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CHARACTERIZATION OF SOME SUBLOOPS OF A BASARAB
LOOP

GIDEON O. EFFIONG!*, TEMITOPE G. JAIYEQOLA2 AND MARTIN C. OBI3

ABSTRACT. A loop (Q,-) is called a Basarab loop if the identities: (z - yz”) -
(vz) = x-yz and (yx)-(z*z-2) = yz-x hold. A Basarab loop was shown to be a
group if and only if it is a cross inverse property loop or its middle inner map-
ping is automorphic in action. Some algebraic properties of the left, right and
middle inner mappings of a Basarab loop were explored. The algebraic proper-
ties of some bi-variate functions defined on a Basarab loop @ were established
and these were used to explore the properties of some important mono-variate
functions defined on Q. In addition, these bi-variate functions aided the es-
tablishment of fine-tuned necessary and sufficient conditions for a loop to be a
left (right) Basarab loop, and Basarab loop in relations to left (right) CC-loop,
and CC-loop, respectively. Some subloops of a Basarab loop were shown to
be characterized by the mono-variate functions. New characterizations of the
centrum of a Basarab loop were obtained.

1. INTRODUCTION

. Let G be a non-empty set. Define a binary operation (-) on G. If z -y € G for
all ,y € G, then the pair (G, -) is called a groupoid or Magma.
If each of the equations:

a-xr=~= and y-a==>b

has unique solutions in G for z and y respectively, then (G,-) is called a quasi-
group.

If there exists a unique element e € G called the identity element such that
forall z € G, x-e =e-x =z, (G,-) is called a loop. We write zy instead of
x -y, and stipulate that - has lower priority than juxtaposition among factors to
be multiplied. For instance, = - yz stands for z(yz).

In a loop (G,-) with identity element e, the left inverse element of x € G is
the element z.Jy, = 2* € G such that

Tr -xr=e€
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while the right inverse element of x € G is the element xJ, = 2” € G such that
x-x’ =e.

If 2% = 2* for any = € G, then we simply write 2* = 2# =z or Jy, = J, = J.
Let z be a fixed element in a groupoid (G, -). The left and right translation maps
of G, L, and R, respectively can be defined by

yL, =x-y and yR, =y - x.

It can now be seen that a groupoid (G,-) is a quasigroup if its left and right
translation mappings are bijections or permutations. Since the left and right
translation mappings of a quasigroup are bijective, then the inverse mappings
L' and R;*! exist. Let

r\y=yL, ' = xM, and x/y = :z:R;l = yM*
and note that
Ny=z&x-z2=y and Tfy=z&z-y=ux.

Let a,b and ¢ be three elements of a loop G. The loop associator of a,b and ¢
is the unique element (a, b, c) of G which satisfies (ab)c = {a(bc)}(a,b,c). The
loop commutator of a and b is the unique element (a,b) of G which satisfies
(ab) = (ba)(a,b).

The right nucleus of G is defined by N,(G,:) = {a € G | 2y -a = x -
ya ¥ x,y € G}. The left nucleus of G is defined by N)(G, ) = {a € G :
ar-y =a-zy V z,y € G}. The middle nucleus of G is defined by N,(G,) =
{a € G :ya -z =y -axrV z,y € G}. The nucleus of G is defined by
N(G,:) = NiA(G,-) N N,(G,-) N N,(G,-). The centrum of G is defined by
C(G,)) = {a € G :ax = zaV x € G}. The center of G is defined by
Z(G,:) = N(G, )NC(G, ). Ny(G,-),Nx\(G,-),N,(G,-),N(G,), Z(G,-) are sub-
groups of (G, -).

A loop is called an automorphic inverse property loop (AIPL) if it obeys the
automorphic inverse property

(zy)” = aPy” or (zy)* = 2™y,
A loop is called an antiautomorphic inverse property loop (AIPL) if it obeys the
antiautomorphic inverse property

(2y)” = y’a or (zy)* =y 2™,
A loop is a cross inverse property loop (CIPL) if it obeys the cross inverse property
xy-xf =y or x-yr’ =y or o (yx) =y or My =y.
. The group of all permutations on G is called the permutation group of G and
denoted by SY M (G). The group M(G,-) = <{RI,LI, cx € G}> is called the

multiplication group of (G,-) and M(G,-) < SYM(G).

If e« = e in a loop G such that & € M(G), then « is called an inner mapping
and they form a group Inn(G) called the inner mapping group. The right, left
and middle inner mappings

Rizy) = ReRyR,), Liwy = L.L,L.}, T, = R,L;" and T(,,) = TmTyTz‘yl

Ty’ yx
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respectively generate the left inner mapping group Inn)(G), right inner mapping
group Inn,(G) and the middle inner mapping group Inn,,(G). The triple (A, B, C')
of bijections of a loop (G, +) is called an autotopism if

A -yB = (z-y)CVz,y€q. (1.1)

Such triples form a group AUT (G, -) called the autotopism group of (G, -). Fur-
thermore, if A = B = C, then A is called an automorphism of (G,-). Such
bijections form a group AUM (G, -) called the automorphism group of (G, -). If

Inny (G) < AUM(G), Inn,(G) < AUM(G), and Inn,(G) < AUM(G),

then G is called a left A-loop (Ax-loop), right A-loop (A,-loop)and middle A-
loop (A,-loop) respectively. If Inn(G,-) < AUM(G, ), then (G,-) is called an
automorphic loop (A-loop)

Definition 1.1. Let G be a non-empty set and let A, B,C € SYM(G).

(1) [A, B] is called the commutator of A and B if AB = BA[A, B].
(2) The left conjugate of B by A is represented by 4B and defined by 4B =
AT'BA.
(3) The right conjugate of B by A is represented by B4 and defined by B4 =
ABA™L,
For an overview of the theory of loops, readers may check [6, 7, 8, 9, 10, 12,
, 18, 19].
Definition 1.2. A loop (Q, -) is called a Basarab loop (or K-loop), if the identities:
(x-ya) -zz=x-yz, yx- (2’2 -2)=yz-x (1.2)
hold for all z,y, z € Q.

