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DEFERRED CONULL FK-SPACES
SEYDA SEZGEK!* AND iLHAN DAGADUR2

ABSTRACT. In this paper, the concepts of deferred conullity for an FK-space
X containing ¢, and deferred wedgeness are defined. We also define deferred
semi-conservative FK-space and give its relation to these concepts. On the
other hand, we have examined their relationship to ordinary conullity and
Cesaro conullity. Furthermore, we have defined some deferred distinguished
subspaces of an FK-space X. Also, we obtain some results for a summability
domain Y4 to be deferred conull FK-space.

1. INTRODUCTION AND PRELIMINARIES

The classification of conservative matrices as conull or coregular was defined
by Wilansky [18]. The mentioned classification was extended to all FK-spaces
Jurimée [21] and Snyder [17]. Then, some results of Sember [15] were improved
by Bennett [3] for conull FK-spaces. Finally, Ince [13] studied (strongly) Cesaro
conull FK-spaces, Dagadur [8] continued to work on C)-conull FK-spaces and to
give some characterizations.

In this paper, we expand upon the work of the above authors by using deferred
Cesaro mean under the weaker conditions.

In 1932, Agnew [1] defined the deferred Cesaro mean D, , of the sequences
by

1 q(n)
(Dpg)n = ————— Lk
q(n) —p(n), 4= |
where {p(n)} and {q(n)} are sequences of nonnegative integers satisfying the
conditions p(n) < ¢g(n) and 711520 q(n) = oc0. D, , is clearly regular for any choice

of {p(n)} and {q(n)}.

w denotes the spaces of all complex valued sequences, any vector subspace
X of w is a sequence space. A sequence space X with a complete, matrizable,
locally convex topology 7 is called FK-space if the inclusion map i : (X, 7) — w,
i(z) = x is continuous when w is endowed with the topology of coordinatewise
convergence. An FK-space whose topology is normable is called a BK space.

By ¢, I, we denote the spaces of all convergent sequences and bounded se-
quences, respectively. These are FK-spaces under ||z| = sup,, |z,|. bv = {z € w :
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32 S. SEZGEK, I. DAGADUR

Yoo |z — xny1| < co}the spaces of all summable sequences of bounded varia-
tion; ¢s = {x € w : sup, | 22:1 z,| < oo}, the spaces of all summable sequences.
l={zcw:), |z, < oo}, the spaces of all absolute summable sequences.

Throughout this study e denotes the sequences of ones; ¢ (j = 1,2,...) the
sequence with the one in the j-th position; ¢ the linear span of ¢7’s. The linear
span of ¢ and e is denoted by ¢;. A sequence x in a locally convex sequence
space X is said the property AK if 2™ — z in X where 2(® = Son_ xk6k. An
FK-space X is called conservative if ¢ C X. Also, an FK-space X is called semi-
conservativee if X/ C cs, where X/ = {{f(6%)} : f € X'} (see [19]; [18]). We
recall (see [10, 11]) that the o-dual of a subset X of w is defined to be

n k
1
X7 = i —EE y; exists for all X
{wa 1£nn r;1y; exists 1or all y € }

k=1 j=1
={rcw:zycosforallye X},

where x.y = (2,yy)-

Following Jirimée [21] and Snyder [17] we say that an FK-space (X, 7) con-
taining ¢, is a conull space if e — ™ — 0 (weakly) in X. It is strongly conull
space if e — e — 0in X. (X, 7) is a K-space containing ¢ and §* — 0 in X
then (X, 7) is called a wedge space [3]. It is weak wedge space if 0¥ — 0 (weak) in
X. Bennett [3] gave a relationship between (strongly) conull and (weak) wedge
FK-spaces. Also, an FK-space (X, 7) containing ¢ is a Cesaro conull space if
e — %22:1 e — 0 (weakly) in X, and it is strongly Cesaro conull space if
e—130 e® —0in X [13].

2. MAIN RESULTS

In this section in addition to the work of [13] and [8] for any FK space, we
extend the notion of conullity with deferred Cesaro means.
Let us first define the following space

(n) &
1 q
glls] =< r€w:lim———— Z Zm exists
p " _ J
The space is BK spaces with the norm
| @ ||=sup ) -

We defined d-dual of a subset X of w as
X'={zcw:azycols forallyec X}.

