Annals of Mathematics and Computer Science ISSN: 2789-7206
Vol 25 (2024) 54-63 https://doi.org/10.56947 /amcs.v25.371

A NOTE ON LIN’S AND NUMERICAL RADII INEQUALITIES
AND APPLICATION IN PORTFOLIO OPTIMIZATION

JOSHUA WERE

ABSTRACT. We consider Lin’s generalizations of Reid’s and Halmos’ inequali-
ties via polar decomposition approach and establish several numerical radii in-
equalities for the product of two bounded linear operators on a Hilbert space.
The established inequalities are a significant extension of Lin’s inequalities.
We then explore the applications of the inequalities in finance where when
constructing an investment portfolio, investors often need to allocate capital
across different assets to achieve a desired risk-return profile. Lin’s inequali-
ties can be used to ensure that the portfolio weights satisfy certain constraints,
such as minimum and maximum exposure to particular asset classes or sectors.

1. INTRODUCTION AND PRELIMINARIES

Let H be a complex Hilbert space with inner product (-,-), and B(H) denotes
the C*-algebra of all bounded linear operators on H. For A € B(H), the usual
operator norm of an operator A is defined by || Al| = sup,—; || Az, where ||z| =

(x,x) 2. The spectrum of an operator A, o(A), consists of those complex numbers
A for which A — A is not invertible while the numerical range of A € B(H) is
defined W(A) = {(Az,x) : « € H,||z|| = 1}. The numerical and spectral radii
of A are given by w(A) = sup{|A|: A € W(A)}, and 7(A) = sup{|\| : A € 0(4)}
respectively. For a good account of the theory of spectra and numerical ranges,
see [6, 8].

The study of numerical radii inequalities especially on Hilbert spaces still re-
mains a fundamental area of interest in the recent times, see [1, 2, 3, 4, 5, 10,
11, 13, 14]. The extensive theory of both the classical and operator inequalities
which are the core tools required in establishing better numerical radii inequal-
ities, has attracted more interest in similar research. For instance, Halmos [§]
generalized the Reid inequality; Kittaneh [10] provided the generalized form of
mixed Schwarz inequality and also extended the Weyl’s inequality. In [11], Lin
presented generalizations of Reid’s and Halmos inequalities via polar decompo-
sition approach, while in [3], more generalization of the Reid’s inequality was
provided.
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In this paper, we consider Lin’s inequalities established in [11] via polar de-
composition approach and extend the inequalities to provide the numerical radii
inequalities. For consistency, we shall inherit the notation used in [11] with the
operators acting on a Hilbert space H.

We say that an operator A is positive (written A > 0) if (Az,z) > Oforallz € H.
If S and K are hermitian, we write S > K in case S — K > 0. A = U|A]| is the
polar decomposition of A with U the partial isometry such that N(U) = N(A),
where N(A) means the null space of A, and |A| denotes the positive square root

1
of the positive operator A*A, that is, |[A] = (A*A)2. Also, we have A* = |A|U*
1
and |A*| = (AA*)2 with N(U*) = N(A").
Before stating the results of this paper, we give the following Lemmas from

literature. The first Lemma is a basic result giving another interesting definition
of the operator norm for an operator which is positive and self-adjoint.

Lemma 1.1. If A € B(H) is self-adjoint and nonnegative in the sense that
(Az,x) >0 for all z € H, then ||A|| = sup{(Az,z) : ||z| = 1}.

The second Lemma, which is called Holder-McCarthy inequality, is a well
known result that follows from spectral theorem for positive operators and Jensen’s
inequality (see [10]).

Lemma 1.2. Let A € B(H) be positive operator and let x € H be any unit
vector. Then

(Az,z)" < (A"z,z) Vr>1.

The next two Lemmas are due to C.-S. Lin [11]. They form the base for this
paper and hence are of great importance.

