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SOME TURAN-TYPE INEQUALITIES FOR A CLASS OF
RATIONAL FUNCTIONS WITH PRESCRIBED POLES

BASHIR AHMAD GANIE!*, VARUN MOHAN? AND WALI MOHAMMAD SHAH?

ABSTRACT. In this paper we prove some results for rational functions with
t-fold zeros at the origin and thereby obtain generalizations and refinements
of some known inequalities for rational functions. These results in particular
yield the improvement and generalizations of some polynomial inequalities.

1. INTRODUCTION AND PRELIMINARIES

Let P, denote the class of all complex polynomials P(z) := Z ;2" of degree
=0
at most n and P’'(z) be the derivative of P(z). Let D, represent the set of all
points which lie inside T}, := {z : |z| = k}, D, the set of points which lie outside
T, . Concerning the estimate of |P’(z)| in terms of |P(z)| for z € T;, Bernstein
[5] proved the following :

Theorem 1.1. If P € P,, then

P’ < P(z)|. 1.1

max |P'(z)] < nmax|P(2)] (1.1)
Inequality (1.1) is sharp and equality holds if P(z) has all its zeros at the ori-

gin.

If we restrict the location of the zeros of a polynomial, then in a special case

Turdn [16] proved the following :

Theorem 1.2. If all the zeros of P € P, lie in 11 U Dy, then

n
/
> — .
max |P'(2)] = 5 max|P(z)] (1.2)
Inequality (1.2) is sharp and equality holds for P(z) = a + 52", |a] = ||
There exists several extensions and generalizations of (1.2). However Rather et
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46 B. A. GANIE, V. MOHAN AND W. M. SHAH
al. [13] proved the following generalization by taking the coefficients of a polyno-

mial into consideration.

Theorem 1.3. If all the zeros of a polynomial P(z) lie in T, UD, .k <1, , then
for z € T,

\P'<z>rz{ GO 7 et ) )}|P<z>r. (13)

IL+Ek (14 k)(E™ecn| + |col
Now let

R, =Rulag,as,...;ap) = {523 P e Pn},

where

n
w(z) = H(z —wj), o; €C,j=1,2,...,n.
j=1
Thus R, is the set of all rational functions with poles oy, s, ..., o, and with finite
limit at co. Throughout this paper, we shall assume that the poles ay, as, ..., o,
lie in D;". We observe that the Blaschke product B € R,,, where

B =11 (12__?;) - lfu*<(§>)’

i=1

with w*(z) = z"w(2) = []}_,(1 — @;z). Also we note that |B(z)| =1 for z € T},

z j=1
Li, Mohapatra and Rodriguez [6] obtained Bernstein-type inequalities for ratio-
nal functions r € R,, with prescribed poles oy, as, ..., o, replacing 2" by B(z). In
fact, they proved following result.

Theorem 1.4. If r € R,, and all the zeros of r lie in Ty U Dy, then for z € T}

1
[r'(2)l = 51 B'()lr(2)]- (1.4)
Inequality (1.4) is sharp and equality holds for the rational function r(z) =

aB(z) + b, |a] = [b] = 1.
Aziz and Shah [3] generalized Theorem 1.4 by proving the following result.

Theorem 1.5. If r € R,, and all zeros of r lie in T, UD, .k <1 then for z € T\

ez 5 {186+ = ) (15)

Akther et al. [1] generalized Theorem 1.5 and proved the following result.
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Theorem 1.6. If r € R, has all zeros in T}, U D,k < 1, with a t-fold zeros at
the origin , then for every complex number .|| < 1 and for z € T}

(m—1)p
1+k

(2) + rwﬂz%@E@ﬂ+M%_"“QmIfZ%m_”Rdm}vun
(1.6)

By involving some coefficients of the polynomial P(z), Mir et al. [8] generalized
as well as improved inequality (1.4) by proving the following result.

Theorem 1.7. If r € R,, has all zeros in T}, U D, , k < 1, then for z € T}

|Mmz§%3wufﬂ@l@%vww (17)

k|an| + |al

These results were further refined and generalized by various authors ( for ref-
erences, see [12], [9], [10],[11] ) .

2. LEMMAS
For the proof of our results, we require the following lemmas.

Lemma 2.1. If z € T} then

&<wﬁv:”—WVﬂ
w(z) 2
The above lemma is due to Aziz and zargar [4].

