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APPROXIMATION OF COMMON FIXED POINT OF TWO
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS IN THE
INTERMEDIATE SENSE FOR A NEW ITERATION PROCESS
IN CAT(0) SPACES

ANURAG VERMA'* AND B. P. TRIPATHI?

ABSTRACT. In this paper, we establish strong and A—convergence for a new
iteration process containing two asymptotically nonexpansive mappings in the
intermediate sense which is broader than the class of asymptotically nonexpan-
sive mappings in the context of C'AT'(0) spaces. Our results extend, generalize
and improve many well-known results in the literature.

1. INTRODUCTION AND PRELIMINARIES

Consider (X, d) as a metric space. A geodesic path between § € X and n € X
(or, to put it another way, a geodesic from 6 to n) is a map r from [0,[] to X
with 7(0) = 6, r(I) = n and (d(r(t),r(to)) = |t — to|, for any ¢, ¢, € [0,1]. Thus r
is an isometry and d(f,n) = [ . The image of r is a geodesic (or metric) segment
that joins 6 and 7. When geodesic is unique, it is denoted by [0, 7).

The space (X, d) is said to be a geodesic space if any two points in X are
connected by a geodesic, and X is said to be uniquely geodesic if there is exactly
one geodesic between # and n for any 6,n in X. If D contains every geodesic
segment connecting any two points, the subset D C X is convex.

A geodesic triangle A(61, 605, 63) in a geodesic metric space (X, d) is made up of
three points 6y, 0, 03 in X (the vertices of A), with a geodesic segment connecting
each pair of vertices (the edge of A). A comparison triangle for the geodesic tri-
angle A(0y,0,,05) in (X,d) is a triangle A(0y, 0, 05) = A (61, 0,05) in Euclidean
space R? such that dg:(0;,0;) = d(6;,0;) for i,7 € {1,2,3} [16].

Let A be a comparison triangle for a geodesic triangle A in X. The A is
satisfy the CAT(0) inequality if V 6,17 € /A and all comparison points 8,7 € A
such that

d(0.n) < dg2(6,7)
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A complete CAT(0) space is often called Hadamard space [13]. Let 0,7, are

points of X and 7y be the midpoint of segment |1, (], denoted by %M, then the
CAT(0) inequality gives

1 1 1
d*(0,mo) < §d2(9ﬂ7) + §d2(97 ¢) — ZdQ(n, ().

This is called (C'N) inequality of Bruhat and Tits [3]. A geodesic space is said
to be CAT(0) space if and only if it satisfies the (C'N) inequality [16]

Fixed point theory in C'AT'(0) spaces was first studied by Kirk [9]. He proved
that every nonexpansive mapping defined on a closed bounded convex subset of
a complete C'AT'(0) space always had a fixed point.

Let D be a non-empty subset of a CAT(0) space X and let T : D — D be a
mapping. The Mann iteration [14] process is defined by the sequence {6, },

o €D (11)
Opi1=(1—ay)b,+a,T0,, n €N,

where {a,} is a sequence in (0,1).
The Ishikawa iteration [8] process is defined by the sequence {6, },

0, €D
Oni1 = (1 — an)0, + an Ty, (1.2)
N = (1 —0,)0, + 0,70, n €N,
where {a,} and {b,} are the sequences in (0, 1). This iteration process reduces
to the Mann iteration process when b, = 0 for all n € N.
In 2007 Agarwal, O’ Regan and Sahu [1] introduced the S-iteration process
in Banach space,
0, €D
Opni1= (1 —a,)TO, + a,Tn,, (1.3)
Ny = (1 —10,)0, +0,76,, n €N,
where {a,} and {b,} are the sequences in (0,1). Note that (1.3) is independent

of (1.2) (and hence of (1.1)).
In 1991 Schu [23], The modified Mann iteration process which is a general-
ization of the Mann iteration process,

D
o € (1.4)
Opi1 = (1 —a,)l, + a, T"0,,n € N,

where {a,} is a sequence in (0,1).
In 1994, Tan and Xu [20], studied the modified Ishikawa iteration process
which is a generalization of the Ishikawa iteration process,
06 €D
Oni1 = (1 — an)b, + a, Ty, (1.5)
= (1 —=0,)0, + 0,760, n €N,
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where the sequences {a,} and {b,} are in (0,1). This iteration process reduces
to the modified Mann iteration process when b, = 0 for all n € N . Recently,
Agarwal, O’Regan and Sahu [1] introduced the modified S-iteration process in
a Banach space,

0, €D
Opi1=(1—a,)T"0, + a,T™n,, (1.6)
Ny = (1 —b,)0, + b,T"0,,, n € N,

where the sequences {a,} and {b,} are in (0,1). Note that (1.6) is independent
of (1.5)(and hence of (1.4)).

