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ON SOME ANISOTROPIC UNILATERAL ELLIPTIC
PROBLEMS WITH MEASURE DATA

OUIDAD AZRAIBI', ABDELKARIM DERHAM? BADR EL HAJI?* AND MOHAMED
MABDAOUT*

ABSTRACT. Here, we are concerned with the existence results for some non-
linear unilateral elliptic problem in generalized Sobolev space.

1. Introduction and Basic Assumptions

Let Q be a bounded open subset of RV (N > 2). Boccardo et al have studied
in [12] an elliptic problem modeled by

Bw=f inQ
w=20 on 0N

where Bw = —divb(z,w,Vw), and the data f supposed be a bounded Radon
measure on §2. They have established the existence and some regularity result of
solutions @ € W,%(Q) for all 1 < ¢ < § = %. On the other hand, Boccardo
in [11] has considered the quasilinear elliptic problem of the type

Bw = f —divg(w) inQ
w=20 on 0f)

with Bw = —divb(z,w, Vw), f € LQ) and ¢(-) € C° (R,RY). He has
proved the existence and some regularity of solutions.

In the framework of Orlicz Sobolev spaces, Aharouch and Bennouna [1] have
been shown the existence and uniqueness of entropy solutions Wy Ly (€) with-
out any restriction on the N-function M of the Orlicz spaces for some elliptic
unilateral problem as

—div(b(z,Vw)) = f in Q,
w=0 on 0f),

where f € LY(Q).
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In the Sobolev spaces with variable exponents, Bendahmane and Wittbold have
established the existence and uniqueness solution in their work [8] some elliptic
equation of the form — div (V@ [P 2Vwm) = f in Q where f € L'(Q).

Our aim in the present paper, is to study the anisotropic unilateral problem
looks like

SN Dbz, w, Vo) + &z, w, Vo) + ¥(z,,w, Vo) = f —div F in Q

w = 0 on 0f),

where f € LY(Q),F € [], L (Q). The function ¥(z,,s,&) satisfy only the
hypothesis

N
(e, 5,6 < fole) +d(ls) 3 I,
=1

with fo(-) € L'(Q2) and d(-) € L*(R), without any sign condition.

The mathematical researches dealing the existence of solutions to some prob-
lems parabolic and elliptic under a different assumptions is massive; we refer the
reader to ([3, 10, 6, 7, 4, 5, 15, 16] for more details).

The great difficulty in this study lies in the fact that the term Bw is not
coercive in generalized space W, (), More precisely in the anisotropic Sobolev
space. to control this difficulty, we will use a penalization term %]w|p0_2w in the
approximations (4.2) to show our desired result.

The outline of this note is as follows. After giving some auxiliary results on
anisotropic Sobolev space, we state in Section 3 some essential assumptions which
are necessary to have an existence solution, finally section 4 will be devoted to
give our major Conclusions.

2. Preliminary

Let Q be a bounded open subset of RY(N > 2) with smooth boundary and,
let 1 < p1,...,pny < o0 be N real numbers,

p" =max{py,...,pn},p” =min{py,...,px} and = (p1,...,pn)-

We denote

0
ai - )
0%
We set
p'=min{po,p1,p2,...,pn} then p'>1. (2.1)

We define the anisotropic Sobolev space WP(Q) like :
W (Q) = {w e W"(Q) suchthat Diw e LF(Q) for i=12,...,N},
endowed with the norm
N
l@lhs = llwllia+ ) D' llwo. (2:2)
i=1

The space (W'7(€2),||@||1) is a reflexive Banach (separable) space.
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The closure of C°(Q) in WHP(Q) symbolized by W7 ().
Lemma 2.1. (see. [13, 17])

Let w € WP (Q), we have
(i) : there exists C, > 0/ ||| rri) < Cp SN | D' || ri () for any i =

1N
(ii) : there exists Cy >0/ ||@| paq) < %Zf\; e @’ where
illLri(
N . Np . _
L and =P =y_5 ¥ P<N
P N q € [1,+o0] if p>N

Lemma 2.2. Let Q be a bounded open set in RN (N > 2), we set

§ = maX(q7 1lga<)](vpz)7

therefore, the embedding listed below holds :
e if <N so WiP(Q) s L"(Q) is compact for any r € [1, 5],
e if p= N therefore Wol’p(Q) —<— L"(Q) is compact for any r € [1,+o0],
o if p> N we have Wy (Q) —— L®(Q) N C°Q) is compact.
The proof of the above result (lemma 2.2) depends to the lemma 2.1.