Lemma 2.2. If (b;)7L, is a finite collection of real numbers such that 0 < b; <1,

1=123,....,m, then

Xm:l—bj > 1_H;n=1bj
L+b; = T+]I%, 0

J=1

This lemma is due to Rather et al. [13].

3. MAIN RESULTS

As an improvement of Theorem 1.6, we first prove the following :
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th
Theorem 3.1. If r € R, be such that r(z) = ~ ((Z))
w(z

h(z) = ZT;Ot 20 lie in Ty U Dy k < 1, then for every complex number
B,18| <1 and for z € Ty

and all the zeros of

2r'(2) + %r(z)‘ >
1 , kE(2t —n) 4+ 2m —n + 2(m — t)Re(B) 2k(K™ Hem| — led)
5@3@”+ 1+ k u+m@thA+¢m}|@”

Remark 3.2. Since all the zeros of h(z) lie in T, U Dy, k < 1, so k" cp| > |
Therefore Theorem 3.1 is an improvement of Theorem 1.6.
For 8 =0, m = n, ,Theorem 3.1 gives the following refinement of Theorem 1.5.

2'h(z)
w(z)

t-fold zeros at the origin, then for z € Ty

, 1 , 2kt +n(1 — k) 2k(E" Y enl — led)

Taking ¢t = 0, m = n, in Theorem 3.1, we get the following result.

Corollary 3.3. If r € R, r(z) = has all zeros in T}, U D, , k < 1, with

P " ,

Corollary 3.4. Ifr € R, r(z) = E—Z;, where P(z) = E a;2’ has all zeros in
w(z

=0

T, U D,k <1, then for every complex number B, 3| <1 and for z € T}

2r'(z) + 1Tfkr(z) >
1 , n(l —k+2Re(B)) 2k (k™ an| — |aol)
§%B@ﬂ+ 1+k +a+mxmmﬁ+mm}“@”

Remark : If in Theorem 3.1 , we assume r(z) has a pole of order n at z =
a,|al > 1, then

So that
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where D,P(z) = nP(z) + (o — 2) P'(z) denotes the polar derivative of P(z) with

respect to point a.
~(1-az 1 —az !
B(z) = = .
o-T1(F) - (%)

Also in this case

This gives
piey _ M= F) (ol — 1)
(z —a)rtl
So that for z € T,
n(laf® — 1)
B’ =——=
BEI="

Using these values in Theorem 3.1 |, we get for z € T}

—zDoP(z)  (m—1t)BP(z)
(z—a)"  (14+k)(z—a)

=2
That is

—2DyP(z) (m—1t)BP(z)
(z — ) 1+k

- 1 {n(\aP - 1) N kE(2t —n) +2m —n+2(m — t)Re(p) N 2k(K™ em| — |ed) } |P(2)]
|z — «af? 1+ k (1 + k) (k™ ew| + le]) | |z —al?

=2

Thus we have for z € 17,

2D P(z) (m—t)BP(2)
(v — 2) 1+

1 (n(la*=1) k2t —n)+2m —n+2(m —t)Re(B) 2k (k™| — |cal) )
- { |z —af? L+k (1+/€)(l{;mt‘cm|+|ct|)}|P( )I-

Using these facts in Theorem 3.1 , we have the following ;

Corollary 3.5. If all the zeros of a polynomial P(z) lie in Ty, U D, ,k < 1, with
t-fold zeros at the origin, then for every complex number B, || < 1 and for z € Ty,

o
1 {n(\aP —1) N E(2t —n) +2m —n+ 2(m — t)Re(S) 2k(K™ em| — |ed)
2 | |a—z] 1+ k (1+ E) (k™| + et

Hipe
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zD,P

(2) | (m—-1)BP(z)
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( _

z) 1+ k

n(lo]* — 1)

k2t —n) +2m —n+ 2(m — t)Re(S)

2k (K™ em| — |ei])

(0%
1
> =
>3

o = 2|

1+Ek

Now if we let |a| — oo, we get the following;

1 kE(2t —n) +2m —n+ 2(m — t)Re(pB) 2k (K™ em| — le)
> 5 {n+ T T e e | 1P

(14 ) (k™ em| + el

Remark 3.6. By takingt = 0, 5 = 0, m = n, in Corollary 3.5, we get Theorem 1.3.

Next, we prove the following result.

