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DEFERRED CONULL FK-SPACES

ŞEYDA SEZGEK1∗ AND İLHAN DAǦADUR2

Abstract. In this paper, the concepts of deferred conullity for an FK-space
X containing φ1, and deferred wedgeness are defined. We also define deferred
semi-conservative FK-space and give its relation to these concepts. On the
other hand, we have examined their relationship to ordinary conullity and
Cesàro conullity. Furthermore, we have defined some deferred distinguished
subspaces of an FK-space X. Also, we obtain some results for a summability
domain YA to be deferred conull FK-space.

1. Introduction and preliminaries

The classification of conservative matrices as conull or coregular was defined
by Wilansky [18]. The mentioned classification was extended to all FK-spaces
Jürimäe [21] and Snyder [17]. Then, some results of Sember [15] were improved
by Bennett [3] for conull FK-spaces. Finally, İnce [13] studied (strongly) Cesàro
conull FK-spaces, Daǧadur [8] continued to work on Cλ-conull FK-spaces and to
give some characterizations.

In this paper, we expand upon the work of the above authors by using deferred
Cesàro mean under the weaker conditions.

In 1932, Agnew [1] defined the deferred Cesàro mean Dp,q of the sequences x
by

(Dp,qx)n =
1

q(n)− p(n)

q(n)∑
k=p(n)+1

xk

where {p(n)} and {q(n)} are sequences of nonnegative integers satisfying the
conditions p(n) < q(n) and lim

n→∞
q(n) = ∞. Dp,q is clearly regular for any choice

of {p(n)} and {q(n)}.
w denotes the spaces of all complex valued sequences, any vector subspace

X of w is a sequence space. A sequence space X with a complete, matrizable,
locally convex topology τ is called FK-space if the inclusion map i : (X, τ)→ w,
i(x) = x is continuous when w is endowed with the topology of coordinatewise
convergence. An FK-space whose topology is normable is called a BK space.

By c, l∞ we denote the spaces of all convergent sequences and bounded se-
quences, respectively. These are FK-spaces under ‖x‖ = supn |xn|. bv = {x ∈ w :
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n=1 |xn − xn+1| < ∞}the spaces of all summable sequences of bounded varia-

tion; cs = {x ∈ w : supk |
∑k

n=1 xn| <∞}, the spaces of all summable sequences.
l = {x ∈ w :

∑
n |xn| <∞}, the spaces of all absolute summable sequences.

Throughout this study e denotes the sequences of ones; δj (j = 1, 2, . . .) the
sequence with the one in the j-th position; φ the linear span of δj’s. The linear
span of φ and e is denoted by φ1. A sequence x in a locally convex sequence
space X is said the property AK if x(n) → x in X where x(n) =

∑n
k=1 xkδ

k. An
FK-space X is called conservative if c ⊂ X. Also, an FK-space X is called semi-
conservativce if Xf ⊂ cs, where Xf =

{
{f(δk)} : f ∈ X ′

}
(see [19]; [18]). We

recall (see [10, 11]) that the σ-dual of a subset X of w is defined to be

Xσ =

{
x ∈ w : lim

n

1

n

n∑
k=1

k∑
j=1

xjyj exists for all y ∈ X

}
= {x ∈ w : x.y ∈ σs for all y ∈ X} ,

where x.y = (xnyn).
Following Jürimäe [21] and Snyder [17] we say that an FK-space (X, τ) con-

taining φ1 is a conull space if e − e(n) → 0 (weakly) in X. It is strongly conull
space if e − e(n) → 0 in X. (X, τ) is a K-space containing φ and δk → 0 in X
then (X, τ) is called a wedge space [3]. It is weak wedge space if δk → 0 (weak) in
X. Bennett [3] gave a relationship between (strongly) conull and (weak) wedge
FK-spaces. Also, an FK-space (X, τ) containing φ1 is a Cesàro conull space if
e − 1

n

∑n
k=1 e

(k) → 0 (weakly) in X, and it is strongly Cesàro conull space if

e− 1
n

∑n
k=1 e

(k) → 0 in X [13].