Definition 2.3. For k > 0, we give the following truncation T;(-) : R — IR,
that will be used latter

s if
Ti(s) =9 k2 i
and we put
THP(Q) := {w : Q — IR measurable /Ty(w) € WP (Q) for any k > 0}.
Lemma 2.4. Let w € T3 P(Q), there exists one function v; - Q — R measurable
with i € {1,..., N}, such that
Vk >0 D'Ty(w) = Vi X{|w|<k} a.e. T €,

with x4 be a characteristic function of a measurable set A. wv; define the weak
partial derivatives of w denoted by Diww. Therefore, if w € Wol’l(Q), then (v; =
Diw.)

Lemma 2.5. [14] Let (w,), — w € LY(Q) with

(i): @, - @ a.e. inQ,
(ii): @w, >0 and w > 0 a.e. in €,

(iii): / w, dr — / w dx,
Q Q
then @, — @ in L'(Q).

For the proof we use the seem methods developed in [9] in Sobolev spaces.
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3. Essential assumptions

Let Q be a bounded open subset of RY(N > 2), and consider the vector
p= (po,p1,--.,pn) such that 1 < p; < oo fori=0,1,...,N.
Taking w as a measurable function on 2 with values in R, such that

w e WyP(Q) N L=(Q).
let us consider the following convex K = {v € Wy () such that v > w a.e.
in Q}
Now, we define the operator B acted from Wy (Q) into its dual W-170(Q),
by

N
Bw = — Z d'bi(x, @, Vw),
i=1

with b; : @ x R x RY —— R satisfy the assumptions listed bellow as follows
(2, 5,€)] < B(Ri(w) + s + &P ") forany i =1,...,N, (3.1)
bi(z,s,8)& > alg|”  foranyi=1,..., N, (3.2)
for all £ = (&,...,&n) and & = (&1, ...,&y), we have
[bi(,5,€) = b (x,5,§)] (&= &) >0 for & #E, (3.3)

for a.e. € Q, and all (s5,¢) € R x RY, where R;(x) > 0 lying in L”)(Q) and
a,B >0

By using the continuity of b;(z, s,-) with respect to &, and thanks to (3.2) we
may obtain

bi(x,s,0) =0.
The nonlinear terms &(z, s,&) and ¥(x,, s,&) are two Carathéodory such that

&(x,s,€)s >0, (3.4)
|D(x,5,6)| < b(]s]) (C(fﬁ) +Z |€i|p"> ) (3.5)
and

@ (x,,5,6)| < folz) +d(s) D&, (3.6)
i=1
with b(+) and d(-) : R — R are continuous positive function, such that d(-) €
LYR) N L>(Q), we assume also that fo(-) € L*(Q2) and 0 < ¢(-) € L'(Q).

Let us consider the following problem

{ Bw + &(z,w,Vw) +¥(z,,w,Vw) = f —divF in

w=0 on 0f), (3.7)

where

feL'(Q) and Fe]]L"(9). (3.8)

i=1
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Remark 3.1. It’s important to see that the function ¥(z,,s, &) does not satisfy
the assumption (3.5), since b(-) is assumed only to be continuous.

Remark 3.2. The hypothesis (3.1) is necessary to entails that |b;(z,w, Vw)| €
LPi)(Q). In the case of Bw = — Zf\il D'b;(z, V), the condition (3.1) will be

SE€e1 as
pi —1>

Lemma 3.3. Suppose that (3.1)-(3.3) holds, and let (w,,)
Wol’ﬁ(')(Q) such that @, — w in Wolﬁ(')(ﬂ) and

[bi(2, E)] < B (Ri(m) + Z &

nen e a sequence in

/ (|wn|p_2 w, — |w|p_2w) (ww, — w)dx
Q

N
+ Z/ (b; (2, @y, Vo) — b; (2, @, Vo)) (D'w, — D'w) do — 0,
i=1 79
then w, — w in Wol’ﬁ(')(Q) for a subsequence.

