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UNIQUENESS FOR ENTROPY SOLUTION TO A CLASS OF
NONLINEAR DEGENERATE WEIGHTED ELLIPTIC
P(.)-LAPLACIAN PROBLEM WITH L1-DATA

ADNANE KADDIRI}, AHMED JAMEA?*, MOHAMED LAGHDIR?** AND EL MEHDI
HASSOUNE**

ABSTRACT. In the present paper, we prove the uniqueness of entropy solution
to a class of nonlinear degenerate weighted elliptic p(-)-Laplacian problems.
These particular problems are delineated by Dirichlet-type boundary condi-
tions and L! data. We use a priori estimates in the framework of weighted
variable exponent Sobolev spaces theory.

1. INTRODUCTION AND PRELIMINARIES

Let Q C RY, (N > 2) be a open bounded domain with a connected Lipschitz
boundary 0€2, and p(z) € (1, 00) for all x € (0, 00). In this paper, we will study the
uniqueness of entropy solution for the nonlinear degenerate weighted elliptic p(.)-
Laplacian problem with variable exponent. Moreover, the existence of entropy
solution for our following problem (1.1) is also established in [1].

—div(w|Vu — 0(u)[PW2)(Vu — 0(u)) + wlufWD2u = f  in Q, (1.1)
u=20 on 0. '

Where the variable exponent p : Q — (0,00) is a continuous function, w is a
weight function on €, (w is a measurable, a.e. strictly positive function on 2 and
satisfying some integrability conditions, see assumptions (H;) and (Hs) below)
and the right-hand side f € L'(2). The notion of entropy solutions has been
proposed by Bénilan et al. in [7] for the nonlinear elliptic problems. Many of
these models like problem (1.1) have already been analyzed for constant expo-
nents of nonlinearity in particular cases. Especially, when w = 1, the existence
and uniqueness of entropy solution for the problem (1.1) are obtained in [5]. In
the recent few years, the study of partial differential equations (i.e, PDEs) and
variational problems generalised several types of problems coming from various
areas of mathematical physics, such as electrorheological fluid dynamics, elastic
mechanics, image processing, biophysics, plasma physics and chemical reactions,
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etc. Additionally, degenerate phenomena have surfaced in fields like oceanog-
raphy, turbulent fluid flows, induction heating, and electrochemical studies, as
documented in references [6], [9], and [12]. The problem (1.1) is modelling sev-
eral natural phenomena, we present for example the following two models ( see
[12] and [14]) .
e Model 1. Fluid flow through porous media. In this particular
model, we are guided by an equation denoted as

O ([ Ve(0) ~ K(O)eP=(Vo(0) ~ K(0)e)) =0,
which articulates the behavior of the system. This equation involves the
temporal change of #, representing the volumetric moisture content, and
it’s influenced by various factors.These factors include K (6), which sig-
nifies the hydraulic conductivity ¢(6), which denotes the hydrostatic po-
tential, and e a unit vector oriented in the vertical direction. Together,
they interact within the equation to describe the intricate dynamics of the
system.

e Model 2. The thermal model. Understanding the intricacies of induc-
tion heating processes involves a thorough examination of heat transfer
mechanisms, primarily influenced by three crucial factors: the dissipation
of heat due to eddy currents within the workpiece, the diffusion of heat
within the material, and the exchange of heat at the interface between
the workpiece and the surrounding air.

The evolution of temperature within the workpiece is described by the
classical heat transfer equation:

pca—T — div(kVT) = Qem,
ot

here, p represents the density of the workpiece, ¢ signifies the specific
heat, and k denotes the thermal conductivity, all of which are temperature-
dependent parameters in this specific context. Moreover, a heat source
term, denoted as ()., is introduced due to the presence of eddy currents.
It’s important to emphasize that the heat capacity of the workpiece can
experience significant fluctuations in value as temperature varies, espe-
cially during metallurgical phase transitions and in close proximity to the
Curie temperature. Conversely, the thermal conductivity exhibits a grad-
ual decrease in value as temperature rises.

The plan of our paper is organized as follows. In the first section, we recall the
definitions of weighted Lebesgue spaces with variable exponent (i.e LP()(Q, w)
) and weighted generalized Lebesgue-Sobolev spaces (W'P()(Q,w) ) have been
introduced in [4] and some of their basic properties. In this section, we provide
definitions, notations, and results that will be using throughout the course of this
study. In the second section, we prove the uniqueness of an entropy solution of
our problem (1.1) such that their existence is also obtained in [1] and to achieve
this goal we will use a priori estimates established by Boccardo and Gallouet in
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[2] and [3].
Let © be a bounded open domain in RY, we consider the following set

CH(Q) ={p:Q— R" continuous such that 1 <p~ < p' < oo},
where p~ =min(p(z)) and p* = max(p(z)).