2. Main Results

In this section in addition to the work of [13] and [8] for any FK space, we
extend the notion of conullity with deferred Cesàro means.

Let us first define the following space

σqp[s] :=

x ∈ w : lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

xj exists

 .

The space is BK spaces with the norm

‖ x ‖= sup
n

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

xj

∣∣∣∣∣∣ .
We defined d-dual of a subset X of w as

Xd =
{
x ∈ w : x.y ∈ σqp[s] for all y ∈ X

}
.

X ⊂ Xνν for every set of sequences X, with ν = f, σ, d.
Let X be a locally convex sequence space. If for all x ∈ X,

1

q(n)− p(n)

q(n)∑
k=p(n)+1

x(k) → x in X,
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then x is said to have the property σqp[K].

Definition 2.1. An FK-space X is called deferred semiconservative FK-space if
Xf ⊂ σqp[s]. i.e.; X ⊃ φ and for every f ∈ X ′ the following limit is exists

lim
n→∞

 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

f(δj)

 .

Definition 2.2. Let X ⊃ φ1 be an FK-space and

ζn := e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

e(k). (2.1)

If ζn → 0 in X then X is called strongly deferred conull FK-space, where e(k) :=∑k
j=1 δ

j. If the convergence holds in the weak topology in (2.1) then X is called
deferred conull FK-space. Hence X is deferred conull iff

f(e) = lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

f(δj) , ∀f ∈ X ′.

It is clear from the above definitions that if X is deferred conull FK-space then
it is deferred semiconservative FK-space.

Theorem 2.3. Let X ⊃ φ1 be an FK-space and
{

p(n)
q(n)−p(n)

}
be a bounded se-

quence. If X is Cesàro conull FK-space, then it is deferred conull FK-space.

Proof. Let X be Cesàro conull. Then for each f ∈ X ′, we have

f(e) = lim
n

1

n

n∑
k=1

k∑
j=1

f(δj).

Let sk(f) =
∑k

j=1 f(δj). So, (sk(f)) is Cesàro summable to f(e). Since
{

p(n)
q(n)−p(n)

}
is bounded, it is deferred summable to same value [1, Theorem 4.1]. Hence, X is
deferred conull FK-space. �

Theorem 2.4. Let X ⊃ φ1 be an FK-space and q(n) = n. If X is deferred conull
FK-space, then it is Cesàro conull FK-space.

Proof. Let X be deferred conull FK-space. Then

f(e) = lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

f(δj), ∀f ∈ X ′.

Let sk(f) be as in Theorem 2.3. So, (sk(f)) is deferred summable to f(e). Since
q(n) = n, it is Cesàro summable to same value [1, Theorem 6.1]. Thus X is
Cesàro conull FK-space. �

Theorem 2.5. Let X be a deferred semiconservative FK-space. Then X is conull
FK-space iff it is deferred conull FK-space.
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Proof. Necessity is clear. Sufficiency. Assume that X is deferred conull FK-space.
Then,

f(e)− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

f(δj) = χ(f) +
1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

f(δj).

(2.2)
where χ(f) = f(e) −

∑∞
j=1 f(δj). Since X is deferred semiconservative we have

(f(δj)) ∈ σqp[s]; so, the second term of the right side of the equation (2.2) is
convergent to 0 as n → ∞. By hypothesis, the left side of the equation (2.2)
is convergent to 0 as n → ∞. This implies that χ(f) = 0, i.e. X is conull
FK-space. �

Recall that, A matrix A is called conservative is cA ⊃ c (i.e. Ax ∈ c whenever
x ∈ c). By taking X = cA, we get the following theorem.

Corollary 2.6. Let A be a conservative matrix. Then cA is conull FK-space iff
it is deferred conull FK-space.

Definition 2.7. Let (X, τ) be a K space containing φ. (X, τ) is called deferred
wedge FK-space if

1

q(n)− p(n)

q(n)∑
k=p(n)+1

δk → 0 (n→∞) in X;

and (X, τ) is called weak deferred wedge FK-space, if for all f ′ ∈ X

1

q(n)− p(n)

q(n)∑
k=p(n)+1

f(δk)→ 0 (n→∞).