Lemma 1.3. Let SK = V|SK]| be the polar decomposition. Then the following
inequalities hold for every x,y € H and a € [0,1] :

(1)

[(SKz,y)|* < [IK|PC-NISKPow, 2){|S* 0y, y)
< ISIPAEIPE (K P, ) (1S Py, y).
(2)
[(SEz,y)? < ISP (K, a)([(SK) Py, y)
< ISP P K 2w, ) (S g, y).

(3) If SK is Hermitian, then

(SKz, ) < [[K|P(S" P, 2)(|SK 'y, y)
< KPS P, 2) 1Sy, p);

and

[(SKz,y)? < KO NISK P, o) (1S Py, y)

LIPS P, 2 (157 Py, ).
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(4) If both S and SK are Hermitian, then
[(SKz,y)[? < K| (ISP, 2)(|SK Yy, y)
< KPS, 2) ([P y, )
and
(SK ) < IKP9-)(SK 2, 2)(|S]20-)y, y)
< KPS, 2) (1S Yy, y).
(5) If S > 0 and SK is Hermitian, then
[(SKz,y)|* < [IK[** (5%, 2)(|SK[*' =y, y)
< KPS, 2) (S y, );
and
[(SKz,y)? < ||K[PUNISK Pz, 2) (S Yy, y)
< KPS, ) (S Vy, ).
The next Lemma considers the sharpening of the inequalities (3), (4) and (5) of
Lemma 1.3 by the replacement of the norm of the operator by its spectral radius.

Lemma 1.4. Let SK = V|SK| be the polar decomposition. Then the following
inequalities hold for every x,y € H and « € [0, 1].

(1) If |S|**K is Hermitian, then
[(SEw,y)* < (r(K))* {|S[**w, 2){|S" 1=y, ).
(2) If both S and |S|**K are Hermitian, then
(SEw,y)* < (r(K))* (S, 2) (ISP~ y, ).
(3) If S > 0 and S**K is Hermitian, then
(SKw,y)* < (r(K))* (5%, 2) (5% 7y, ).

We give generalizations to Lemmas 1.3 and 1.4 in the next section.
In a financial market, the goal of the investor is to optimize on the returns. Port-
folios can be constructed that minimizes risks and thereby optimize the investor’s
returns [9, 12]. Lin’s inequality is a mathematical result used in finance and eco-
nomics to analyse the feasibility of investment opportunities to determine optimal
allocation of resources [7].

2. LIN’S GENERALIZATIONS AND THE NUMERICAL RADII INEQUALITIES

In this section, we consider the operators S, K € B(H) to be self-adjoint. But
it’s important to note that this does not imply that SK is self-adjoint. In most
cases, self-adjoint operators are also referred to as hermitian even though not
all self-adjoint operators are hermitian. A hermitian operator is a bounded self-
adjoint operator, that is, all hermitian operators are self-adjoint. On the other
hand, if SK is self-adjoint with S and K being self-adjoint separately, then KS'is
also self-adjoint. Our first result is an extension of Lemma 1.3 where we provide
several numerical radii inequalities.
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Proposition 2.1. Let SK = V|SK| be the polar decomposition. Then the fol-
lowing inequalities hold for every « € [0,1]:
(1) If |SK|**|S*|*1=%) s hermitian, then
1
W(SK) < [K['ISK PSP
1
< SN P s P 2.

(2) If | K|**|(SK)*|?1=%) is hermitian, then

1

W(SK) < (IS KPS K) P2
1
< SIS P 2.

(3) If both SK and |S*||SK| are Hermitian, then

1
W(SK) < |K[IIS* IS K|z

1
< [IK[IIS*[l2;
and
1
w(SK) < |IK|'ISK PSPt )2
1
< [IKIIS* ]Iz,

(4) If both SK and |S||SK| are Hermitian, then

1
W(SK) < |K[lISPISK Pz

1
< [IKIIISI?)I2;
and
1
w(SK) < [IK|'"ISK PSP )2
1
< [IK|[lIIS?]I2.

