neural network
designs are required to manage large-scale data and intricate function approxi-
mations while ensuring numerical stability. Potential strategies to address these
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challenges include dimensionality reduction, sparse representations, and adap-
tive mesh refinement. Hybrid models could also capitalize on FEM’s ability to
handle complex geometries and boundary conditions, while utilizing ReLU-NNs
for efficient, data-driven function approximation. By tackling these challenges,
the integration of FEM and ReLU-NNs in higher dimensions could yield scalable
and efficient solutions for a broad range of real-world problems in computational
mathematics and beyond.
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