. Some early results on the class of loop called Basarab loop are seen in the

two prominent papers of Basarab [I, 2]. Basarab [!] used the result published
by Belousov [5] to construct an example of a Basarab loop whose nucleus is an
abelian group. In Basarab [3, 4], the author studied the relationship between

a generalized Moufang loop, Osborn loop, VD-loop, and a Basarab loop, and a
special type of a Basarab loop, known as IK-loop respectively. In this current
study, an IK-loop is an automorphic inverse property Basarab loop. Jaiyéold and
Effiong [13] investigated Basarab loop and its variance with inverse properties,
and established some necessary and sufficient conditions for a Basarab loop to be
of exponent 2 or a centrum square. In Jaiyéold and Effiong [11], it was shown that
a Basarab loop is a totally automorphic loop if and only if it is a commutative
and flexible loop.
Here are some other existing results on Basarab loop.

Theorem 1.1. (Basarab [1]) Let (@, ) be a Basarab loop.

(1) N(Q,-) contains the associator of any three elements of Q.
(2) The quotient loop Q/Z(Q, ) is a group.

Theorem 1.2. (Basarab [2]) Let (@Q,-) be a Basarab loop.
(1) N(Q,-) is a nontrivial normal subloop.
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(2) The quotient loop Q/N(Q,-) is an abelian.

Theorem 1.3. (Basarab [3])

(1) Any Basarab loop (any V D-loop) is a G-loop.
(2) Any Basarab loop (V D-loop) is an Osborn loop.

Theorem 1.4. (Effiong et al. [11])

(1) A loop (@, ) is a left Basarab loop if and only if it is an LCC-loop and
satisfies
xy = (z - yxP)x, for all x,y € Q.

(2) A loop (@, ) is a right Basarab loop if and only if it is an RCC-loop and
satisfies yx = z(2y - ), for all 2,y € Q.

(3) A loop (@, ) is a Basarab loop if and only if it is a CC-loop and satisfies
zy = (z - yzP)z, yr = x(x My - x), for all z,y € Q.

(4) (@, ) is a Basarab loop if and only if the following are true for all z,y, z €
Q :

(a): L,R,. = R, R.L,.

(b): R,Ly, = L\ LyR,.

Motivation and Objective. In Kinyon and Kunen [10], the authors introduced
some subsets of a CC-loop @: set of weak inverse property elements (W (Q));
set of pseudo-Moufang elements (P(Q)); set of nuclear squared elements (S(Q));
set of extra elements (Ex(Q)) and established that W(Q), P(Q), S(Q), Ez(Q)
(see Theorem 3.4, Theorem 4.6, Lemma 4.11, Theorem 4,12 respectively) are
normal subloops of ). If @) is a power associative CC-loop, it was found that
P(Q) = Fz(Q) < W(Q). In general case, they showed that a subset X of a
CC-loop @ is a subloop if and only if X is closed under product and either J,
or Jy. Motivated by these, the main objective of the current study is to identify
some subloops of a Basarab loop (as special CC-loop) which are characterized by
some important permutations.

2. MAIN RESULTS

. In the first subsection of this section, algebraic properties of some bi-variate
functions defined on a Basarab loop @) will be established and these will then be
used to explore the properties of some important mono-variate functions defined
on (). The subsequent subsections explore some subloops of a Basarab loop which
will be shown to be characterized by the mono-variate functions.

2.1. Properties of Some functions in a Basarab loop.

Lemma 2.1. A loop (Q,-) is a Basarab loop if and only if there exist functions
g,h:Q x Q — Q defined by g(z, y) = x - ya? and h(x,z) = 2*2 - 2 such that
L;lLny = Lg(:p,y) and R;lRny = Rh(x,y)-

Proof. Let (Q, -) be a Basarab loop. Consider the Basarab identity z-y(zJ,)-xz =
x-yz,Va,y, z € Q. We have that

ZLxL(x.y(xJp)) = ZLny = ZLZ'L(nyJpLz) = ZLny = LxL(nyJpLz) = Lny
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= LoLy(1,y) = LyLy = Lywy) = L7 LyLe = Lipyory = L' LyLy.
Also, consider the Basarab identity (yx) - ((zJyz) - ) = yz - x. This means
waR((mJ)\z)x) = szRz = RwR(ZLzJARx) = R.R,
= Rth(z,z) =R.R, = Rh(;v,z) = RgleRz
Thus, for all z,y € Q, Ry = R, 'Ry R, O

Lemma 2.2. Let (Q, -) be a Basarab loop. Then there are functions g, h : @ X
@ — @ such that any of the following holds for all x,y,2z € @ :

(1) v yz = g(v,y) - z2 (7) x-yg(z,y) = g(z,y) - xg(x,y)

(2) 2y 7= 22+ hlz,y) (8) ha,2) = g(x,2) & wh(z,y)

3) z = g(x,y) - zy”: CIP & g(x,2) =yz - x.
g(x,y) = y < commmutative or 9) g(x,y) = h(z,y) < h(z,y)
abelian group. (9(x,2) - x) =2 yz

(4) z -y =g(z,y) - 2: Q is commu-  (10) zh(z,y) - ((z2)/x) = yz -z &
tative < g(z,y) = v. g(x,z) = h(z, 2).

(5) x = yrw - hlzy) : CIP & (11) (2\(y2))-(9(z,2) 7) =z yz &
h(z,y) =y. 9(z,y) = h(z,y).

(6) yr =z - h(z,y): @ is commuta-
tive < h(z,y) = v.

Proof. (1) From Lemma 2.1, a loop (Q,-) is a Basarab loop if and only if
there are functions g,h : Q* — @ so that L;'L,L, = Ly, and
R;'R,R, = Ry, where zy = (z - ya*)z and yr = z(z*y - x) hold for
all z,y € Q. Thus, L;'L,L, = Ly, implies that L,L, = L, Ly,
that for all 2 € Q, zLyL, = 2Ly Ly, gives x - yz = g(x,y) - vz for all
x, Y,z € Q.

(2) Also, R;'R, R, = Ry(sy) implies RyR, = R,Rp@,). It follows that for
every z € Q, zRyR, = 2R, Ry, implies zy - x = zx - h(z,y).

(3) Substitute z = y” in 15) Substitute z = y* in 27) Substitute z = g(x,y)
(4) Substitute z = e in 1(6) Substitute z =€ in 2.  in 1.