Sahin and Basarir[21] modified iteration process (1.6) in a CAT(0) space as
follows. Let D be a nonempty closed convex subset of a complete C'AT'(0) space
X and T : D — D be an asymptotically quasi-nonexpansive mapping with
Si(T)={0 € K:T0 =0} # (. Suppose that {6, } is a sequence generated iter-
atively by

0, €D
Opi1 = (1 —a,)Tm0, & a,T"n,, (1.7)
= (1 —b,)0, ®0b,1"0,, n €N,
where {a,} and {b,} are sequences such that 0 < a,,b, <1, foralln € N .
Consider D to be a nonempty closed, convex subset of a complete C AT'(0) space
X and 71,75 : D — D be two asymptotically quasi-nonexpansive mappings in

the intermediate sense with S¢(T7,T2) = S¢(T1) N S¢(Ts) # 0. Suppose that {6, }
is a sequence generated iteratively by

0, €D
9n+1 - (1 - an>T1nen S anT2n77n7 (18)
e = (1 — b)) T, @ b, T00,, n € N,

where the sequences {a,} and {b,}, throughout the paper, are such that 0 <
G, b, <1 foralln>1.

0, €D
en—‘rl - (]- - an)Tlnen S% anTQTLT/ny (]'9)
Tin = (1En )T2n‘9n S5 1onT1n‘9m n €N,

Qn

where a,, b,,c, € (0,1) and a, + b, + ¢, = 1.

2. PRELIMINARIES

Let us recall some definitions and known results in the existing literature on this
concept. Goebel and Kirk [6] proposed the concept of an asymptotically nonex-
pansive mapping in 1972. Many authors have studied the iterative approximation
problems for asymptotically nonexpansive and asymptotically quasi-nonexpansive
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mappings in a Banach space and a CAT(0) space. Many authors studied the it-
erative approximation problem for asymptotically quasi-nonexpansive mappings
in Banach space and a CAT(0) space[l1, 20, 19, 22, 24].

Definition 2.1. Let (X,d) be a metric space and D, its nonempty subset. Let
T :D — D be a mapping. A point 0 € D 1is called a fized point of T if TO = 6.
We will also denote by S¢(T') the set of fixed points of T, that is , S¢(T) =
{0e K:TO=0}.

Definition 2.2. Let (X,d) be a metric space and D its nonempty subset. Let
Ty, T5 : D — D be mappings. A point 0 € D 1is called a common fized point of Ty
and Ty if T8 = 150 = 0, and S¢(T,T3) = {0 € K : 110 = 15,0 = 0} is the set of

common fized points of Ty and Ty .

Definition 2.3. Let (X,d) be a CAT(0) space and D be its nonempty subset of
X in CAT(0) space . ThenT : D — D is said to be
(1) nonexpansive, if d(T0,Tn) < d(0,n), for all 0,n € D;
(2) wuniformly L-Lipschitzian, if there exists a L € (0, 00) such that d(T™0,T"n) <
Ld(0,n) for all§,m € D andn > 1;
(3) asymptotically nonexpansive, if there exists a sequence u, € [0,00) with
the property lim w, = 0 and such that d(T™(0),T"n) < (1 4 u,)d(0,n),
n—0o0
for all,n € D;
(4) semi-compact, if for a sequence {6,,} in D with lim d(6,,76,) =0, there
n—oo
exists a subsequence {0, } of {0,} such that 0,, — p € D;
(5) asymptotically quasi-nonexpansive type, if S¢(T) # 0 and
lim sup {sup (d(T™0,p) — d(0,p)),0 € D,p € S;(T)} <O0.
n—oo

Definition 2.4. [10] A sequence {0,,} in CAT(0) space X is said to be A—converge
to 0 € X, if x is unique asymptotic center of {0,,} for every subsequence {u,} of

{6}

In this case we write A —lim,,_, 0,, = 6 and call 0 the A limit of {0,,}.

Definition 2.5. [7] Let D be closed, convex subset of a CAT(0) space X. A
bounded sequence {0,} in D is said to converge weakly to q € D iff ¢(q) =
infgep ¢(9)7 qb(‘]) = lim SUPy, 00 d(en’ 9)

Note that {6,,} — q iff Ap{0.} = {q}.

In 1993, Bruck, Kuczumow, and Reich[2] introduced a notion of asymptotically
nonexpansive mapping in the intermediate sense. A mapping T : D — D is said
to be asymptotically nonexpansive in the intermediate sense provided that T is
uniformly continuous and

limsup,, . supy ,ep {d(T70,T"n) — d(6,n)} <0

From the above definition, it follows that an asymptotically nonexpansive map-
ping must be asymptotically nonexpansive mapping in the intermediate sense.

Lemma 2.1. [18] Let X be a CAT(0) space.