4. The Existence of an Entropy Solution

We first introduce the notion of entropy solutions as follows.

Definition 4.1. A function w(measurable) is said entropy solution of the prob-
lem (3.7) if Tx(w) € K and satisfy

N
Z/ bi(z, @, Vo )D'T(w — v)dx + / O(z,w, Voo )Ti(w — v)dx
i=1 79 Q

N
+ / U (x,, w, Vo )Ti(w — v)de < / FTu(w — v)da + Z/ F;D'Ty(w — v)dz,
Q Q i—1 JQ

(4.1)
for any v € Ko N L>(§).

Our purpose is to establish the following theorem

Theorem 4.2. Assume that (3.1)-(3.6) and (3.8) holds, then the problem (3.7)

admits one solution in the sense of the definition 4.1.

4.1. Proof of Theorem 4.2.

4.1.1. Step 1: Penalized approximate problem.
Let (fa),en be a sequence in W=171(Q) N LY(Q) such that f, — f in L(Q) and
|ful < |f] (for example f,, = T,,(f) ). We consider the penalized approximation.
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WE
S~

- 1
bi (I’,Tn (wn) 7vwn) D’ (wn - U) dx + _/ |wn|p072 Wn (wn - ?}) dx
, nJo
i=1

+ / B, (&, %, Veon) (@ — v) dz + / 0, (2, 5, V) (0 — ) da
Q Q

N
s/anm—v)dx+;/ﬂmi(wn—v>dx,

for any v € K, where

@n(x,s,g) = Tn(¢($a 575))7
and
W (z,s,§) = To(¥(z,,s,8))

We can show, similarly as in [2], that the problem (4.2) admits at least a weak
solution w, € Wolp Q).

4.1.2. Step 2: A priori estimates.
Suppose that k& > max (1, | *||.), we put v = @, —nT (w, — @") € Wy (Q)N

L>(Q), for n small enough we get v € Ky, therefore v is an admissible test
function in (4.2), and we have

Z/ (2, T, (@) , Vo, ) DT}, ( w+) dx + — / |, |7~ 2w T ( w+) dx

+ / b, (z, @y, Vo) Ty (@, ) dx + / U, (2, @, Vo,) Ty (w, — @") da
Q Q

g/anTk( — ot dx—l—Z/FDTk(wn w") dx

(4.3)
Using (3.4) and (3.6)), we have
/ b, (v, @, Vo) Ty (w, —@w') dz > 0, (4.4)
Q
and
/ U, (z, @, Vo) Ty (w, — @") dz| < k/ | fo(z)| dx
Q Q
N
+ Z/ d (|e,]) !Diwn P, (wn — w+) } dx (4.5)

<k/\fo )l d.

According to (4.3)—(4.5), we may have
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N
Z/ b (z,T, (w,), Vw,) DTy, (wn — w+) dx + % / \wn]poﬂ wnd}, (wn — w+) dx
- QO Q

k[ @)+ oo dx+z/ F.D (w, —w*) da

{lon—wt|<k}
N
+) / b; (x, T, (w,) , V) D'w*dz,
i—1 {|oon—wt|<k}
(4.6)
Since k > ||@w™||,, then T) (w, —w™) have the same sign as w, on the set
{|w, — w™| > k}, this implies that

1 _ 1 _
—/ |7, |7 2w, Ty (wn — w*) dor = —/ |7, |7 2w, (wn — w+) dx
nJa " J{|wn—wt|<k}
1 _
- —/ | |72 T (wn — @) da
" J{en—wt|>k}

