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NONLINEAR MULTIVALUED HOMOGENEOUS ROBIN
BOUNDARY p(u)-LAPLACIAN PROBLEM

NOUFOU SAWADOGO! AND STANISLAS OUARO? *

ABSTRACT. We establish the existence and a partial uniqueness result of so-
lutions for a nonlinear multivalued Robin boundary p(u)— laplacian problem.

1. INTRODUCTION

We consider the following nonlinear elliptic p(u)—laplacian problem with Robin
boundary condition.

B(u) —diva(z,u, Vu) 3 f  in Q
a(z,u, Vu).n = —|u|" @2y on 09,

P, f) {

where Q is an open bounded domain of RY (N > 3), with smooth boundary
and § a maximal monotone graph on R such that 0 € 5(0), a is a Leray-Lions
operator, 7 is the outer unit normal vector on 90 and f € L'(Q). diva(z,u, Vu)
is called p(u)—Laplacian operator, a prototype case is div(|]Vu[P¢* =2 Vu). The
problem P(f, f) is adapted into a generalized Leray-Lions framework under the
assumptions that.

a:Qx (RxRY)— RN is a Carathéodory function with

a(x,z,0) =0 for all z€ R, anda.e.x €€, (1.1)
satisfying the strict monotonicity assumption
(a2, %,€) — a(w, 2,m)( — 1) > 0 forall &, n € RN, € £, (1.2)
as well as the growth and the coercivity assumptions with variable exponent
a2, )" < CL(lge? + M(a)), (1.3)
L\ epe)
a(x,z,f).f > _|§|p s (14)
Ca

Here C, Cy are positive constants and M is a positive function such that M &€
LY().
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p: QxR = [p_,py]is a Carathéodory function, 1 < p_ < p(z,2) < p, < oo and

Pz, z) = M is the conjugate exponent of p(x, z), with
p(l’, Z) -
p_:=ess inf p(x,z) and p; :=ess sup p(z,z2).

(2,2)EQXR (2,2)EQXR
We assume that

p_ > N and p is uniformly log-Hélder continuous in © x [—M, M], with M > 0.(1.5)

In this paper, we use the Robin boundary condition a(z,u, Vu).n = —|u| @ ~2y

where r : 90 x R — [r_,r,] is a Carathéodory function such that 2 < r_ <
r < r, < oo. Thus, the function ¢ |t|7“(9”’t)_2t is continuous for a.e. x on ).
Furthermore, we make the following hypothesis.

(H) t > |t|"“Y~%t is increasing.
The problem P(f, f) can be seen as an extension of the following problem.

{b(u) —diva(z,u,Vu) = f in Q

1.6
a(z,u, Vu).n = —|u["@¥=2y on 0Q, (1.6)

where b : R — R is nondecreasing, normalized by b(0) = 0 and f € L*(Q2). Ouaro
and Sawadogo (see [16]) established and proved the existence results, the unique-
ness and structural stability issues for such p(x,u) variable exponent problem
(1.6).

Since 3 is nonlinear, its appear in the definition of the solution, a bounded Radon
diffuse measure, in order to take into account the border of the domain.

An other difficulty is that the Poincaré inequality and the Poincaré-Wirtinger in-
equality with variable exponent cannot be used. Nevertheless, we use the Poincaré
Wirtinger inequality with constant exponent.

We define M,(2) as the set of bounded Radon measures in 2. For the variable
exponent 7(.), where 7(.) is to be defined later, given p € M,;(2), we say that
p is diffuse with respect to the capacity W) (Q) if u(A) = 0, for every set A
such that Capr(y(A,2) =0 (see [15]). For A C §, we denote

Sr)(A) = {u e WHO(Q) : u > 1 on all open set which contain A and « > 0 in Q}

The 7(.)—Capacity for every subset A with respect to 2 is defined by

Caneo(4.9) = _jnt [ (a4 9o .
Q

’U,ESW(')(A

The set of bounded Radon diffuse measures in variable exponent setting = (.) is

denoted by Mg(')(ﬂ). Here, we use the techniques of Chipot and de Oliveira in
[9] to prove that |Vu|™) € L'(Q), different to those used the Young measure.
(cf. 1,2, 11, 16)).

In this work, we consider the Robin boundary condition which bring some difficul-
ties to treat the term at the boundary. In order to get our main result, we define
a new space which will help us to take into account the boundary condition. This
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space in the context of variable exponent was for the first time introduced by
Ouaro et al. (see [17]). Moreover, we adapt the notion of renormalized solutions
for the study of our problem. In fact, the concept of renormalized solution was
introduced by Diperna and Lions ([10]). Furthermore, the standard Leray-Lions
elliptic problem with L' source terms are well posed in the framework of renor-
malized solutions.

The interest of the study of this kind of problem is due to the fact that they
can model phenomena which arise in the study of elastic mechanics (see [3]),
electrorheological fluid (see [18]) or image restoration (see [8]).

The remaining part of this article is organized as follows: in the next section,
we introduce some preliminary results. In the last section, we study the existence
and the partial uniqueness of the renormalized solutions for the problem P(/3, f).

2. PRELIMINARY RESULTS

We will use the so-called truncation function

i 13| < k 1 ifs>0
Ti(s) == {Z 90(s) %f |S| ; P where signg(s) : =<0 if s=0
Sgnels) 118 “1if s <0.

The truncation function possesses the following properties.

Ti(=s) = =Ti(s),|Tk(s)| = min{]s|, k},

: .1 :
kh_}rglo Ti(s) = s and IICE% ETk(S) = signo(s).

Taking into account the assumptions (1.3), (1.4) and Robin boundary condition,
we need to work in the variable exponent Sobolev space W) (Q) and L*0)(99),
with 7(.) := p(.,u(.)) and s(.) := r(.,u(.)). For the sake of completeness, we also
recall the definition of variable exponent Lebesgue and Sobolev spaces L™ ()
and W) (Q). In the sequel, we will use the same notation L™ (Q) for the space
(L™ (Q))N of vector-valued functions.

Definition 2.1. Let 7 : @ — [1,00) be a measurable function. L™ (Q) is the
space of all measurable functions f : 2 — R such that the modular

o) = / @z < oo

If p, is finite, this space is equipped with the Luxembourg norm

: f
1112700 :—lnf{A>0; pw(_)<x <1\,

W1m)(Q) is the space of all functions f € L™ (Q) such that the gradient of f
(taken in the sense of distributions) belongs to L™ (); if p, is finite the space
WL (Q) is equipped with the norm

Hu||le’T(~)(Q) = ||u||L’T(-)(Q) + ||Vu||L7T(~)(Q)'
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W™ (Q) is the closure of C3°(92) in the norm of W1 0)(€).
When 1 < p_ < 7(.) < py < o0, all the above spaces are separable and reflexive
Banach spaces.