There is a relationship between deferred conullity and deferred wedgeness as
follows.

Deferred Conull
↗ ↘

Strongly
deferred conull

Weak
deferred wedge

↘ ↗
Deferred wedge

Now let us consider thefollowing one-to-one and onto mapping

T : w → w, Tx =

(
x1, x1 + x2, . . . ,

n∑
k=1

xk, . . .

)
,

and

T−1x = (x1, x2 − x1, . . . , xn − xn−1, . . .) (see [3, 5]).

With the help of the mapping T−1(x), a relation between conull and wedge spaces
can be established as follows.
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Lemma 2.8. Let (X, τ) be an FK-space. Then
i) X is strongly deferred conull FK-space if and only if T−1(X) is deferred

wedge FK-space.
ii) X is deferred conull FK-space if and only if T−1(X) is weak deferred wedge

FK-space.

Proof. The FK topology of X can be given a sequence of seminorms {r(n)}.
Then T−1(X) can be topologized by tn(x) = rn(Tx), (n = 1, 2, . . .), so that it
also becomes an FK-space [12].

Necessity of (ii). Let X be a deferred conull FK-space. Observe that T :
(T−1(X), τ ′) → (X, τ) is a topological isomorphism [12]. Since X is deferred
conull, ζn → 0 (weakly) in X. Because T−1 : (X, τ)→ (T−1(X), τ ′) is continuous,
it is weakly continuous. So,

T−1

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj

 =
1

q(n)− p(n)

q(n)∑
j=p(n)+1

δj → 0 (weakly)

in T−1(X). So T−1(X) is weak deferred wedge space.
Sufficiency. It is enough to observe that T : (T−1(X), τ ′) → (X, τ) is weakly

continuous and then

T

 1

q(n)− p(n)

q(n)∑
j=p(n)+1

δj

 = e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj.

�

Theorem 2.9. Let X ⊃ φ1 be an FK-space. If X is σqp[K] space then it is
deferred conull FK-space. The converse is not true.

Proof. Let X be a σqp[K] space. Then we obtain 1
q(n)−p(n)

∑q(n)
k=p(n)+1 x

(k) → x

(n→∞) for each x ∈ X. In particular, let x = e ∈ X. Therefore, X is deferred
conull FK-space, so, it is not σqp[K] space. �

Theorem 2.10. Let X be a conservative FK-space and consider the propositions
below:

i) X is a σqp[K] space
ii) X is strongly deferred conull FK-space
iii) X is deferred conull FK-space
iv) e ∈ φ̄.
Then (i)⇒ (ii)⇒ (iii)⇒ (iv) holds.

Proof. (i)⇒ (ii)⇒ (iii) is obtained from their definitions.

(iii)⇒ (iv). If f = 0, on φ, then f(e) = limn
1

q(n)−p(n)
∑q(n)

k=p(n)+1

∑k
j=1 f(δj) =

0. Hence, from Hahn Banach Theorem, e ∈ φ̄ is obtained. �

z−1.X = {x : z.x ∈ X} is an FK space [18]. Using this expression, the following
proposition is obtained.

Proposition 2.11. Let (X, q) be an FK-σqp[K] space and z ∈ w. Then z−1.X is
also a σqp[K] space.
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Taking X = σqp[s] in Proposition 2.11 we get

z−1.σqp[s] =
{
x : zx ∈ σqp[s]

}
=

x : lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

zjxj exists


= zd.

So we have Theorem 2.12 and Theorem 2.13.

Theorem 2.12. If z ∈ w, then zd is a σqp[K] space.

Theorem 2.13. If z ∈ σqp[s], then zd is strongly deferred conull FK-space.

Proof. If z ∈ σqp[s], then e ∈ z−1σqp[s] = zd. From Theorem 2.12, zd is a σqp[K]

space. Hence, we have e − 1
q(n)−p(n)

∑q(n)
k=p(n)+1 e

(k) → 0, n → ∞. This completes

the proof. �

Theorem 2.14. i) An FK-space that contains a (strongly) deferred conull FK-
space must be a (strongly) deferred conull FK-space.

ii) A closed subspace, containing φ1, of a (strongly) deferred conull FK space
is a (strongly) deferred conull FK-space

iii) A countable intersection of (strongly) deferred conull FK-spaces is a (strongly)
deferred conull FK-spaces.

