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SPECTRAL ANALYSIS OF EIGENVALUE PROBLEM WITH
THE (P(z),Q(z))~LAPLACIAN

MUSINGUZI ELSON'* YALE IBRAHIM?, LUBEGA MOHAMMAD?, ATUHAIRWE
GODIRIVA* AND SHAFIK ABDULHAMIDU?®

ABSTRACT. In this study, a spectral problem that involves the Robin (a(z), b(x))-
Laplacian on a bounded domain in R™ is analyzed. With the help of the
Ljusternik-Schnirelmann principle, it is established that an increasing sequence
of eigenvalues exists. Using the min-max principle, we also established that the
infimum of the spectrum is zero, and all the eigenvalues are non-negative. It
was further proved that there exists a principal eigenvalue for this problem and
that the spectrum is open.

1. INTRODUCTION

In recent years, studies of different problems in Mathematics with variable expo-
nents have attracted much concentration, with some of the latest studies includ-
ing [3],[6] and [7]. Subsequently, eigenvalue problems for non-linear differential
operators like V (|Vw|*@~2Vw + |Vw["®)-2Vw) whereby a(z) and b(z) are con-
tinuous positive functions, subject to different boundary conditions have come up
as potential mathematical problems which are also of interest for physical appli-
cations. Here, we considered the eigenvalue problem having variable exponents
c(x),b(z) and a(z), defined as;

—V ([Vw|[*®=2Vw + |[Vw*®@2Vw) = plw[“®) 2w, z€ D

(1.1)
[Veol"®@2 5 + B0 = 0, reop

where D is a bounded domain in RY, N > 3 with a smooth boundary, p €
R*, a,band ¢ are continuous functions on D, g—? is the outwardly perpendicular
directional derivative of w relative to 0D, § : 0D — R is a positive function
which is bounded on 0D, which means that for every € 9D, f(x) > 0,

1 <b(x) <c_(y) <ct(y) <a(z),for every z,and € D
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and ct(y) < b*(z), for every x and y € D where by c_(y) is the inf c(y), c*(y) is
the sup ¢(y) and b*(z) is a critical Sobolev exponent given by

b (z) = {n’?bé?iw if bx) <m
0 if b(r)>m

Using the Ljusternik-Schnirelman(L-S) theory, the non-linear eigenvalue prob-
lem —A,u = A|u|*?u was studied in [8]. It was proved that there is a positive
sequence of non-decreasing eigenvalues, the initial eigenvalue is unique and sep-
arated, and the second eigenvalue concurs with the second-variational eigenvalue
got using the L-S theory. It was also shown that the second eigenvalue obtained
by way of L-S theory is the least eigenvalue in the spectrum which is bigger than
the principal one. A related study with variable exponents —A,yu = Au|b®) =2y,
was investigated in [3] with Robin boundary conditions, and ascertained that a
non-decreasing sequence of non-negative eigenvalues exists, proved that a princi-
ple eigenvalue exists and is the smallest of the possible eigenvalues and that the
spectrum is not closed.

In another study, about a nonlinear eigenvalue problem for the (a, b)- Laplacian
with a positive weight —A,u — Ayu = Ag(z)|u|* 2u in RY, it was proved in [2]
by employing the Mountain -Pass Theorem that a continuous positive spectrum
exists. Another related study was carried out in [4] on an eigenvalue problem
—Ayu — Ayu = Mul®=? with, b € (2,00), a € (1,00), a is not equal to b subject
to the associated homogeneous Neumann boundary on an open domain that is
bounded, with smooth boundary from R™ and n > 2. They carefully analyzed
the problem and came up with a complete description that the set of eigenvalues
has a precise interval (A1, +00) plus an isolated point A = 0. This outcome is
related strongly to the well-known case a = b # 2 in which a full description of
the spectrum is still unavailable.

With the help of the concentration-compactness principle and the variational
methods, [1], proved the existence of results for —A,u — Ayu = AW () |u|'~2u +
L(z)|u|* "%u in all of R™ for the (a,b)-Laplace operator type elliptic problem
that involves a critical term, non-negative weights and the parameter A which is
positive. Particularly, with congruous conditions on exponents of non-linearity,
they proved that there exist countless weak solutions with negative energy, so
long as A lies within some interval.