In the present paper, we assume that m(z) = p(z,
continuity assumption (2.1) below. We denote 7. (x) :
and s.(x) := r(z,u.(x)) for all z € 99Q.

u(z)) verify the log-Holder
= p(x,u.(r)) for all x € Q

Proposition 2.2. (See [1], Proposition 2.3)
For all measurable function w: Q — [p_, py], the following properties hold.

i) L™(Q) and WH™O)(Q) are separable and reflexive Banach spaces.
i) L™O(Q) can be identified with the dual space of L™ (), and the following

Holder inequality holds.
)| [ sods| < 2oy lallirioy

iii) One has px()(f) = 1 if and only if || f|| 10 ) = 1; further,

VfeL™(Q),ge L™

i px()(f) < 1 then (| fI[770 ) < P () < 110

ifpﬂ(-)(f)>1 th€n||f||Lﬂ() <p7f ( )<Hf‘|L7r()

In particular, if (fn)nen is a sequence in L™ (), then an||Lﬁ() tends to zero
(resp., to infinity) if and only if p)(fn) tends to zero (resp., to infinity), as
n — 00.

For a measurable function f € W1™)(Q) we introduce the following notation.

e (5) = [ 157 0de + [ 19770

Replacing p(z) by 7(z) in [5]- Proposmon 2.2, we get the following result which
is fundamental in this work (See [20, 21]).

Proposition 2.3. If f € W'™0(Q), the following properties hold:
D) 1 llwrso@ > 1= 1o @) < prao () <m0 @)
i) 1l < 1= 1o < 2re00) < 1o

i) [|fllwrroq) < L(respectively = 1;> 1) < p1.)(f) < L(respectively =
I;>1).

The following lemma show that the space W5™()(Q) is stable by truncation.
Lemma 2.4. (See,[l]-Lemma 2.9) If u € W'™0(Q) then Ti(u) € WHT0(Q).
Now, we give some embedding results.

Proposition 2.5. (See [1], Proposition 2.4) Assume that w: Q — [p_,py] has a
representative which can be extended into a continuous function up to the bound-
ary 0S) and satisfying the log-Holder continuity assumption:

3L >0, Vz,y e Az #y, —(loglz—y|)|n(z)—7(y)| < L. (2.1)
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i) Then, C>=(Q) is dense in W10 (Q).

i) WhmO(Q) is embedded into L™ (), where 7*(.) is the optimal Sobolev
embedding exponent defined in (2.2) below. If q is a measurable vari-
able exponent such that ess ing(w*(.) —q(.)) >0, then the embedding of

re
W O(Q) into L1V (Q) is compact.
For a given 7(.), a function taking values in [p_,p.], 7*(.) denotes the optimal
Sobolev embedding defined for any x € ) by

Nr(x)

—_— if w(z)< N
. N —m(x)
() = any real value if 7w(x)=N (2.2)
00 if  m(x) > N.
Put

(N — 1)m(x) ,

@) =4 N —n(x) it m(z) <N (2.3)
00 if  w(x) > N.

Proposition 2.6. (See [17]) Let w(.) € C(Q) and p_ > 1. If q(.) € C(09)

satisfies the condition :
1 < q(z) < 7%(x), Vo €09Q,
then, there is a compact embedding
W (Q) — L1O(0Q).

In particular,

W (Q) — L™0(0Q).

For any u € W™)(Q), we denote by 7(u) the trace of v on 92 in the usual sense.
We will identify at the boundary u and 7(u).
The following lemma give us the convergence result in the sens of graphs.

Lemma 2.7. Let (B,)n,>1 be a sequence of mazimal monotone graph such that
Bn — [ in the sens of graphs (i.e for all (x,y) € B there exists (x,,yn) € Pn
such that x,, — x and y, — y). We consider (2,)n>1 and (wy,)n>1 two sequences
of L*(Q), such that w,, € Bn(2z,) LY a.e. Q. If (wy,)p>1 is bounded in L*() and
2, — z in LY(Q), then z € dom(B) LY a.e. Q.

The main tool of the proof of the above lemma is the “biting lemma of Chacon”,
see [7].

Lemma 2.8. Let Q be an open bounded subset of RY and (f,)n>1 a bounded
sequence in L'(Q). Then, there exists f € L'(Q), a subsequence (fn,)n,>1 and
a sequence of the mesurable set (E;);, E; C Q, Vj € N* with E;., C E; and
ILm |E;| = 0, such that for any j € N*, f,. — f in L*(Q\ E;), as n — .

] oo
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Proof of the Lemma 2.7. Since the sequence (w,),>1 is bounded in L'(Q),
using the “biting lemma of Chacon” there exists w € L!'(€) a subsequence
(Wn, Jn,>1, & sequence of mesurable sets (E;) en+, E; C 2, V5 € N* with Ej4q C
E; and lergO|Ej| = 0 and for all j € N*, w,, = w in L'(Q\ E}), as ny — oo.

Since z,, — z in L*(Q) and so in L'(Q\ E;), Vj € N and $,, — § in the sense of
graph, we have w € (z) a.e. in Q\ E;. Thus, z € dom(f) a.e. in Q\ E;. Finally,
we obtain z € dom(f) a.e. in . O

Furthermore, for every € > 0, we consider the Yosida regularization S, of 3, given
by

5. = %(1 (I +ep)Y).

Thanks to [6], there exists j a non negative, convex and l.s.c function defined on
R such that g = 9j.

To regularize (3, we consider j.(s) = %11112{1 {2—1€|5 —r|? —i—j(r)},‘v’s € R, Ve > 0.
Using proposition 2.11-[6], one has

dom(B) C dom(j) C dom(j) = dom(p),

Je(s) = §|ﬁ€(s)]2 +j(J-(s)) where J.:= (I +¢8)7"

Je is convex, Frechet-differentiable function and (£, = 97,

Je Tjase 0.

In addition, for any € > 0, . is nondecreasing and Lipschitz continuous function.
We define the function f. by f.(x) = T1(f(z)) for any € Q. Then (f.).>¢ is a

sequence of bounded function which converges strongly to f € L'(Q2) as ¢ — 0
and such that

HTé(f)HLl(Q) < | fllzv), Ve >0.

Lemma 2.9. (See [15]-Lemma 3.1). The Yosida regularisation 3. is a surjective
operator.

We need the next two lemmas for the sequel.
Lemma 2.10. (See [13]-Remark 2.12) Let V' be a separable reflexzive Banach space
and A, M :'V — V' be such that.

(i) A is a pseudo-monotone operator;
(ii) M is a bounded hemicontinuous and monotone operator;

then A + M s pseudo-monotone.

Lemma 2.11. (See [19], Corollary 2.2). If an operator A is of type (M), bounded
and coercive from a separable Banach space to its dual, then A is surjective.

We write for all measurable function u : Q — R, {\u| <k(<k,>k >k = k}
or [lul <k(<k,>k >k =k|for the set {zx € Q; |u(z)| < k(< k,>k, >k =
k}, and meas(Q2) or [©2| denote the measure of the set €.

Let us also set

int(domfB) = (m, M) with —oo<m <0< M < oo.
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3. EXISTENCE AND PARTIAL UNIQUENESS OF THE RENORMALIZED SOLUTION
We give the following notion of solution of the problem P(f, f) due to Igbida et
al. in [12].