(5) If S >0 and SK, S|SK| are Hermitian, then
1
w(SK) < ||K[*S*|SK2
1
K172

IN

and
1
w(SK) < |IK|'ISK PS> )2
1
< KIS

Proof. Consider inequality (1) of Lemma 1.3, then we have

(SKz,2)* < ||K[*(|SK [, 2)(|S* """V, 2)
< K)PA(SKP|S* P, 2), ( by Lemma 1.2).
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By taking supremum on both sides over all unit vectors x € H, and from Lemma

1.1, we obtain

w(SK)

The second inequality of (1) then follows at once. Similarly, each other inequality
of Lemma 1.3 generates the corresponding inequalities (2), (3), (4), and (5) of

J. WERE

1
< K[ IS KPS P 2.

this theorem. We omit the details.

The next result is also an extension of Lemma 1.3.

Proposition 2.2. Let SK

= VI|SK]| be the polar decomposition. Then the fol-

lowing inequalities hold for o € [0, 1];
(1) If SK is hermitian, then

w(SK) <
<

SIS K P + |57
SISIC KK P + |S* PO

(2) If (SK)* is hermitian, then

w(SK) <
<
(3) If SK is Hermitian,
w(SK)

and
w(SK) <
<

(4) If SK is Hermitian,
w(SK)

and

w(SK)

LIS [P + [(SK)* [P
SIS IR K P + 5% P
then

LK) S P + [SK [P
LIS + 1S );

IA N

S PLK NS P + | S0
SIENNIS > + [S*PE).
then

< ISP + [SK P
< SIENISP + 1SP;
< SIEITNSEP + SO
< ISP + 1SPA.

(5) If S > 0 and SK is Hermitian, then

w(SK)

and
w(SK)

< SIS + [SKE P
< IR IS + S*;
UK NS K P + 520
SIS + 5207

VARVAN
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Proof. Consider the first inequality of Lemma 1.3. Then
[(SKz,x)]* < |K[PC-N(SK o, 2)(|5 Y, )
< UK (SE P ) + (150, 2)°
(by the arithmetic - geometric mean inequality).

Thus
[(SKx, )] < SIIE|' (((ISKP + |S* )2, 2)) .
By taking supremum on both sides over all unit vectors x € H, and by Lemma
1.1, we obtain
W(SK) < S K | IISE P + [T,
Now the second inequality is obvious. Every other inequality follows similarly
from the corresponding inequality of Lemma 1.3. We omit the details. 0

We note that the inequalities in Lemma 1.4 are of Halmos type. In our next
results, we shall extend these inequalities to include the numerical radii of product
of two operators on a Hilbert space. Our first extension is the following;

Proposition 2.3. Let SK = V|SK| be the polar decomposition. Then the fol-
lowing inequalities hold for o € [0, 1];
(1) If |S|**K is Hermitian, then
W(SK) < r(E)]ISP2
(2) If S > 0 and S**K is Hermitian, then
W(SK) < r()]S%?
Proof. From Lemma 1.4, we have
(SKz,z)|? (r(K))* (| S [**a, ) (|5 [P0~V , z)
(r(K))* (|S*[>*|S*[?1=%z, z), by Lemma 1.2, and
taking note that S is self-adjoint,

<
<

and so )

W(SK) < r(K)||SPs5*P0 |2
which gives the desired result. The inequalities (1) and (2) of Lemma 1.4 yield
the same result. Similarly, it is easy to prove inequality (2). O

We conclude this paper with the following result which gives another extension
of Lemma 1.4 but incorporates the arithmetic - geometric mean inequality in its
proof.

