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SOME GENERAL SUMMATION RESULTS WITH
APPLICATIONS TO ARCTANGENT-TYPE SERIES

CHRISTOPHE CHESNEAU

ABSTRACT. This article extends the scopes of the telescopic summation and
Abel summation by parts methods by introducing tuning parameters and se-
quences of functions. In a substantial part, these general results are applied to
arctangent-type series. With this approach, we re-examine known results from
a fresh viewpoint and establish numerous new ones. An emphasis is placed on
the elaboration of innovative unified formulas that are applicable to various
scenarios. The exact values of new arctangent-type series, including some de-
fined with the binomial coefficients or Fibonacci sequence, are obtained. We
thus contribute to the advancement of telescopic techniques and enriches our
understanding of arctangent-type series.

1. INTRODUCTION

In the field of mathematical analysis, the study of series has an important
place due to its wide applications in diverse fields, including physics, engineering,
computer science, and statistics. Among the classical methods frequently used
in the manipulation and evaluation of series, there are the telescopic summation
and Abel summation by parts methods. Through thorough rearrangement and
grouping, the telescopic summation method exploits the cancellation of terms in
a series to simplify its computation. On the other hand, the Abel summation by
parts method consists of using the telescopic summation method to transform the
series of products of terms into other series of more manageable products of terms,
still with the aim of simplifying the computation. For a diverse presentation of
these methods, we refer to [1], [7], [15], [17], and [8]. However, there is research
to be carried out in this direction, aimed at exploring the manipulation and
evaluation of sophisticated series.

In this article, we first establish extensions of the telescopic summation and
Abel summation by parts methods. They distinguish from the former versions
by including two tuning parameters, denoted as ¢ and m, and also consider se-
quences of functions depending on a variable, denoted by x. The finite and infinite
versions of these results are given. Subsequently, we use them to examine vari-
ous arctangent-type series, i.e., series involving the arctangent function, denoted
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as arctan(x), in the main term. We rediscover known results, including some
presented in [5], and establish numerous new ones. We thus improve our math-
ematical understanding of this special kind of series. Among our new results,
those described below stand out as significant enough to support this claim at
this preliminary stage.

e For any s > 0 and x > 0, we will prove that

+o0
s(s+ 1)z
7 t — t R
kz:; et { S22 + k2 (s+1)2 + k(s —1) — S} arctan(z)
and
+oo
7 Z arctan 2s+ Dvs

=1 [sazz-l—\/ (s+1)+s|[k(s+1)— H\/ks+1 —l—s—l-\/k:s—i-l—l}
= arctan(x)”.

Thanks to our knowledge of the arctangent function, these formulas are
easily manageable. In particular, some known examples appear with spe-
cific values of s and x, and numerous new ones can be derived. Thus,
these general results can be viewed as unified formulas.

e For any / € N\ {0} and = > 0, we may also mention the following
arctangent-type series involving binomial coefficients denoted as (1;)

K . arctan —(Ekl)x
Z t [(k) (k+1) g

k=t 14

= arctan(x)”.

The innovation is the presence of these particular coefficients and also the
use of the initial value at ¢.

e Furthermore, with reference to the Fibonacci sequence denoted as (F}, ) nen,
the following innovative formula will be demonstrated:

F
” E k arctan ( k2 ) E”.
F3 ko 12 4

One of its features is the k in factor of the main arctangent term. To the
best of our knowledge, this kind of modification has not been examined
in the literature. In this sense, we also contribute to the arctangent-
type series dealing with the Fibonacci sequence, following the spirit of the
works in [14], [2], [10], and [11].

In addition to that, the arctangent function satisfies some interesting analytical
properties that do not seem to be much exploited in the context of series. Among
them, we can mention the following arctangent formula involving the square root:
"arctan(z) = (1/2)arctan {z/[1+v1+2?]}”7. In a sense, we fill this gap;
certain techniques based on these properties are developed and illustrated by
attractive examples.

The remainder of this article is organized as follows: In Section 2, our general
versions of the telescopic summation and Abel summation by parts methods are
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presented, along with their detailed proofs. Section 3 provides substantial appli-
cation work for these results; a plethora of arctangent-type series are established
and discussed. A conclusion is given in Section 4.

2. GENERAL RESULTS

We begin this section by providing an extended version of the Abel summation
by parts method, from which we will derive a new telescopic summation method.

2.1. Extended Abel summation by parts method. The proposition below
presents an extended version of the Abel summation by parts method. The main
novelties of this extension will be discussed later, after the end of the proof.

Proposition 2.1. Let m € N\ {0}, (e N, =, ={k e N; k > {}, and [f(2)]rez,
and [gx(x)]kez, be two sequences of functions, with x in their domains of defini-
tion. In this setting, we distinguish between two formulas that extend the scope
of the Abel summation by parts method: a finite series formula and an infinite
series formula.

(1) Finite series formula: for any n € Z;, we have

3

gk(ﬂf)[fk+m($) — Ji(x)]
m+4£—1

Z fn+v+1 gn+v+1 Z fv v Z fk—i—m gk:-‘rm( ) - gk(x)]
v=0

(2) Infinite series formula: under the assumptions that lim, . fn(2)gn(2)
is finite and the involved series converge, we have

ng [frrm(z) — fi(2)]

m—+l—1 400
_mn1—1>141-1c>ofn n Z fv gv ka—i-m('r)[gk-‘rm(x) _gk(x)]
k={

Proof.

(1) The proof is based on arranging decompositions, suitable groupings of
the terms, the standard telescopic summation method, and changes of
indexes. The details are given below. As the first step, for any n € =,
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we can write

n

[frrm (@) grem () — fr(@)gr(@)] = D [frrm(@)grrm(z) — 0 — fi(z)

k=t k=t

n

k=t

,_.

m—

Z o1 (2)grsv1 (2) = frao (€) G ()]

0

i
~
<

3
L
s

[frtot1(®) Greror1(2) = frro (@) groto (@)

S
Il
o

k=

N

3
L

[fn—i-v—i-l <x>gn+v+1 (l‘) - ff-‘rv (I)gé—i-v (LU)]

v=0

m—1

E fn+v+1 9n+v+1 E f€+v g£+v
v=0

m—1 m-+£—1

fn+v+1 gn—l—v—i-l Z fv gv

Il
o

v

On the other hand, we have

n

Z [frrm (@) Grrm () — fr(@)gr(2)]

k={

= Z {fram (@) [grsm (2) — g (@)] + g () [frrm (@) —

= Z St () [Grgm (T )]+ Z k() [ frgm (z

fe(@)]}

— fi(2)].

Therefore, by combining Equations (2.1) and (2.2), we get

-1 m+4£—1

fn-‘rv-i-l gn+v+1 Z fv gv

n

3

S
|
<)

= Sotm (@) [Grm (2 )] + Z 91(2) [ froam (2

k=t

— fr(@)].

gk ()]

{karm gk+m Z fk‘+u gk+u fk‘+u( )ngru(x)] - fk(x>gk(x)}

(2.2)
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This can be rewritten as

9% () [frrm(2) — fir(@)]

-1 m+4£—1

= D fotor1 (@) gnsoa (2 Z fo(2)g0(x ka—f—m ) Grsm () — gr(z)].
(2.3)

3

o

=/

3

@
i
o

The desired finite series formula is obtained.