X C X" for every set of sequences X, with v = f, o, d.
Let X be a locally convex sequence space. If for all x € X,

1 q(n)
Z *® = 2 in X,
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then z is said to have the property of[K].

Definition 2.1. An FK-space X is called deferred semiconservative FK-space if
X7 Colls]. i.e; X D ¢ and for every f € X' the following limit is exists

1 q(n)  k
i {1 5 S )
Definition 2.2. Let X D ¢; be an FK-space and
("=e— ——— e, (2.1)
a0 o), 2=

If (" = 0in X then X is called strongly deferred conull FK-space, where e(*®) :=
Z?Zl §7. If the convergence holds in the weak topology in (2.1) then X is called
deferred conull FK-space. Hence X is deferred conull iff

f(e) =lim ———— Z Zf (67) Vie X'

n
q n)+1 j=1

It is clear from the above definitions that if X is deferred conull FK-space then
it is deferred semiconservative FK-space.

Theorem 2.3. Let X D ¢; be an FK-space and {q(n’;(f;(n)} be a bounded se-

quence. If X is Cesaro conull FK-space, then it is deferred conull FK-space.
Proof. Let X be Cesaro conull. Then for each f € X’ we have

e) = liT{n%ZZf(éj).

k=1 j=1

Let s,(f) = Z?Zl f(67). So, (sx(f)) is Cesiro summable to f(e). Since {q(n};(—n]z(n)}

is bounded, it is deferred summable to same value |1, Theorem 4.1]. Hence, X is
deferred conull FK-space. O

Theorem 2.4. Let X D ¢y be an FK-space and q(n) = n. If X is deferred conull
FK-space, then it is Cesaro conull FK-space.

Proof. Let X be deferred conull FK-space. Then

a(n)
fle) = lim ——— Z Zf (8%), VYfeX'
" q n)+1 j=1
Let si(f) be as in Theorem 2.3. So, (sk(f)) is deferred summable to f(e). Since
q(n) = n, it is Cesaro summable to same value [I, Theorem 6.1]. Thus X is
Cesaro conull FK-space. O

Theorem 2.5. Let X be a deferred semiconservative FK-space. Then X is conull
FK-space iff it is deferred conull FK-space.
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Proof. Necessity is clear. Sufficiency. Assume that X is deferred conull FK-space.
Then,

1 q(n) k . q(n)
fle) = —~——= fO) =x(f) + ——=—= f(67).
T, = 2 o) ) Z)Z

(2.2)
where x(f) = f(e) — Y272, f(¢7). Since X is deferred semiconservative we have
(f(07)) € olls]; so, the second term of the right side of the equation (2.2) is
convergent to 0 as n — o0o. By hypothesis, the left side of the equation (2.2)
is convergent to 0 as n — oo. This implies that x(f) = 0, i.e. X is conull
FK-space. O

Recall that, A matrix A is called conservative is ¢4 D ¢ (i.e. Az € ¢ whenever
x € ¢). By taking X = c4, we get the following theorem.

Corollary 2.6. Let A be a conservative matriz. Then ca is conull FK-space iff
it 1s deferred conull FK-space.

Definition 2.7. Let (X, 7) be a K space containing ¢. (X, 7) is called deferred
wedge FK-space if

q(n)

LS 0 (n s eo) in X

q(n) —p(n), 4= |

and (X, 7) is called weak deferred wedge FK-space, if for all f' € X

q(n)
T ipm) 3 £ =0 (n— o).

k=p(n)+1
There is a relationship between deferred conullity and deferred wedgeness as
follows.

Deferred Conull

/! N\
Strongly Weak

deferred conull deferred wedge

N\ /!
Deferred wedge

Now let us consider thefollowing one-to-one and onto mapping

n
T:w—=w, Tr = (xl,xl—i—@,...,g xk,...>,
k=1

and
T 'z = (z1,20 —21,..., 00 — Tp_1,...) (see [3,5]).