A related study on —div (|Vw|*®"2Vw + |[Vw|?®=2Vw) = Mw|“®"?w was
carried out in [5]. By applying the Dirichlet boundary conditions they established
that two positive constants, that is \g and \; exist, and that A\g < A\; where, every
A € [A1,00) becomes an eigenvalue, but a A € (0, \g) fails. We however note that,
a conclusion on if A\g < Ay was not made. This study thus covers a related study
of =V (|Vw|*®2Vw + |Vw|"®=2Vw) = p|w|“*)~2w on a Sobolev space using
the Robin boundary conditions. Sobolev spaces allow the application of weak
derivatives. The paper is organised into four sections that include introduction,
preliminaries, main results and conclusion.
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2. PRELIMINARIES

Consider a domain 2 € RY that is bounded with a smooth boundary 9, where

Q) stands for closure of Q. We present the following definitions and theories, most
of which can be found in [3] and [5].

Definition 2.1. Let o be amulti-index and that u,v € L}, (Q). Then v is referred
to or termed as the o! partial weak derivative for u, denoted by D%u = v, as
long as for any ¢ € C§°(Q2),

/QuDad)dx: (—1)|a/qu§dac.

Let C(Q) = {h such that h € C(Q) and h(x) > 1, for every z in Q}.
For every h € C (), then we can define
h* =suph(x) and also that h~ = inf h(x)
e TS
Definition 2.2. The Lebesgue space characterized by variable exponents is de-
noted and defined as
LP@)(Q) =

{v : v is the real-valued and measurable function with / lv(z)|P@ < +oo}
Q

HUHLP(x) = inf {’y >0: / | |p(x)d < 1}

Definition 2.3. The Sobolev space charactemzed by variable exponents is de-
noted and defined as

W@ — fy e LP(Q) such that |Vo| € LP®)(Q)}

having the norm

[l wree ) = inf {’y>0:/ (\EV’ +|E|p(x)) dz < 1} (2.1)
o\ 7 v

Definition 2.4. (Condition Sy) Let X be a real and reflexive Banach space.
Then the operator B: X — X* is said to be satisfying the condition S, if and
only if as n — oo, w, — w and lim,,_,, (Bw, — Bw,w, —w) < 0, then w, — w.
Definition 2.5. (Palais-Smule(PS) condition) We say that a continuously dif-
ferentiable functional h € C'(H,R) from a Hilbert space H to the real numbers

satisfies this PS condition in case any sequence {w;}°;, C H so that {h[w]}2,
is bounded and A’ [w;] — 0 in H.

The embedding W1 — (C(€Q) is both continuous and compact if a(z) > 1,V
x € Q9.

Definition 2.6. Let L'®) the be conjugate space of L) (Q); a(1$) + @ = 1.
Then for every u € L*®) and v € L*®) | the holders inequality is given by;

/| de < (=2 ) Jaao oo
; uv|ar < a(:v) b(x) Ua(z) || Ub(2) |-

having a norm
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Lemma 2.7. Suppose that a € Co(D) and b € L>(D) with b_ > 1, then the
embeding W@ (D) < L*®)(D) becomes compact, as long as b(x) < a*(z).

Refer to [3] for the proof.

Definition 2.8. [3, Definition 3.1] Let g: X — R be any functional defined on a
space X. Then a point w is said to be a critical point of g if ¢’(w) = 0. We say
that p is a critical value of g in case a critical point w exists, and g(w) = p.

Remark 2.9. For the functional:
1
Hlu] = / ——|ufPDdz,u € X = W@ (Q).

o p(7)
It is shown in that H € C'(X, R) and that the p(x)-Laplacian represents the
weak sense derivative-operator of H;

Apyu := Hi(u)

Thus H : X — X* and

(Hq(u),u) :/ |VulP @2 VuVud.
Q

3. MAIN RESULTS

In this section, we establish the existence of an eigenvalue sequence using the
Ljusternik-Schnirelmann principle. Let £ € [0, 00) be fixed, and consider a non-
linear eigenvalue problem,

F'(v) = A\G'(v) v € M, AeR (3.1)
where My = {v € X: G(v) = £} is a level set. Assuming that

(A;) A Banach space X is real, separable, and of infinite dimension and is
reflexive with X™ as its dual space, whereas F,G: X — R are two
continuously Fr “echet differentiable even functionals with also F/(0) = 0 =
G(0).

(Ag) F'|X — X* is strong and continuous on X (i.e. if v, — v then F'(v,) —
F'(v)) and F(v) # 0,v € coM imply F'(v) # 0, with coM, denoting the
closed and convex hull in M, and the symbol — (—) stands for usual
(weak) convergence.