(8) From the Basarab identity (yz) - (22 - 2) = yz -z, it follows that yz -
h(z,z) = yz-x for all z,y, z € Q. Replace h(z, z) with g(z, z) and consider
yx using 6, then it follows that h(z,z) = g(x, z) if and only if zh(z,y) -
g(x,z) =yz-x forall z,y,z € Q.

(9) From the Basarab identity (z-yz”) -2z = x-yz, g(z,y) -xz = x-yz holds
for all z,y,z € Q. Then, replacing g(x,y) with h(x,y) and applying 4, it
follows that g(x,y) = h(z,y) if and only if h(z,y) - (g9(x,2) - z) = x - yz
for all z,y,z € Q.

(10) From 4, xz = g(x, 2z) - « implies (zz)/x = g(x, 2z) for all x,z € Q). Putting
g(z,2z) = (xz)/x in 8 gives

zh(z,y) - ((x2)/z) =yz - x < g(z, z) = h(z, 2).
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(11) Using 6, yx = z-h(x,y) implies h(z,y) = z\(yz) for every x,y € ). Then
9 becomes
(x\(yz)) - g(,2) - v = x-yz & g(z,y) = h(z,y).
O

Lemma 2.3. Let (@, -) be a Basarab loop. Then, there are functions g, h, m,n :

Qx Q@ — Q defined by h(z,y) = 2ty -z, g(z,y) = z-2y”, m.(z,y) = (22)\(2y-
x), n.(x,y) = (x-yz)/(xz) such that any of the following holds for all z,y,z € Q :

(1) h(z,2) = g(z,2) < yx - (5) Ifh(x, z) = g(x, z), then (x2)/x =
(z2)/z) = yz -z < g(x,2) = 2.
my(z, 2). (6) I h(z,y) = g(x,y), then z\(yz) =
(2) h(z,y) = g(z,y) < (@\(yz)) - T - yal.

vz =x-yz < h(z,y) = n.(z,y).
(3) If h(x,z) = g(z,z), then x -

(7) £ h(z,y) = g(z,y), then (zy)/z =
z\(yx) or T, =T, or |T,| = 2.
(8) Ifh(x, z) = g(x, z), then z\(zz) =

T = xy. (9) If h(x,y) = g(x,y), then (zy)/z =
T - yxP.

Proof. (1) From 10 of Lemma 2.2,
W, 2) = g(x, 2) & 2h(z,y) - (22)/2) =y .
Now, yz - ((zz)/x) = yz -z for all z,y,z € Q by 6 of Lemma 2.2. So, with

g(x,2) = ((x2)/z) and my(z,2) = yx\(yz - z),
we have yx - ((z2)/z) =yz- v & g(x, 2) = my(z, 2).
(2) Applying 11 of Lemma 2.2,

9(x,y) = hz,y) & (2\(yz)) - (9(x, 2) - 2) = © - Y.
Now, (z\(yz)) - zz = x - yz by 6 of Lemma 2.2, for all z,y,z € Q. So,
with h(z,y) = (z\(yz)) and n,(z,y) = (z - yz)/xz. Then, we have

(@\(yz)) - w2 =z - yz & h(z,y) = n.(z,y).
(3) With h =g, set y = e in 1, then = - ((x2)/x) = zx.
(4) With h = g, set z = e in 2, then (z\(yz)) - © = xy.
(5) With h = g, set y = 2" in 1, then (z2)/x = 222 - 2.
(6) With h = g, set z = 2” in 2, then z\(yx) = x - ya*.
(7) From 3 or 4, 2L, R;'L, = zR, = L,R;' = R, L' = yL,R,;' = yR,L;!
for all z,y € Q. Then (zy)/xz = z\(yz) for all z,y € Q.
(8) Using 7 in 5, then z\(zx) = 2}z - z.
(9) Using 7 in 6, then (xy)/x = x - ya’.
0

Lemma 2.4. Let (Q,-) be a Basarab loop. There are mappings G, H : Q —
SY M(Q) such that the following hold: T, ' = G, = J,L,M;* = Ry,oL, = L, R;"
and T, = H, = J\R,M, = LR, = R, L, for all x € Q.
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Proof. From 3 of Lemma 2.2,
v =g(r,y) 2y’ = gla,y) = v/ (2y’) = gla,y) = (xzy’) M
= g(z,y) = y"L.M;" = g(x,y) = yJ,L. M " = zyz’ = yJ,L, M, (by Lemma 2.1)
= yRyL, =yJ,L,M;' = RyyL, = J,L,M;" := G,.
Also, from 5 of Lemma 2.2,
z =y e h(z,y) = hz,y) = (y'o)\r = h(z,y) = (y'2)M,
= h(z,y) = ¥R, M, = h(z,y) = yJ\R. M, = 2*y-x = yJ\R, M, (by Lemma 2.1)
— gL Ry = yJsRyM, = LosRy = JxRy M, := H,.
O

Lemma 2.5. Let (Q,-) be a Basarab loop. Let W, = R,M,, and U, = L, M_".
Then any two of the following implies the third:

(1) Jy=J, 2) G, = H, (3) UL = W,.

Proof. Let @ be a Basarab loop. Consider G, = J,L, M, ', H, = J\R,M,, W, =
R,M, and U = L, M.

(i) J, = Jx & G, M, L' = H.M'R;' & G, (L, M;')™' = H,(R,M,) ' &
GU'=HW ' I=HW'UG'eWH'!'=UG"'s WG, =U.H,.
Thus, J, = J and G, = H, implies U, = W,. Also, J, = J\ and U, = W,
implies G, = H,.

(i) G, = H, & J,L,M;' = J,R,M, < J,U., = J,W,. It follows that,
G, = H, and J, = J, implies U, = W,. Also, G, = H, and U, = W, implies

J, = Jx.
(i) U, = W, < R,M, = L,M;' < J,H, = J\G,. Thus, U, and J, = J,
implies H, = G,. Also, U, = W, and H, = G, implies J, = J,. O

Lemma 2.6. Let (Q, ) be a Basarab loop. There are functions g,h: Q X Q — @
such that the following hold: h(z,y) = (y*z)\z = 2y - x = 2\ (yx) and g(z,y) =
x/(zy?) =z - yaf = (zy)/z for all z,y € Q.