With the help of the mapping 7~1(z), a relation between conull and wedge spaces
can be established as follows.
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Lemma 2.8. Let (X, 1) be an FK-space. Then

i) X s strongly deferred conull FK-space if and only if T-Y(X) is deferred
wedge FK-space.

i) X is deferred conull FK-space if and only if T~ (X)) is weak deferred wedge
FK-space.

Proof. The FK topology of X can be given a sequence of seminorms {r(n)}.
Then T-(X) can be topologized by t,(z) = r,(Tz), (n = 1,2,...), so that it
also becomes an FK-space [12].

Necessity of (ii). Let X be a deferred conull FK-space. Observe that T :
(T~1(X),7") — (X, 7) is a topological isomorphism [12]. Since X is deferred
conull, (" — 0 (weakly) in X. Because 7' : (X, 7) — (T~'(X), ') is continuous,
it is weakly continuous. So,

(n)
Z Z 1 Z" .
a(n) —p(n) n)+1 G=1 — P

in T71(X). So T7!(X) is weak deferred wedge space.
Sufficiency. It is enough to observe that T : (T-}(X),7") — (X, 7) is weakly
continuous and then

T Fl=e—- — - o7
q(n) B p(n) Jj=p(n)+1 q(n) B p(n) k=p(n)+1 j=1

O

Theorem 2.9. Let X D ¢y be an FK-space. If X is ol[K] space then it is
deferred conull FK-space. The converse is not true.

Proof. Let X be a ol[K]| space. Then we obtain O] p(n) Zk “p(n)+1 o) —

(n — o) for each x € X. In particular, let x = e € X. Therefore, X is deferred
conull FK-space, so, it is not o?[K] space. O

Theorem 2.10. Let X be a conservative FK-space and consider the propositions
below:

i) X is a ol[K] space

i1) X is strongly deferred conull FK-space

ii1) X s deferred conull FK-space

w) e € .

Then (i) = (it) = (iii) = (iv) holds.

Proof. (i) = (ii) = (¢i7) is obtained from their definitions.

(iii) = (iv). 1f f = 0, on o, then f(e) = limy 7bors SO ) 500 F(0) =

0. Hence, from Hahn Banach Theorem, e € ¢ is obtained. O

2V X ={z:zx € X}isan FK space [18]. Using this expression, the following
proposition is obtained.

Proposition 2.11. Let (X,q) be an FK-0l[K] space and z € w. Then 2" X is
also a o[ K] space.
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Taking X = o[s] in Proposition 2.11 we get

2 lolls] = {a: zwed ]}
a(n)
= r: lim——m Z szxj exists
naln S
= 2%

So we have Theorem 2.12 and Theorem 2.13.

Theorem 2.12. If z € w, then 2 is a o4[K] space.
Theorem 2.13. If z € aj[s], then 24 is strongly deferred conull FK-space.

Proof. If z € of[s], then e € z7'od[s| = 2%. From Theorem 2.12, 2% is a 0![K]

space. Hence, we have e — n) o) Zq )41 € k) — 0, n — oo. This completes
the proof. |

Theorem 2.14. i) An FK-space that contains a (strongly) deferred conull FK-
space must be a (strongly) deferred conull FK-space.

ii) A closed subspace, containing ¢1, of a (strongly) deferred conull FK space
is a (strongly) deferred conull FK-space

ii1) A countable intersection of (strongly) deferred conull FK-spaces is a (strongly)
deferred conull FK-spaces.

The proof is easily obtained from the elementary properties of FK-spaces [18].

Theorem 2.15. If X be a deferred conull FK-space, then loo N X is nonseperable
subspace of I

Proof. ¢ is not deferred conull FK-space, and hence, by Theorem 2.14(ii) implies
that ¢ N X is not closed in X. By Theorem 8 of Bennett [3], desired result is
obtained. O]

3. SOME DEFERRED DISTINGUISHED SUBSPACES OF X

In this section we will define the distinguished spaces DIW, DLS and DIF *
of an FK-space X, and give their relation with the notions of (strongly) deferred
conullity and deferred semiconservativity.

Definition 3.1. Let X D ¢ be an FK-space.