(2) Since hmn—)-ﬁ-oo fn-i—v-&-l(x)gn-i-v-i-l (Z’) = hmn—)—i—oo fn ($)gn($), which is ﬁnitea
it follows from Equation (2.3) that

> 9u(@) [fism(®) = fi(2)] = lim {ng )[frrm (@) = fk(x)]}

k=¢
m—+l—1

= Z |: hm fn+v+1( )gn+v+1 :| Z f” g”

V=

_ nEToo {Z Frtom (2)[gham(z) — gk(ﬂf)]}

m—+L—1

=m lim fn n Z fv gv ka-i—m gk-‘rm( )_gk(‘r)]

n—+o00

The stated infinite series formula is thus established.
This ends the proof. O

Let us now discuss the novelty of this proposition. In comparison to the classical
Abel summation by parts method, the obtained results are more general in several
aspects. First, the presence of the integer m offers a new level of flexibility: it
is classically taken at m = 0 or m = 1 in the standard version. This is an
important fact, as shown later in an arctangent-type series setting. The same
remark holds for the presence of ¢; we can modulate it depending on the context,
whereas it is generally fixed as £ = 0 or £ = 1 in the standard version. In
addition, the consideration of sequences of functions justifying the presence of
x is of conceptual importance for further uses, in particular with the aim of
modulating z or differentiation or integration with respect to this variable.

On the other hand, the choices of the sequences of functions [fi(z)|rez, and
[g(2)]kez, are determinant. However, at least one of these sequences must be
"not too sophisticated” to make our extended Abel summation by parts method
useful. In this article, we mainly focus on various [fx(2)]kez,, but with [gx(z)]|kez,
such that gx(z) = 1 or gx(z) = k for any k € Z,.

2.2. Extended telescopic summation method. A consequence of Proposi-
tion 2.1 is the result below, which can be viewed as an extension of the classical
telescopic summation method.
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Proposition 2.2. Let m € N\ {0}, (€ N, =, ={k € N; k > (}, and [f(2)]rez,
be a sequence of functions, with x in their domain of definition. In this setting, we
distinguish between two formulas that extend the scope of the telescopic summation
method: a finite series formula and an infinite series formula.

(1) Finite series formula: for any n € Z;, we have

n m—4£—1

S Ueen(@) — S = 3 furon(@) = 3 file).

k={

(2) Infinite series formula: under the assumptions that lim,,_, o f.(x) is finite
and the involved series converge, we have

S frval®) ~ )] =m lim_fule) = > fi(e).

Proof. The proof of these two results is in fact a direct application of the two
items in Proposition 2.1, respectively. It is enough to apply them with gx(z) =1
for any k£ € Z;. Let us mention that the last summation term vanished simply
because ggim(z) — gr(x) =1 —1=0 for any k € Z,. O

These general results can be applied in diverse settings, aiming to ease the anal-
ysis and computation of sophisticated series. In the section below, we illustrate
their interest in the context of the arctangent-type series.

3. APPLICATIONS

3.1. On the arctangent function. We now briefly review the arctangent func-
tion and some of its main properties. As the prime information, the arctan-
gent function, denoted as arctan(x), is the inverse of the tangent function, i.e.,
arctan[tan(x)] = tan[arctan(z)] = = (when z is not an odd multiple of 7/2). In
some senses, it maps real numbers to angles in the range (—n/2,7/2), i.e., the
domain of arctan(z) is R and its range is (—7 /2, 7/2). It is a continuous odd func-
tion, i.e., arctan(—xz) = — arctan(z) for any x € R, implying that arctan(0) = 0.
It has the following notable limits:

: T , T
lim arctan(z) = ——, lim arctan(z) = —.
r——00 2 Tr——+00 2

Some special values involving 7 are listed below. We have

1
arctan [\/3} = g, arctan(1) = g, arctan [ﬁ} = %,

1 ] s . [ 1 ] s
= —, arctan = —
+v2] 8 2++v3] 12

arctan [

and

arctan{\/ﬁ 24+ V2 — [1+\/§”:17T—6.
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The derivative of arctan(z) is 1/(1+2?) and its primitive is z arctan(z)—(1/2) log(1+
2?) + C, where C' denotes a generic constant. Its Taylor series expansion is

+oo p2k+1
arctan(z) = Z(—l)k% L
k=0

which is valid for = € [—1,1]. As a direct consequence, the following equivalence
holds: arctan(xz) ~ = when  — 0. The arctangent function also satisfies several
remarkable formulas. For instance, we have

if x >0,

b | 3

1
arctan(z) + arctan (—) =

x 7T'f<0
211’ .

Furthermore, for any x € R, the arctangent function is related to itself as follows:

arctan(z) = 2 arctan [

x
L+M1+x4'
Another important formula is the so-called ”arctangent addition formula” speci-

fied as

b
arctan(a) 4+ arctan(b) = arctan (1a il b) + cm, (3.1)
—a

where
0 if ab < 1,
c=4q1 ifab>1with a (and b) >0,
—1 if ab > 1 with a (and b) < 0.

There are also some connections with other known inverse trigonometric func-
tions, such as

arctan(x) = arcsin | ———— 3.2
() [ - } (3.2)
and, for x > 0,
tan(z) { ! } (3.3)
arctan(z) = arccos | —| , .
V1422

where arcsin(z) and arccos(x) denote the inverse of the sine and cosine functions,
i.e., the arcsine and arccosine functions, respectively.

These properties make the arctangent function a valuable tool for diverse cal-
culus purposes. In the rest of this article, following the spirit of the works in [5]
and [6], we aim to apply the general results in Propositions 2.1 and 2.2 to exhibit
a wide panel of notable arctangent-type series.

3.2. First arctangent-type series results.
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3.2.1. A general result. The result below is about a series involving the arctangent
function, adjustable sequence of numbers and tunable parameters. It can be
viewed as a generalization of [5, Theorem 2.1 and equation (2.12)] or [6, Theorem
1].

Proposition 3.1. Let m e N\{0}, ¢ e N, Z, ={k € N; k> (}, v € R\ {0} and
(ug)res, such that infres, gy mupr? > —1. Under the asumption that lim,, s o u,
exists (it can be infinite) and the involved series converge, we have

m—+£—1

Uk+m - Uk)

E arctan P :marctan( lim w,x E arctan uv
1+ Uk1+mULT n—-+00

Proof. The proof is based on a standard arctangent decomposition and Propo-
sition 2.2. Thanks to Equation (3.1), for any a and b such that ab > —1, we
have

a—>b
arctan = arctan(a) — arctan(b). 3.4
& (0) — axctan(s) (3.4)
Therefore, under the assumption . ,upz? > infres, Uprmupr® > —1 for any
k € =y, we have

(uker - uk)m

arctan 5
L + Upgmune

] = arctan(ug,z) — arctan(ugx).