€l €
Let w be a measurable positive, a.e finite function defined in RY and satisfied the
following integrability conditions.
(H) we L (Q) and wi@ T € LL_(Q).

(Hs) w —s(z) ¢ Lt .(Q), where s(x) € (%,oo) N (zﬁ,oo].

Moreover we add the following hypotheses for the function 8 and the regularity
of f:
(H3) 6 is a continuous function defined from R to RY such that #(0) = 0 and
for all real numbers x,y we have |0(z) — 6(y)| < Ao|xr — y| where \; is a
positive constant real number such that

where )" = min <)\€7; /\g+> such that Cj is a positive constant defined
in theorem (1.7) .
(Hi) f € LY(Q).
For p(.) € C*(Q), we define the weighted Lebesgue space with variable exponent
LPO(Q,w) by
LPO(Q,w) = {u : 2 — R : u is measurable and/ |uP@w(x)ds < oo} :
Q

endowed with the Luxemburg norm

||uHLp(.)(Q7w) = inf {)\ > O,/ |@|P(I)w($)dx < 1} )

We denote by LP'()(Q,w) the conjugate space of LP()(Q,w), where
1 1

p@) " P

Y

and where
w*(z) = w 7@ forall z e Q.

On the space LP)(Q,w), we consider the function Op()w - rO(Q,w) — R
defined by

Op() () = Orr()( Qw) / u(z)[? e z)dz.
The weighted Sobolev space with variable exponent is defined by
W (Q, w) ={ue LPY(Q,w) such that Vu € LPO(Q, w)}.
With the norm
ull oty = Nellpew + [ Vullpoe for all ue WHO(Q,w).
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In the following of this paper, the space VVO1 » (‘)(Q,w) denote the closure of

— wirO)(Qw
C2(Q) in WPO(Q,w) (e W) = G
norm |[.[|1,p()w

Let p(.), s(.) are two element of space C*(Q) where the function s(.) satisfies the
hypothesis (Hs), we define the following function

) with respect the

p(n) = NN_p—;()) for ple) <XV,

ps() 1(+)5(( 3 <o),

vy | N S p(a),
ps(w) = { SN < o),

for all most all z € Q.

Proposition 1.1 ( [7]). Let Q C RY a open set of RY, p(.) € CH(Q) and let
hypothesis (Hy) be satisfied, we have

LPO(Q,w) < Lio(Q)

Proposition 1.2 ( [7]). Assume that hypotheses (Hy) and (Hz) hold and p(.), s(.)
€ C*(Q) then we have the continuous embedding

WhPO(Q,w) — WhPO(Q, w)
Moreover, we have the compact embedding

WhPO(Q, w) s WHO(Q, w)
provided that r € CT(Q),1 <r < p* for all x €.

Definition 1.3. Given a constant k£ > 0, we define the cut function 7 : R — R
as

s if |s|] < k,
Tk(S) = k if s>k,
—k if s < —k.

For a function u = u(x) defined on €2, we define the truncated function Ty (u)
as follows, for every = € Q, the value of (Tu) at x is just Ti(u(z)).
By Ph. Bénilan, L. Boccardo, T. Gallouet [7] we define also the space

T (@2 w) =
{u:Q — R where u is a measurable function ; Ty (u) € Wol’p(')(Q,w);‘v’k > 0}.

Lemma 1.4 ([1],[2]). For &,n € RY and 1 < p(.) < oo, we have

. p(-)__ p(.) p(.
p<.)|§| p(')lnl < J¢PI%e (6 =),

where a dot symbol denote the Euclidean scalar product in RY.
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Lemma 1.5 ([1],[2]). Fora > 0,b>0 and 1 < p(.),q < oo we have
(a4 b)) < 2901 (1) 4 )
a? + b7 < (a+b)4.

Lemma 1.6 ([16]). Let q,q" two reals numbers, q,q' > 1 such that %%—é =1 and
£,n € RN, the following assertion hold true:

6(6) — oI < C{(€ = m) (6(€) — o)} {Ie]* + |7} 2,
where B =2 if 1 < q<2, and = ¢ if ¢ > 2, such that (&) = |£[PO72¢, and C

18 @ positive constant.

Theorem 1.7 ([17]). Suppose that @ C RY be a bounded set. Let the exponent
p(.) € C(Q). Then, for all u € Wol’p(')(Q,w) , the inequality

HUHP(.),w < OOHVUHP(-) W

is satisfied where the constant Cy depends on the exponent p(.), diam(S)) and the
dimension N.