APPROXIMATION OF COMMON FIXED POINT 89

(i) Let 0,n € X, For each t € [0,1], there erxists a unique point ¢ € [0, 1] such
that
d(0,¢) = td(0.n), d(n,¢) = (1—1)d(®,n). (2.1)
We use the notation (1 — )0 @ tn for unique point  satisfying (2.1)

(i1) For allt € [0,1] and 0,1, € X

d(((1 = £)0D)tn, () < (1 = 1)d(0, ¢) + td(, ¢). (2.2)
(111) For any t € [0,1] and 6,1, € X

d*(C,10 & (1 —t)n) < td*(¢,0) + (1 — t)d*(¢,m) — ¢(1 — t)d*(0,m). (2.3)

Let {6, } be a bounded sequence in closed, convex subset D of a C'AT(0)-space
X. For any 0 in X, set 7(0,{0,}) = lim,,_,.. supd(0,6,,). The asymptotic radius
r({0,}) of {0,} is given by r({6,}) = inf{r(0,{6,})} : # € X and the asymptotic
centre A({0,}) of {60, } is the set A({0,}) = {0 € X : r({6,}) = r(0,{6,})}, to
be known that, A({6,}) consists of exactly one point in CAT(0) space. In this
paper, the symbol “ — 7 for weak convergence.

Lemma 2.2. [15] Given {0,} C X such that {0,} Aconverges to 6 and given
n € X withn # 6, then
lim,, o sup d(6,,0) < lim,, o, sup d(6,,n)

The above condition is known as Opial property in Banach space.

Lemma 2.3. [17] Let {0,} be a bounded sequence in CAT(0) space X, and let
D be a closed convezr subset of X which contains {0, }. Then

(i) Alim 0, = 0 implies 0,, — 0.

(ii) The convergence of (i) is true if {0, } is regular.

Lemma 2.4. [1] If{0,,} be a bounded sequence in C AT (0) space X, with A({0,,}) =
{0}, and {u,} is a subsequence of {6,} , with A({u,}) = {u}, and the sequence
{d(0,,u)} converges, then 6 = u

Lemma 2.5. [5] If D is a closed convex subset of a CAtheT(0) space X and if
{6,,} is bounded sequence in D, then the asymptotically center of {0,} is in D

Lemma 2.6. [25] Suppose {a,} and {b,} are two non-negative sequences of real

numbers such that a,+1 < an+by,, for alln > 1. If Zf;l b, converges then lim a,,
n—oo

exists.

Lemma 2.7. [10] Let X be a complete CAT(0) space, D be a nonempty closed
conver subset of X. If T : D — D is an asymptotically nonexpansive mapping in
the intermediate sense, then T has a fixed point.

Lemma 2.8. [10] Let X be a complete CAT(0) space, D be a nonempty closed
convex subset of X. If T : D — D is an asymptotically nonerpansive mapping in
the intermediate sense, then Sy(T) is closed and convex.
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Lemma 2.9. [10] (Demiclosed principle ) Let D be a closed convex subset of a
complete CAT(0) space X and T : D — D is an asymptotically nonexpansive
mapping in the intermediate sense. If {0, } is a bounded sequence in D such that
limy, 00 d(0,,,76,,) = 0 and {0,} — w, then Tw = w

Lemma 2.10. [10] Let D be a closed convex subset of a complete CAT(0) space
X andT : D — D 1is an asymptotically nonexpansive mapping in the intermediate

sense. If{0,} is bounded sequence in D A—converging to 0 and lim,,_, d(6,,716,,)
0, then @ € D and TH = 0.

3. MAIN RESULTS

In this section, we prove the following lemmas using a new scheme (1.9) and
also prove convergence results using these lemmas.

Lemma 3.1. Let D be a closed and convex subset of complete C AT(0) space X
and Ty, Ty :— D be two asymptotically nonexpansive mappings in the interme-
diate sense with S¢(Ty,Ty) # 0. Suppose that {6,} is defined by the interation
(1.9). Put

an_max{o, s <d<Tf0,Tfn>—d<6,n>>} (3.1)
OneDn>1
and
o= {0, sup_(d(130,73) ~ d(6. ) (32)
OneDn>1

such that Y7 a, < 00 and > o | B, < 0o. Suppose that {a,},{b,} and {c,}
are real sequences in [l,m] for some l,m € (0,1). Then :
(i) lim,, 00 d(0,, p) exists for all p € S¢(T1, T3).
(11) im,, oo d(0,, S§(T1,Ts)) exists.