P " 4
Theorem 3.7. Ifr € R, r(z) = Plz) where P(z) = Zajz] has all zeros in

w(z)’

J=0

T, UD_ . k<1 and m* = injf |r(2)| , then for every complex number B,|5| < 1
zely,

and for z € Ty

L) . 2n| 3
5{‘3 @l -T7%t

n(l —k +2Re(S))

+ m
1+k (L + k) (k™ an] +m= (k™ + [ T2 laj]) + |aol

2k (K" |an| —m* (K" 4+ [Tj=y |yl = laol)) }W
)

n(l —k+2Re(B))  2k(|k"an| —m*(1+ [T}, ley| — laol))

2)|+

+ o f
1+k (1+k)(|knany+m*(1+1‘[j1|aj|)+|a0|)}zléln

Remark : Again assuming 7(z) has a pole of order n at z = «, |a| > 1, then

_PE
(z —a)"’

that

/ o _DQP(Z)
r'(z) = —(z T

Various polynomial inequalities can be obtained by a uniform procedure and con-
tinuing as done in Corollary 3.5.

Sipel

()]
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4. PROOFS OF THE THEOREMS

Proof of Theorem 3.1. By hypothesis r(z) # 0 for z € T}, all the poles of r(z)
lie in D and r(z) has t-folded zero at the origin, therefore we have

_p(z) _ ()

r(z) = 0@ " ) (4.1)
where
h(z) = thﬂzj = H(z — zj). (4.2)

Taking logarithm of (4.2) on both sides and differentiating with respect to z , we
get

2r'(2) _ zh'(z)  zw'(z)
r(2) h(z)  w(z)

Hence for every complex [ with |f| < 1, we can write (4.3) as,

(4.3)

2r'(z)  (m—t)3 zh(z)  zw'(z) | (m—1t)B
2 ik TR T el itk

This gives for all z € T}, with r(z) # 0,

ar'(z)  (m—t)B\ 2l (2) _ pe zw'(z) (m —t)Re(5)
Re(r(z) o 1+ k )_t+Re(h(z)> R(w(z))+ 1+ k '

Let 21, 22, .., Zm—¢ be the zeros of h(z) , therefore |z;| < k < 1 and by using Lemma
2.1, this gives for |5] < 1 and for all z € T}, where r(2) # 0

2r'(z)  (m—1t)p — z n—|B'(z)| (m —t)Re(B)
Re(r(z) + 1+ k >:t+R€;<z—zj>_< 2 >+ 1+ k '

Now for z = €,0 < < 27 and z; = r;e% r; < 1, we have

i0
z e’
zZ— zj e —r;evi

1 —rjcos(t; —0)
1472 —2rjcos(0; — 0)
1
147

>

)

if and only if

1 —rjcos(0; — 0) +r; —ricos(0; — 0) > 1+ 15 — 2rcos(0; — 0).
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That is if and only if
r;i(1 —r;) > r;(r; — 1)cos(6; — 0).
Since 7; # 0 and 7; < 1, therefore the above inequality is true if and if
cos(0; —0) > —

Which is true.
Therefore, we conclude for z € T}

Re & > ! .
z — z; 1+ |z

Thus we get for |5| < 1 and for all z € T}, with r(z) # 0

3

2'(2)  (m=1)B\ _ |[B()  (m—t)Re(B) [ 1 1 (m — 1)
R >
e(r(z) i 1+k =y 7 1+k +]:1 1+ 1z 14k i 1+k
1| 2(m — t)Re(f) gy P L 2Am =) —n(l+k)
= ||B ot ’ :
o |[B@I+2+ = 1T k k+k!zj\ 2(1+ k)
L Jj=1
il 2t(1 4+ k) +2(m — t)Re(B — |z 2m—2t—n—nk)
> —||B ! :
— 2 B ()] + 1+k +1+kz k;+|zj| 2(1+k)
1 k(2t —n) + 2 2(m — t)Re(f) ko= B
—n)+2m—n+2(m — e
5 |IBEI+ 1+ k& 1+k |5|
L j=1 \ 14+ 21
k
Since 1% k| < 1, therefore by using Lemma 2.2, we get for z € T} ,
zr'(z) | (m—1)B
R >
e( r(z) N 1+ k& .
-1 t@
1|, ., E(2t —n) +2m —n+ 2(m — t)Re(S) k =1 "
3| 1B G+ 1+ k& TR m—t 1]
1 k(2t —n) +2m —n + 2(m — t)Re(p 2k(k™ en,| — e
T2 1+ k (1 4+ k) (Em=t|em| + |al)
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zr’(z) (m—1t)p zr/(z) (m—1)p
r(z) 1+ k ‘ZRe<r(z) N 1+k )’

therefore, We conclude for r(z) # 0 and z € T3.