Proof. The proof follows from Lemma 2.1. O
Corollary 2.1. A loop is right Basarab if and only if it is RCC and h(x,y) =
m (2, y)-

Proof. This holds by Theorem 1.4(2) and Lemma 2.3. O
Corollary 2.2. A loop is left Basarab if and only if it is LCC and g(z,y) = n.(z,y).
Proof. This holds by Theorem 1.4(1) and Lemma 2.3. O

Corollary 2.3. A loop (Q,-) is a Basarab loop if and only if it is a CC-loop and
9(z,y) = n:(z,y) and h(z,y) = m.(z,y).
Proof. This is true by Theorem 1.4(3) and Lemma 2.3. O

Corollary 2.4. Let (Q,-) be a CC-loop. Then
L;lLny = L(xy)/x = Lne(%y) and R;lRny = Rgg\(yx) = Rme(x,y)‘
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Proof. By CC-loop translations and Lemma 2.3 the result follows. O

Theorem 2.1. Let (@, ) be a Basarab loop.

(1) (Q,-) is associative if and only if T, = T, T,,.

(2) |L@ay| = 2 if and only if |R,)| = 2 if and only if |T(,,)| = 2 for all
z,y € Q.

(3) Rey) = Ly, if and only if (T T,)* = T7,. Hence, (T,T,)*" = T7).

(4) @ is a CIPL if and only if @) is commutative or abelian group if and only
if g(x,y) =y if and only if h(x,y) = .

(5) Right and left distributive laws with respect to g¢(-,-) and A(-,-): (i)
h(z,z) = g(z, z) if and only if yz-x = xh(z,y)-g(z, 2) (ii) h(x, z) = g(x, 2)
if and only if x - yz = h(zx,y) - (9(z, 2) - x).

(6) h(z,y) = g(z,y) or me(z,y) = ne(x,y) implies |T;| = 2.

(7) TyL(zy) = Lz T if and only if L?;f’y) = L) if and only if T —
T2 & [Liy), Tp) = I if and only if T, = T;* if and only if 7T}, ' T}, =
TyflTyfc. Hence, (i) [T, T, = I & [1,,Ty,) = I (i) [1,,T)) = I &
Ty, Tye) = 1.

(8) Let Ty L(y oy = Lyw)T. Then: (i) [T3, Ty, = I if and only if [T, Ty_l] =17
if and only if Ly ) = Lzy) (i) 1%, T, =1 & [T, Tyy) = 1.

(9) TxR(%y) = R(:C’y)Tx if and only if R(;B’y) = T’“’R(Qy) = [R(g;’y), Tz] = [ if and
only if TyTz_le“’ =T,T,' & T, = ™T, Hence, |T,|] =1 "I ' =
LTy and [T, T, =1 & [T, Ty = 1.

(10) TuRys) = RiywyTs if and only if Ry ) = TRy, & DT =TT
Hence, [T;,T,] = I if and only if [T;,T,,']| = 1.
(11) TITyTx_y1 = TyTxTy_rl, T,T, = T,T, if and only if T,, = T,, if and only if
1., T, = 1.
Proof. Let (Q,-) be a Basarab loop, then by [11],
L(m’y) = T;szleym, R(%y) = TxTyT;yl.
(1) @ is associative if and only if

Lay =14 Ry =1s1,,="T,T,.
(2)
Lyl =2 L,y =1 & T T Ty = TUTT, & (T,T) 7 T = T,
& T =T, LT, T,T, & LT, T,T, =1 [T, =2 Tyl =2

Ry =2 & R?w) =1&T,T,T,' = TxyTy_lTx_l & T,T,T, 'T,T, =T,,
VRN TxTyTazy_lTxTyTx_yl =] |TxTyT;y1] =2 [Tyl =2

S0, [L(sy| = 2 if and only if | R(,q)| = 2 if and only if |T(, | = 2.
(3) Furthermore,

Ripy) = Liya) & TwTyTasz/l = TJITngxy < 1,1, = Tyfngley
& T,T,T.T, =T, < (TI,T,)° = T2,
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So, Rzy) = Lyay & (T1.T,)* = T,,. The remaining part of the proof
follows from Lemma 2.2 and Lemma 2.3.

(4) Use 3,4,5,6 of Lemma 2.2.

(5) Use 8,9,10,11 of Lemma 2.2.

(6) Use 3 or 7 of Lemma 2.3.

(7) T L(my L(r y)T g Tz(TyTw)_lTy:r = (TyTx)_lTwaw g (TyTx)Tz(TyTx>_1 =
T, .1, & Ti""" = T, Let TyL(sy) = LuyTh, then [T;,T,,] = I &

T. - T,.T, T & T,T,, = T,T, & [T,,Ty) = I. So, [T, Ty,] =
& TIT =T, & T,T, = T,T, & [T, T,) = I. Hence, TyLy0) =
Liy)Te © Liyay = " Lya) © [To Toy] = 1.

(8) ToLiyay = Liya)Te & ToT, ' T\, = T‘lT‘leyT & T(T,T,) T,y =
(I.T,) ' T,y T, & (LT)T(T.T,) ™" = T, 1,1, < Tp"" = Ty ™. Also,
TIAT = T T, LT e Ty T T = T T LT T,T, T =
T Ty To(T ) 7 6 T =T T,

(9) ToRiry) = RyoT, & T,TT,T50 = T,T, T T, & T,T,T50 = T,TIT, <
TATT,To = Tl Ty & T, LT, = Tl T T,y <7 T 7T, Hence, (i)
T, =2 & T,T;) = TLT,TT, & T, = T,T,T: T,T,y < T, 'T7'T, =
TT, T,y & BT = T, (i) [T, T, = I & T,T,T5! = T,T,'T, <
T,T5! =TT, & Ty Ty = TyTay < [To, Toy] = 1.

(10) ToRiyay = Ry To & TI,LT5 = T LT, < T LT, T T T =

TxTy‘xl & BTTAT = T, So, [T, T, = [ < T,TT, = T,T,T &
T,'T. = T,T,,' & [Tx,Tym] = I. Hence, [T,,T,] = I if and only if
T, 21 = 1.