Remark 1.8. Further down, ¢;; i € {1;2;...} is a positive constant and meas{B}
denotes the measure of the measurable set B C RV,

2. MAIN RESULTS

In this section, we recall the definition of entropy solution using in (2.1) as
well as some fundamental lemmas based on a priori estimates inspired by the
ideas of L. Boccardo, T. Gallouet in [2] and theorem that will be use to prove the
uniqueness of an entropy solution to our problem (1.1).

Definition 2.1. A function u € 7, (')(Q, w) is an entropy solution of degenerate
elliptic problem (1.1) if and only if

/ w®(Vu — 0(u))VTh(u — o) + / P2 T (u — ) < / FTo(u— o) (2.1)
Q Q Q
for all k> 0, ¢ € Wy (Q,w) N L¥() and ®(€) = |¢[PO-2¢, V¢ € RV,

Theorem 2.2. Let hypotheses (Hy), (H2), (H3) and (Hy) be satisfied, if the prob-
lem (1.1) has a entropy solution, then this solution is unique.

To prove the uniqueness of entropy solution for problem (1.1)(i.e the proof of
Theorem (2.2)) is divided into several steps.
Step 1: Some technical Lemmas.

Lemma 2.3. Let hypotheses (Hy), (Hs), (Hs), (H4) be satisfied and u an entropy
solution for problem (1.1), then

hEIJPoo meas{|u| > h} = 0.
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Proof. Let uw an entropy solution for our problem (1.1) and h a positive real
number be large enough, we get

min (| (@) B meas{|ul > h} < wamw%
< Awme*Mﬂwm%
< /Q wB(V — 0(w)) VT (u)dz
b [ (a2 s,

Q
S fTh(u)d:E?

Q
< Al
This implies that
meas{|u > h|} < hpc—l,l-

Where

i

" min (jw(o)])

en

Then

hEIJPoo meas{|u| > h} = 0.

O

Lemma 2.4. Let hypotheses (H,),(Hs), (Hs) and (Hy) be satisfied, if u is an
entropy solution of problem (1.1), then

w|Vu — 0(u)|P=2(Vu — 0(u)) Vudz = 0.

: 1
1- ,132% Ef{h<|u\<h+k}

h—+o00
2- lim 1
k0 kf{h<|u\<h+k:}
h—+o0
3- lim 1
50 kf{h<|u\<h+k}
h—4o00

w|Vu — 0(u)|P™dr = 0.

w|Vul[PWdr = 0.

Proof. Firstly. Let u an entropy solution for the problem (1.1), k& and h be two
real numbers such that 1 < k& < h.
Taking ¢ = Tj,(u) is a test function in inequality (2.1), we get

/ w®(Vu — 0(uw)) VT (u— Th(u))de + / w|uPO 2Ty (u — Ty(u))dz  (2.2)
Q Q

< [ ITiu - Tiw)de.
Q
Remark that:

sign(w)X{ju>hy = Sign(Tk(u — hsign(w)) X {ju/>h}-



UNIQUENESS PROBLEMS FOR PDES 137

Then
/Q P2y T (v — Ty (u)))da > 0. (2.3)
We make the following change only for the reason of simplifcation.
Thi = /Qh w®(Vu — 0(u))VTi(u — Th(u))dz,
K

and
QO ={h < |u| < h+k}

Now, using (2.2), (2.3), lemma (2.3) and Lebesgue’s Dominated convergence the-
orem, we get

1 1

lim -7, = lim — / w®(Vu — 0(u))VTp(u—Ty(u))dz,  (2.4)
k=0 k7 k=0 k Jon

h—+00 h—+00 k

lim + /Q WB(Vu — 0(u))VTi(u — Th(u))da

IN

k—0
h—+o00

1
+ lim / wlul""2uTi(u — Th(u)))dz,
k=0 k Jon

h—+o0 ke

1
< lim — [ fTp(u—Ty(u))dz,
k—0 k Qh
h—+o00 k

< 1i u>nyda,
< /Qh_1>£{100|f|><{ >ndT
h——-00

<  lim /\f\X{wh}diﬁ'-
Q

By lemma (2.3), we conclude that

Tim_ /Q FIXaapsnyde = 0. (2.5)
This implies that
1
lim / |V — 0()P 2 (Vu — 6(u)Vude = 0. (2.6)
W0 K S i<y
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Secondly. Now, using (2.2), lemma (1.4) and (H3), we get that