(n)
1 q
DIW = DIW(X)=qeeX:————— > 2% -z (weakly) in X
q(n) —p( )k:p(n)+1
= :L’EX:f(a:):lim Z Zx]féj forall fe X

k=p(n)+1 j=1



DEFERRED CONULL FK-SPACES 37

DIS:=DIS(X) = <z eX:——— x
’ P an ) Zﬂ
= {xEX:xhasag[K in X}
L S S
= (reX rz=lim——— x;0’

So, X is a o[ K]-space if and only if DIS = X.
- +
DIF* := DIF*(X)

= ¢zre X :lim{ ———— ! is weakly Cauchy in X

am) —p(n) , 2=
)

(n k
1 X 4
= zeX :lim———— g x; f(67) exists for all f € X'

= {zeX:{z,f(0")} € 0’1[3] orall feX'} = (X))~

DIF = DIFTNX
Theorem 3.2. Let X be an FK-space D ¢, z € w. Then

i) z € DIW if and only if 271X s deferred conull FK-space; in particular
e € DIW if and only if X is deferred conull FK-space.

i) 2 € DIS if and only if 271X s strongly deferred conull FK-space; in par-
ticular e € DIS if and only if X s strongly deferred conull FK-space.

i) z € DgFJr if and only if 271. X is deferred semiconservative FK-space; in
particular e € DgF+ if and only iof X is deferred semiconservative FK-space.

Proof. (i) Necessity. Let f € (z71.X)". Then f € (7. X) iff f(z) = ax+g(z.2),
where o € ¢, g € X' [18]. So we have

qln)  k 1 an) - ko
fle— ¥ l=ale- ——— o’
T, 2 2 =, 2 2
p(n)+1 j=1 k=p(n)+1 j=1
1 an) k-
o+ g > B
- PRI R T S S RCH
q k (n)+1j=k+1 q n n)+1 j=1
Since a € ¢, > 2 ; exists, so we have WZ HZ] pp1 @ — 0 as
n — 0o. By hypothesis for all g € X', ¢ (z — m k=p(n)+l ZFl 26 ) — 0

as n — oo. Sufficiency is clear by (3.1).
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(1) Necessity. From Theorem 4.3.6 of [18], we consider the following seminorms
of z71.X. Firstly,

0, i < p(n)
t(C") = 7, p(n) <i<g(n)

For each 7, t;(¢") — 0 as n — oo. Also,

q(n) k

CY) =r(z() =71 | 2 - L DY o

a(n) = p(n) k=p(n)+1 j=1

Now the result follows at once.

(iii) Let z~'. X be deferred semiconservative FK-space. Since (z~'.X)! C of[s],
we get f € (271.X). So the equality f(6") = ad™ + g(2,0") = ad™ + z,9(") is
hold, where a € ¢, g € (27'.X)". Thus, since a € ¢ C o[s] then {f(d)} € of[s]
if and only if {2,9(6")} € o¥[s], i.e. z € DIF™. O

4. SUMMABILITY DOMAINS AND APPLICATIONS

In this section we give simple conditions for a summability domain Y, to be
(strongly) deferred conull FK-space. At the end we give some examples. We are
concerned with matrix transformations y = Az, where z,y € w, A = {a;}75-; is
an infinite matrix with complex coefficients, and

[e.9]

Yi = Zaz’j%’ (1=1,2,...).

j=1
The sequence {a;}52, is called the i-th row of A and is denoted by a’, (i =

1,2,...); similarly, the j-th column of the matrix A, {a;;}3°, is denoted by a?,
(7 =1,2,...). For an FK-space Y, the summability domain Y}, is defined by

Ya={r €w: Az exists and Az € Y} .

Also, Yy is an FK-space under the seminorms t¢,(z) = |z,|, (n = 1,2,...);

j=1
Theorem 4.1. Let Y be an FK-space and A be a matriz such that ¢; C Yy.

Then Yy is a deferred conull FK-space iff

1 q(n)

Ale— ——— e® | = 0 (weakly) inY.
q(n) — p(n) k_% .

Proof. Necessity. Let Y4 be a deferred conull FK-space. Then Vf € Y},
f(¢") =0, (n— o0). (4.1)

Let f(z) = g(Ax), for g € Y. So by Theorem 4.4.2 of Wilansky [18], f € Y}.
Because of f(¢") = g(A(™), the desired result is obtained from (4.1).