(11) A Basarab loop is a CCL. In a CCL, R(,) = Ry.). So, T.T,T,' =
T, T, T

OJ

Remark 2.1. In an extra loop, the result in Theorem 2.1(2) is naturally true. (see
[15])
2.2. Characterization of a Subloop of a Basarab loop by Middle Inner
Mapping. Let (Q,-) be a Basarab loop and let Q' :={z € Q : G, = H,} =
{reQ:T,=T,'}={z€Q:|T,] =2} and

Q. ={reQ:U. =W, U =LM " W,=R,M,}.

From Lemma 2.4,
Gy = J,L,M;' =R, L, = L,R," (2.1)
and H, = J\R,M, = LR, = R, L.
Theorem 2.2. Let (Q,-) be a Basarab loop. Then @’ is a subloop of @, if
(1) Riay) = Liya) or (I,T,)* = T}, for all 2,y € Q" and
(2) [T, T)) =1 for all z,y € Q'.
Proof. Q" # 0 because T? = 1 = T, = T,;! = e € Q. Let x,y € Q', then
T} =17 =1, and T}, = (I,T,)* = T,T,T,T, = T;T; = I = I. So, zy € Q'
Therefore, )" is a subloop of Q). O
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Theorem 2.3. Let (@, ) be a Basarab loop. Then for every = € @, = is contained
in @' or |T,| = 2 if and only if any of the following is true:

(1) LMLy, = J\L,R, 4) T = LT,U,.

(2) MJ'R;Y = L' J\Lyr or Wt = Hence,
L;lj)\LmA (5) RzLxx = TILxA

(3) J,L,M; ' = LR, L} (6) LorJ, = M.

Proof. Let (Q,-) be a Basarab loop. Using Lemma 2.4, we apply equations 2.1
and 2.2 as follows:

(1) Forevery x € Q, x € Q' & J,L,M; ' = L 2R,
& LM = J ' LRy & LMy " = J\LaR,.
Then, by Theorem 1.4(4), L,M ' = J\L xR,
& LM = J\LyR,L,}! & LM, 'Ly, = J\L,R,,

for all y € Q.
(2) Forevery x € Q, x € Q' & J,L,M; ' = L 2R,

& LM = J\Lp Ry < M = L7 \LoaRy < M, 'Ry = Lo \ Lo
& (RoM,) ' = Lo Ly & W' = L WL

(3) For every € Q, z € Q' < J,L,M;' = L,R,. Then, by Theorem
1.4(4),

JoLoM; ' = LysRy & J,Lo M, ' = LyR, L,/ R 'R,
& J,L M, = LyR, L, .
(4) Forevery x € Q, x € Q' & J,L,M; ' = R, L*
& L, =L T,M, & LR, = ZT,M,R,' & T, = J\T,U,.

(5) For every x € Q, z € Q' < J,L,M;* = R,L,;'. Then, by Theorem
1.4(4),

JoLoM;' = R, L' & J,L,M; " = L \L,R, L, L.*
& J,LoM; 'L, = L_L,R,L,} < L,R,L L, =L_L,R,L, by3
Also, from proof of 1, L, M, = J,L,R, L . So,
LyRyL, Ly =L \L,R,L,} < L,R,L,'L,=1L_J,L,M"

Now, from 3, L,R,L,} = J,L,M;". So, J,L.M;'L, = L1 J,L M.
Since, J,L, M = T, by proof of 4, it follows that

Jo LM Ly = LI, LM & T, L, = L_T,.
By Lemma 2.4, L, = R;lL;SRx. Then, T, L, = L;Tx & TnglL;}Rx =
LT,

SRR, =T, 'L\T, & "Ly= "L,
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(6) Forevery x € Q, v € Q' < J,L, M ' = J\R,M,. It follows that
JoLo M, = J\RoM, & T, = J\R,M, < L,R,L, = J\R,M,

by proof of 3. Next, we apply Theorem 1.4(4) on LnyLy_xl = LR, M,
and get

LoaRyLy, L, = J\ReM, < LpnRy = JyxRoM, < J,L,sRy = R, M,
Thus, by Lemma 2.4, R, = L;QR;EL;I. So, J, LR, = R, M,
& J,LpnRy = LR, L' M, & LnJ, = T,M,T, " < LpJ, = M.
O

Theorem 2.4. Let (@, -) be a Basarab loop. Then, for every x € @, x is contained
in Q' or |T,| =2 if and only if any of the following is true:

(1) WoR,, = J,R.L, Hence,

(2) U, T, = R, ' J,Rye (5) “*R,» = R%:
233 %/IZ;HUMI}_;T{IJp = R:cz(RzL:L‘)_l (6) TIMQ; = (]pr_pl.
4 e =Jply

Proof. Let (Q,-) be a Basarab loop. Using Lemma 2.4, we apply equation 2.1 as
follows:

(1) For every x € Q, v € Q' < J\R, M, = Ryv L,
& RoM, = J,'RyL, & R.M, = J,RyL,.
Then, by Theorem 1.4(4),
RoM, = J,RuoLy & RuM, = J,R.L,R-} & R,M,Ry. = J,R, Ly,

forall 2,2 € Q & WyR,. = J,R.L,.
(2) Forevery x € Q, x € Q' & J\R, M, = Ryv L,

& RM, = J,RyL, < M, = R, J,RpL, & M, L' = R;'J,R.0,

forallz € Q & M,R'R,L;' = R, ' J,Ro < U, T, = R, J,Rye.
(3) For every x € Q, v € Q' < J\R,M, = R,»L,. Then, by Theorem 1.4(4),

Ry = R, LR LY
Thus, J\R,M, = RyL, < J\R,M, = R.L,R,'L,'L, & J\R,M, = R.L, R}
& MRV, =R,.L;'R;' < M 'L'L,R'J, = R,.L,'R."
& (L, M,) " (R L) ', = R, L' R
& (L,M,) T, = Ry (R Ly)
(4) Forevery x € Q, v € Q' & J\R M, = L,R;! & R,M, = J/\_leRajl
& RM, = J,L,R,' W, =J,T,"
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(5) Forevery x € Q, v € Q' & J\R,M, = L,R;'. By Theorem 1.4(4),
L, = R,/R.L,R,.
Thus, J\R,M, = L,R,;' & J\R,M, = R_JR.L,R,'R,"
& LZR,M,R, = R})R.L.R}.
By 3, it follows that,
IR MR, = R} R.L,R,! & R.L,R'R. = R R.L. R .
From 1, J\R,M, = R.L,R;}. So, R,L,R;'R, = R;) R.L,R;}
& R.L,R;!R, = R} \R,M,.
Using 3, R.L,R;'R, = R} J\R.M, < J\R,M,R, = R;} J\R,M,
ST 'R, = R)T,*

since JyR, M, = T, ' by Lemma 2.4. Then, T, 'R, = R,/ T, & T;' LR, L, =
R,;T:!, by Lemma 2.4. Hence,