Proof. Let p € S¢(T1,T5). Using (1.9), (3.1), (3.2) and (2.2), we have

by, . Cn, .
d(nnap) - d(l—a Tlen@l_a T2(9nap)
bo g6, p) + —S a6, p)
1—a, 1Un, D 1—a, 2 Un, P

({6, ) + 5]

IN

IN
N
=~
D
3
)
+
S
3
+

IN
=
>
s
_|_

IN
QU
=
=
+
=
+
e

this gives
d(1n, ) < d(On,p) + Hy + K. (3.3)
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Again using (1.9), (2.2) and (3.1)-(3.3), we have
d(9n+17p) = d ((1 - an>T2nen D anTlnnnap)

< (1= an)[d(On, p) + Bn] + an[d(n, p) + )]

< (1= an)[d(On,p) + Bn] + anld(0,,p) + Hy + K, + )

O-/nbn n-n
an
1—a, 1—a,

S d(enap) + (1 - an)ﬁn + 07 e % + (7%

this gives

by, Bncn
a
1—a, 1—a,

d(en—l—hp) S d<9nap> + (1 - an)ﬂn + ApnQp, + Gp,
taking infimum over all p € S¢(T},T5), we get

nbn ntn
d<9n+17p) S d(e’ru Sf<T17 T2>) + (]- - an)ﬁn + Qp Oy, + Qp, 1a_ a + Aanp, lﬁ_ca . (35)

Since by hypothesis of the lemma Y >° o, < co and Y .~ 3, < oo, it follows
from Lemma 2.6, relation (3.4),(3.5) that lim,,_,o d(6,,, p) and lim,,_, d(6,,, Sy(11,15))
exists. 0

Lemma 3.2. Let D be a nonempty closed , convex subset of complete CAT(0)
space X and T1,Ty : D — D be two asymptotically nonexpansive mappings in
the intermediate sense with S¢(T1,Ty) = Sp(Th) N S§(Ty) # 0. Suppose that
the sequence {0,} is defined by the iteration process (1.9) and o, and B, are
taken as in Lemma 3.1. Suppose that {a,},{b,} and {c,} are real sequences
in [l,m] for some I,m € (0,1). If d(0,110) < d(150,T,0) for all @ € D, then
limy, 00 d(0,,, T10,,) = 0 and lim,,_,o d(6,, 126,) = 0.

Proof. Using (1.9) and (2.3), we have
(00, p) = d (170, © 12 T30,,p)

an

b c b,c
< —"—d* (170, "} (T30, p) — ———=d*(T50,,, T"0,,
_]-_an (1 ’p)+1_an (2 7p) (1_an)2 (2 » 1 )
< (00 p) + anl + —[d(6r.p) + BuJE — = 2(T16,, Tr6,)
- 1_an TL?p O{n 1—0,n nap n (1_an)2 2VYny+1Yn
bn
< 7= @00, p) + af + 200d (00, p)] + T=—[d*(On; p) + 57 + 26,d(6n, )] —
boc n n
— " d(T50,,, T,
(1 o an)z ( 2 s+ 1 )

bnai anbn cnﬁrz Cnﬁn
< (O, p) + 7=+ 277 —d(On,p) + 77—+ 277——d(0,,p)
bncn n n n n

— " d* (T30, 110
(1—%)2 ( 2Yny 41 n)
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bycy,

(1 —an)?

< d*0,,p) + A, + B, — d*(T20,,, T10,,),

this gives

b’I’L n
B ) < & (On,p) + An+ Bo = 72 (T30, T00), (36)
b, o by
m- 42
1—a, o 1—a,

where A,, = d(0n, D),

3 Cnln
B, = 42 d(0,,p).
l—an+ 1—an( p)

Since by hypothesis >~ | a,, < co and Y7, 5, < o0, it follows that Y~ | A, <
oo and Y 7| B, < 0.
Again using (1.9), (2.3) and (3.6), we have

d2(0n+17p) - d2 ((1 - an)TQn‘gn ©® aanUmp)
< (1 — an)d*(T30,,p) + and*(T70,, p) — an(1 — a,)d*(T7n,, TR0,,)
< ap[d(n, p) + ] + (1 = an)[d(0n, p) + Bn)? — an(L — ayn)d*(T71,, T36,,)

< ap|d? (1, ) + 0 4 200 d (1, p)] + (1 = ) [d* (0, D) + B + 2Bnd(6r, p)] — an(1 —
an)d2<T1n77m T2n‘9n)