Definition 3.1. A renormalized solution of the problem P(f, f) is a couple
(u,w) with u a measurable function such that Tj(u) € W'0)(Q) for all k > 0,
lu* =2y € LY(0Q) and u € dom(B) LY a.e. Q,w € LY(Q) andw € B(u) LY a.e. Q;
and there exists a measure p € MZ(')(Q) such that p L £V ut is concentrated
on [u = M} N [u #* oo}, [~ is concentrated on [u = m} N [u #* —oo] such that

/Qwh(u)godx—l—/ga(x,u, Vu)V (h(u)p)dz + /Qh(u)god,u

+ / lu*O~2uh(u)pdo

o0
S R (3.1)
Q
for all p € WH™O(Q) N L>(Q), for all h € C(R) and
lim a(z,u, Vu).Vudx = 0. (3.2)

M—o0 [M<|u\<M+1

All the terms of (3.1) are well defined. Indeed, h(u)e € W1™)(Q)N L>(Q) then,
the first integral of the left-hand side and the right-hand side of (3.1) are well
defined. The second integral of the left-hand side is well defined thanks to (1.3).
The third integral of the left hand side is also well defined, since the measure
p is diffuse. Moreover, as ¢ € C(Q) (¢ € WHO(Q) € WiP-(Q) — C(Q), for
p— > N), then ¢ € L>®(0NQ), so, the fourth integral is well defined.

Remark 3.2. If M = oo and —oo < m (resp. m = —oo and M < o0) then,
py =0 (resp. p— =0). Thus, (3.1) holds true with g = puy (resp. p = p_).
If M = oo and m = —oo then, the domain of § is equal to R and the relation

(3.1) becomes
/a(a:,u, Vu)V(h(u)@)daﬁL/ wh(u)pdr+ |u|s(')2uh(u)<pda:/fh(u)<pda:,
0 Q o9 Q

for all ¢ € WH™O(Q) N L>(Q) and for all h € C(R).
In the case where the domain of 3 is bounded, the renormalization with A is not
necessary in the Definition 3.1, we can then take h = 1.

Now, we are going to prove the following main existence result.

Theorem 3.3. Assume that (1.1)-(1.5) hold and r : 0Q x R — [r_,ry] is a
Carathéodory function such that 2 < r_ < r < r, < oo. Then, there exists at
least one renormalized solution to the problem P(S, f).

Proof. The proof of Theorem 3.3 is divided into two steps.
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Step 1. The approximate problem
Let us consider the following problem.
Be(ue) — diva(x, ue, Vue) — e Ay, ue + lus [P+ 2u. = f. in Q

P(ﬁ&a fé‘)
la(z, ue, Vu.) + e|Vu P+ —2Vu | . = T (= Jue|*P~%u.) on 09,

where

— Ny g = =V.(|Vu [P+ Vu,).
We define the following reflexive space

E = WP (Q) x LP+(09).

Let

Xo={(u,v) € E: v=r1(u)}.
We will identify an element (u,v) € Xy with its representative u € WhP+(Q) in
this paper.
In this part, we prove that the problem P(f,, f.) admits at least one weak solu-
tion u..

Theorem 3.4. There exists at least one weak solution u. for the problem P(f,, f:)
in the sense that u. € Xy and for all v € X,

/Bs(ug)vd:r;—l-/a(:c,ug,VuE)Vvdx + / T (Jue
Q Q -

+ 8/ [Ju-[P* 2w + |Vu |+ > Vu. Vo] do

(=2 Yvdo

Q
= / fevdz. (3.3)
Q

Let
< Acu,v >=< Au,v > + < Gou,v >,
where
< Au,v >= / a(x,u, Vu).Vodz, < Gou,v >= 8/ |VulP+*VuVodz
Q Q
and

< B.u,v >:/5g(u)vdx—|—€/ ]u\”?uvdaz—l—/ T1 (Ju)*Y~2u)vdo,
Q Q o ©

with u,v € Xj.
Set C. = A, + B..

Proof of Theorem 3.4. The proof of Theorem 3.4 is done in three claims.
Claim 1: C; is bounded.

From Holder type inequality and relation (1.3) with constant exponent p,, one
deduces that A is bounded. Moreover, using the same argument as in [4]-Proof of
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Lemma 4.2 and the fact that (. is a lipschitz continuous function with 5.(0) =0
and as WhP+(Q) — L>(Q) for p, > N, one proves that G. + B. is bounded.
Therefore, C. is bounded.

Claim 2. C. is of type (M).

Let (us)s>0 be a sequence in Xy such that
us — u in Xy
Ceus — x in X

limsup < CLug, usg >=< x,u > .
0—0

We will prove that x = C.u.
By Fatou’s Lemma, we deduce that

lim inf </ﬁ€(u5)U5dx+/ T1(|U5!S(')2U5)U5d0'+5/ |U6’p+d1’>
0—0 Q o0 ° Q
z/ﬁg(u)udx+/ Tl(\uls(')_Qu)uda+€/\u]“da:.
Q o0 Q

Moreover, thanks to the Lebesgue dominated convergence Theorem and the fact
that

|U5|p+_2U5 — |u|p+_2u in Lp;(Q),

we obtain

lim(/ﬁg(u(g)vda:Jr/ T1(|U5|S(')_2u(5)vda+5/ |u5|p+_2u(5vdm)
=0\ Ja o ° Q

= / Be(u)vdx + / T (Jul*O~%u)vdo + 5/ |u|P+ " *uvdz,
Q o9 ° Q
for any v € Xy. Thus, as § goes to 0, it follows that
Bous — Bo(u) +Th (|u|s(‘)_2u) + elulP**u in X,
So, it follows that
Acus = x — (Be(w) + To (Ju]*“72u) + elulP*u) in X{, as & — 0.

It remains to prove that A. is of type (M). For this, we first show that G, is
bounded, monotone and hemicontinuous.
From Claim 1, G. is bounded. Let us prove that G. is monotone. For all u,v €

Whp+(Q), we have
< Gou—Goo,u—v>= 5/ (|VuP+—*Vu — [Vo|P+ Vo) (Vu — Vo) dz > 0,
0

since & — |£[P+72¢ is increasing as p, > 2.

Moreover, G, is hemicontinuous. Indeed, let g : ¢t € R — ¢(t) =< Ge(u+tv),v >
and t,ty € R such that ¢ — #;. Let us set w = u +tv € W'P+(Q) and wy =
u+ tov € WHP+(Q). Then,

Jw — w0||W1’p+(Q) = [|(t - tO)UHleH(Q) = |t — t0|||v||W1*p+(Q) — 0.
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So w — wy in WHP+(Q), as t — to, which implies that Vw — Vwg in LP+ ()
and we infer that
[VwlP+=2Vw — [V [P 2V, in LP+(Q) as ¢ — .

Therefore,

l9(t) — g(to)|

| < G.(u+tv),v > — < G(u+tov),v > |
8/ |[Vw[P+ > Vw — |[Vwe|[P* >V || Vu|da
0

IN

< [Vl 2 Vw — [Vuol 2wyl Vo) = 0.

L7%(9)
Then, we deduce that g is continuous, namely the operator G, is hemicontinuous.
Additionnaly, A is pseudo-monotone (See [16]-proof of Theorem 3.1). Therefore,
it follows from Lemma 2.10 that A, = A + G, is pseudo-monotone. So, the
operator A, is of type (M) (see, [13]-Proposition 2.5) and one immediately has

Aut G =x = (Belu) + T (Juf"0"2u) 4 <l ).

Thus, one obtains C.u = .