TL'R}L, =R} ' o L'RM, = T,R,} T < =R, = R

(6) Forevery x € Q, v € Q' < J,L, M ' = J\R,M,. By Lemma 2.4,
IR, M, =T, . Tt follows that
J, LM ' = \R,M, & J,L,M;' =T, ' J,L,M;' = R, LR}
by using T,' = R,L,R;} in proof of 3. Going by Theorem 1.4(4),
RooL,R,, = R.L,. It follows that

J,L,M;'=R,L,R,} & J,L,M;' = RpwL,R,.R,} < J,L,M;"' = Ry L,
& LM ' = J\Ry L.
By Lemma 2.4, L,M;' = J\RyoL, < R L,R;*M; ' = Jy\Ryo L,

& RIT'M = LT, & M,T,R,y =T,J, < T, 'M,T, = J,R,; < ™M, =J,R,,
0

Theorem 2.5. Let (Q,-) be a Basarab loop. Then @, # 0 if and only if J, = J,.

Proof. Given Q, :={z € Q:U. =W,, U. = LM, W, = R,M,},

Q.0 e, U =W,
& LM '=RM, & M '=M, & J,=J,
Therefore, @', is a subloop of Q. OJ

Theorem 2.6. Let (@, -) be a Basarab loop. Let Q. # (), then = € Q.. if and only
if any of the following is true:

(1) WoR,, = J\R.L, (6) Mt =L 'J,T,

2 J)\Gx = Wm or U/ =J Hm 7 Rxp = LIPT:E

( x 14

(3) M, = RJ}ALT ' or W, = (8) LR, = JA\L,R;'L,, & T, ' =
LT LyR.L,}

(4) J,LyR.L,} =U, (9) RyM,L," = J,Rp & W, T, =

b)) U, = J,LaR, or W, = Iy

J LR
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Proof. Let (Q,-) be a Basarab loop, by applying the mappings U’ = L,M_! and
W, = R,M, to Lemma 2.4, it follows that:

G,=J,U,=RwL,=L,R; " and H, = J\W, = L,xR, = R,L'. This implies that

NG, =U. = J\RpL, = JyL,R,* (2.3)
and J,H, =W, = J,LoR, = J,R,L,".
By equations (2.3) and (2.4), it follows that:
(1) Forevery x € Q, v € Q.. < J,H, = J\Ry L, & J,H, L' = J\Ry»
~ JpJ)\RzMzL;1 = LRy & RxMxL;1 = LR
& W,L,' = J\Ryp <& Wy = J\Ruo Ly,

since H, = J\R,M,. By Theorem 1.4(4), R,oL, = R.L,R;}. Tt follows
that, z € Q. & W, = J\RwL, & W, = JZR.L,R.! & W,R,, =
LR, L,.

(2) Forevery x € Q, v € Q, & J\G, = J,H, & G, = J/\_lJpHx

& Gy =J2H, & J,L,M;" = J,J,H, < U, = J,H,,
since G, = J,L,M;'. Also, for every z € Q, z € Q. & J,G, = J,H, &
G, = J,Jz\R. M, < J\G, = R, M, = J\G, = W,.
(3) Forevery 1 € Q, z € Q. & J,H, = J\L,R,;' & J,H,R, = J,L,
& J,Z\R,M,R, = J\L, < R,M,R, = J\L,

& WoR, = L\L, & W, = J,L,R' & W, = J\T, ! since H, = J\R,M,.
Also, from the preceding part,

r€Q, < R,MR, = J\L, < M,R, = R,'J, L,

& M, =R'\L,R;' & M, = R, J\R»L, & M, = R, J\T, .

(4) For every x € Q, = € @/,
& JLpR, = \Gy & LR, = J; ' Gy & LR, = J2G,.

By Theorem 1.4(4), LR, = J3G, & LyR, L.} = J3G,

& R, L, =L, "J3G, & LyRy = J3G,Lyy < J,LyRy = 3Gy Ly,

& J,LyRy = J\J,LaM: "Ly < J,LyRy = LaM: Ly,

& J,LyRy = ULy, < J,L,R,L.} = UL
(5) For every x € @,
v € Q. & J\RuoLy = J,Lps Ry

Using Lemma 2.4, Ry = J,L, M 'L;'. Then J\R.L, = J,L R,
& LM L Ly = J,Los Ry & LMY = J,Lon R, < Ul = J,Loa Ry,

Next, for every z € Q, v € Q, & J, LR, = J,L, R,

& Loy = J VLR R & Loy = J{Lo R,
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By Lemma 2.4,
Lo = LR, M R', Loy =JiL.R.*< J\R,MR' = J;L,R,*?
& RM R = J'L,R,*> = R,M,=J,'L,R," & W, = J, 'L, R,
(6) For every x € @,
r€Q. < G, =J,RL," = J\G,L, = J,R,
s hJ,M 'L, =J,R, & M, 'L, =L,'"J,R, & M;' = L' J,R,L,"
e M '=L"),L,e M '=L"JT,.
(7) For every x € @,
€ Q. < J\RyLy = J,LpRy & J\Rpo = J,LaR, L, "
& IRy = J,LppLp Ry < JzRyo = J,Lpn Ty & Ry = Ly T,
(8) For every x € Q, x € Q, < J,L, R, = J\L,R,*
& J,Lpn = LWL,R,? & J, = J\L,R;* L.
By [I1], in a Basarab loop, L;} = RxLwalTlL;l. It follows that,
Jp = IZL.R,°L .\ & J, = J\L,R,*R, L, R, 'L,
& J, = \LoR,'LywR, 'L, & J,LyRy = J\LyR, 'Ly, < LyRy = Ly R, 'Ly,
& LyR, =T, 'Ly, < T, ' = L,R,L,,.
(9) For every x € @,
v €Q, e J,H, = J\RyLy < Hy = J ' \Ryo Ly & Hy = JyJ\Ryo Ly
& JZ\RoM, = JiRpL, < RoM, = J\RpoLy < R M, L' = J\Ry»
& W, = \RwL, & W, =T, & W, T, = J,.
O

2.3. Characterization of a Subloop of a Basarab loop by Inverse Transla-
tion Mappings. Let (Q, ) be a Basarab loop and let Q" = {x € Q : zJ\ = zJ,}.
From Lemma 2.4,

G M, L' =J, =Ry L, M, L' = L,R;'M,L" (2.5)
and H,M_'R;' = J, = LR, M, 'R, = R,L;'M'R,". (2.6)

Corollary 2.5. Let (Q be a Basarab loop. If Q%, Q. # 0, then Q” = Q"
Proof. This follows from Theorem 2.5. O

Theorem 2.7. Let (Q,-) be a Basarab loop. Then Q% is a subloop of @, if Q has
AIP or AAIP.