1 1
> —/ |@@,|P° do — / |70 " || do
N J{jwn—w+|<k} {lwa—wt|< k}

taking into account (3.2), we get

A 1
QZ/ wn‘pldqu—/ |, |"° dx
{|wn—wt|<k} N J{|wn—wt|<k}

< Z/ (z, Ty, (@) , Vo,) D'w,dx + — /\wn|p° 2wnTk( w*) dx
{|loon— wﬂ<k}

1 po—1 +
+ /{|wn e || || d < k/ﬂ(|f($)|+|fo(w)|)dx

+Z/

(2, T (@), Vo,)| |D'w™| do + — ! / |, [ || da
{lon—wt|<k}

{|wwn —w+|<k}

(4.7)
By using Young’s inequality we obtain
po—1| __+ 1 Po
|con| || de < = |, |" dx + CY, (4.8)
{leon—w*|<k) 2 J{jwn—wtI<k}
and
0N
Z/ F; (D'w, — D'w )dx:—Z/ |D'w,|"” dz + C.
{|on—wT|<k} 2 i=1 Y A{lon—wT|<k}

(4.9)
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Furthermore, by taking into account of (3.1) and Young’s inequality, one has

> b 0, Ta (@), V) | D't | d

z) |D'w ﬂdx—i—ﬁZ/ @, 2 | D' ™| da

'L—l {|loon— w+|<k} {|lon—wT|<k}

+5Z/ D'w

\wn w+|<k}

SCQ+€Z/
i=1

{lon—wT|<k}

pi_l ‘Di?ﬂ—’—‘ dx

Z {loon— w+|<k}

Pi
dx

N
1 p ] pi
+ — / ‘Dl +‘ dx + Cs / D'wt " dx
ek ; {leon —wF[<k} Z {lwn— wﬂ<k}

(4.10)

By comblmng (4.6)-(4.10), we conclude that

i 1 Po
- Z Pdr + — |, |" d
|m—w+|<k} 21 J{|wn—wt|<k) (4.11)
gkC+Ns/ [l e + Cae)
{on-wtiziy @

Therefore, there exists a constant Cs(k, €) such that

a Z/ Di,|” du < Cs(k,2). (4.12)
{|won— w+\<k}

and since
{z€Q|mw,| <k}C{reQ|mw-—wt|<k+ Hw+HOO}
Thus

> [ 17

pldx—Z/ Diw,

|wn\<k}

<Z/ D',

{lon—t|<h+wt 0 }

< s (k. [|=" [l -©)

Prde + / T, () [7° d
Q

P dy + k7|Q

and we have

1T ()l < Cr (b || )
where C7 > 0 does not depend on n. Thus, the sequence (7} (w,,)),, is bounded in
W, "*(£2) uniformly in n, then there exists a subsequence still denoted (T}, (), < x
and a function v, € W, 7 (Q) such that

{ Ty () — vp  weakly in Wy (Q) (4.13)

Ty (w,) — v strongly in L2(£2) and a.e in €.
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Now, using (4.11) and Poincaré inequality, one has

N
IVT @)l = 3 [ 10T ()]
=1

N

<y / DTy ()" dz + N9
i=1 Y&
4k ANe

< 20+ == | T (wa) | £ + Ci(e)
e} o D

4k /4N€

Now, we choose € small enough (C/% < %) , there exists a constant (g that
does not depend on k and n, such that

|V T}, (wn)Hp < Coykr  for k>1,
and we arrive at

kmeas {|w,| > k} = Ty, (wo,)| dx < / [Ty ()| dx
{|wn|>k} Q

< MLl 175 (=)
< C||VTi ()

Iy (4.14)
I,

S 010]@,
which yields.

meas {|w,| > k} < Ci3 — 0 as k — oo. (4.15)

1—1
P

Now, we have for every 6 > 0

meas {|w, — w,| > I} < meas {|w,| > k} + meas {|w,,| > k}
+meas {|T (w,) — Tk (@) > 0}

suppose that ¢ > 0, and thanks to (4.15) we can take k = k(e) large enough such
that

meas {|w,| > k} < g and  meas {|w,,| > k} < (4.16)

w| ™

On the other hand, by (4.13) we obtain
Ty (w,) — nx in LE(Q) and a.e.in €.

Thus (T} (wn)),cy is a Cauchy sequence in measure, and for any £ > 0 and
d,e > 0, there exists ng = ng(k, d, ¢) such that

meas {|Ty (w,) — Tk ()| > 0} < for all m,n > ny(k,d,¢). (4.17)

°
3
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According to (4.16) and (4.17), we deduce that : for all §,e > 0, there exists
nog = no(9, €)

meas {|w, — w,| > d} <e for any n,m > ny.