1
L V= o) i < / |V — ()P 2 (Vu — 6(w))Vudz
pT Jan Qp
+ 2 wlppds, (2.7)
D Jar

< / w|Vu — 0(u)[P~2(Vu — 0(u)) Vudz
a

N
+ L wuf®dr,

P Jar

k

< / w®(Vu — 0(u))VTi(u — Th(u))dz,
Qh

A
+ / wlu[PWde + | 2 —1 / wlulP™ da
Qp p QP

fTi(u—Th(u))d.

h
Qk

IN

Where
A = max <>\g_; )\8+) :

Then

1 1
lim —/ w|Vu — 0(u)[PWde < pt ( lim — ka(u — Th(u))dx> :
h—4o00 k h—+00

h—+

< (hm /|f\x{|u>h}dx) (2.8)

Now, using (2.5) and (2.8), we deduce that
lim —/ w|Vu — 0(u)[P“de =0 (2.9)
{h<|u|<h+k}

Thirdly. The same approach is employed here to demonstrate coercivity object
by using (2.2), lemma (1.4) lemma (1.5) and (Hj) in [1], then we obtain

1 1
——/ w|VulP®dy < / w|Vu — 0(u)[P2(Vu — 0(u)) Vudz
2 2

p+ 2p+—1
2N
- L1 /w|u|p(“)dx+/ w|u|P™ da
D Qp Qp

< /ﬂz FTo(u — Ty (u))da,
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Now, using Lebesgue’s Dominated convergence theorem, we conclude that

1 1
lim —/ w|VulfWdz < pt2r [ lim - fTe(u—Ty(u))dx |,
k0 K Jop W20 K Jay

+_ .
< p+2p 1 (hgrfoo/9|f|x{|u>h}dl‘> .

Finally, using (2.5) we obtain that

h—+o00

lim —/ w|Vu[P™Wdz = 0. (2.10)
{h<|u|<h+k}

Step 2: Uniqueness.

Now, let u and v are two entropy solutions of our degenerate weighted elliptic
problem (1.1) and let A,k two positive real numbers such that 1 < & < h. In
inequality (2.5), we take for the solution u, ¢ = Tj(v) and for the solution v,
we take ¢ = Ty (u) as a test function. Using Lebesgue’s Dominated Convergence
Theorem, pass to limit when £ — 0 and h — +o00 , we get that

lo(u) = g0} lsr 0+ T L(E) <0, (2.11)
h——+o00
where
g(u) = [ul™2u for all ue WP (Q,w).
And

L(hk) = /Qw{(I)(Vu — 0(u))VTi(u — Th(v)) + (Vv — 0(v))VTx(v — Th(u)) }da.

Now, we will prove that

) 1
lim —L(h k) > 0.
h—+00

For that, we consider the following decomposition

Qllz - {|u| < h, |U| < h};QQ - {|u| < h, |U| > h}’
Q) = {lul > h, [v] < h}; QG = {|u] > h, |v] > h},

and L;(h, k) is the integral on 2} for i = 1,...,4, defined by where

Lih, k) = / 0 (®(Vu — 0w)VTi(wl,) + B(Vo — () VTL(,)) do.
Where
wﬁm =u-— Th(v),wz,v =0v — Th(u).

Firstly, we pose
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where

Li(h,k) = /Q w{®(Vu —0(u)) — (Vv — 0(v)) }e(u, v)dx,

1
k,h

L3(h k) = /Q w{®(Vu—0(u)) — (Vv —6(v)) }Vy(u,v)dr,

1
k,h
and
Q= {lu—v| < kslul < hslo] < h},

Yo(u,v) = (Vu—0(u)) = (Vv =0(v)),
Uy(u,v) = 6(u) —0(v).

To show that

lim %El(k, h) =0,

k—0
h——+o00

we consider two cases according to the value of p™.
Case 1: 1 <pt <2.
Let £ > 0, using Young’s inequality with € > 0 and (H3) we get

1, , €
— <
jiy I8 < fn

1 +
; _ P
+ Ilg%gk]ﬁ /thww(u) O(v)|P dx,
p+
< lim (sﬁﬁi(k;,h)Jr (ko) >
k—0 £
. C2 41
< =2

where
Coy = C/pl+.

Remark 2.5. Using lemma (1.6) we deduce that ¢, is a positive constant.