(n=1,2,...) and (roA)(x)=r(Ax) [18].

hy () = sup
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Sufficiency. Let f € Y. Again by Theorem 4.4.2 of Wilansky [18], Vf € Y},
iff

= Z apry + g(Ax),
k=1

for all x € Y, where a € wﬁ = {x: Y > x,y, convergent for all y € wy} and
g € Y'. Hence we have

q(n)

f( = Z > ai+g(AC). (4.2)
J =p(n)+1j=k+1

By hypothesis e € Y4 C wy. Then o € w’ i C €# = cs which implies that
1 q(n)

lim ————— Z i a; = 0.

n=oe q(n) = p(n) j=p(n)+1 j=k+1

Also the second term on the right hand side of (4.2) tends to zero. This completed
the proof. O

Theorem 4.2. z € w, Y is an FK-space and A is a matrixz such that ¢ C Yy i.e.
the columns of A belong to'Y. Then the following propositions are equivalent in
YA.

i) z € DqW

i) Az — ZQ(_np 1 A 2% — 0 (weakly) inY,

ii1) Ya., zs deferred conull FK-space,

i) g(Az) = lim, m Z%g(n)ﬂ 2;;1 z;g(a?) for each g €Y', where

Az = (a;52;), Z zial and (Az0); Z ;2.
7j=1
Proof. By previous theorem (i) = (iii). To show that (iii) = (w), let A.z := B.
Then by Theorem 4.1, Yp is a deferred conull if and only if Vg € Y,

q(n)
)
9(Be) = Jggoq Z 9(Be
J =p(n)+1
Thus, since )
Be = Zbij] = [Zawz] = Az,
Lj=1 =1

then we have

(Be(k))i Z amzj] and Be* Z ajzj
Lj=1
So for each g € Y, we obtained

q(n)

g(Az) =lim ——— Z Zz]g (a”).

n
q n)+1 j=1
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Since Az = Z?:l z;a?, the proof of (1) = (ii7) is clear. O

Theorem 4.3. z € w, (Y,r) is an FK-space and A is a matriz such that ¢ C Yy
i.e. the columns of A belong to'Y . Then the following propositions are equivalent
m YA.

i) 2 € DS,

i) Az — Zz(np 1A 20— 0inY,

iii) Ya, 25 stronly deferred conull FK—space

q()

. o . 1
w) Az = limy 7o5=res D 0 ) 1

kth column of A.

Z] L zja? convergence in'Y, where a’ is the

Proof. By Theorem 3.2, we obtain (i) = (iii). Since Az*) = Zf L 2;07, we have

(i) = (iv). Let z € DIS. Since z — q(n)ip( ) z(_nz)) )41 Z] 1200 = 0, n — o0,

and A : Y, — Y is continuous so A(z — W Zk:p(n)ﬂ 2%y — 0, n — oo. This
gives (1) = (7).

By Theorem 4.3.8. of Wilansky [18], (wa,tUh) is an AK-space, so it is o[ K]-
space. Since z € Y, C wy, for each i, we obtain

tilz———— A0 S0and by |2 — —— 20 0.
q(n) = p(n) 2= | q(n) —p(n), 4=
By hypothesis
1 q(n) "
(roA)[z-— A
q(n) —p(n) k%H
1 q(n)
=r|Az— — Az | =0,
q(n) —p(n) k% .

which proves theorem. O

Corollary 4.4. Let (Y, q) is an FK-space and A is a matriz such that ¢; C Y.
Then Yy is strongly deferred conull FK-space if and only if

(n)
1 q
Ale — ——— el = 0inY.
T, 2
Proof. Take z = e in Theorem 4.3 ((i7) = (vii)). O

Our next result follows immediately from definitions.

Theorem 4.5. If weak convergence and strong convergence coincide in a locally
conver FK-space Y, then for the Ya, DS = DIW.