By applying this equation and the item numbered 2 in Proposition 2.2 with
fr(x) = arctan(ugx), we can write

+oo
Z arctan [ Uik — Uk)® ] = Z [arctan (ugm) — arctan(uxz)]

14+ uppmupx?

k=0
40 m+4-0—1
= 2 Vi (@) = o)) =m i fule Z fola
me—1
= mngrfoo arctan(u,z) — Z arctan(u,z)
e
=m arctan(nligloo UpT) Z arctan(u,r
The desired formula is obtained. O

This proposition will be at the center of the coming results, with varying values
on ¢ and m, and diverse assumptions on (u)kez, -

Remark 3.2. By considering the relations between the arctangent function and
the arcsine and arccosine functions as described in Equations (3.2) and (3.3),
respectively, we can use Proposition 3.1 to derive general results on arcsine-type
and arccosine-type series.
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3.2.2. Specific results with a tunable sequence. The result below determines gen-
eral arctangent-type series that are constantly equal to /2.

Proposition 3.3. For any v € R\ {0} and (ug)ren such that infpey upyupz® >
—1, up = 0 and lim,,_, | ,c u,, = 400, we have

(Ups1 — uk):v T
E arctan 5| =5
1+ Up+1UERT 2

Proof. By applying Proposition 3.1 with ¢ = 0 and m = 1, using vy = 0 and
lim,, 4 o0 U, = +00, since lim;_, o, arctan(t) = 7/2 and arctan(0) = 0, we obtain

0
ZarCtan [ Ui i1 = k) } =1 x arctan( lim u,x) — Z arctan(u,x)

1+ upqupx? n—r+00
T ™
= = — arctan(0) = —.
5 ~arc an(0) 5
The stated formula is proved. O

This result is significant as it demonstrates a highly adjustable series equat-
ing to the constant m/2 consistently. Indeed, we can find an infinite number of
sequences (uy)gen satisfying the required assumptions, and we can choose an infi-
nite number of values for . Some examples of such sequences involving multiple
parameters are u, = bk with a > 0, and b > 0; u, = d[log(1 + ak®)]’, with
a>0,b>0¢>0,and d > 0; u, = d(e® —1)°, with a > 0, b > 0, ¢ > 0,
and d > 0, and various combinations of them (sum, product, convex linear, etc.),
among others.

For instance, by considering u;, = k, for any = € R\ {0}, we have uy = 0,
lim,, o0 tp, = +00 and infrey up1upr? = 0 > —1, and it follows from Proposi-
tion 3.3 that

+oo
Upp1 — UR)T| T
Z arctan L " k } Z arctan L n uk+1ukx2} =5 (3.5)

As another specific example, by considering the polynomial uy = k(k — 1), for
any z € R\ {0}, we have ug = 0, lim,,_, ;o0 U, = +00 and infpey upy1upr? = 0 >
—1, and Proposition 3.3 gives

f . 2kx f . (Ups1 — ug)T T
arctan = arctan | —mMmM—— | = —.
— 1+ k2(k%?—1)22 — 1+ uppqupx? 2

As a last example beyond polynomial-type sequences, we can consider wu, =
log(1 + k). For any x € R\ {0}, we have uy = 0, lim, , o u, = 400 and
infen upupr? = 0> —1, and it follows from Proposition 3.3 that

1 +1log(2 + k) log(1 + k 1+ ukﬂuka:Q

+o0
log[1+ 1/(1 + k)] S
kz:; arctan [ Z arctan =5
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The result below identifies arctangent-type series that are equal to — arctan(x)
(or, upon multiplication with —1, arctan(x)), giving more flexibility than the
previous proposition thanks to the presence of z in the final computation.

Proposition 3.4. For any v € R\ {0} and (ux)ren such that infpey upupz?® >
—1, uop =1 and lim,,_, , ,c u,, = 0, we have

- (Upy1 — ug)x
Zarctan {M] = —arctan(x),

1+ uppupx?
P + Up1Uk

or, equivalently,

Z arctan [ U = i1 1 = arctan(z).

14 uppqupa?

Proof. By applying Proposition 3.1 with £ = 0 and m = 1, using uy = 1,
lim,, o u, = 0, and arctan(0) = 0, we obtain

0
Ukl — U :
Zarctan [ jtk“uz)x?} =1x arctan(nEIEOO Upx) — Z arctan(u,x)

= arctan(O x x) — arctan(ug X x) = — arctan(x).

The equivalent formula is obtained by multiplying both parts by —1 and using
the odd property of the arctangent function. The desired formulas are obtained.
O

Again, we can find an infinite number of sequences (uy)ren satisfying the re-
quired assumptions, and we can choose an infinite number of values for x. Some
examples of such sequences involving multiple parameters are uy = 1/(1 + bk?),
with @ > 0, and b > 0; u, = [log(e + ak®)]™®, with a > 0, b > 0, and ¢ > 0;
Uy = e_”kb, with @ > 0, and b > 0, and various combinaisons of them, among
others.

For instance, by considering uy = e, for any x € R\ {0}, we have uy = 1,
lim,, o0 tp, = 0 and infpey upupz? > 0 > —1, and it follows from Proposition
3.4 that

o (1—e)erx o (Ups1 — up)x
Zarctan lm} = Z arctan {Jr—z] = —arctan(x),
— e +x — 1+ upugx

or, equivalently,

€2k+1 + T2

Zarctan { — Det I] — arctan(z).

Two more specific examples of this proposition are presented below.

e An important example arises when considering the famous Fibonacci se-
quence. We recall that this sequence is indicated as Fy = 0, F} = 1, and,
for any p € N\ {0,1}, F, = F,_1 + F,_» (implying that F5 = 1, among
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others). We also have lim, , ., F, = +00. As a result, the sequence
(ug)ren defined by
1
U =
Fopya
satisfies the required assumptions. Indeed, for any x € R\ {0}, we
have infrenyuppiupz? > 0 > —1, g = 1/F, = 1, and lim,_, o u, =

lim,, 1 (1/Fs,+1) = 0. Therefore, we can apply Proposition 3.4 in this
setting, and find that

“+oo +o00
Fopyo — F 1/Fopon —1/F

Zarctan [( 2k+2 2’”4);1 — Zarctan[ (1/Forya — 1/ Fopy0)x .

k=0 FoppaFopa +2% | £ 1+ (1/Forra) (1) Faprz)

= Z arctan { U4t = k) } = —arctan(z).

1+ upyqupx?

This formula can also be derived from the work in [2]. By applying it
with x = 1, we refind the so-called Lehmer identity (see [13]). Indeed, by
noticing that Fopi 3 = Foryqa — Foryo and using the Cassini identity, i.e.,
for any p € N\ {0,1}, F = F,11F, 1 + (=1)?"", with p = 2k + 3, which
gives F22k+3 = Fopyalopya + 1, we get

o Fopig — F
) Z arctan ( 2k+3) = Z arctan < 2k 2k 12 )
Fopqs F3 s — Fopyabopyo +1

- F
- Zarctan ( e D2k ) = —[—arctan(1)] =

ForyaFopyo +1

(3.6)

NE

° Let us now show how binomial coefficients can be involved in elegant
arctangent-type series. We recall that, for any £ € N and ¢ € N such
that £ > ¢, the "¢ among k” binomial coefficient is defined by (’;) =
E/[0/(k — €)!]. With this notation in mind, for any ¢ € N\ {0}, let us
consider and study the following special series:

(¢£))
Z arctan [ >(k+1> e

By using the triangle of Pascal to the numerator term, i.e., (451) =

(ngl) — (k) and performing the change of indexes "k =k + 7, we get

Zarctan [)(i% Zarctan [[(m) — ()=

e ()7 +
= ) arctan /() =1/ )] =
2> thuw%mwm$

S retan { ) V)
B> tLﬂM%ﬂWWWJ
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In the light of this expression, with regard to Proposition 3.4, let us con-
sider the sequence (uy)ren defined by

1
RN
()
It satisfies the required assumptions. Indeed, for any = € R\ {0}, we
have infpeny uppiupz? > 0 > —1, ug = 1/@ = 1 and lim, , o u, =

U =

lim,, 1 o[1/ ("H)] = 0. A direct application of the proposition gives

5 arctan M - . arctan [1/(k+§+1) — 1/(1«(;@)] x
Z t [(z) (k—H) 12 % t { " [1/(k+ﬁ+1)} [1/(174)] 2 }

S {io arctan {Ml } — — [~ arctan(z)] = arctan(z).