The proof is easily obtained from the elementary properties of FK-spaces [18].

Theorem 2.15. If X be a deferred conull FK-space, then l∞∩X is nonseperable
subspace of l∞.

Proof. c is not deferred conull FK-space, and hence, by Theorem 2.14(ii) implies
that c ∩ X is not closed in X. By Theorem 8 of Bennett [3], desired result is
obtained. �

3. Some Deferred Distinguished Subspaces of X

In this section we will define the distinguished spaces Dq
pW , Dq

pS and Dq
pF

+

of an FK-space X, and give their relation with the notions of (strongly) deferred
conullity and deferred semiconservativity.

Definition 3.1. Let X ⊃ φ be an FK-space.

Dq
pW := Dq

pW (X) =

x ∈ X :
1

q(n)− p(n)

q(n)∑
k=p(n)+1

x(k) → x (weakly) in X


=

x ∈ X : f(x) = lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

xjf(δj) for all f ∈ X

 ,
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Dq
pS := Dq

pS(X) =

x ∈ X :
1

q(n)− p(n)

q(n)∑
k=p(n)+1

x(k) → x


=

{
x ∈ X : x has σqp[K] in X

}
=

x ∈ X : x = lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

xjδ
j

 .

So, X is a σqp[K]-space if and only if Dq
pS = X.

Dq
pF

+ := Dq
pF

+(X)

=

x ∈ X : lim
n

 1

q(n)− p(n)

q(n)∑
k=p(n)+1

x(k)

 is weakly Cauchy in X


=

x ∈ X : lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

xjf(δj) exists for all f ∈ X ′


=
{
x ∈ X : {xnf(δn)} ∈ σqp[s] for all f ∈ X ′

}
= (Xf )d.

Dq
pF = Dq

pF
+ ∩X

Theorem 3.2. Let X be an FK-space ⊃ φ, z ∈ w. Then
i) z ∈ Dq

pW if and only if z−1.X is deferred conull FK-space; in particular
e ∈ Dq

pW if and only if X is deferred conull FK-space.

ii) z ∈ Dq
pS if and only if z−1.X is strongly deferred conull FK-space; in par-

ticular e ∈ Dq
pS if and only if X is strongly deferred conull FK-space.

iii) z ∈ Dq
pF

+ if and only if z−1.X is deferred semiconservative FK-space; in
particular e ∈ Dq

pF
+ if and only if X is deferred semiconservative FK-space.

Proof. (i) Necessity. Let f ∈ (z−1.X)′. Then f ∈ (z−1.X)′ iff f(x) = αx+g(z.x),
where α ∈ φ, g ∈ X ′ [18]. So we have

f

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj

 = α

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj


+g

z
e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj


=

1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

αj + g

z − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

zjδ
j

 . (3.1)

Since α ∈ φ,
∑∞

j=1 αj exists, so we have 1
q(n)−p(n)

∑q(n)
k=p(n)+1

∑∞
j=k+1 αj → 0 as

n→∞. By hypothesis for all g ∈ X ′, g
(
z − 1

q(n)−p(n)
∑q(n)

k=p(n)+1

∑k
j=1 zjδ

j
)
→ 0

as n→∞. Sufficiency is clear by (3.1).
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(ii) Necessity. From Theorem 4.3.6 of [18], we consider the following seminorms
of z−1.X. Firstly,

ti(ζ
n) =


0, i ≤ p(n)
i−p(n)

q(n)−p(n) , p(n) < i < q(n)

1, i ≥ q(n).

For each i, ti(ζ
n)→ 0 as n→∞. Also,

h(ζn) = r(z.ζn) = r

z − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

zjδ
j

 .