Example 4.6. Theorem 4.5 applies when Y = [, bv and bvy.
The following result is obtained by Theorem 4.5.
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Theorem 4.7. Let Y be an FK-space such that weakly convergent sequences are
convergent in the FK topology and let A be a matriz. Then Yy is deferred conull
FK-space iff it is strongly deferred conull FK-space.

Corollary 4.8. Let ¢1 C cy. Then cy is strongly deferred conull FK-space if and
only if

(n) oo

1 q

limsup | ——— Z Z aij| = 0.
noi |gq(n) —p(n) k=p(n)+1 j=k+1

Proof. Take Y = ¢ in Corollary 4.4. c4 is strongly deferred conull FK-space if
and only if

A e—; qz(":) e® | - 0in ¢
) — o), 2= |
So, we get

lim|[A|e— b \- i(Sj =0
" alm) —pn) s = )L
. 1 q(n) 0o

L Py ()Z ) =0
This proves the result. O

Corollary 4.9. Let ¢ Cla. Thenly is (strongly) deferred conull space FK-space
if and only if

R 1 B
hrrlniz:;m Z Zaij = 0.

k=p(n)+1 j=k+1

Proof. Let 14 be deferred conull FK-space. By Theorem 3.2(i) e € DIW. By
Theorem 4.7 e € DIW if and only if

q(n)
Ae — Z Ae® | = 0 (weakly) ,n — oo in L.
k=p(n)+1

Thus,

q(n) koo
Ale— 2(53 — 0,n — 0.

k=p(n)+1 j=1 I
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So we have

a(n)  k
Ae — Z Z Qi

S. SEZGEK, I. DAGADUR

lim =0
" k=p(n)+1 j=1 !
& lim Ae — ———— oy =0
i q(n) = p(n) k=p(n)+1 j=1 .
& lim _ a;j| = 0.

This proves the corollary.

Corollary 4.10. Let ¢ C (bv)a.

space if and only if

0
Then (bv)a is (strongly) deferred conull FK-

lim Z Z Z Q5 — a2+1j
" i=1 q( ) k: p(n)+1 j=k+1
+1izm o0 Z Z ;i 0.

k=p(n)+1 j=k+1

Proof. Let (bv)a is deferred conull FK-space. By Theorem 4.2, e € DZW. Since
weakly and strongly convergence are equivalent in bv, DIS = DIW in bvs by
Theorem 4.7. So, e € DIS. Thus

Ae — Z Ae® | 50, n— oo in bu.
k=p(n)+1
So we
qa(n) k
lim Z Qg5 =0
" k=p(n)+1 j=1 illbe
< lim Z @ =0
[\ aln ) e ar A
RS | MMES Sl SR
- |1\ ) e p(n)+1 j=k+1
+lim | ——— Z Z ai;| ¢ = 0.
i |q(n

This completes the proof.

k p(n)+1 j=k+1
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Corollary 4.11. Let ¢ C (Io)a. Then (I)a is deferred conull FK-space if and
only if
- 1 (n) k
) SUP g | Ty k()41 D=1 %
i) for any given € > 0 and increasing sequences p(ns) and q(ns) of positive in-

< 00

tegers, there exists L such that sup; min; <<y, ‘q(n = Zq(ns i Z?ik-&-l ai;| <
€.

Proof. Let us take Y = [, in Theorem 4.2. Then (I)4 is deferred conull FK-
space if and only if

q(n) k
Z Zaij — 0 (weakly) ,n — 00 in I
k=p(n)+1 j=1
This means that
q(n) k q(n)
sup Z Zaij < 00 & sup Z Za” < 00
" k=p(n)+1 j=1 il Y N k=p(n)+1 j=1
and there exists L such that
Q(nb) k 9]
sup min q(ns — Z Z a;; — Z a;;| <e€
k =p(ns)+1 j=1 j=1
for € > 0 and increasing sequences p(ns), q(ns) of positive integers [9]. Moreover
Q(ns) k o0 (ns
o S| = | S Yy
q(ns) = p(ns) | _ - -
=p(ns)+1 j=1 Jj=1 k p(ns)+1 j=k+1
Thus we get
q(ns) (e%]
sup min, q(ns o) Z a;;| <e.
k=p(ns)+1 j=k+1
The proof is completed. O
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