14 upupa?

In particular, by choosing x = 1, we get

()
Z arctan [W

4

= arctan(l) = % (3.7)

The result below exhibits arctangent-type series that are equal to arctan(z), char-
acterized by a distinct configuration on the sequence (ug)reny compared to Propo-
sition 3.4.

Proposition 3.5. For any x € R\0 and (uy)ren such that infpey upupa® > —1,
up = 0 and lim,, o u, = 1, we have

- (Ups1 — ug)x
Z arctan {u} = arctan(x).

1 4w upx?
P + Uk 1Uk

Proof. By applying Proposition 3.1 with ¢ = 0 and m = 1, using ug = 0,
lim,, 00 u, = 1, and arctan(0) = 0, we obtain

0
Z arctan [fjﬁkﬂzll‘;;} =1x arctan(nggloo UnT) — Z arctan(u,)

= arctan( ) — arctan(0) = arctan(z).

The desired series expansion is proved. Il

Again, we can determine an infinite number of sequences (ug)ren satisfying
the required assumptions. As a fresh viewpoint, let us make a bridge between
these assumptions and some well-known functions in probability theory. We can
consider

where G(z) denotes the cumulative distribution function of any lifetime distri-
bution, i.e., with support [0, +00) (and the imposed initial value G(0) = 0).
Examples of such functions are G(z) = (1 — e %*")¢, with a > 0, b > 0, and
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¢ > 0, which corresponds to the cumulative distribution function of the exponen-
tiated Weibull distribution (see [16]); G(z) = (z/a)*/ [1 + (z/a)®], with a > 0,
b > 0, and ¢ > 0, which is the cumulative distribution function of the Dagum
distribution (see [0]); G(z) = 1 — e~*“""~1_with @ > 0, and b > 0, which repre-
sents the cumulative distribution function of the Gompertz distribution (see [12]);
G(x) =1—a"/(a+ e — 1)’ with a > 0, b > 0, and ¢ > 0, which corresponds
to the cumulative distribution function of the gamma-Gompertz distribution (see
[4]), and various combinaisons of them, among others.

As a specific example, by considering ux, = k/(k + 1), i.e., uy = G(k), where
G(z) is the cumulative distribution function of the Dagum distribution with a =
1, b=1and ¢ =1, for any x € R\ {0}, we have vy = 0, lim,, ,, o, u, = 1 and
infpen g upz? = 0> —1, and it follows from Proposition 3.5 that

+oo

+oo
x - (uet1 —uwe)z | _
kz:% arctan {(k Ay 2]} = kz:% arctan L n Uk+1ukx2:| = arctan(x).

Another example can be presented by selecting uy = 1 — e %, ie., up = G(k),
where G(x) is the cumulative distribution function of the exponentiated Weibull
distribution with @ = 1, b = 1, and ¢ = 1, corresponding to the cumulative
distribution function of the standard exponential distribution. For any = € R\
{0}, we have ug = 0, lim, s,o0u, = 1 and infreyupupgz® = 0 > —1, and
Proposition 3.5 gives

+00 k

(e —1)e"x (U1 — ug)w
arctan arctan

; {[1 — (1 + e)eF]a? + e2bt1(22 + 1) Z 1 1+ wpsqupr?

= arctan(z).

We end this part with a remark, discussing how we can take advantage of
the standard properties of the arctangent function to derive original examples of
arctangent-type series based on the previous results.

Remark 3.6. Thanks to the following known formula:

1
5 —arctan(x), = € R, (3.8)

1+ m ]
and Propositions 3.3, 3.4, and 3.5, we can generate new arctangent-type series
involving a square root. For instance, in the setting of these propositions, by
taking x = 1, we get the following relation:

arctan [

Uk+1 — Uk

(Upsy + D(WF + 1) + werrug + 1

—+oco
E arctan
k=0 \/

23 aretn |~/ 4 )
k=0 1+ \/1 + (ugr1 — u)?/ (1 + wpgrug)?

1 <= Up1 — Ug
= — arctan (| ——— | .
2 I+ upprug
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Based on this, some examples are described below, omitting technical details for
brevity.

e By considering u; = k, thanks to Equation (3.5), we have

+oo 1

,; aretan [\/[(k TP R+ D)+ k(k+1) +1

1 _1X7T_7T
2 I+k(k+1)] 272 4

e With the use of the Fibonacci sequence, by considering (in an indirect
manner) ug = 1/Fy,4o and Equation (3.6), we have

+-00 +oo
1 1/F:
Z arctan = Z arctan / 2kt
k=0 Fopys + 4/ F3 . +1 k=0 L+4/1+ 1/F3,.5
1< 1 1 7
= = arctan =X —-==Z
2 & 2%-+3 2 4 8

e With the use of binomial coefficients, by considering (in an indirect man-
ner again) uy = 1/(’“;6) and Equation (3.7), we have

= (")
arctan
2 VE O+ G ¢ +1

L~ ()
= 3 ;arctan [(’;) (k+1) 1

X

1 = =
) 2 4 8

A wide panel of other new examples using this technique can be presented.

3.2.3. Specific results with tunable parameters. The result below proposes an
adaptable arctangent-type series thanks to the presence of several tuning pa-
rameters.