Also

2r'(z) + —(m — t)ﬁr(z)‘

1+ k

1 k2t —n) +2m —n+ 2(m — t)Re(S)
> < |B

=9 {‘ G+ 1+ k

In case r(z) = 0 for z € T} , then this inequality is trivially true.

This completes proof of Theorem 3.1.

(k] — |er])
@+ B ten] + |ct|>} Ir()l

Proof of Theorem 3.7: We assume all the zeros of r(z) lie in D, , so that
m* = ian |r(z)| > 0. Hence for some A, |A| < 1 we have |r(z)| > m*|A| for z € Tj.
z€Ty,

By Rouches theorem the fuction G(2) = r(z) +Am* has all its zeros in D, , k < 1.

Now
G(z) =r(z) + xm”
_ P

= + Am*

_ P(2) + Am*w(z)
w(z)
e

w(z)’
where " n
¢(2) = Z a;z) + xm’ H(Z - a;)
= (an + Am*)2" + ... + (ag + H Am* H(—l)"%‘)-

Applying Corollary 3.4 to the function G(z), we have for all z € Ty

2G'(2) + 17ka(z)

1 , n(l —k +2Re(S))
5{‘3 )+ 1+ &
2k (k™ an + Am*| — [Am* [T/_, (=1)"a; + aol) .
)}|G( )|

(14 k) (k" an + Am*| + [Am* [Ty (=1)"a; + ao|
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This implies for z € T}

2r'(2) + 17:_6]{ (r(z) + Am*)| >

1 n(l —k +2Re())

B

2 {l @)+ 1+k v

2k (k™ an + Am*| — [Am* [[7_, (=1)"a; + aol) §
= |r(2) + Am™|.
(L + k) (k"|ayn + Am*[ + [Am* [[j, (—1)"a; + aol)
—1b

Using the fact that the function g(y) = z+ ;b{’ where y = k"|a, + Am*| and
b= Am*[[;_,(=1)"a; + ao, is a non-decreasing function of y and the triangle in-

equality on left hand side of the above inequality, we get for |A\| < 1 and for z € T7,

nB
1+k

1 , n(l —k+ 2Re(f))
5{'3 () + [

2k (K" |an| — K" Am*| — [Am* [T5_; aj] — laol)

=1

(14 k) (k*fan] + E*[Alm*| + [Am* TT;_, o5l + laol)

nlAlBlm*

2r'(2) + T h 2

r(z)] +

}(!r(z) + Am*|).

This gives for z € T}

, ns n’)\|’13|m*
PR >

1 , n(l —k +2Re())
2k (k" an| = K" |AIm” — [Alm” TT5_, lag| = laol)
(1+ B) (k" |an] + k| Am= + [Am* [Tj—y | + lao)

}(|r(z)+)\m*|.

Choosing the argument of A on the right of the above inequality suitably, we get
for z € T}



TURAN-TYPE INEQUALITIES 55

(o] 4 P8I
1+ Ek 1+k =

1 , n(l —k+2Re(5))
§{|B ()] + 11k

2k (K" an| — K" [Am* — [Nm* [T7_, |aj| — |aol)
(14 k) (k™[an| + k" Alm* + [Am* [T}, [a;] + |aol)

}(IT(Z)I + [A[m?).

Letting |A\| — 1, we get for z € T},

2r'(2) + 1Tfk7’(z) >

1 , n(l —k+2Re(f)) 2k (k" |an| —m* (K" + [ Tj_; |ay] — faol)

5{'3(2)” Tk Rk a] - T gD el [T

1], 2n|B]  n(l —k+ 2Re(B3)) 2k(K" |an| — m* (K" + [ T;_; loy] — |aol)) .
§{|B(z)|— r " + (1+ &) (k" [an] + m= (b + [Ty 1) + o] Inf r(2)].

This completes the proof of Theorem 3.7.

—1b

Remark : Since the function g(y) = y - ||b}
)

hence Theorem 3.7 is an improvement of the result due to Milovanovic and Mir

[7]-

is a non-decreasing function of y,

OJ
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