Claim 3: C. is coercive.
Using (1.4) with constant exponent, we get

< Couyu> = /a(m,u, Vu).Vudx+/ﬂ€(u)udx
0 Q

n / T1(|u|s(-)—2u)uda:+5/ [JulPr + |VulP+]d
o0 Q

€

1
> —/\Vu|p+dx+€/\u|p+dx
Gy Ja Q

1
where C' = min {—,5}.

>
Ju c

P+
wlp+ Q)

We deduce that

< Cou,u >
T — 00 as |[ullyrey ) — 0.
Hunl’er(Q)

Hence, C. is coercive. Then, according to Lemma 2.11, C. is surjective.
Let f. = T1(f) € X{, then there exists at least one solution u. € Xy of the
problem 8

< Couz,v >=< f.,v >, forall ve X.

Therefore, u. is a weak solution of the problem P(f;, f). OJ

Step 2. A priori estimates.
This step is divided into several lemmas.

Lemma 3.5. (i) The sequence (B:(u.))eso is uniformly bounded in L'(Q).
(i)
/m | T (Juel=O %) [do < || £l 1oy (3.4)
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(iii) The sequence (u:)esq is such that

[ @ = CONSt(p—a Q, f)~ (3.5)

Proof. Taking v = Ty (u.) in (3.3) and the fact that all the terms of the left hand
side in the resulting equality are nonnegative, one deduces that

/ B ()T () < / . To(u)dr < K|l
Q Q

and
/ Ty (Jue] 0w T (us)do < / () dz < |1l
o ° Q

Dividing the above inequalities by k£ and letting k goes to 0, it follows that

/Q}ﬁa(ua)\dx < |[fllzr@
and
/ T3 (Juel**O2ue) [do < || flro.
o0

Hence, (i) and (ii) are proved.

(iii) Moreover, /3 is a Lipschitz, continuous nondecreasing and surjective function,
then (u.).so is uniformly bounded in L'(€). So, there exists a positive constant
C5 such that

Hence,

1
e = ————— sdr < ().
U meas(Q)/ﬂu x < const(9)

Furthermore, by using Poincaré-Wirtinger inequality, one has

/ lue — . |P~dx < const(p,Q)/ \Vu|P-dux.
0 Q

Therefore,
p—

/|ua|pdx§const(p_,9)/ |Vu€|pd:t—|—‘/u}dx
Q Q Q

/ fuapp-de < C, / Vil de + Cs, (3.7)
Q Q

where Cy = cons(p_, Q) and C5 = const(p_, Cs, 2) are two positive constants.
Moreover, since W1P=(Q) — L>(Q), there exists a positive constant Cg such
that

Thus,

e | i_oo(Q) < Csllucll, (3.8)

p
whP—(Q)’
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Using (1.4) on a(z,u., Vu.) and Theorem 3.4, the sequence u. satisfies
/55 Ue ugda:+—/ Ve |[™Odx  + 6(/ ]Vug\p+dx+/ |, ]”*dx)
+ / %(|u |38(')_2u8)u8d0
< /feusdx (3.9)

Applying Young inequality on the right hand side of (3.9) and using (3.8), it
follows

/fauadx < /If!lualdﬂf
Q Q

< ||f||L1 HUEHL"O(Q
iy et GRS S L
' O\ 20,Cq(Cy + 1) elIE= @

(20206(04“)) 171y + =

o p', p— _200 (C4+1) te
1 20206(O4+1))
< 1 A A~ N Uell
e 1500 + sy el
(3.10)
Moreover, one has
/\Vug|pdxﬁmeas(Q)%—/]Vu5|7r5(')das, (3.11)
Q Q

since p_ < m.(.). Combining (3.7) and (3.11), we get
/ luc|P~dz < Cymeas(§2) + 04/ V™V dz + Cs.
0 0

We infer from the above inequality and (3.11) that

||ua||§[;l,p_(9) — /Q |:|U«g‘p7 + |VUg’p*]dl"
< (Cy+ 1)meas(Q) +Cs + (Cy + 1) / V[ Odz. (3.12)
Q

Furthermore, using (3.10) and (3.12), we get

/

205,C(Cy + 1) = o meas(S)) Cs
€ z—:d < e 1

— (), 1
202/9\Vu€] x (3.13)
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Combining (3.9) and (3.13), one has

1
Be(ue)udx + —/ V|V dx + | |uc| |7, , + / T (Jue|=Y 20 ) u.do
< O, (3.14)
where
1 [(205C6(Cy+1 = 2 meas() C
Cr =+ (2EGGE DN e meast®) G
p_ p— 202 202(04 —+ 1)
Thus, we deduce from (3.14) that
/ |V ™V dx < Cs. (3.15)
Q
Now, using (3.12) and the last inequality, we infer
HUEHW““*(Q) < COHSt(pﬂ Q, f)
and (iii) follows. O

Lemma 3.6. (u.).s¢ converges a.e. to v on 0S).

Proof. (uc)e~o being uniformly bounded in WP~ (), then, up to extraction of
a subsequence still denoted (u.).~g, it converges a.e. in € (and also weakly in
WP=(Q)) to a limit u.

We know that the trace operator is compact from W1(Q) into L'(92). Note
that, Whr-(Q) — Wh(Q) because p_ > 1. Therefore, u. — u in L'(0Q) and
a.e. on d€), as ¢ — 0. Thus, v = ujpq has definite meaning. O

Remark 3.7. From (3.5) and the compact embedding W1P-(Q) — LP-(Q), we
get for a subsequence still labelled with ¢ and a function u, that

ue — u in WHP=(Q), as e — 0; (3.16)
Vu, = Vu in LP~(Q2), as ¢ — 0; (3.17)
us = u in LP~(Q), as € — 0; (3.18)
us — u a.e. in Q, as € — 0. (3.19)

To establish that |Vu|™") € L'(Q), we need the following result due to Chipot
and de Oliveira in [9].

Lemma 3.8. (See]9], Lemma 3.1)

Assume that
l<p_<m(x)<py <oo, Ve >0, ae xc (3.20)
() = () a.e in Q, as e —0; (3.21)
Vu. — Vu in L'Q), as ¢ — 0; (3.22)
Vel ey < € (3.23)

with C a positive constant not depending on e. Then, |Vu| € L™ (Q) and

/ V") dz < lim inf / Vi@ (3.24)
Q e—0 Q
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Lemma 3.9. Assume that (u.)e~o converges a.e. in § to a function u, ase — 0,
then m.(.) — 7(.) a.e. in Q as ¢ — 0. Furthermore, u € W10 (Q).

Proof. 1t should be noticed that, due to (1.5), p(.,.) is locally uniformly log-Hélder
continuous. Then, p(.,.) is locally uniformly continuous.

Moreover, 1 < p_ < 7m.(z) < py < o0, Ve >0, a.e.z € Q and u. € WhP-(Q) C
C%(Q) for p_ > N. So,

p(z,us(x)) = p(z,u(z)) ae. in Q <= 7(.) = 7(.) a.e. in §2, as ¢ — 0. (3.25)

Now, using (3.15), (3.17), (3.25) and according to Lemma 3.8, we get |Vu| €
L™(Q). We also have u € W'7-(Q) c L*(Q) c L™(Q). Hence, u €
WLmO(Q). O

Lemma 3.10. (i) |u|*")~2u € L'(09).

(ii) (Vue)-so is uniformly bounded in L'(€2).

(iii) (u)eso s uniformly bounded in L*(S2).