Proposition 3.7. For any x € R\ {0}, £ € N, r > 0 and s > —1 such that

r(s+1) € N\ {0} and
(§+s) (§—1>x2>—1

(which is obvious if £ > r), we have

r(s+1)+40—1

<= %(s x s v
e = R B M (RO L

v=~
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Proof. For any x € R\{0}, ¢ € N, r > 0 and s > —1 such that r(s+1) € N\ {0},
we can write

:i:arctan [TQ + (k J(rsri)l ] Z arctan { ; _k;/rk;;si S)EZZ : 3] }

Z |: Uk+4r(s+1) — )[L’:|
= arctan 5|
I+ Upgr(s41)UpT

where

k
uk:——l.
r

In the setting of Proposition 3.1, we have m = r(s + 1),
l l
inf wpymupa® > (— + s) (— — 1) z? > —1
kE=, T T

. ) n
lim w, = lim ——1=+o0.
n—-+o0o n—4oo 1

and

The required conditions are satisfied; Proposition 3.1 implies that

1
Z arctan LJ k ii:; (l)f— r)xQ] =m arctan(nliriloo una: Z arctan Uv
- r(s+1)4+0-1 y
= §T(S +1)— z_; arctan [(; - 1) x} .
This ends the proof. 0

Under this simplified and general statement, this result is new. It can be used
to generate a wide panel of new arctangent-type series but also recover some
known ones. Some (new) examples focusing on the case s = —1/2 are described
below.

e By selecting ¢/ =0, r = 2, and x = 1, we have

+oo
2
g arctan (m> g Z arctan <— - 1) = g + arctan(1)
G n T 3m
2 4 4

e By taking £/ =0, r = 2, and z = /3, we have

o 2\/3 T 0 v m

kz:; arctan m 5 — 2 arctan [<§ — 1) \/g} = 5 -+ arctan [\/5]
G . T 5%
2 3 6
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e By choosing ¢/ =1, r =4, and x = 2, we find that

farctan (m) 22: arctan [(— — 1> 2]

k=1 v=1

3 3 T
= 7 + arctan 3 + arctan(1l) = 7 + arctan 3 + -

4
57T+ . 3
= — +arctan [ =
4 2/

with arctan(3/2) ~ 0.9827.

Other applications of Proposition 3.7 focusing on the case s = 0 are described
below, with some connected to existing arctangent-type series.

e By selecting / =1, r =1, and x = 1, we have

400 1
1
kgl arctan </€2——k+1) = g - UE:1 arctan(v — 1) = g — arctan(0) = g (3.9)

Let us notice that, with a change of index, we obtain

+oo “+o00o
Z arctan b — Z arctan 1 _r
e k2 +k+1 — k2 —k+1 2

By removing the first term in & = 0 equal to arctan(l) = =/4, this
series is equal to m/4 and corresponds to [5, Equation (2.7)]. With such
calculus techniques, a wide panel of other arctangent-type series can be
determined.

e By taking { =0, r =1, and z = 1, we get

00 0
1 3
;arctan (162——/<?+1> = g — ; arctan(v — 1) = g + arctan(l) = Iﬂ

In fact, it corresponds to the previous series with the addition of the term
in k=0, i.e., arctan(1).
e By choosing £ =1, r = 2, and = = 2/+/3, we find that

Sl ] Bl

k=1
1
=+ arctan | —

V3

e By selecting / =1, r =1, and z = 1/\/5, we have
“+o00

2 1
;arctan [k?——\/kj—i—Q =—— Zarctan [ v — 1)\/5] 5 arctan(0) = g

Some other examples focusing on the case s = 1 are presented below.

S
o

} —arctan(0) = 7w +
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e By taking / =1, r =1, and x = 1, we obtain

+o0 2

2
E arctan (ﬁ) =7 — E arctan(v — 1) = 7 — arctan(0) — arctan(1)
k=1 v=1

T 3T
—r—0— - ==, 3.10
This case was also considered in [3], and in [5, Example 2.3].

e By choosing ¢ =1, r =1/2, and = = 1, we get

+o00 1
;arctan (21{:2> = % ;arctan v—1)= g — arctan(1)
T T
== —=-=-. 3.11
2 4 4 ( )

This was also obtained in [5, Equation (3.9)].

At this step, let us formulate a comment on how the previous results
and other similar results can be combined thanks to the properties of the
arctangent function to create innovative arctangent-type series.

Remark 3.8. We must keep in mind that the properties of the arctan-
gent function can also be applied in the series form. Some examples are
presented below.

— Owing to Equations (3.4), (3.10) and (3.11), we establish that

io arctan { o ] Z arctan { l i/li/;;z)l [/1(/2(];22)] }

+oo
2
- {arctan (E) — arctan (2/{:2)] Z arctan (kQ) Z arctan (2k2>

4 4 2
— Owing to Equations (3.8) and (3.11), we have
—+oo —+oco
1/(2k2
Z arctan [\/ 4kt +1 — 2k2] = Z arctan /(2K)
1 1 1+ [1/(2k2)]?

1 i’i ; 1 1 » T m

=—) arctan [ — | = = X — = —.

2 — 2k2 2 4 8
Similarly, based on Equation (3.10), we get

—+00

Z arctan [ ] = i arctan 2/k2 ]
— W+k2 — 1++/1+ (2/k2)2

1% (2) 1 37 3«
== arctan | — | = = X — = —.
- 27 4 8
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To the best of our knowledge, these examples are new, and so much more
can be produced with similar techniques.

We go on presenting examples on the case s = 1.
e By selecting £ =1, r = 1/2, and z = /3, we have

EOO arctan \/§ =
6k2—1|
k=1

] -

arctan [(21} - 1)\/§] = g — arctan [\/g]

1

[N R
wl A

T
5
e By taking ¢ =1,r=1/2, and z = 1/ [1+\/§], we get

400 1_\/§ - 1
kz:;arctan{[4\/§_6]k2_\/§+1}:§_ —

v

arctan {(21} - 1)- +1 f}

2
1 :|_7T ™ 3w
1+v2] 2 8

e By choosing £ =1, 7=1/2, and z =1/ [2 + \/ﬂ, we obtain

1

T t
= — — arctan = .
8

2

“+oo

Z arctan

k=1

T+4V3
2[2+ V3] k2 +7V3+12

_ g — ) " arctan {(21) - 1)%]

v=1

T ; 1 ™ T 5
— — — arctan == - — = —
2 2+\/§ 2 12 12

e By selecting £ =1, r = 1, and = = 1/4/2, we have

f arctan [kz\fll - 22: arctan {(U - 1)%}

k=1 v=1

1 1
= 7 — arctan(0) — arctan {—} = m — arctan {—}

V2 V2
= g -+ arctan [\/E} ,

with arctan [v/2] ~ 0.9553.
e By taking ¢ =1, r = 1, and x = 1/2, we have

+oo 2
4 1 1
321 arctan (k2 " 3) =r— UEI arctan [(v - 1)5} = 1 — arctan(0) — arctan (5)

1 7r
= 1 — arctan (5) =3 + arctan(2),

with arctan(2) ~ 1.1071.



ARCTANGENT-TYPE SERIES 19

An example focusing on the case s = 2 is proposed below. By selecting ¢ = 1,
r=1/3, and x = v/3/2, we have

—+o00 1
6\/§ V3 T
kgl arctan m] = — E 1 arctan [(SU - 1)7] = 5 — arctan |:\/§i|

(G
oo|>lﬁ

T
5

A general case concerning the choice of s is investigated in the proposition
below.

Proposition 3.9. For any s > 0 and x > 0, we have

S O]

k=1

or, equivalently,

= s(s+ 1)z B
kz:; arctan PRy o g gy g s arctan(x).