< an[d? (1, p) + L] + (1 = an)[d*(0n, p) + My] — an(1 = an)d*(T7'n,, T56,,)
S and2(77n7p) + (1 - an)d2<9nap) + anLn + (1 - an)Mn - an(l - an)dQ(TlnTlna TQan)

bTL n
< an[d* (0, p) + Ay + By — ﬁdwen, T70,)] + (1= a,)d> (0, p) + an Ly +

(1 — an,) M, — a,(1 — a,)d*(T!n,, TH0,)

anbncy,

< a,d*(0,, p)+anA,+a, By S (T30, T10,) + (1 —an)d?* (O, p) +an Ly +

- (1= an)
(1 —an,) M, — a,(1 — a,)d*(T!'n,, T6,)
< d2(8 P nbnCn_ o mg Tmg 1 &2(T™n,, T70
< d*(0,,p) + n+Qn_m (1305, T70,). — an(1 — an)d* (170, T5'0,),
this gives
nbn n
d2<9n+1ap) S d2<9nap)+Pn+Qn_ﬁd2(T2nem T{L@n).—@n(l—an)dz(T{an T2nen)7

(3.7)
where Ln = Oé% + 2and<7]nap>7 Mn = 57% + 2/8nd(6mp>7 Pn = anAn + aana Qn =
an Ly + (1 — a,)M,.

Since by hypothesis > a,, < 00, > 3, < 00, it follows that > P, < 00, Q, <
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Now from (3.7) we have,

AnbnCyy . .
md2(TQ Qna Tl Qn) S [d2(0n7p) - d2(0n+1ap)] + Qn + Pn
. . (1—ay,)? (1—ay,)? (1—ay,)?
d* (T30, T70,) < W[dQ(emp) — d*(Op11,p)] + T L M P,
1—m)? 1—m)? 1—m)?
d2(T2anT1n@n) S ( E ) [dz(‘gmp)_d2(9n+17p)]+(l—3)Qn+( I3 ) anPn-
(3.8)

Now again from (3.7) we get,
dz((gn-i-l;p) < d2<9nap) +P,+ Q- an(l - O‘n>d2(T1n77mT2nen)
1

1
2 Tn Tn < 2 d2 P
d ( 1T 42 gn) o CYn(l — O{n) [d (en’p)_l_ (0n+17p)]+&n(1 — Oén) " Oén(l — Oén)
1 o ) 1

1 1
< 2 2
— l(l B m) [d (9n+17p) + d (enap)] + l(l - m)Rna

this gives
1 1
2 " Tm < 2 2 ]

where R, = P, + Q.
Since P, =+ 0asn — oo and ),, -+ 0 asn — oo so R, — 0 as n — oo and
d(0,,p) is convergent therefore on taking limit as n — oo in (3.8), (3.9) we get

lim d*(Ty'0,, T76,) = 0. (3.10)
n—o0
and
lim d*(T)"n,, Ty'0,,) = 0. (3.11)
n—oo
Now
d(Ty0,,0,) < d(Ty0,,T0,) + d(1'0,,0,)
< d(130,,11'0,) + d(17'6, T5'6r)
< 2d(136,,170,) — 0 asn — oo
this gives

d(130,,,60,) < 2d(130,,17'0,) — 0 asn — o0 (3.12)
by (3.10) and (3.12), we obtain

lim d(T76,,6,) = 0. (3.13)

n—oo
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Again note that
d(0,11,T50,) = d((1 —a,)T30, ® a,T7'n,, T50,)
< an (170, 15'0,,) — 0 as n — oo,

(3.16)

this gives
d(Ops1,T560,) < an (T, T5'6,). (3.14)
By (3.12) and (3.14), we get
d(0p11,0,) < d(0p1,T15,0,) + d(150,,0,) — 0 as n — oo. (3.15)
Let ¢, = d(T"6,,0,) by (3.12) we have ¢, — 0 as n — oo.
We have
d(0,, To0,) < d(On,0ns1) +d(Oni1, Tobpir) +d(Ty 0,00, T 0,) + d(T3 10, Tob,)
< d(On, Ons1) + d(Oni1, Tabng1) + Gnsr + d(Ongr, 0n) + Brga + (T340, Tob,,)
< Qd(em 6n+1) + ¢n+1 + 5n+1 + d(Tszrlem T29n)
< 2d(0p, 0ps1) + Gni1 + Busr + A(T36,, T50,) — 0 as n — oo,
this gives

d(@n, Tgen) < 2d(6n, 0n+1) +¢n+1 +6n+1 +d(T2n+10n, TQQn) —0asn — (316)

By (3.12), (3.15), d,,+1 — 0 asn — oo and the uniform continuity of 75. Similarly
we can prove that lim,, .. d(0,,T16,) = 0.
0

Theorem 3.3. Let D be a nonempty closed convex subset of a complete C AT(0)
space X, and let T\, Ty : D — D be two asymptotically nonexpansive mappings
in the intermediate sense with S¢(Ty,Ty) # 0. Suppose that 0,, is defined by the
iteration process (1.9) and o, and B, are taken as in Lemma 3.1. Suppose that
{an},{bn} and {c,} are real sequences in [l,m] for some I,m € (0,1). Then the
sequence {0,} is A—convergent to a point of Sy(Th,T5).