(iv) u € dom(B) LN —a.e. in Q and Tj,(v) € WHTO(Q).

Proof. (i) From Fatou’s Lemma and (3.4), we obtain

/m [[ul*~*uldo < Tim inf /BQ T (Juel**O %) [do < || 1] ).

(ii) Using (3.5) and the fact that p_ > 1, we get

/|Vu€|d$ < /(1+|Vu€|p)dx
Q Q
p_
< meas(Q) + [Juellfin g
< C,

with C' a positive constant depending on meas(§2) and p_. Thus, as €2 is bounded,
(i) follows.

(iii) follows from (3.6).

(iv) Since (B:(ue))eso is uniformly bounded in L'(Q) and u. — u in L'(Q), as ¢ —
0, then u € dom(B) LN —a.e. in Q, thanks to Lemma 2.7. Furthermore, as
u € WEO(Q), then Ty (u) € WO (Q), thanks to Lemma 2.4. O

Lemma 3.11. For all 6 > 0, for all ¢ > 0, there exists n(o) > 0 such that
Ve < n(o), meas({|Vu. — Vu| > §}) < o.

Proof. Notice that for all £ > 0 and § > 0, one has
{IVu. — Vu| > §}
C Aluel = kY U{Jul = £} U{[Vue| = k} U{[Vul > k} U {[uc —u] > S} U
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We will denoted Fy, Fs, ..., Eg respectively the six sets of the right hand side of
above relation. Since (u.).~o is uniformly bounded in L'(£2), we obtain

/ |ue|dx > |ue|dx > kmeas(Ey).
Q By

So,
1
meas(Ey) < —/ lue|dz < % < 0.
k /g K

Moreover, (V. ). is uniformly bounded in L'(Q) and u € WP-(Q) c Wh(Q).
Then, there exists ky > 0 such that meas(Fs) < o, meas(F3) < o and meas(E,) <
o, for every k > k.

Furthermore, u. — v a.e. in €2, as € — 0. So, there exists n; > 0 such that for

all ¢ <y, meas(Es) < o. It remains to prove that meas(Es) is bounded. Using
(1.2), one has

[a(aj, $,&) — al(x, 5,52)] (51 — 52) > 0 for all & # &.
Notice that,

{(5,61,6) ERX RN x RY; |s| <k, |&] <k, |&] <k, |& — & > 6}

is a compact set and a(x, .,.) is continuous in (s,£) € R x RY a.e. 2 € Q.

So, [a(z,s,&)—a(z,s,&)] (& —&) has a minimun denoted y(z) with y(z) > 0 a.e.
x € (), on this compact set. Moreover, the absolute continuity of the Lebesgue
integral guarantees that, there exists o’ > 0 such that

/ v(z)dr < o' = meas(FEg) < o.
Eg
Now, our aims is to prove that

/ v(z)dx < o'
Eg
One has

y(z)dr < /E la(z, u., Vue) — a(z, u., VIi(u)] (Vue — VT (u))d

la(z, ue, Vue) — a(w, ue, VT ()] (Ve — VTk(w)) X (jue—1, (w) <y d

|
S~— 5— 5 —

a(z, us, Vu.)VTs(ue — Ti(u))d

N /Q“(% ue, VIiu(u) VT (ue — Tio(u) ) dz,
(3.26)

since on Eg, |u. — Tp(u)| = |u. —u| < B and
VT}s (u6 — Tk(u)) = (Vu‘E — VTk(U))Xﬂuka(u)\g,B}- For the second integral of the
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right hand side of (3.26), we have
/ a(z, ue, VT3,(w)) VT (ue — Tjo(u))dx
Q

= /Q a(@, Teyp(u), VI(w)) VT (Tirp(ue) — Ti(u))d, (3.27)

since, if |u.| > k + 8 then |u. — Ti(u)| > S and VTB(THB(UE) — Tk(u)) = 0.
Taking v = T (u:) € WP+ (Q) N L*°(Q) in (3.3) with A > 0, we get

/ oz, e, Vu ) VTh(us)dz < Bl f .
Q

In fact, with the choice v = T} (u.), the other terms of the left hand side of (3.3)
are nonnegative.
Using (1.4), we have

/a(x,ug,VuE)VTh(ug)dm = /a(x,uE,Vua)Vugx{us<h}da7
Q Q

1 1
> _/ | Ve [P X fjuc <nyde = _/ VT (uz) [P d,
CQ Q B CZ Q

which implies that ||V7T}(u.)| 7+ @) < C. Furthermore, from Lemma 3.10-(iii),
(Th(ue))eso is uniformly bounded in L'(Q). So, (T}, (u.)).>o is uniformly bounded
in LP+(Q2), thanks to Poincaré Wirtinger inequality. Therefore, (Th(us))6>0 is
uniformly bounded in W?+(Q) for all h > 0.

Let us set h = k + 3. Then, for a subsequence still labelled with ¢, we deduce
that

Tesp(us) = Tiyp(u) in WHPH(Q), as e — 0 (3.28)
Ty p(ue) = Tpip(u) in LPH(Q), as € — 0, (3.29)
Tvp(ue) = Trip(u) ae. in Q, as € — 0. (3.30)

Thus,
a(z, Tip(ue), VIi(u) = a(x, Tpyp(u), VI (u)) ae. in Q, as € = 0.

Moreover, |a(x, Tiis(ue), VIk(u))|P+)" is equi-integrable on Q. Therefore, thanks
to Vitali’s Theorem,

a(z, Teyp(uz), VIi(w)) = a(x, Thes(u), VIk(w) in LP(Q), as e — 0.
Since
X{lue~Tr(w)| <} = X{lu-Tp(w)|<p} - in &, as € =0,
and it is bounded, then, using Lebesgue dominated convergence theorem,
(@, Ty p(ue), V(W)X fue <y = @l Topp(w), VI(1)) X (ju-1i ()8}
in LP'(Q), as € — 0. (3.31)
Moreover,

VTk+5(u€) — VTk(U) — VT]H_ﬂ(u) — VTk(u) in Lp+(Q)’ as € — 0, (332)
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thanks to (3.28). Thus, combining (3.31) and (3.32), one obtains

li_r}r(l) g a(@, Teyp(uz), VI(w)) VT (Tirp(ue) — Ti(u))dz

= /QG(ZE, Tk+ﬁ(u), VT]C(’LL»VTﬁ (THﬁ(u) - Tk(u))dx (333)

Since V1} (Tk+g(u) — Tk(u)) — 0 a.e. in Q, as § — 0, then, for § < 1,
VTs(Tirp(u) — Ti(u)) < VT (Tipa(u) — Ti(u)) € LP+()
and a(z, Ty 5(u), VTi(u)) € LP+)(Q). So,

For the first integral of the right hand side of (3.26), choosing v = Tj (u.—Tj(u)) €
Whr+(Q) N L>=(2) in (3.3) and using Lemma 3.5-(i) and (ii), we get

/ a(z, ue, Vuo ) VT (ue — Tj(u))dx + / e|Vue P+ V. V15 (u. — Ti(u))dz
0 Q
+ / elue | Pu T (ue — Ti(u))dz

Q
= [ #Ts{u= D)~ [ 5w )T e = Tu(w)

Q

- / T: (|u5\s€(')_2u€)T5 (ue — Ti(u))do
o0

£

< 380 flloroy = CB. (3.35)
The relation (3.35) is equivalent to

| . Tus (0. VTh 0 VT (Ters () = Tila)da
< [ AV Ts WPV ) VT (Thssa) = Ti)) o

— / elue [Pt *uTs (ue — Ti(u))dz + CB. (3.36)
Q

Moreover,

e—0

lime [/ \VTk+5(u€)]p+_2VTk+5(u5).VT5 (Tkw(ua)—Tk(u))Hug\p*_ngTg (uE—Tk(u))} dr =0,
Q

thanks to (3.14) and the fact that (Tk+5(u5>)8>0 is uniformly bounded in WP+ ().