Proposition 2.4. Let SK = V|SK| be the polar decomposition. Then the fol-
lowing inequalities hold for a € [0, 1];
(1) If |S|**K is Hermitian, then
W(SK) < 3r(E)|ISP + S|
(2) If S > 0 and S**K is Hermitian, then
W(SK) < gr(K)[IS]P + S
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Proof. Follows by a simple application of arithmetic - geometric mean inequality
to Lemma 1.4. We omit the details. OJ

3. APPLICATION IN PORTFOLIO OPTIMIZATION

3.1. Constructing a minimum variance portfolio. We can derive the equa-
tion of the efficient frontier in the return-risk space in case of two securities S
and K. We have the equations

l=2g+ 2K
Ep =axgFg +rgFk
Vp = x%VS + x%(VK + 2r9x 5 Cox
where xg and zk are portfolio weights, £, is the return on the portfolio and V), is
the variance of portfolio returns.
V, is minimized when
Vi - Csk
Vs + Vk — 2Csk

Indeed, consider the above case of two securities. The portfolio variance is given
by

Ts

VZD = $%VS + l%{VK + 2xS$KCSK
Rewriting in terms of the proportion zg,
‘/p = x%Vs + (1 — JJS)zVK + 2135(1 — xS)CSK-
Differentiating with respect to xg, we get

dv,
d—p = 25E3V5 - 2VK + QZESVK -+ QCSK — 41‘505}(.
Ts
Equating to zero gives
r5Vs — Vi + 15V + Csk — 205Csic = 0,
which can be written as xg(Vs + Vi — 2Csk) = Vi — Csk, thereby yielding
Tg = m as desired.

3.2. Derivation of the efficient frontier in case of N securities. Here we
use the Langragian function

i i
This is differentiated with respect to the xs A and p to give

YA
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setting the derivatives to zero and solving N + 2 equations in N + 2 unknowns
gives the equation of the efficient frontier in the expected return-variance space.
One way of solving the minimization problem is the method of Langragian mul-
tipliers.We set up to optimize a suitable Langragian function and use it to solve
constrained optimization problem as follows.They are static and the constraints
are all strict inequalities.

e maximize or minimize some function f(xy,zs,...,zN)
e subject to a set of M constraints

gj(x1, T2, ..., TN) = Cj, i=12,...M
e By choice of N variables

We wish to minimize the portfolio variance V' subject to the two constraints ) . x;
and E = E, by choice of the securities x;, ¢ = 1,2, ..., N.
We set the Langragian function of the form

M
Z = .f(xlax% 73:]\/) - Z/\] (g(ﬂjl,l’g, 7xN)>
j=1

The Langragian function is
Z=V—-ME-E)—p(d z—1)

or
i J i i

where

e V. E and z; are as defined above

e ¢;; the covariance between security ¢ and j returns
e [, and 1 are the constraining constraints and

e )\ and p are known as Langragian multipliers

This is to minimize the variance V to the expected return and all the con-
straints. The partial derivative of Z with respect to x; and equated to zero as
given above.The resultant N + 2 equations in N + 2 unknowns can be solved
to find optimal values of the security proportions of the portfolio expectation
E,. These can then be substituted in the variance equation to give the expression
of the portfolio variance hence risk measure as a function of expectation giving
the minimum variance.

3.3. Matrix notation of the N + 2 equations. The matrix notation of the
N + 2 equations is given by

Ay =d,
where
20 —F -1
A = E 0 0
I 0 0
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d"={0 0 .. 0 B, 1}
(N zeros)

Z'T:{Il o ... Z‘N}
E'"={E, E, .. Ey}
m={11 .. 1}

(N ones)
the solution is then

y=A"d
x; is linear in ),
By substituting in the variance equation
V= {xT C x}

The corresponding V}, is quadratic in E, (portfolio variance is a quadratic function
of portfolio return).

e Ais (N+2)x (N+2)

e The sub matrix C'is N x N i.e

Cll ClN
C=1 ..
CNl CNN
e yis (N+2)x1
e dis (N+2)x1
CONCLUSION

It has been demonstrated that investors can apply the Lin’s inequality in Fi-
nance when constructing an optimal investment portfolio based on a risk- return
profile.Lin’s inequality thus enables investors to ensure that the portfolio weights
satisfy certain constraints,such as minimum and maximum exposure to particular
assets or sectors.This paper demonstrates the case of two assets and a general-
ization for N assets.
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