If limig! = 0.

lim cLi(k,h) =0

Then .

lim %ﬁl(h, k) = 0.

k—0
h—+o00

If 0<lim¢LY(k, h) < oo.
k—0
We pose in (2.12)
N
e=1/ (h ]lclm Eﬁl(h’ k)) :

—0

This implies that
1

k—0
h—+o0

w|®(Vu — 0(u)) — ®(Vo — 0(v) [P da

(2.12)
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Then .
h—+o00
If lim +L}(k, h) = +oo.
k—0
Using hypothesis (H3) and lemma (2.4), we find that

1 1
lim ~L2(kh) < lim (Aok) —/ w|<1>(vu—9(u))—cb(vu—e(u))ux),
k—0 k k—0 k o
h—+o00 h—+o00 k,h
1
< lim (k) [~ / w|Vu—9(u)|p(“)da;> (2.13)
k—0 k Jor
h—+o00 k,h
1
b dm (k) [+ / w|Vv—9(v)|p(”)da:>.
k—0 k Ql
h—s—400 k,h
Now, using (2.13), we conclude that
.1
%E}% E£1<k7 h)=0 (2.14)
h—4o00
This implies that
) 1
llgr(l) %ﬁl(k:, h) = +o0. (2.15)
h—+00

Case 2: pt > 2.
Let p'* the conjugate of p* (ie: v + % =1).
Then 1 < p't < 2. Now, using Young’s inequality with ¢ > 0 and (Hj3) we get
1
lim L0 k) < lim . / W|®(Vu — 0(w)) — B(Vo — 0(v)) P do
0Ol

k—0 k—0 kpt L

I
o ey ekp'*

Pt
lim (f-iﬁ}(k, ) + E2o0) ) :

/Q - wlf(u) - O(v)["" da, (2.16)

IN

k—0 g

IN

G
ilclinog k El(kah)7

where
C3 = C/p+
Remark 2.6. Using lemma (1.6), we deduce that c3 is a positive constant.

By similarity method in case 1 , we have

) 1
h—+o00
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Secondly, we pose

where
Lk ) = / W(®(V — 0(0))VTh(v — u)dr, (2.18)
02
= / O(Vov —6(v))Vodx — /2 1 w(®(Vv —0(v))Vudz,
Q Q40
Li(k,h) = /92 w(®(Vu — 0(u))VTi(u — hsign(v))dz, (2.19)
= /2 ; w(®(Vu — 0(u))Vudz,
Qh
and

sz}L: {lu] < h;|v| > h;lv —u| <k},

Qs = {|ul < hs; |v] > h;Ju— hsign(v)| < k},
Remark 2.7. it is important to note that the following statement hold
Dy, C Q. (2.20)

Now, using (2.20), we get

—/21 w|®(Vv — 0(v))Vudr = —/21 w(®(Vv —0(v))Vudx (2.21)
o2 Q

- /92,1 w(®(Vo —0(v))V(u —v)dz,

> —/Qhw|(ID(VU—9(v))VU|d$

- /Q Wl ®(Vo — 0(v)V (u — v)|dz,

1
k <E /Q | (Vo — 0(@)|p(“)_1|Vv|dx>
k
1
— kKCy (—/ w|Vu — 9(v)|p(“)_1d;ﬂ> :
k QZ

Now, using (2.21) and lemma (2.4) , we obtain that

v

k—0
h—+o00

~ lim %/ W] ®(Vo — B(v))Vudz > 0 (2.22)
Q)
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Applying the same methodology employed to illustrate coerciveness, we obtain

1 1 - )
/Q w(®(Vv —0(v))Vode > (F — 2Co N5 ) /2‘1 w| VP dz,

2.1 +
ko p kh

3!
% S

k,h

Y

w|Vv]p(”)dx> : (2.23)

where

ca = k/p* (1/2?’**1 - QCOAg**) .
Remark 2.8. Using hypothesis (Hj3), we deduce that ¢4 is a positive constant.
In the same way, we have

/.,

,2
k,h

1
w(®(Vu — 0(u))Vudr > 5 (E /9271

k,h

w|Vu|p(“)dx> . (2.29)

Where c¢5 is a positive constant.

Remark 2.9. The constant ¢5 depends on lemma (1.4), lemma (1.5) and hypothesis
(Hs).

Now, using (2.22) - (2.24) and lemma (2.3), we conclude that
1y
- >
llqlir(l) k£2(ka h) = 07
h—4-00
N e

h—+00

Vv
o

This implies that

v
o

. 1
lim L (k,h) (2.25)

h—+o00

Finally, in the same manner, we obtain that

lim %(ﬁg(lﬁ,h)-kﬁ;;(k,h)) > 0. (2.26)
%

Hence

. 1
lim —L(k,h) > 0. (2.27)
h——400

Therefore, inequality (2.11) becomes

lg(u) — g(v)[| 10wy <0 (2.28)
This implies that
u=v ae in (.

As a result, we ascertain the uniqueness of the entropy solution for our problem

(1.1).
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Remark 2.10. We have clearly demonstrate the existence of entropy solution for
our problem (1.1) in [1].
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