Proof. We first show that w,,({6,}) C S;(131,7%) Let v € w,({0,}), then there
exists a subsequence {v,} of {6,} such that A({f,}) = {v}. By Lemma 2.5,
there exists a subsequence {w,} of {v,} such that A —lim,,_,,, w, = w € D. By
Lemma 2.10, w € S¢(T3) and w € Sy(T}) and so w € Sy(74,7). By Lemma 3.1
limy, 00 d(6y, Sy(14,15)) exists, so by Lemma 2.4 we have v = w, i.e., w,({6,}) C
SH(Th, T).

To show that {6,,} is A—converges to a point in S¢(11,T5), it is sufficient to show
that w,, ({6,}) consists of exactly one point.

Let {v,} be a subsequence of {6,} with A({v,}) = {v}, and A({0,}) = {6}
for some v € W, ({6,}) C S¢(11,T3) and {d(6,,, w)} converges. By lemma 2.4,
we have § = w € S¢(T1,T3). Thus w,({0,}) = {6,}. This shows that {6,} is
A—convergent to a point of Sy (711, Ts). O

Theorem 3.4. Let D be a nonempty closed, convex subset of a complete C AT (0)
space X and let Ty, Ty : D — D be two asymptotically nonexpansive mappings in
the intermediate sense such that S¢(Th,Ts) = S¢(T1) N S¢(Tz) # 0. Suppose that
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{0,.} is defined by the iteration process (1.9) , oy, and [, be taken as in Lemma
3.1. Suppose that {a,},{b,} and {c,} are real sequences in [l,m] for some l,m €
(0,1). If liminf, o d(8,,S¢(T1,T>)) = 0 and limsup,,_, . d(6,,S¢(11,1s)) = 0,

Where d(6,S¢(11,13)) = lm  d(6,p). Then the sequence {6,} converges
pESF(T1,12)

strongly to a point in Sy(11,T5).
Proof. From (3.5), we have

nbn n-n
d(enJrlap) S d(9n7 Sf(Tla T2>) (1 - an)ﬁn + AnQy + an: Qp, 1B_C

where p € Sy(T1,T3). Since by hypothesis of the theorem Y > «, < o0 and
Yoo Bn < 00 by Lemma 2.6 and liminf,, . d(6,, S¢(T1,T3)) = 0 or
lim sup,, . d(0,,, S¢(11,13)) = 0, gives that lim,_, d(6,,, S¢(T1,13)) = 0.
Now, we show that {6, } is Cauchy sequence in D.
From (3.4) and by hypothesis 0 < [ < ay,, by, ¢, < m < 1, we have
2

2
m
d(9n+p, Q) < d(9n+p—17 Q) + —mﬁn—l—p—q + (1 - l)ﬁn-ﬁ-p—q +man+p—q

1
2
< d(en,q)+—2”+” toy, +— ST Bt (1) T BeAm S

1—
m n4p— m2 n
< d(0n, q) + (m) ot (1 — +(1- l)) 7 B,

for n,p € N& g € S¢(Th,T3).
Since lim,,_,o d(6,,, S¢(T71,T%)) = 0, therefore for any e > 0, there exists a nat-

0 mi]

o6m

— _+
1—m n+p—q

ural number ng such that d(60,,S;(T1,12)) < 5 ZIZ_I ap <

127
and > 7P (1 = m)e for all n > ny . So we can find
6(m2+ (1 —m)(1—1)) =

p* e Sf(Tl,TQ) such that d(6y, p*) < (g) Hence for all n > ng,p > 1, we have
m n+p— ’ n+p—
d(eneru 9n> S 2d(9noap*) + 2m Z et o + 2 + (1 - l):| k:go ' Bk

k=ng

<2(g)+2 (1 - m) [(1 i )1” Mgm +- ”] <6<m2 +(<11_—72>€<1 - m)

<fyc +2[ 2+(11—_l7)r51—m)] <6(m2 +<(11_—n;3)€(1—1)>>

+E+

)

w

= €.

Wl
wlm

O

Theorem 3.5. Let D be a nonempty closed convex subset of a complete C AT(0)
space X, and let Ty, Ty : D — D be two asymptotically nonexpansive mappings in
the mtermedzate sense with S¢(Th,Ty) # 0. Suppose that {0,} is defined by the
iteration process (1.9) and o, and B, are taken as in Lemma 3.1. Suppose that
{an} . {bn} and {c,} are real sequences in [l,m] for some l,m € (0,1). If T\, T
satisfy the following conditions:

(i) lim,, o0 d(6,,, T10,,) = 0 and lim,,_,o d(0,,,T20,) = 0

(i1) If the sequence {(,} in D satisfies lim,, oo d(0,, T1Cn) = 0 and
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then iminf, . d((,, S¢(Th,13)) = 0 or limsup,,_, . d(Cy, Sp(T1,T3)) = 0.
Then the sequence {6, } converges strongly to a point of S¢(Th,T5).