Now the result follows at once.
(iii) Let z−1.X be deferred semiconservative FK-space. Since (z−1.X)f ⊂ σqp[s],

we get f ∈ (z−1.X)′. So the equality f(δn) = αδn + g(znδ
n) = αδn + zng(δn) is

hold, where α ∈ φ, g ∈ (z−1.X)′. Thus, since α ∈ φ ⊂ σqp[s] then {f(δ)} ∈ σqp[s]
if and only if {zng(δn)} ∈ σqp[s], i.e. z ∈ Dq

pF
+. �

4. Summability Domains and Applications

In this section we give simple conditions for a summability domain YA to be
(strongly) deferred conull FK-space. At the end we give some examples. We are
concerned with matrix transformations y = Ax, where x, y ∈ w, A = {aij}∞i,j=1 is
an infinite matrix with complex coefficients, and

yi =
∞∑
j=1

aijxj (i = 1, 2, . . .).

The sequence {aij}∞j=1 is called the i-th row of A and is denoted by ai, (i =

1, 2, . . .); similarly, the j-th column of the matrix A, {aij}∞i=1 is denoted by aj,
(j = 1, 2, . . .). For an FK-space Y , the summability domain YA is defined by

YA = {x ∈ w : Ax exists and Ax ∈ Y } .
Also, YA is an FK-space under the seminorms tn(x) = |xn|, (n = 1, 2, . . .);

hn(x) = sup
m

∣∣∣∣∣
m∑
j=1

anjxj

∣∣∣∣∣ (n = 1, 2, . . .) and (r ◦ A)(x) = r(Ax) [18].

Theorem 4.1. Let Y be an FK-space and A be a matrix such that φ1 ⊂ YA.
Then YA is a deferred conull FK-space iff

A

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

e(k)

→ 0 (weakly) in Y.

Proof. Necessity. Let YA be a deferred conull FK-space. Then ∀f ∈ Y ′A,

f (ζn)→ 0, (n→∞). (4.1)

Let f(x) = g(Ax), for g ∈ Y ′. So by Theorem 4.4.2 of Wilansky [18], f ∈ Y ′A.
Because of f(ζn) = g(Aζn), the desired result is obtained from (4.1).
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Sufficiency. Let f ∈ Y ′A. Again by Theorem 4.4.2 of Wilansky [18], ∀f ∈ Y ′A,
iff

f(x) =
∞∑
k=1

αkxk + g(Ax),

for all x ∈ YA, where α ∈ wβA = {x :
∑∞

n=1 xnyn convergent for all y ∈ wA} and
g ∈ Y ′. Hence we have

f (ζn) =
1

q(n)− p(n)

q(n)∑
j=p(n)+1

∞∑
j=k+1

αj + g (A (ζn)) . (4.2)

By hypothesis e ∈ YA ⊂ wA. Then α ∈ wβA ⊂ eβ = cs which implies that

lim
n→∞

1

q(n)− p(n)

q(n)∑
j=p(n)+1

∞∑
j=k+1

αj = 0.

Also the second term on the right hand side of (4.2) tends to zero. This completed
the proof. �

Theorem 4.2. z ∈ w, Y is an FK-space and A is a matrix such that φ ⊂ YA i.e.
the columns of A belong to Y . Then the following propositions are equivalent in
YA.

i) z ∈ Dq
pW ,

ii) Az − 1
q(n)−p(n)

∑q(n)
k=p(n)+1Az

(k) → 0 (weakly) in Y ,

iii) YA.z is deferred conull FK-space,

iv) g(Az) = limn
1

q(n)−p(n)
∑q(n)

k=p(n)+1

∑k
j=1 zjg(aj) for each g ∈ Y ′, where

Az = (aijzj), Az(k) =
k∑
j=1

zja
j and (Az(k))i =

k∑
j=1

aijzj.

Proof. By previous theorem (i) ≡ (iii). To show that (iii) ≡ (iv), let A.z := B.
Then by Theorem 4.1, YB is a deferred conull if and only if ∀g ∈ Y ′,

g(Be) = lim
n→∞

1

q(n)− p(n)

q(n)∑
j=p(n)+1

g(Be(k)).