/

Let us fix g < 30—0. Then, there exists 7o > 0 such that Ve < 1,

E/Q UVT]H_ﬁ(Ua)|p+_2VTk+5(u5).VT5 (Tk+5(u5) — Tk(u)) + |u€|p+_2uaT5 (UE — Tk(u))]dx

o’
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and
/

/QCL(Z‘,T]C_;,_B(U), VTk(U))VTﬁ (Tk+5(u) - Tk(u))dx S %, (338)

thanks to (3.34).
Thus, choosing 13 > 0 such that Ve < n3,

’ /Q a2, Tos 5(u2), Vo))V T (Trsp(ae) — Ti(u)) de

/

_ /Q (e, T (0), VT4() VT3 (Tispln) — Ti(w))do| < . (3.39)

Now, combining (3.38) and (3.39), we obtain

a(z, ue, VT3, (w)) VT (ue — Ti(u))dx

(e, Tiap (1), VT(w) VT (Ter () — Ti(uw))da

S— S—

OJ
< - 3.40
= 3 (3.40)
Finally, it follows from (3.36), (3.37) and (3.40) that

/ / /

Co o o
dr < — 4 = =0
/,;67<x>x—30+3+3 7

Therefore, an appropriate choice of ¢’ implies that meas(Es) < 0. So, Ve <
min(m, 72, 13), meas({|Vu. — Vu| > §}) < 60 and (Vu5)5>0 converges to Vu

in measure, as € — 0. Then, up to a subsequence still labelled with ¢, (Vug)6
converges to Vu a.e. in €2, as ¢ — 0.

Lemma 3.12. For all p € C=(Q) and h € C1(R),

>0

/a(x,ua,Vug).V(h(ug)cp)dx — / a(x,u, Vu).V(h(u)p)dr, as e — 0. (3.41)
Q Q

Proof. From (3.19) and Lemma 3.11, we have
a(x,ue, Vue).V(h(u:)p) — a(z,u, Vu).V(h(u)p) a.e. in 2, as ¢ — 0. (3.42)

It remains to prove that (a(z, u., Vus).V(h(us)go))€>0 is equi-integrable in order
to use Vitali’s convergence theorem to get the convergence in L'().
Let £ C , it follows from Young inequality that

me%wwvwwwwx
‘a(a:,ue,Vue) me() . ‘V(h(us)go)
= /E () I +/E ()

< [ Jotwue Vu e+ [ |Vibue)
E E

me(.)

dx

"0 . (3.43)
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Using (1.3) for the first term of the right hand side of (3.43), we have

/| (z, us, Vu,)

ﬂs())dx

W<V < /Ol(/\/l(:v)+|Vua
E

e / M(z)dz + C, / V.| Vdz.
E E

So, it follows that / |a(x, u., Vu.) "0y is small for meas(E) small enough,
E

since M € L'(Q) and |Vu, 0 ¢ LY(9).
For the second term of the right hand side of (3.43), we first recall that

V(h(us)p) = h'(us)pVue + h(u) V.

Since h € C}(R) and ¢ € L*°(Q), then |A'(u.)p| < K and |h(u.)| < Ky, where
K, and K, are some positive constants. It follows that

[V(h(ue)@)| < Ki|Vue| + K2 Vol

We recall that | .
p p
2p(a+b) < 2(a +07),

for all a,b > 0 and p > 1. Thus, for all set £ C €2,
/ [V (h(ue)p) [V < / 27O (K| Ve )™V 4 (K| Vi)™ ] da
E

< [ 2 IV + 1+ (] Vel da
(3.44)

From (3.15) and the density argument between C*°(Q) and W'?+(Q), it follows
that (K|Vu.|)™) € LY(Q) and (K»|Ve|)P+ € LY(S2). So, the left hand side of

(3.44) is small for meas(E) small enough. Therefore, / |a(m7 u., Vue ).V (h(u:)p)|dz
E

is small for meas(E) small enough. Hence, (a(z, u., Vug).V(h(uE)@))€>o is equi-
integrable. Finally, (3.41) follows from Vitali’s convergence theorem. O

Lemma 3.13. The problem P(B, f) admits at least one renormalized solution.

Proof. Let us consider ¢ € C*(Q), h € C}(R) and h(u.)p as a test fonction in
(3.3), one has

/Qa(LuE,Vua).V(h(ua)(p)dx
+ € /Q [V [P+ 7> Vu.. V(h(us)) + |ue [P 2uch(u.)p] da
o [ (o buedo + [ B hu)eds
= /Q fh(us)edz. (3.45)
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Since (- (us))€>0 is uniformly bounded in L'(€2). Then, up to a subsequence still
labelled with e, there exists z € M(2), such that

Be(ue) =" z in Mp(Q2), as e — 0. (3.46)

We consider the following decomposition.

/Qﬁg(ua)h(ug)godx:/ﬂﬂg(ug) [h(ug)—h(u)]gpdm—l—/ﬂﬁg(ug)h(u)godx. (3.47)

The sequence (ﬁe(ug) [h(us) — h(u)] gp) is uniformly bounded in L'(Q) and it

e>0
converges to 0 a.e. in (), as ¢ — 0. Therefore, thanks to Vitali’s Theorem, the
first term of the right hand side of (3.47) converges to 0, as ¢ — 0. For the second
term of the right hand side of (3.47), one has

lim [ B(u)h(u)pde = / h(u)pdz,

e—0 Q Q

due to (3.46), the fact that h(u)p € C.(Q) and the density argument between
C.(Q) and Cp(£2). Thus, passing to the limit in (3.47), as ¢ — 0, we get

lim [ Bo(ue)h(u:)pdr = / h(u)pdz. (3.48)
e=0 Jq Q
For the right hand side of (3.45), we obtain
hm fh ue ) pdr = / fh(u)pdz, (3.49)

thanks to the Lebesgue dommated convergence theorem. For the first term of
the left hand side of (3.45), using Lemma 3.12, one gets.

lim a(x,ua,Vue).V(h(ug)cp)dx:/Qa(x,u, Vu).V(h(u)p)dz. (3.50)

e=0 /o
For the second term of the left hand side of (3.45), we have

limg/Q [V 7> Vu. V (h(u:)p) + |ue[P* *u-(h(u:)p)]dz = 0. (3.51)

e—0

For the third term of the left hand side of (3.45), we obtain
lim [ Ts (juel O 2u) h(u)pdo = / " O2uh (1) pdo. (3.52)
=20 Joq © o0

Indeed, (u.).so is uniformly bounded in WP~ (Q) and W~ (Q) — C(Q) for
p_ > N. Then, (u.).-o is uniformly bounded in L>=(92). Moreover, t + [¢|"(-1)=2¢

is continuous a.e on dQ. Therefore, (Ju.["")"%u.) = (Jucl*O%u.)__ is
uniformly bounded in L*(9€2) and
[T (fue0 70 | < =072 .