Proof. Q% # () < e* = eP. Let x,y € Q%, then 2”7 = 2* and y” = y*. By AIP,
(zy)? = 2Py’ = 229" = (zy) & (2y)? = (ay)* for all z,y € Q". By AATP,
(zy)? = yrar = y ot = (zy)* & (vy)” = (vy)* for all z,y € Q" O

Remark 2.2. In Jaiyéold and Effiong [13], it was shown that for Basarab loop
(@, ), any two implies the third among the following statements:
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(1) (@,-) is an AIPL (AAIPL);

(2) T € Q) < SYM(Q);

(3) yz* = 2y (af = 2) for all 2,y € Q;
where Q) = {A € SYM(Q)|J\AJ, = A}. By Theorem 2.7, Q" is a subloop of
(Q,-) while by [Theorem 2.5,[13]], @) is a subgroup of SYM(Q).

Theorem 2.8. Let (@, -) be a Basarab loop. Then for every x € @), x is contained
in Q% if and only if any of the following conditions hold :

(1) WGL = (2) G =AU, (3) Ha -
U, J, W
Proof. By equations (2.5) and (2.6), it follows that:
(1) For every x € @,

reQ" e G, ML = HM'R;' & G.M, = H.M;'R'L,
& H 'G,M,=M;'R;'L, & G,G,M, = M'R'L,
& G*M, = M 'R;'L, & G? = (R,M,) 'L, M ' & G> =W 'U, & W,G* = U..
(2) For every x € @,
re€Q" e LR'M, L' = R.L'M'R;' & R,*M,L'R, = L,'R, L' M_*
& RIML'R, = L,'H,M;' < R;'M,L,;'R, = L, J\R, M, M
& RML'R, = L' J\R, & R,*M, L, = L' J\ < R,*M, = L' J\L,
& =H,U. <G, =JU.
(3) For every x € @,
reQ" s LR'M, L' = R, L,;"M 'R
& GM, L' =R, L'M 'R & J,L,M;'M,L,;' = R,L,' M, 'R,
e J,=R,L,'M]'R,' & R'J,R, = L,'M,;' & H, = J,W,.
O

Theorem 2.9. Let (Q,-) be a Basarab loop and let G, = J,L, M, " and H, =
J\R, M, be defined on Q. Then for every z € @, x is contained in Q% if and only
if any of the following conditions hold :

(1) Jy = ULJW, (3) J, = T}U; (5)

; Jp/: T,

R

Proof. From Lemma 2.4 and Theorem 2.8,
(1)
U =W,G? = G*=W'U. & G* = (R,M,) ' L,M;' & G*M, = M]'R'L,
Put G, = JpLngjl. Then
GG M, =M 'R 'L, & J,L,M,; ' J,L,M; M, = M; 'R, 'L,
& J, LM 'J, L, =M 'R'L, & J,L,M;'J,= M 'R’
& LM '), = LM'R'<U.J, =W, "< Jy=U.JW,.
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(2)
W,=UMH<U"'=HW's ML,'R, = H:M;* < M,L,'R, = H, H,M*
Put H, = JyR,M,. Then
M,L'R, = H*M ' < M,L;'R, = J\R M, J\R M, M_"
& M,L'R, = J\R, M, J\R, < M,L." = J\R,M,.J\
& M, L', = Z\R,M, < U, = LW, < J, = ULLW,.

(3)
W,=U.H?> < R,M,L, = L,M_'H,R,

Put H, = J\R,M,. Then
R.M,L, = L,M; ' J\R,M,R, < M,L;'R,M,L, = J\R,M,R,
& M,L;'R, = JZ\R, MR, L;"M;' < R 'J,M,L;'R, = M,R,L,"M"
& J,M, L' = R, MR, LM 'R & JU =W, T,W, ' & J, =T)*U..
(4)
w,G2 =U. & W,G,L, =U.R, & R.M,G,L, = L,M;'R,
Put G, = JmeMz_l. Then
R,M,G,L, = L,M;'R, & R,M,J,L,M; 'L, = L,M; 'R,
& R,M,J,L, = L,M; 'R, L;'M, & L;'R,M,J,L, = M;'R,L,;' M,
& RoM,J, = LM 'R, L;'M,L;" & W,J, =T,

(5)
W,G% =U, & W,G,RywL, = U, & W,G,R,p = U,L,"

& RyHW '=LU''s R, HM,'=LM,L'R,.
Put H, = JyR,M,. Then
Ry H,M;" = L,M,L;'R, & R,/ J\R,M,M; ' = L,M,L'R,
& R} R, = L,M,L;'R, & R} J\ = L,M,L"
& Jy=RpLML'& J\,=T,'U "< J,=(U.T,) " < J,=T,U.
(6)
WU =G W, 'L, = H,'G,M, < M;'R,;'L, = H;'Ryo L, M,

Put H, = J\R,.M,. Then,

M 'R;'L, = H;'Ry L, M, < M;'R;'L, = (J\R,M,) ' Ryo L, M,
& M 'R, = MRV Ry LuM, < MR LM = MRV R, Ly
& LM ' = J 'Ry L, < LM L = T Ry
& LM '=J,Rpl, & U, =T, "' UT, =],



44 GIDEON O. EFFIONG, TEMITOPE G. JAIYEQLA, MARTIN C. OBI

2.4. Characterization of a Subloop of a Basarab loop by Middle Trans-
lation Mapping. Let (Q,-) be a Basarab loop and let Q% := {x € Q|M, =
M1}, From Lemma 2.4,

L' Gy =M, ' = L' \Ryw L, = L, AL, R, " (2.7)
and RV, H, = M, = R\, LR, = RV, R, LY. (2.8)
Theorem 2.10. Let (Q,-) be a Basarab loop. Then Q% is a subloop of @, if

(1) J, = Jr, M2, = (M,M,)* for all z,y € Q"; and
(2) [My, M,] =1 for all z,y € Q"".