Proof. By applying Proposition 3.7 with ¢ = 1, r = 1/(s + 1) with s > 0 and
x = y/s with y > 0, noticing that

2
(§+s)(§—¢)x%:@s+ng->0>—L
T T S

we have

— s(s + Dy
; arctan { 24+ [k (s +1)2+k(s®2—1) — s]yQ}

— g - garctan{[(s +1)v — 1]%} = g — arctan {[(s +1)— 1]%}

s 1
= — — arctan(y) = arctan (—) :
2 y

The second result follows by substituting y by 1/y. Then we put y = x in the two
formulas for the sake of uniformity in the notations. The proposition is demon-
strated. O

3.2.4. Specific results involving the square root and tunable parameters. Similarly
to Proposition 3.7, the result below proposes to exploit the generality of Propo-
sition 3.1 to exhibit an original arctangent-type series involving the square root
of some crucial terms.
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Proposition 3.10. For any € R\ {0}, £ € N, r > 0 and s > —1 such that
r(s+1) € N\ {0} and £ > r, we have

i arctan tls £ Dy

Py, [r+x2\/(k+rs)(k‘—7“)] [VE+7rs+Vk—r]
. r(s+1)+6—1 "

— 57’(3 +1)— Uz:; arctan {x <; — 1)] .

Proof. For any x € R\ {0}, / € N, » > 0 and s > —1 such that r(s+1) € N\ {0}
and ¢ > r, we can write

= x(s+ 1)ry/r
E arctan
Py [r+x2\/(k+rs)(k—r)} [VE+71s+VEk—r1]

= Zarctan [(k/r+5) = (k/r =1)]=

S [t s R 1] [V s /R
o [\//f/7“+s—\/k/r—1]:c

k=t 14 22\/k/r + s\/k/r — 1

“+o00
Z { (uk-i-r(s-i-l) - uk)x }
= arctan ,

1+ Uy (sg1) U T?

U = - —1.
r

In the setting of Proposition 3.1, we have m = r(s + 1),

[0 ¥
inf uk+mukx22x2 —+s5y/-—1>20> -1
ke=y T T
lim wuw, = lim 1/2—1:4—00,
n—-+oo n—-+oo T

T x(s+ 1)ry/r
arctan
kz_; [r+x2\/(/~c+rs)(kj—r)] [VE+rs+Vk—r]
m+4—1

= m arctan( lirf UpT) — g arctan(u,z)
n—-+0o0
v=~{

and

implying that

r(s+1)+—1

:gr(s+1)— Z arctan[x 2—1]

r
v=~
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This completes the proof. O

To the best of our knowledge, the obtained formula innovates because of its
generality and the presence of square root terms, which are rarely considered in
the context of arctangent-type series.

Some examples of Proposition 3.10 are given below; all of them are new. The
first ones focusing on the case s = —1/2 are described below.

e By selecting ¢ =2, r =2, and x = 1, we have

+oo \/5
Zarctan
P 2+ VK2 =3k +2] [Vk—1+Vk—2]
2
T v T T
=5 ;arctan [ 5~ 1} =3~ arctan(0) = 7

e By taking £ =3, r = 2, and = = /2, we get
+o00o

E arctan
k=3

3
- Zarctan [\/5 g — 1] = g — arctan(1)
3

1
[1+ Vk? — 3k + 2] [\/k—1+\/k—2J]

=7
Other examples considering the case s = 0 are developed below.

e By choosing / =1, r =1, and x = 1, we have

TIERECIRS

V=
™ ™
4

o 1 s !
kz:; arctan [1 Yo 1)] [\/E+ — 1] =5 ;arctan [\/vTﬂ

= g — arctan(0) = 7

e By selecting £ = 1, r = 1, and z = 1/4/2, we have

. \/§ —E—larcani v —
2 metan or i [VisvicT] ) 2 & 5]

T
= — —arctan(0) = —.
5 ~ arc an(0) 5
Some examples focusing on the case s = 1 are presented below.
e By taking / =1, r =1, and z = 1, we have

i arctan { 2 J } =7 — Z: arctan [\/U — 1}

L+ VE2=1] [VE+1+VE -1

3
= m — arctan(0) — arctan(l) =7 — 0 — % = Zﬂ
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e By selecting £ =1, r = 1/2, and x = 1, we have

—+00

2
; aretan { [+ VA2 —1] [VZE+1+ ok 1] }
— Z arctan [v2v — 1] = g — arctan(1)

e By choosing £ = 1, r = 1/2, and z = /3, we have

+oo 2\/5
; aretan { [1+3v4k2 — 1] [V2k + 1+ v2k — 1] }

i arctan [\/_\/207—} = — — arctan [\/5]

Two examples for the case s = 2 are examined below.

e By selecting ¢ =1, r = 1/3, and z = 1/3/2, we have

400 3\/_

; aretan { [2+3v0k% + 3k — 2] [v/3k + 2 + 3k — 1] }
g Z arctan [\/7\/31) — ] = — — arctan [\/3]

2

B

e By taking ¢ =4, r =1/3, and x = 1, we obtain

Z arctan g
— [1+ V9% + 3k — 2] [V3k + 2+ 3k — 1]

— Z arctan [\/31}7—1] = g — arctan [\/ﬁ} ,

v=4
with arctan [v/11] ~ 1.2779.

A general case concerning the choice of s is investigated in the proposition below.

Proposition 3.11. For any s > 0 and x > 0, we have

f arctan 2s+ Dvs
=1 [8—|—332\/ (s+1) —1—3[/-3(54—1)—1]] [\/k‘(s+1)+s+\/k‘(s+1)—1]

=arctan [ — |,
T
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or, equivalently,

i:.oarctan 2s+ Dvs
=1 [S:U2+\/ (s+1) +s[/~c(s+1)—1]] [\/k‘(s+1)+s+\/k‘(s+1)—1]
= arctan(z).

Proof. By applying Proposition 3.10 with ¢ =1, r = 1/(s + 1) with s > 0 and
x = y/+/s with y > 0, noticing that

14 l
(——l—s) (——1)x2—(28+1)y2>0>—1,
r r
we have

+i.oarctam{ z(s+ 1)y }

[s—i—x?\/ (s+1) —i—s[k(s—i—l)—l]] [\/k(s—i-l)—i-s—i-\/k(s—i-l)—l]
1
:2—;arctan{5§ v—l}

1
=5 arctan { \?;g (s+1)— 1} =5 arctan(y) = arctan <y> .

The second formula follows by substituting y by 1/y. Then we put y = x for the
sake of uniformity in the statements. This ends the proof. OJ

The subsection below is about a more deep use of the general Abel summation
by parts method described in Proposition 2.1, still with a focus on applications
to arctangent-type series.

3.3. Second arctangent-type series result.

3.3.1. A general result. The result below is about specific summation by parts
satisfied by arctangent-type series.

Proposition 3.12. Let m € N\ {0}, ¢ e N, 5, = {k e N; k > (}, = €
R\ {0} and (up)re=, such that infrez, upmurz? > —1. Under the assumptions
that lim,,_,, o narctan(u,x) exists and is finite, and the involved series converge,
we have

Zkarctan[ Uistm = W) } =m lim narctan(u,z)

+ g Up T2 n—-+00
m+4£—1 +o00
- Z (v —m) arctan(u,z) — m Z arctan(ugz).
v=_ k=t

In the special case £ = m = 1, the following simplified form holds:

Ug41 — Uk )T
E k arctan ) — 5| = lim narctan(u,x E arctan(uyx).
uk+1ukx n—+00
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Proof. As in the proof of Proposition 3.1, Equation (3.4) implies that, under the
assumption ., upr® > infrez, Uppmupr? > —1 for any k € 2,

(Uprm — up)w

arctan 5
1 + Upmure

} = arctan(ug,r) — arctan(ugx).