Thus, since

Be =

[
∞∑
j=1

bij

]
=

[
∞∑
j=1

aijzj

]
= Az,

then we have

(Be(k))i =

[
∞∑
j=1

aijzj

]
i

and Be(k) =
k∑
j=1

ajzj.

So for each g ∈ Y ′, we obtained

g(Az) = lim
n

1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

zjg(aj).
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Since Az(k) =
∑k

j=1 zja
j, the proof of (ii) ≡ (iii) is clear. �

Theorem 4.3. z ∈ w, (Y, r) is an FK-space and A is a matrix such that φ ⊂ YA
i.e. the columns of A belong to Y . Then the following propositions are equivalent
in YA.

i) z ∈ Dq
pS,

ii) Az − 1
q(n)−p(n)

∑q(n)
k=p(n)+1Az

(k) → 0 in Y ,

iii) YA.z is stronly deferred conull FK-space,

iv) Az = limn
1

q(n)−p(n)
∑q(n)

k=p(n)+1

∑k
j=1 zja

j convergence in Y , where aj is the

kth column of A.

Proof. By Theorem 3.2, we obtain (i) ≡ (iii). Since Az(k) =
∑k

j=1 zja
j, we have

(ii) ≡ (iv). Let z ∈ Dq
pS. Since z − 1

q(n)−p(n)
∑q(n)

k=p(n)+1

∑k
j=1 zjδ

j → 0, n → ∞,

and A : YA → Y is continuous so A(z− 1
q(n)−p(n)

∑q(n)
k=p(n)+1 z

k)→ 0, n→∞. This

gives (i)⇒ (ii).
By Theorem 4.3.8. of Wilansky [18], (wA, t∪ h) is an AK-space, so it is σqp[K]-

space. Since z ∈ YA ⊂ wA, for each i, we obtain

ti

z − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

z(k)

→ 0 and hi

z − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

z(k)

→ 0.

By hypothesis

(r ◦ A)

z − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

z(k)


= r

Az − 1

q(n)− p(n)

q(n)∑
k=p(n)+1

Az(k)

→ 0,

which proves theorem. �

Corollary 4.4. Let (Y, q) is an FK-space and A is a matrix such that φ1 ⊂ YA.
Then YA is strongly deferred conull FK-space if and only if

A

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

e(k)

→ 0 in Y.

Proof. Take z = e in Theorem 4.3 ((ii) ≡ (iii)). �

Our next result follows immediately from definitions.

Theorem 4.5. If weak convergence and strong convergence coincide in a locally
convex FK-space Y , then for the YA, Dq

pS = Dq
pW .

Example 4.6. Theorem 4.5 applies when Y = l, bv and bv0.

The following result is obtained by Theorem 4.5.
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Theorem 4.7. Let Y be an FK-space such that weakly convergent sequences are
convergent in the FK topology and let A be a matrix. Then YA is deferred conull
FK-space iff it is strongly deferred conull FK-space.

Corollary 4.8. Let φ1 ⊂ cA. Then cA is strongly deferred conull FK-space if and
only if

lim
n

sup
i

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ = 0.

Proof. Take Y = c in Corollary 4.4. cA is strongly deferred conull FK-space if
and only if

A

e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

e(k)

→ 0 in c.

So, we get

lim
n

∥∥∥∥∥∥A
e− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

δj

∥∥∥∥∥∥
∞

= 0

⇔ lim
n

sup
i

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ = 0.

This proves the result. �

Corollary 4.9. Let φ ⊂ lA. Then lA is (strongly) deferred conull space FK-space
if and only if

lim
n

∞∑
i=1

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ = 0.

Proof. Let lA be deferred conull FK-space. By Theorem 3.2(i) e ∈ Dq
pW . By

Theorem 4.7 e ∈ Dq
pW if and only ifAe− q(n)∑

k=p(n)+1

Ae(k)

→ 0 (weakly) , n→∞ in l.