(As) G'|X — X*isbounded and remains continous on a space X and it satisfies
the condition that if

vy — v, G (v,) = v, and (G'(vy,), v,) = (v,v),

then v, — v, where (.,.)|X x X* — R represents the duality-pairing,
involving the spaces X and its dual X*.
(A4) M¢(a bounded level set) and (G'(u),u) > 0 and

lim G(tv) = oo

t—o00

for all non zero vectors v and

inf (G'(v),v) >0

’UGME
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Let

0, for ky, =0, (3:2)

where K,, = {K C M, K is compact, symmetric, gen (K) > m, and

F(v) > 0 on K}. Here, to each symmetric closed subset K of X which

does not contain the origin O, we assign an integer, called the genus of

K, denoted by gen K, in the following way:

(i) gen (K)=0if K =.

(ii) In case K # (), gen (K)=inf{n > 1: there is an odd/uneven continu-
ous map f: K — R"\ {0}}

(iii) In case K # () and such an n does not exist, then gen K = co. Note
that by the Borsuk-Ulam theorem, the genus of spheres =dimension
of the underlying space.

o — {SupkekminfueKF(U)a for kn, 7é 0

The following theorem is the Ljusternik-Schnirelmann principle.

Theorem 3.1. Given assumptions (Ay)-(A4), these statements hold:

(i) If ¢ > 0, then (1.1) possesses an eigen pair of vectors, (U, —uy,) with
the nonzero eigenvalue N, and F(u,) = ¢n. 1If, in addition, F' and
G’ are positively homogeneous of order r > 0 ( F'(tu) = t"F'(u) and
G'(tu) =t"G'(u) Y v € X and t > 0), it means ¢y, = ENp.

(ii) We have oo > ¢y = co = ... 20 and ¢, — 0 as m — oc.

(ili) Given F(u) = 0,u € coN¢ implying that w = 0, then there is an eigen
sequence of functions (Upm, Am) for (1.1):u, — 0 in X and \,, — oo and
Am DY m e N.

More details regarding the L-S principle can be traced in [3] and [4].
Throughout the study, we also assume that;

(i) a € Co(D) and a_ > 1,
(ii) b € L>=(D) with b_ > 1, and b(z) < a*(z),
(ii) X = Wha@) (D) with the norm defined as in equation (2.1)

Lemma 3.2. A pair (w,u) € X xR is called a weak-solution to our problem (1.1)
n case

/\Vw[“(I)QVwVvdij ﬁ(:v)]w[“(x)zwvdS—l—/ V| @2V Vode
D oD D

+ [ B)|w|P@2wudS = ,u/ |w| @~ 2wudz,
o0 D

for allv e X.

Proof. If (w, u) is a solution for (1.1) and that w € X\{0}, then p is called an
eigenvalue of (1.1) and w is an eigenfunction corresponding to . Indeed, if (w, p)
is a solution for (1.1), it means that for any v in X, we have

(= A a@) @)W, V) 2(p) = p{[w| D 2wo) 1),
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implying that
—/ V(| Vw|"=2Vw)vdr — / V(|Vw|[*® =2V w)vde = p/ | 2wudz.
D D D

On integration by parts and applying the boundary conditions to equation (1.1),
we obtain

/|Vw]“(m)_2VwVvdx+ B($)|w|a(m)_2wvd5+/ V| @2V Vods
D oD D

—l—/ B(m)\w|b(x)2wvd5':u/ |w| @~ 2wodz.
oD D

From lemma 3, if we set w = v, then we get

/|Vw|a<w>—2|va2dx+/ B(x)|w|“(m)_2|w|2d5+/ Vu]?O 2|V 2z
D oD D

s [ gl pds = [ ol ?upds,
oD D
from which we get

/|Vw|“($)dzv—l—/ 6(93)|w|“(z)d5’+/ V| dz
D oD D

[ @) ulr@as = u/ o] ® .
aD D
This results into

= fD V| ") dz + faD Bx)lw]|*dsS + fD |Vw|*@®) dz + faD Ba)w|"®ds
I [wle@dz :

Now, applying the variational principle, it then follows that pi,,,, =

[p IVw|*@dz + [, B(x)|[w|*@dS + [, [Vw|['@dx + [, B(z)[w]"®dS
[ lw|@ dx '

min
we X, w#0
Hence, we have p > 0, since f(x) > 0 for every x in dD. Consequently, this result
follows.