So, (T;(|u€|35(’)_2u5))6>0 is uniformly bounded in L*(9€2). Thus, there exists a
positive constant C' such that

‘T;(|u6|55(')_2u5)h(u5)<p‘ < Clp| a.e. on 09.
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Furthermore, T (|u. |07 %u. ) h(u. ) — |ul*"2uh(u)p a.e. on 9Q and (3.52) fol-
lows from Lebesgue’s dominated convergence theorem. Then, using (3.48), (3.49),
(3.50), (3.51) and (3.52), we infer from (3.45) that

/Qh(u)godz = /th(u)wdx—/Qa(:z:,u,Vu).V(h(u)gp)dx

— [ O 2uh(u)pdo,
0N
(3.53)

for all p € C*>(Q).

Remark 3.14. Since u € W'P=(Q) c C%*(Q) for p_ > N and p(.,.) is locally
uniformly log-Holder continuous, then p(.,u(.)) := w(.) verifies (1.5). Therefore,
C>(Q) is dense in Wm0 (Q). Thus, the relation (3.53) holds true with ¢ €
WLTO(Q) N L>(Q).

In other words,
/h(u)gpdz = /fh(u)gpdx—/a(x,u,Vu).V(h(u)go)dm
Q Q Q
— lu*O~2uh(u)pdo, (3.54)
o0

for all ¢ € WH™O(Q) N L>°(Q), which implies that z € Mg(')(Q).
Now, we give a Radon Nikodym decomposition result of the measure z.

Lemma 3.15. The Radon Nikodym decomposition of the measure z given by
(3.54) with respect to LV,

z=wl™ + p, with p 1 LY,
satisfies the following properties.
we Bu)LN — ae inQ we LNQ), pe M),

't is concentrated on [u = M] N [u #* oo] and
W~ 1s concentrated on [u = m} N [u # —oo].

Proof. For the proof of the Lemma 3.15, we use the arguments of [12]-Lemma
3.2. Let (z:)e=0 be a subsequence of (ﬁe(us))€>0 such that z. —=* z in M, (Q).
Since, for any € > 0, z. € 9j-(u.), we have

G(t) > jo(t) > jo(u) + (t —u)ze LY —ace. in Q, Vt € R,
Then, for any h € C}(R), h > 0 and ¥ > 0, we have
Ph(u)i(t) > Ph(us)je(ue) + (t — u)h(us)z LY — ace. in Q, Vi € R
Moreover, for any 0 < € < €, we have

Yh(ug)j(t) > wh(ue)je(us) + (t — u)h(u)z LY —a.e. in Q, Vt € R,
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and integrating over €2, we get

/Q Wh(ul)j(t)dz > /Q Oh(u)je(u)dz + /Q (t — u.)h(u.)uda.

As ¢ — 0, using Fatou’s Lemma, we obtain

/Qz/zh( t)dx >/wh da:—{—hmmf/(t—ug)wh(ug)zgdas.

0
Now, for any ¢ € C}(Q) and t € R, let h(r) = (t — r)h(r), we have

lim [ (t — u)h(us)zedr = liH(l) h(ue)zedr = /(t — u)h(u)dz.

e—0 Q e—> Q Q

So,
/Q Sh(w)j(t)de > / Ph(w)je(u)da + / (t - uh(u)pdz.

As € — 0, using Fatou’s Lemma, one has

/Q Vh(w)j(t)dz > / Wh(u)j(u)dz + / (t — w)h(u)pds.
From the last inequality, we infer
h(u)j(t) > h(u)j(u) + (t —u)h(u)z in My(R2), Vt € R. (3.55)

Using the Radon Nikodym decomposition of z, we have z = wlY + u with
p L LN w e L), then comparing the regular part and singular part of (3.55),
for any h € C!(R), we obtain

h(w)j(t) > h(u)j(u) + (t —u)h(w)w LY(Q) — ae. inQ, VteR  (3.56)
and
(t — u)h(u)p < 0 in My(Q), Vt € dom(5). (3.57)
From (3.56) we get
G(t) > j(u) + (t —ww LY(Q) — ae. inQ, VtcR.
So, w € dj(u) LN(Q)— a.e. in Q. Relation (3.57) implies that for any t € dom(j),
p >0 in [u € (t,00) N supp(h)] (3.58)
and
p <0 in [u € (—oo,t) N supp(h)]. (3.59)
In particular, this implies that
p(fm < u < M])=0.

Furthermore, if m # —oo (resp. M # oo) then, (3.58) (resp. (3.59)) implies that
't is concentrated on [u = M] N [u # oo ( resp. pu~ is concentrated on [u =
m] N [u # —oo] ). By construction of the measure z, one sees that

p([u = +oc]) = 0.
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Furthermore, using the Radon Nikodym decomposition of measure z, the first
term of (3.54) becomes

/Q h(u)pds = /Q h(w)wedz + /Q h(w)pdp. (3.60)

Combining (3.54) and (3.60), we infer

/ h(u)wedz + / a(z,u, Vu).V(h(u)p)dr — u*O~2uh(u)pdo
0 Q o0
+ / h(u)edp = / fh(u)edz,
Q Q
(3.61)

for all o € WH0)(Q) N L>(Q).
It remains to prove that

lim a(z,u, Vu).Vudzr = 0, (3.62)

M—o0 [M<|u\<M+1}

to end the proof of Theorem 3.3.

Since |Vu| € L™)(Q), then using (1.3) with variable exponent 7(.), a(z, u, Vu) €
L™O(Q) and it follows from Hélder type inequality with variable exponent, that
a(z,u, Vu).Vu € LY(Q).

Moreover, u € W'?-(Q) C W(Q), which implies that / |uldx < oco. Therefore,
Q
/ |u|dx > / luldz > Mmeas([|u] > M]).
Q [ul= ]
Then,

1 C
meas([|u| > M]) < M/Q\de < I

for any M > 0 and C' a positive constant not depending of M. So,
meas([|u] > M]) =0, as M — oc.

Now, one has

/ a(x,u, Vu).Vudr < / a(z,u, Vu).Vudzr
[M<ful<M41 [ul>M
< / a(z,u, Vu).Vudz. (3.63)
[jul=m

Since a(z,u, Vu).Vu € L'(Q) and meas([Ju| > M]) — 0, as M — oo, one
obtains

lim a(x,u, Vu).Vudr = 0.
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Hence,

lim a(x,u, Vu).Vudr = 0.

M—oo [M<|u\<M+1

Finally, using Lemma 3.10, Lemma 3.15, (3.61) and (3.62), one deduces that
(u, w) is a renormalized solution of problem P(f, f). O

This conclude the proof of the existence result. OJ

To prove the uniqueness result, we make the following hypotheses on the function
a, namely the local Lipschitz continuity with respect to z.
For all bounded subset K of R x RY, there exists a constant C(K) such that

a.e. x € Q, forall (z,n),(Z,n) € K,
la(x, z,n) —a(x, Z2,n)| < C(K)|z — Z|. (3.64)

Remark 3.16. Let (u,w) be a renormalized solution of the problem P(f, f), then
u € C(Q), since u € W= (Q) and p_ > N. Moreover, if u is a Lipschitz contin-
uous function, then v € W1(Q). Indeed, € is an open bounded domain with
smooth boundary 9%, so, the space of Lipschitz functions C%'(Q2) and W (Q)
are homeomorphic and they can be identified. The uniqueness in the sense of
Theorem 3.3 seems difficult to prove. Therefore, our partial uniqueness result
reduces to the case where the domain of £ is bounded.