Proof. Obviously, Q" #0 & MZ =1 J} =1 |J,| =2
e T, =1 00, =00 J,=J.

Next, z,y € Q" & M? = [ = M2. Thus, M2, = (M, M,)* = M, M,M,M, =
M2M2 =11 =1. O

Theorem 2.11. Let (Q, -) be a Basarab loop. Then for every x € @), z is contained
in Q™ if and only if any of the following conditions hold :

(1) NG? =G, J, (2) H,J\ = J,H2.
Proof. By equations (2.7) and (2.8), it follows that:
(1) For every x € @,
reQ" e L'\G, =R'J,H, & L' G, H,' = R, J,
& L' NG.G, =R\, LV \G2 =R, ",
& LG = LRN, < LG =G,J,
(2) For every x € @,
reQ" & L' \G, =R'J,H, < L' J,=R,"J,H,G,"
s L'\ =R,'J,HH, & L' J,=R,'J,H?
& R,V = J,H? & H,J, = J,H2.
O

2.5. Characterization of a Subloop of a Basarab loop by Inverse ele-
ments. Let (Q,-) be a Basarab loop and Q" = {z € Q : Ry = L,»}. From
Lemma 2.4,

G.L;' = J,L,M; 'L, = Ryp = L, R, 'L,* (2.9)
and H,R;' = J\R,M,R,' = L,» = R,L,'R,". (2.10)

Theorem 2.12. Let (Q, ) be a Basarab loop. Then Q™ is a subloop of Q, if Q is
an abelian group.
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Proof. Q™ # () because Rep = Lo» < R, = L. < e € Q. If  is an abelian group,

then for all z,y,2 € Q, z-2°y? = za? - yf = 2 - 2y = 22 -

S22y =zaf yf =My oz =y Mz
& 2R(uoyry = 2Rpp Ryp = 2L (o) = 2Lp2 Ly
& 2Ry = 2Reo Ry = 2L(y» = 2L, Ly (by AIP)
< 2R(uyye = 2Ly < Ry = Ligy»
& Ry = Ly for allu = zy < u € Q™.
O

Theorem 2.13. Let (Q, -) be a Basarab loop. Then for every x € @), z is contained
in Q™ if and only if any of the following conditions hold :

(1) R, = L, T} (3) J, = WoR,'L,T, (5) J;U, =
(2) J\I, = U'LZ'R, (4) Ry = L, T,J,\U" W,R-'L,.

Proof. By equations 2.9 and 2.10, it follows that:
(1) Forevery x € Q, v € Q¥ & G, L' = H, R !

& LRIL'=R,L'R' & R = [V o T UL = TR

& (L, T,) 'T,R;' < R, = L, T

(2) Forevery x € Q, x € QV & H,R,;' = J,L, M 'L;"!

& RL'R = J, LM 'L & L' \R, L' R = ML
s L'WR, L' = M'L'R, &
M L' J\T, = L;'R, < U'V\T, = L' R, & J\T, = U.L'R,.
(3) For every x € Q, * € Q¥ & G, L' = ,R,M,R;*
& LR'L' = Z\R.M,R,' & R,'J,L,R,' = MR, 'L,
s RrR'J,L,=M,R;'L,R, & J,= R,M,R,'"L,R,L,"
& J, =W,R'L,T,.

(4) For every v € Q, v € Q" & G, L' = LZ\R,M,R;' & G, L;'R, M =
IR,

s L'R.M ' =G'\R, & L,'R,M_' = H,J\R,
& L'R,=H,\U. < L'RU™ =H,J, & T,J\=L,'RU" < L,T,J,U, = R,.
(5) For every x € Q, x € Q" < J,L,M; 'L ' = J\R,M,R,!
& JJ, LM LY = Ry MR & J2L,M; ' = R,M, R, 'L,
& U, =W,R, 'L, & JJU, = W,R, " L,.
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2.6. Characterization of a Subloop of a Basarab loop by Commutativ-
ity. Let (Q,) be a Basarab loop and let Q¥ :={z € Q: L, =R,} ={r €G:
xz=zx, ¥V z€QR}=C(Q). From Lemma 2.4,

INGyM, = Ly = J\Ryo Ly M, = J\L R M, (2.11)

and J,H,M;' = R, = J,L, R, M;' = J,R, L, M, ". (2.12)

Theorem 2.14. Let (@, -) be a Basarab loop. Then for every z € ), x is contained
in Q¥ if and only if any of the following conditions hold :

(1) T,J% = M? (2) L;]EWM = (3) T, = J2U.M, R, " M2.

Proof. By equations 2.11 and 2.12, it follows that:
(1) For every x € Q, x € Q" < J,H, M, = J,G, M,

& Ji ' ,Hy = Go MM, < J2H, = G, M}

ST, =T,' M & T,J) = M.
(2) Forevery x € Q, x € Q* < J,R, LM ' = J\L,R;' M,

& SR MM LM = T, My < J2W, = T, My My Ly M,

& T, 2Wy = M2 Lo M, < T, J2W, = M2 LM,
(3) Forevery z € Q, z € Q" & J\G, M, = J,R, L' M*

& LR 'M, = J,R,L;*M; ' & J\L, M, 'M,R;'M, = J,T,M*

& J2UMR,'M? =T,
O

Remark 2.3. By Theorem 2.14, we have new characterizations of the centrum of
a Basarab loop. It should however be noted that in Effiong et al. [I1], it was
shown that Z(Q) = C(Q) for any Basarab loop Q.

3. CONCLUSION

. The algebraic properties of some bi-variate functions defined on a Basarab loop
(@ have been established and these were used to explore the properties of some im-
portant mono-variate functions defined on (). Also, some subloops of a Basarab
loop have been characterized by some important permutations and new charac-
terizations of the centrum of a Basarab loop were obtained.
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