Proof. 1t following from the hypothesis that lim,, ., d(0,,, 716,,) = 0 and lim,, o d(0,,, T20,,) =
0 from (ii), liminf, oo d(Cn, S¢(11,13)) = 0 or

limsup,, o d(Cp, S¢(Th,T5)) = 0. Therefore, the sequence {6,} must converge

strongly to a point in S¢(71,7T,) by Theorem 3.3. O

Theorem 3.6. Let D be a nonempty closed convex subset of a complete CAT(0)
space X, and let Ty, Ty : D — D be two asymptotically nonexpansive mappings
in the intermediate sense with S¢(T1,T2) # O Suppose that {0,,} is defined by the
iteration process (1.9) and o, and (3, are taken as in Lemma 3.1. Suppose that
{a,},{b.} and {c,} are real sequences in [l,m| for some l,m € (0,1). If either
Ty or Ty is semi-compact, then the sequence {0, } converges strongly to a point of
Si(Ty,T3).

Proof. Suppose that T; is semi-compact. By Lemma 3.2, we have
limy, o0 d(0r, T20,) = 0. So there exists a subsequence {0,,,} of {6,} such that
{0,,} — p € D. Now again Lemma 3.2 guarantees that lim,, o d(6,,,,76,,) =0
and so d(p,Tp) = 0. Similarly, we can show that d(p,Tp) = 0. Thus p €
S(1h,Ty). By (3.5), we have

by, 1Cn
d(9n+1,p) S d(9n7 Sf(Tla TZ)) + (1 - an)ﬂn + Ap Oy + anl . n 1ﬁ_ a
Since by hypothesis Y >° | o, < ccoand > 7, f,, < oo, by Lemma, 2.6, lim:ﬁoo d(6,,p)
exists and 0,,;, — p € Sy(T1,T3) gives that 0, — p € Sy(11,Ts). This shows that
{0,,} converges strongly to a point of Sy(17,73). O

REFERENCES

1. Agarwal, R. P., Regan, D. ; & Sahu, D.R.(2007). Iterative construction of fixed points
of nearly asymptotically nonexpansive mappings. Journal of Nonlinear and convex Analy-
sis,8(1), 61-79.

2. Bruck, R., Kuczumow T. & Reich, S.(1993) . Convergence of iterates of asymptotically
nonexpansive mappings in Banach spaces with the uniform Opial property. In Colloquium
Mathematicae, 65(2), 169-179.

3. Bruhat, F. & Tits, J.(1972). Groupes réductifs sur un corps local: I. Données radicielles
valuées. Publications Mathématiques de 1’IHES,417 5-251.

4. Dhompongsa, S. & Panyanak, B.(2008) . On A-convergence theorems in CAT (0) spaces.
Computers & Mathematics with Applications, 56(10), 2572-2579. https://doi.org/10.
1016/j .camwa.2008.05.036

5. Dhompongsa, S., Kirk, W. A., & Panyanak, B.(2007). Nonexpansive set-valued mappings
in metric and Banach spaces. Journal of nonlinear and convex analysis,8(1).

6. Goebel, K., & Kirk, W. A. (1972). A fixed point theorem for asymptotically nonexpansive
mappings. Proceedings of the American Mathematical Society, 35(1), 171-174.

7. Nawab, H. & Khamsi, M. A. (2009). On asymptotic pointwise contractions in metric spaces.
Nonlinear Analysis: Theory, Methods & Applications, 71(10), 4423-4429. https://doi.
org/10.1016/j.na.2009.02.126

8. Ishikawa, S. (1974). Fixed points by a new iteration method. Proceedings of the American
Mathematical Society, 44(1), 147-150.

9. Kirk, W. A.(September 2002-February 2003). Geometry Geodesic and Fixed Point Theory.
In Seminar of Mathematical Analysis: Proceedings, Universities of Malaga and Seville
(Spain), no. 64, 195-225.


https://doi.org/10.1016/j.camwa.2008.05.036
https://doi.org/10.1016/j.camwa.2008.05.036
https://doi.org/10.1016/j.na.2009.02.126
https://doi.org/10.1016/j.na.2009.02.126

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

APPROXIMATION OF COMMON FIXED POINT 97

Kirk, W. A., & Panyanak, B.(2008). A concept of convergence in geodesic spaces. Nonlinear
analysis: theory, methods & applications, 68(12), 3689-3696. https://doi:10.1016/j.na.
2007.04.011

Khan, A. R. & Khamsi, M. A. (2011). Strong convergence of a general iteration scheme
in CAT (0) spaces. Nonlinear Analysis: Theory, Methods & Applications, 74(3), 783-791.
https://https://doi.org/10.1016/j.na.2010.09.029

Khan, S. H.(2007). Convergence of iterates with errors of asymptotically quasi-nonexpansive
mappings and applications. Journal of mathematical analysis and applications 328(2), 821-
829.