Theorem 3.17. Assume (1.1)-(1.5), (H) and (3.64), with M in (1.3) which can
be taken constant. Assume that —oo <m <0 < M < oco. Moreover, assume that
[ € LY(Q) such that the problem P(B, f) has a solution (u,w) in the sense that
u s a measurable and Lipschitz continuous function such that Ty(u) € Wm0 (Q)
for all k > 0, |u|*"=2u € LY(09) and u € dom(B) LN a.e.Q, w € L) and
w € B(u) LY a.e. Q; and there exists a measure i € /\/lg(')(Q) such that p 1 LN,
w is concentrated on [u = M} , W is concentrated on [u = m} such that

/wgpdm+/a(m,u,Vu)Vgpdm+/cpdu+/ \u]s(')ngoda:/fgpdx, (3.65)
Q Q Q o9 Q

for all o € WHO(Q) N L>(Q).
Then, any other solution (,w) of the problem P(B, f) in the sense of equality
(3.65) associated to fi € Mg(')(Q), partially coincides with (u,w), which is

u=1u a.e. on JS,
w=w a.e. in )
and

p= [
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First of all, to complete the proof of the existence, we justify the relation (3.65).
We consider the function hy where k is a positive constant such that

hi € CL(R), hy(s) >0, Vs € R,

hi(s) =1 if |s| < k and hy(s) = 0if |s| > k.

Since the domain of 3 is bounded and the equality (3.61) holds for any h € C}(R),
we take h(s) = hy(s) = 1 for all s € [m, M] C [ =k, k] = supp(hy), which
implies

/wgoda:—l—/a(x,u, Vu).Vgod:E—l—/godu—l—/ |u!s(')_2u<pda:/fgodaz,
Q Q Q o9 Q
(3.66)

for all o € WH0(Q) N L>2(Q).

Proof. Now, we prove the uniqueness result. For more details, see [2]-Proof of
Theorem 2.8.

Let (u1,w;) be a solution of the problem P(f3, f), with u; a Lipschitz continuous
function and (usg, wy) be an other solution of the problem P(f, f) in the sense of
the equality (3.65).

Let ¢ := —Ti(u; — ug), then ¢ is an admissible test function in the formulations

for both (uy,w;) and (u2, ws). So, with this test function, one has

1 1
/ leTk(ul —ug)dr + x / a(x,ur, Vur). V(U1 — u2) X[o<|uy —us| <k AT
Q Q

1 1
+ / ETk(ul — ug)dpy +/ ]u1|r("“1)_2u1ETk(u1 — uy)do
Q

a0
1
= /f—Tk(ul — uy)dx (3.67)
ok
and
1 1
/UJQET]C(Ul — ug)dxr + z / a(x, uz, Vug). V(U1 — Uz) X[0<uy —us|<k)dT
Q Q
1 1
+ / —Tk(ul — UQ)d,UQ +/ ]ugl”(”“Q)*ng—Tk(ul — u2>d0'
ok 20 k
1
= /f—Tk(ul — ug)dx. (3.68)
ok
We substract (3.67) and (3.68) to get

1
E/ (a(a:,ul, Vup) — a(x,uQ,Vug)).V(ul — U2) X[0<|u1 —us| <k] AT
Q

1 1
+ / (w1 — wg) ETk(ul — ug)dx +/ ETk(ul — ug)(dpy — dug)
Q Q

1
+ / %Tk(ul — UQ)<|U1‘T("U1)72U1 — |U2’r("u2)72U2>d0' =0. (369)
o0
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Let’s denote by [ the first term of the left hand side of (3.69). We know that
(a(x,uy, Vuy) — a(z,ug, Vug))V(ug —ug) = (a(x,uy, Vuy) — a(z, ug, Vuy))V(ug — ug)
+ (alz, uz, Vuy) — alw, uz, Vuz))V(us — us).

(.

>0
One has
1
I=1, —|—/ (a(x, ug, Vuy) — a(z, ug, VUQ))EV(ul — Ug) X[0<|u1 —us| <k AT,
Q
where

1
I, = / (a(x,ul, Vuy) — a(z, ug, Vul))EV(ul — U2) X[0<]u1—uz| <k] AT
Q

Let’s show that I, — 0 as £ — 0. Since u; is bounded, then us is also bounded
on the set [0 < |u; — ug| < k]. Thus, using (3.64), one obtains

1
1I| < —/ la(x, ur, Vuy) — a(x, ug, Vuy)||Vuy, — Vug|dx
k [0<|ur —uz|<k]
1
<./ O (lfurl 1= e [Vl e s = sl [Vr = Ve
[0<|u1—u2|<k]
< Ol e, [V () / |\Vuy — Vug|dr — 0, as k — 0.

[0<|ut —u2|<k]

(3.70)
Notice that Eﬂ(l) meas([0 < |ug — ug| < k]) =0 and |Vu; — Vug| € L'(Q).
—
For the second term of the left hand side of (3.69), one has

1
lim (w1 — w2) —Ti(uy —ug)der = /(w1 — wq)signg(u; — ug)dx
k=0 Jq k Q

= / |wy — wy|dz. (3.71)
Q
For the third term of the left hand side of (3.69), one has

. 1 .
lim ETk(ul —ug)(dpy — dpg) = / signo(uy — ug)(dpy — dpus)

0
= |y — dpa|
Q

= [ 1tn =), (3.72)
For the last term of the left hand side of (3.69), one obtains

1
lim —Tk(ul — UQ)<|U1‘T("UI)72U1 — ‘Uz’r("u2)72lb2>d0'
k—0 o0 k'

:/ ||u1|r("u1)_2u1 — |U2|T(.’u2)_2U2’dU.
Q

(3.73)
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Finally, one lets k goes to 0 in (3.69) and taking into account inequalities (3.70),
(3.71), (3.72) and (3.74), it follows that

) 1
lim (a(x, ug, Vuy) — a(z, ug, VUQ))_V(U]_ — U2) X[0< uy —uz| <k AT

+ / w1 — wsdr + / 1 — 1a)] + / g )20, — Jag 622415 dr = 0,
9] Q o)
(3.74)

Since all the terms of equality (3.74) are nonnegative, one deduces that

/ |w—ws|dz =0, / |d(p11—p2)| = 0 and / ’|u1|T(""1)_2u1—|u2|r("“2)_2u2‘da = 0.
Q Q o0

Hence,
o . _ r(u)—2 _ r(.,ug)—2
wp =wy a.e. in Q) py = pg and |ug| uy = |ug| uy a.e. on  Of).

From assumption (H) and the fact that |u;|"¢") "2y = |uy|"¥2) 2y, ae. on 09,
one gets u; = up a.e. on O

In summary, one gets

u; = ug a.e. on S,
Wy = Wy a.e. in €2
and

M1 = H2.
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