Thus, ∥∥∥∥∥∥A
e− q(n)∑

k=p(n)+1

k∑
j=1

δj

∥∥∥∥∥∥
l

→ 0, n→∞.
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So we have

lim
n

∥∥∥∥∥∥
Ae− q(n)∑

k=p(n)+1

k∑
j=1

aij

∥∥∥∥∥∥
l

= 0

⇔ lim
n

∞∑
i=1

∣∣∣∣∣∣
Ae− 1

q(n)− p(n)

q(n)∑
k=p(n)+1

k∑
j=1

aij


i

∣∣∣∣∣∣ = 0

⇔ lim
n

∞∑
i=1

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ = 0.

This proves the corollary. �

Corollary 4.10. Let φ ⊂ (bv)A. Then (bv)A is (strongly) deferred conull FK-
space if and only if

lim
n


∞∑
i=1

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

(aij − ai+1,j)

∣∣∣∣∣∣
+ lim

i

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣
 = 0.

Proof. Let (bv)A is deferred conull FK-space. By Theorem 4.2, e ∈ Dq
pW . Since

weakly and strongly convergence are equivalent in bv, Dq
pS = Dq

pW in bvA by
Theorem 4.7. So, e ∈ Dq

pS. ThusAe− q(n)∑
k=p(n)+1

Ae(k)

→ 0 , n→∞ in bv.

So we

lim
n

∥∥∥∥∥∥
Ae− q(n)∑

k=p(n)+1

k∑
j=1

aij


i

∥∥∥∥∥∥
bv

= 0

⇔ lim
n

∥∥∥∥∥∥
 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij


i

∥∥∥∥∥∥
bv

= 0

⇔ lim
n


∞∑
i=1

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

(aij − ai+1,j)

∣∣∣∣∣∣
+ lim

i

∣∣∣∣∣∣ 1

q(n)− p(n)

q(n)∑
k=p(n)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣
 = 0.

This completes the proof. �
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Corollary 4.11. Let φ ⊂ (l∞)A. Then (l∞)A is deferred conull FK-space if and
only if

i) supi,n

∣∣∣ 1
q(n)−p(n)

∑q(n)
k=p(n)+1

∑k
j=1 aij

∣∣∣ <∞
ii) for any given ε > 0 and increasing sequences p(ns) and q(ns) of positive in-

tegers, there exists L such that supi min1≤s≤L

∣∣∣ 1
q(ns)−p(ns)

∑q(ns)
k=p(ns)+1

∑∞
j=k+1 aij

∣∣∣ <
ε.

Proof. Let us take Y = l∞ in Theorem 4.2. Then (l∞)A is deferred conull FK-
space if and only if

Ae−
q(n)∑

k=p(n)+1

k∑
j=1

aij → 0 (weakly) , n→∞ in l∞.

This means that

sup
n

∥∥∥∥∥∥
 q(n)∑
k=p(n)+1

k∑
j=1

aij


i

∥∥∥∥∥∥
∞

<∞⇔ sup
i,n

∣∣∣∣∣∣
q(n)∑

k=p(n)+1

k∑
j=1

aij

∣∣∣∣∣∣ <∞
and there exists L such that

sup
i

min
1≤s≤L

∣∣∣∣∣∣ 1

q(ns)− p(ns)

q(ns)∑
k=p(ns)+1

k∑
j=1

aij −
∞∑
j=1

aij

∣∣∣∣∣∣ < ε

for ε > 0 and increasing sequences p(ns), q(ns) of positive integers [9]. Moreover∣∣∣∣∣∣ 1

q(ns)− p(ns)

q(ns)∑
k=p(ns)+1

k∑
j=1

aij −
∞∑
j=1

aij

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1

q(ns)− p(ns)

q(ns)∑
k=p(ns)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ .
Thus we get

sup
i

min
1≤s≤L

∣∣∣∣∣∣ 1

q(ns)− p(ns)

q(ns)∑
k=p(ns)+1

∞∑
j=k+1

aij

∣∣∣∣∣∣ < ε.

The proof is completed. �
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1. Agnew, R.P. (1932). On deferred Cesàro means, Annals of Mathematics, 33(3), 413-421.
10.2307/1968524.

2. Armitage, D.H., & Maddox I.J. (1989). A new thype of Cesàro mean, Analysis, 9, 195-204.
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