Now, let g and h be functionals on X so that if w € X,

g(w) = /D @wr%,

1 1
- a(z) _ a(x)
h(w) /D |Vw| dx—l—/ oz B(z)|w|"*dS

a(z) oD )

1 1
+ [ —|Vw b<$>dx+/ — B(z)|w|*®ds,
| 5 o B2y 10!
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restricted to the level set My = {w € X: g(w) = &}, for £ > 0. Then ¢, h €
C'(X,R) and that V v in X

(¢ (w),v) :/ ]w[c(x)’Qwvdx,
D
(B (w),v) :/ IVw|" 2 VwVude + [ B(2)w]* ™ 2wudS
D oD

+/ V| @2V wVuds + B(z)|w|" @~ 2wuds,
D aD

whereby ¢’ and h’ are the respective weak derivatives for g and h, (see definition
2.1).

If b(z) = b, a = a(z) and ¢(x) = ¢, then we can choose { = 1 since the
functionals ¢ and A’ are homogeneous. Note that if (w,p) with w € M is a
solution to (1.1), then given r > 0,reu € M; and (rew,r“a ) is a solution to
(1.1). However, this is not possible when a(z) and b(x) are variable exponents
due to the inhomogeneity of the functionals g and h. Let g¢ be the restriction of
g on Mg such that ge:= f |a,— R. Then, it is possible to show that A": X' — X*
is considered to be a monotone homeomorphism which is of S type [see (2.4)]
such that in case w,, — w € X and lim,, . (h'(w),w,, —w) < 0, it implies,
Wy, — w € X.

Using the same argument, (2.4), ¢': X — X* is weakly strongly continuous,
showing that g satisfies the (PS) condition on Mg, (2.5).

Let K, = {K C M: K is compact, symmetric, gen (K) > m, with m =1,2, ...,
gen (K) represents the genus of K, and gen (K)=inf{n > 1: there is an odd
continuous map h: K — R™\ {0}}.
Also, let

Cm ksg}y)n;g[f(g(u),u 1,2, ...
Clearly, ¢,, > 0, and

C1 > Co > ...Cp > Cn+1 > ..

From the above assumptions, one gets this;

Lemma 3.3. Assume a € Cy(D) and a_ > 1, b € L=(D) and b(z) < a*(x).
Then for all n € N, ¢, is a critical value of g on M¢ and ¢, — 0 as m — o0.

Proof. With b € L* and b < a™, ¢, is a decreasing sequence with ¢,, > 0 for all
m. Il

In addition, if x,,(§) = {w € M : w is a critical point of g¢ and g¢(w) = ¢},
I (€) = {p(w) - w € xm (&)} and

for any m € N and £ > 0, then this outcome follows.

Theorem 3.4. Let a € Co(D) and a_ > 1, b € L®(D) and b(z) < a*(z). Then
as m — 00, T, — 00 for allm € N, and & > 0.
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Proof. This follows directly from the above assumptions.
If € >0 and p € I1,,, then there is a w € x,,(§) so that

[p IVw|*@dz + [, , B(x)|w|*@dS + [, [Vw|[*@de + [, B(z)|w]"®dS

I lw|@ dx
The fact that
a; =es supgepa(r), a_ =es infepa(x)
by =es sup,epb(z), b_ =es inf,cp b(x)
and
Cy =es Supgepc(x), c_ =es inf,epe(x),

it then means that, for any z € D,a(x) < ay,b(x) < by and this in turn shows
that % > 1, % > 1 and c_ < ¢(z) as well implies ﬁ < 1. This in turn gives
_ fD [Vw|“®dz + f(’)D Ba)|w]*)dS + fD Vw|*@ dz + faD B(x)|w"®ds
a fD |w|c@) dzx
ar([p [Vw|*®@dz + Jop B(a)|w|*dS} + b-{/, |Vw|" @ dz + Jop B(x)|w|"™ds)]
Cc— fD |w|c(x)d$

IN

a4+ b4.8
C_Cm

_ % be
= ZEAn(E) + Fhn(€)

b
< A + A (8).
c_ c_
(3.3)
In the same way, for all z € D,b_ < b(z),a- < a(z) and this shows basically
that % <1, IJIZ—;) <1 and ¢; < ¢(x) as well implies again that % < 1. This in
turn gives
. [ IVw|*®@dz + [, B(z)|w|*®@dS + [, |[Vw|'@dx + [, B(z)|w*®dS
I lw|@ dx

a{ [, Vw|*Ddz + [, B(z)|w|*@dS} +b_{ [, [Vw"Ddx + [, 5(x)lw]"dS}

>
- et [ lwle®dz
_a§+b¢g
N C+Cm
a_ b_
= —An(§) + —An()
+ C+
a_ b_
> —\n — A
> =000 + = Anl6)
(3.4)
Using the above two inequalities (3.3) and (3.4), it can be noted that
a_ b_ a b
—An(&) + = Am(§) ST () < —FAn(€) + Am(9). (3.5)
Cy Cy C_ C_
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The fact that as m — 00, A\, (§) — o0, it follows that by the squeeze theorem for
limits of sequences, I1,,,(§) — oo as m — oo for every £ > 0.