Khamsi, M. A. & Kirk, W. A.( 2011). An introduction to metric spaces and fixed point
theory, John Wiley & Sons.

Mann, W. R.(1953). Mean value methods in iteration. Proceedings of the American Math-
ematical Society, 4(3), 506-510.

Mujahid, A., Thakur, B.S. & Thakur, D.(2013). Fixed points of asymptotically nonex-
pansive mappings in the intermediate sense in CAT (0) spaces. Communications of the
Korean Mathematical Society, 28(1), 107-121. http://dx.doi.org/10.4134/CKMS.2013.
28.1.107

Bridson, M. R. & Haefliger, A. (1999). Metric Spaces of Non-Positive Curvature.
Grundlehren der Mathematischen Wissenschaften, Springer, Berlin, Germany, 319.
Nanjaras, B. & Panyanak, B. (2010) . Demiclosed principle for asymptotically nonexpansive
mappings in CAT (0) spaces. Fixed Point Theory and Application, 2010, 1-14. https:
//doi:10.1155/2010/268780

Niwongsa, Y. & Panyanak, B. (2010). Noor iterations for asymptotically nonexpansive
mappings in CAT (0) spaces. Int. J. Math. Anal., 4(13), 645-656.

Qihou, L. (2001). Tterative sequences for asymptotically quasi-nonexpansive mappings with
error member, J. Math. Anal. Appl., 259, 18-24.

Qihou, L. (2001). Iterative sequences for asymptotically quasi-nonexpansive mappings.
Journal of Mathematical Analysis and Applications, 259(1), 1-7. doi:10.1006jmaa.2000.
6980

Sahin, A. & Bagarir, M. (2013). On the strong convergence of a modified S-iteration process
for asymptotically quasi-nonexpansive mappings in a CAT(0) space. Fixed Point Theory
and Applications, 1-10. https://doi:10.1186/1687-1812-2013-12

Saluja, G. S. (2007). Strong convergence theorem for two asymptotically quasi-nonexpansive
mappings with errors in Banach space. Tamkang Journal of Mathematics, 38(1), 85-92.
https://doi.org/10.5556/j.tkjm.38.2007.96

Schu, J. (1991). Weak and strong convergence to fixed points of asymptotically nonex-
pansive mappings. Bulletin of the Australian Mathematical Society, 43(1),153-159. https:
//doi.org/10.1017/350004972700028884

Shahzad, N. & Udomene, A. (2005). Approximating common fixed points of two asymptoti-
cally quasi-nonexpansive mappings in Banach spaces. Fixed point Theory and applications,
2006, 1-10. DOI10.1155/FPTA/2006/18909

Tan, K. & Xu, H. K.(1993). Approximating fixed points of non-expansive mappings by
the Ishikawa iteration process. Journal of Mathematical Analysis and Applications, 178
301-301.

Tan, K. & Xu H.K. (1994). Fixed point iteration processes for asymptotically nonexpansive
mappings. Proceedings of the American Mathematical Society, 122(3), 733-739.

Zhou, H. Agarwal, R. P., Cho, Y.J., & Kim, Y. S. (2002) . Nonexpansive mappings and
iterative methods in uniformly convex Banach spaces. Georgian Mathematical Journal,9(3),
591-600.


https://doi:10.1016/j.na.2007.04.011
https://doi:10.1016/j.na.2007.04.011
https://doi.org/10.1016/j.na.2010.09.029
http://dx.doi.org/10.4134/CKMS.2013.28.1.107
http://dx.doi.org/10.4134/CKMS.2013.28.1.107
https://doi:10.1155/2010/268780
https://doi:10.1155/2010/268780
doi:10.1006 jmaa.2000.6980
doi:10.1006 jmaa.2000.6980
https://doi:10.1186/1687-1812-2013-12
https://doi.org/10.5556/j.tkjm.38.2007.96
https://doi.org/10.1017/S0004972700028884
https://doi.org/10.1017/S0004972700028884
 DOI10.1155/FPTA/2006/18909

98 A. VERMA, B.P. TRIPATHI

LZDEPARTMENT OF MATHEMATICS, GOVT. N. PG. COLLEGE OF SCIENCE, RAIPUR(CHHATTISGARH)-
492010, INDIA

Email address: *vermaanurag45@gmail.com

Email address: *bhanu.tripathi@gmail .com

1



	1. Introduction and preliminaries
	2. Preliminaries
	3. Main results
	References