Thus, by applying this equation and the extended version of the Abel summation
described by the item numbered 2 in Proposition 2.1 with the following sequences
of functions:

fr(z) = arctan(ugx),  gr(x) =k,
noticing that ggim(z) — gr(x) = (k +m) — k = m, we have

+oo
Z k arctan L _’:ZJF Zz)xz} = Z k [arctan(uy,x) — arctan(ugz)]

k=t
400
= (@) [frrm(@) = fi(2)]
k=t
m+44—1
=m lim fn n Z fv v ka+m ngrm(x) - gkz(x)]
n——+00
m-+4—1 +00
=m lim narctan(u,z) — Z varctan(u,xr) —m Z arctan (g, )
n—-+o0o
v={ k=t
m-+£—1
=m lim narctan(unx) — Z varctan uv Z arctan ukx
n—+oo
v={ k=0+m
m+l—1
=m lim narctan(u,z) — Z v arctan(u,)
n—-+oo
v={
+o00 m+l—1
—m Z arctan ukx Z arctan uka;
k=t
m+0—1 400
=m lim narctan(u,z) — Z (v —m)arctan(u,x) —m Z arctan(uyx).
e v=t k=t

To complete, in the special case £ = m = 1, we have

m+£—1 1
Z (v —m)arctan(u,x) = Z(v — 1) arctan(u,z) = 0 x arctan(u;x) = 0,
v=>~ v=1
giving the desired formula. The proposition is proved. |

In the above proof, the choice of gx(z) = k is motivated to derive a manageable
formula; other choices are possible, depending on what we want to demonstrate.
Thus, thanks to this result, we can determine original arctangent-type series of
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the following form:

+oo
Z k arctan [vy, ()],
k=t

where [vi(2)|rez, denotes a precise sequence of functions. To the best of our
knowledge, this type of series has not received much attention in literature.

Remark 3.13. As commented in Remark 3.2 but for Proposition 3.1, based on
Proposition 3.12 and Equations (3.2) and (3.3), we can derive general results on
arcsine-type and arccosine-type series.

3.3.2. Examples. Let us now illustrate Proposition 3.12 with some concrete ex-
amples, including one using the Fibonacci sequence.

e By taking ¢ =1, m = 1, and v, = 2/k?, using the equivalence arctan(t) ~
t when t — 0, we have

—+o0 —+o00
2(2k + 1)x 202k + 1)x
E k arctan {kQ(k+1)2+4w2] = — E k arctan [_kQ(k+1)2—|—4x2

k=1
u Up )T o=
= — k arctan bl Tk = —< lim narctan(u,x) — arctan(ugx
=3 et [ {15 =00 i) - Y st

“+o00
) 2 2
= — {nl_g{loonarctan (ﬁx) — ; arctan (ﬁx) }
2

In particular, by taking x = 1, it follows from Equation (3.10) that

400
(2k+1) 3
; k arctan [k;?(k: 12 Z arctan k2 = (3.12)

As another example, by taking x = 1/4, it follows from Equation (3.11)
that

+oo
2(2k +1) T
= —. 1
; k arctan [4]@(1{ 1 1 Zarctan <2k2> 1 (3.13)

The remark below presents some techniques for deriving innovative series
based on the results above.

Remark 3.14. Naturally, new arctangent-type series can be derived by
using the properties of the arctangent function. For instance, it follows
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from Equations (3.4), (3.12) and (3.13) that

fkaman{ 6(2k + 1)(k2+k—1)(K2+ k+1) }
k
[4

k(k + D){k(k + 1)[4k2(k + 1)2 + 17] + 16} + 8

= 22k + 1) /[k2(k 4+ 1)% + 4] — 2(2k + 1)/ [4k>(k + 1)2 4 1]
= Z k arctan { 1 }

1422k +1)/[k2(k+1)2+4] x 2(2k + 1) /[4k?(k + 1)% +
)

(

k

= i@ k {arctan [k;2(k(;2—f$ 1+ 4] — arctan {4]{;22(5{2{??)1)_% 1} }
1)

k=1
—+o0o
B 212k +1) (2k +
_;k’arctan [kz(k+1)2+4] Zk’arctan {41{2(145—1— 172 +J
_3m_m_7
4 4 2

Let us go on presenting more examples of Proposition 3.12.
e By choosing £ =1, m = 2, and u, = 2/k?, we obtain

+o0
8(k+1)x 8(k+1)x
k arct = k arct
3 et e | =3 hanton [

o (Ugto — ug)x
= — Z k arctan L—}

2
—+ uru x
k=1 kWk+2

2 +oo
=— {2 lim narctan(u,z) — Z(v — 2) arctan(u,x) — 2 Z arctan(ukx)}

n—r—+00
v=1 k=1

2 1
= —{2 lim narctan (—233) + arctan(2z) — 0 x arctan (—x)
n—400 n 2

k=1
400 9
{O + arctan(2z) — 2 Z arctan <k52 > }
k=1

+oo
2
= —arctan(2x) + 2 ) arctan (ﬁx) :
k=1

In particular, by taking x = 1, it follows from Equation (3.10) that

+00 +oo
k+1 2
kg_l k arctan {/ﬂ(i(—i— ;) )+ 41 arctan + 2 Z arctan (k2>

3 3
= —arctan(2) 4+ 2 x Iﬁ = —arctan(2) + g
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We recall that arctan(2) ~ 1.1071. As another example, by taking z =
1/4, it follows from Equation (3.11) that

—+o0
8(k+1) 1
; k arctan [4k2(k: e 1] — arctan 3

— tan (L) vox = tan (L) 4
= arctan 2 4— arcan2

e By selecting £ =1, m =1, and up, = 1/(k* — k + 1), we have

N———

+oo
1
+ 2 ; arctan (ﬁ)

= arctan(2).

ro |

+oo

— E k arctan [— 2k
2( -2 2
— K2(k2+1)+a22+1

Z k arctan 2k =
E2(k24+ 1)+ 22 +1 a

k=1

= _ Z k arctan [ Ykt1 = uk)x]

1+ Uppupa?

= {ngr}rloo n arctan (u,x Z arctan(ugz }
= li t ! Z t !
= n—1>I—|I—1c>o n arctan 7]/2——’[’H—1:C £ arctan ]{jQ——MSE
1 - 1
= { Zarctan (m ) } = ;arctan <ml’) .

k=1
In particular, by choosing = = 1, Equation (3.9) gives

+o0

2k <= 1 ™
Zkarctan |:k2(k2 T 1) n 2:| = Zarctan (k’g——kj—‘r—l> = 5

A notable example of Proposition 3.12 can be given with the use of the Fibonacci
sequence. In this context, let us consider the sequence (uy)ren defined by

1

F2k+1

U =

By taking ¢ = 1 and m = 1, noticing that Fy o = Fb, 13— Fopyq, using the Cassini
identity, i.e., for any p € N\ {0,1}, F? = F, 1 F,_y + (=1)P7", with p = 2k + 2,
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which gives F22kJr2 = Fopi3Fori1 — 1, and lim, 1o n/Fo,11 = 0, we get