Therefore, there exists a sequence or pattern of eigenvalues which is infinite for
our eigenvalue problem. O

Definition 3.5. An eigenvalue p € II is said to be a principle eigenvalue of (1.1)
if there is a w > 0 so that the pair (w, ) is a solution for (1.1).

Let us assume that

II={p:pis an eigenvalue of (1.1)} (3.6)

Suppose that b, a € ¢o(D) and that a_ > 1 and b_ > 1, ¢ € L>®(D), with c_ > 1
and ¢(z) < ¢*(r), then it is seen from c,, that for every § > 0, ¢; = supwen, g(w).
Let us now define It = {u|u is an eigenvalue of (1.1)}, then this outcome
follows.

Theorem 3.6. For every £ > 0, TI;(§) C IT.

Proof. Suppose that £ > 0 and g € II;(§). It means that there is a w € M¢ so
that g(w) = 1 = sup,,e ey 9(w) with
L [p IVw*@dz + [, B(x)|w]*@dS + [, [Vw|["@dz + [, B(z)|lw[")dS
[ lwle@dx '

Also assume that for any = in D, v(x) = |w(z)|. Then it basically implies that
h(v) = £ = h(w) and g(v) = g(w) = C\.

/\Vv]“(m)d:v—i—/ 3(3;)‘U’a(w)d5+/ ]Vv]b(x)dx—i—/ B(z)[v|"®ds
b oD D oD

= / Vw|* da +/ B(x)|w|*dS +/ \Vw|"@ dx +/ B(x)w|*@ds
and [, |[Vu|*@dz = [ |Vw|@dz. - v>0,0€ M,v € xi(€) results into

W= fD | Vw|*®)dz + faD Ba)w]"®dS + fD |Vw|*@ dz + faD Ba)w|"®ds
Jp lw]®dz '

This implies that (v, i) is a solution to (1.1) and pu C IIT completes the proof.
Consequently, the first eigenvalue is the principle Eigenvalue. O

Finally, we determine whether the the spectrum of (1.1) is closed or not. This is
achieved by showing that the infimum of the set of eigenvalues of (1.1) is non-zero.
The following theorem is the main result.

Theorem 3.7. Assume there is a T C D (an open subset) and a compact subset
F C T with a Lebesgue measure(positive) so that by (F) < a_(9T), x € 9T. Also,
suppose there are xo € D and an open neighborhood J of xo so that b € C,(J)
and b(zo) < a(xg). Then as & — 0, u1(§) — 0 and 111(€) — 0. . inf II(py) = 0.

Proof. Assume that Ts = {x € D|d(z,0T) < d}, for 6 > 0. Then there must exist
a 0 > 0, which is small enough to make F'(\7Ts = 0 and b, (z¢) < a_(z). Thus,



SPECTRAL ANALYSIS OF THE ROBIN (P(z),Q(z))—LAPLACIAN 87

for if 6o = a_(z) — by (xg), it means dy > 0. Let the functional wy € C*(D), so
for any x € D,

)1, for xeD-—{T},
wole) = {0, for xeD—{Ts}.

If we are given that £ > 0, then there is an r > 0 : rwy € M, that is h(rwg) = &.
Besides, r — 0 as 6 — 0. Indeed,

1 1 1
h(rwo) Z/Dmfvrwda(x)dx—l-/m) @5(x)|rwo|a(x)d5+/Dm|V7“wo|b(“”)dm

1 o) 1o
—|—/8D b(x),é’(x)|7“wo| ds =¢

1 1 1
= i | v AP LICO _|_/ — B(z)|w a(z) g g _'_/ V@ g
/Da<x>’ | o a@) Dl ooy Y

b ba) g
+/8D b(x)ﬂ(x)|w| S.