— Foypy
E k arctan k2 > E k arctan [ 2k 13 2k }
(F ko T2 Forp1Fopys+1

“+o0
1/F —1/F —
= — E k arctan [ [Fokss [Fopn } E k arctan { Ukt1 = Yk }
14+ (1/Forys) (1) Fapgr) I+ uprug

+oo
=— { lim narctan(u,) — Z arctan(uk)}

n—-+o0o
k=1

“+o00
1 1
= —< lim narctan — arctan
{n—>+oo (F2n+1> ; (F2k+l>}

+00
1
0— arctan = arctan )

It follows from Equation (3.6) that

ng 2 <= 1 o 1 ™
k arctan + ) arctan ( ) = arctan ( ) = —.
Z ( Fio+2 Z F: Z Foiys 4

=1 2k+1

We conclude this section by listing new formulas as additional applications of
Proposition 3.12 under certain sequences and parameter configurations:

_77r
=

2v/3(2k — 1)
> karctan [(k; — Dk[(k — 1)k + 4] + 18

+ZOO k arctan ﬂ
p k*4+3k2+6

T
2

and

- 3v/3(2k + 1) ™
Z k arctan = —.
— 6k(k+1)Bk(k+1)—1]—1 6
The details are omitted for the sake of brevity. Other examples can be presented
in a similar manner.

4. CONCLUSION

In this article, we have extended the applicability and understanding of the
telescopic summation and Abel summation by parts methods through the in-
troduction of tuning parameters and sequences of functions. By applying these
general results to arctangent-type series, known results were re-examined, many
new ones were established, and unified formulas were exhibited. In particular,
several innovative arctangent-type series defined with the binomial numbers or
with the Fibonacci sequence add an attractive dimension to this research. Among
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the logical perspectives, there is the investigation of general series of the following

form:
—+oco

7 Z k® arctan [vg(z)] 7,
k=t

where a denotes a tuning parameter beyond the (now) well-known cases a = 0
and a = 1, and [vg(x)]kez, denotes a sequence of functions beyond the conven-
tional form: vg(z) = [(Upym — ur)z]/[1 + Ugrmurr?]. Such series can play an
important role in probability and statistics in particular, giving direct formu-
las for the moments of discrete distributions of the arctangent type, which are
certainly under-exploited modeling tools because of their overall lack of mastery.
Although the techniques in this article may be adaptable to this challenge, further
work is needed, representing a direction for future research.

REFERENCES

1. Abel, N. H. (1826). Untersuchungen iiber die Reihe 1 + T + %af + .... Journal fiir

die reine und angewandte Mathematik, 1, 311-339. ISSN: 0075-4102; 1435-5345/¢

2. Adegoke, K. (2015). Infinite arctangent sums involving Fibonacci and Lucas numbers?

Notes on Number Theory and Discrete Mathematics, 21, 1, 56-66. https://nntdm.net/

volume-21-2015/number-1/56-66/

Anglesio, J. (1993). Elementary problem 10292. American Mathematical Monthly, 100, 291.

4. Bemmaor, A. C., & Glady, N. (2012). Modeling purchasing behavior with sudden ’death’:
a flexible customer lifetime model. Management Science, 58, 5, 1012-1021. https://doi.
org/10.1287/mnsc.1110.1461

5. Boros, G., & Moll, V. H. (2005). Sums of arctangents and some formulas of Ramanujan.
SCIENTTA Series A: Mathematical Sciences, 11, 13-24.

6. Bragg, L. (2001). Arctangent sums. The College Mathematics Journal, 32, 4, 255-257.
https://doi.org/10.1080/07468342.2001.11921885

7. Bromwich, T. J. I" A. (1959). An Introduction to the Theory of Infinite Series, second
edition. Macmillan, New York.

8. Chu, W. (2007). Abel’s lemma on summation by parts and basic hypergeometric series. Ad-
vances in Applied Mathematics, 39, 4, 490-514. https://doi.org/10.1016/j.aam.2007.
02.001

9. Dagum, C. (1975). A model of income distribution and the conditions of existence of mo-
ments of finite order. Bulletin of the International Statistical Institute, 46 (Proceedings of
the 40th Session of the ISI, Contributed Paper), 199-205.

10. Frontczak, R. (2015). On infinite series involving Fibonacci numbers. International Journal
of Contemporary Mathematical Sciences, 10, 8, 363-379. http://dx.doi.org/10.12988/
ijcems.2015.5942

11. Frontezak, R. (2017). Further results on arctangent sums with applications to generalized
Fibonacci numbers. Notes on Number Theory and Discrete Mathematics, 23, 39-53. https:
//nntdm.net/volume-23-2017/number-1/39-53/

12. Gompertz, B. (1825). On the nature of the function expressive of the law of human mortality,
and on a new mode of determining the value of life contingencies. Philosophical Transactions
of the Royal Society of London, 115, 513-583. https://www.jstor.org/stable/107756

13. Grimaldi, R. P. (2012). Fibonacci and Catalan numbers: An Introduction. John Wiley &
Sons, New York. ISBN-13: 978-0470631577

14. Guillot, G. A. R. (1977). Problems, Fibonacci Quarterly. 15:3, 232 and 257. https://www.
fq.math.ca/Scanned/15-3/guillotl-a.pdf

15. Knopp, K. (1971). Theory and Applications of Infinite Series. Hafner Publishing Company,
New York. ISBN-13: 978-0028479408

®


https://nntdm.net/volume-21-2015/number-1/56-66/
https://nntdm.net/volume-21-2015/number-1/56-66/
https://doi.org/10.1287/mnsc.1110.1461
https://doi.org/10.1287/mnsc.1110.1461
https://doi.org/10.1080/07468342.2001.11921885
https://doi.org/10.1016/j.aam.2007.02.001
https://doi.org/10.1016/j.aam.2007.02.001
http://dx.doi.org/10.12988/ijcms.2015.5942
http://dx.doi.org/10.12988/ijcms.2015.5942
https://nntdm.net/volume-23-2017/number-1/39-53/
https://nntdm.net/volume-23-2017/number-1/39-53/
https://www.jstor.org/stable/107756
https://www.fq.math.ca/Scanned/15-3/guillot1-a.pdf
https://www.fq.math.ca/Scanned/15-3/guillot1-a.pdf

30 C. CHESNEAU

16. Mudholkar, G. S., & Srivastava, D. K. (1993). Exponentiated Weibull family for analyzing
bathtub failure-rate data. IEEE Transactions on Reliability, 42, 2, 299-302. http://dx.
doi.org/10.1109/24.229504

17. Stromberg, K. R. (1981). An Introduction to Classical Real Analysis. Wadsworth, Inc.,
Belmont, CA. ISBN-13: 978-1470425449

DEPARTMENT OF MATHEMATICS, LMNQO, UNIVERSITY OF CAEN-NORMANDIE, 14032
CAEN, FRANCE.

Email address: christophe.chesneau@gmail.com


http://dx.doi.org/10.1109/24.229504
http://dx.doi.org/10.1109/24.229504

	1. Introduction
	2. General results
	2.1. Extended Abel summation by parts method
	2.2. Extended telescopic summation method

	3. Applications
	3.1. On the arctangent function
	3.2. First arctangent-type series results
	3.3. Second arctangent-type series result

	4. Conclusion
	References