Thus,
pal@) ( / L Vol @dz + / Lﬁ(x)ywowds) 4
p a(x) op ()

1 1
(@) (/ —|Vw b(x)da:—l—/ —fB(x)|w b(””)dS)
Db(l’)| 0| oD b(l‘) ( )| 0|
:/ ]Vw\“(x daz+/ Lﬂ(x)|w|“(x)d5'+/ L’vw‘b(x)dx
b a(x) ap a() p b(x)

b b(a)
[ Bl s

which, after making r*®) the subject finally gives

ate) _ Jp am Ksde + [op ot B(@) LadS + [}, 5o Kada + [y, 5058(2) LadS
fD ﬁKldl'—l—faDﬁ ( )leS+be1 I(le'—l—faD(L J?)LQCZS

_ ¢
h(wp)’

where Kl \Vwo\“(x) KQ vaoyb(x) L1 ‘U}U’ 2 = ‘wolb(aj),Kg = ]V;w\“(f”),

Ky = |Vw|"™® Ly = |w|*®, Ly = |w|*®. We can now get r = {%}W and

1

}am = 0. Suppose now that

now applying limits gives limg_,(r) = limg_g { e,
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¢ > 0 is so small to the extent that 0 < r < 1. It then means that,

g(rwo)
B fD$|ero|“(w)dx+faDam B(x)|rwo|*®dS
B fD |7’w0| @) dx
Io Tlx)|vrw0|b(x dr + [op P )rwol*)dS
D c(x) 0

E(I) ral a(z)
D a(x) Kld'x + f(’?D a( ( >L dS + fD b(x Kgdl' + faD b(x) ( )LQdS

D T:(;) |wole(®) dx
ro(@) alz re(@) a(z ra(@)B(z) alz
_ fT\T5 e |VlU0| d:E+fT§ o) | Vg |« dx+faT5 o) Jwo|*®)dS

Jr % |wo|“®da + fT\F rcc((Z) |wo|“*)dx
b() - b(x) - b(@)B() .
fT\T§ el |V o[ dx—kad |Vw0|b )dx+faT5 10) lwy | dS

Jr 7:(1)| o[t* dm + fT\F o) |w0| @ dz

(@) (2)B(x)
7 aax |Vwo|*®) dz + f8T5 —a:(x)x |wo|* x)dS
— c(z)
F Tc(:(; ‘ OIC(IB

(3.7)

rb(@) T rb(x)B(x) T
fT(g |v’l,U()|b )dx+f8T5 b(:r) | Olb( )dS

c(x)
fF rc(x)’ wo | dz

Still, )
ro@) < po-(15) for every z € Ty and rP+F) < ro®) for every x € F.
Accordingly,

a

F) J‘F re(@) |w0‘ x)d.flf

(fn |Vw |b@ dx+faT5 $)|wo|b("”)d5’>

res() [ Sy lwol @ da

<fT a(2) Kldx"’faT 5(§)L1d5+fT b(1 K2dx+faT b(z) L2d5’>
B res(f fF )|w0| ®dz
o0 (fyy s Kade + [y, 28 LydS + fT ey Kada + [y, 53 LadS)

a(z)

(g) _ ,ra_(T(;) <fT5 $|Vw0|a(ac)dx + faT5 /3(33)|w0|a($)d5’>
M) =

(3.8)
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where &g = a_(Ts) — cy (F), K1 = |Vw|"®, Ky = |Vwe|*@, Ly = |wo|*®), Ly =
[wo|?®), K3 = |Vw|*® | K, = |[Vw|?® | Ly = |w|*®, L, = |w|*®. and as a result,
it can be concluded that u1(§) — 0 as & — 0. Thus, by (3.5), II;(x) — 0 as
i — 0. Hence p, = inf Il = 0. OJ

Therefore, from the theorem above, it can easily be noticed that if an open set
T C D exists, and a compact set F' C D so that b (F) < a_(9T) for z € 9T, or
if there is an open set 7' C D and a compact set F' C T so that b_(F') < a,(97T),
then py = 0. Thus, the infimum of the eigenvalue set for (1.1) equals zero, which
shows that the set of all the eigenvalues is open. This is because zero is not an
eigenvalue.

4. CONCLUSION

By applying the Ljusternik-Schnirelman(L-S) principle as well as the variational
(min-max) principle, it is shown that for g > 0 and 8 > 0, problem 1.1 has
an increasing sequence {pu,,(€)} of eigenvalues, the infimum of II is zero, the
principle eigenvalue, p; > 0, all eigenvalues are non-negative and the set of all
the eigenvalues of 1.1 is open.
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