Then (w,), is a Cauchy sequence in measure, then converges almost every-
where, for a subsequence, to some measurable function w. By using (4.13) one
has

Ty (@) — Ti(w) in W, " (Q) (4.18)
Ty (wn) = Ti(w) in L2(Q) and a.e. in . '
4.1.3. Step 3: Convergence of the gradient.
Here, we denote by ¢;(n),i = 1,2, ... various real-valued functions of real vari-

ables that converge to 0 as n — oo. For h > k > 0, we define
M:=4k+h and w, = Toy (w, — T} (wy) + Ty (w,) — Tk(w)) .

Taking v = w,, — nw,,, we have v > w for n small enough, thus v is an admissible
test function in (4.2), and we obtain

N

. 1
Z/ b; (z, T, (w,),Vw,) D'w,dx + —/ |wn|p°72 Wy Wndx
i=1 79 nJa

—i—/@n (az,wn,an)wnda:—i—/@n (x, @, Vo) w,dx
Q

Q
N
< [ fawndz +> / F,D'w,dz.
Q — JQ

It is clear to remark that w, have the same sign as w, on the set {|w,| > k}
and w, = T (w@,) — Tk(@) on the set {|wm,| <k}, also we have D'w, = 0 on
{|ww,| > M} then,

N

i=1

1
+ — |72 @y (T (w0) — Ti(w)) dx + / b, (x,w,, V) w,dx
" J{lwn|<k} {lewn|<k}

< / )]+ oD el o+ 3 / 0 (|wn]) | Do’ [wa di

N

+ / ED'w,dx.
2 {leon| <M}

i=1
(4.19)
Furthermore, the first term on the left-hand side of (4.19) is giving by
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E bz x, IM Wn) ;/ZM Wn Lla’ndx
N /{Wn|<M} ( ( ) ( ))
= E bz .%‘,Tk Wn ), UTk TWn Dsz TWn) — DlTk w)) dx

N
+Z / b; (z, Ty (@) , VT () D'wnds
{k<|wn|<M}

—Z/ (@, Ty (@) , Vi () = by (2, Ti () , VTi()))
% (D'T () = D'Ti(w)) da

+ Z / bi (2, Ty (@) , V(@) (D'Tx (wn) — D'Ti(w)) da

+Z / (x, Ty, (@) , VTi (@) D' Ty () da
|wn|>k}
N
+) / b; (2, Tyt (@) , VT () Diwyder.
i=1 7 {k<|wn|<M}

(4.20)
For the second term on the right-hand side of (4.20), Lebesgue’s dominated con-
vergence theorem entails that Ty, (w,) — Tk(w) in LP(Q2), then

/

b (z, Ty (@), VIg(w)) = b; (x, Ti(w), VIi(w)) in L (Q),

and since D'T}, (w,,) — D'Ti(w) in LPi(Q), we may get

-y /Q b (2, Ty (@), VTi(w)) (DTy (@) — DiTe(w)) d — 0 as 1 — oo.

(4.21)
For the third term on the right-hand side of (4.20), by using (3.2) and the conti-
nuity of b(z, s, &) with respect to &, we have b(z, s,0) = 0, we can get

/ bi (, Ty, (@), VT () DT (w)dr = / bi (2, Ty (wn) , 0) D'Ti(w)dz = 0.
{lwn|>k} {lon|>k}
(4.22)
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For the last term on the right-hand side of (4.20), taking z, = w, — T} (@,) +
Ty (wy) — T (w), then

N
Z/ bi (x, Tat (@) , VT (@) D'w,dx
i=1 Y {l@nl>k}

N

bi (2, Tyt () , Vg (@00)) D' (0, — Ty (w0) + T () — Ti(w)) dae

i=1 /{Iwn|>k}ﬁ{zn|§2k}
N

2_2/ by (2, Tog (w0) , VTt ()] | DT ()| d
{lwwn|>k}

i=1

We have (b; (2, Ty (@) , VI (@n))),,cn is bounded in L1 (), then there exists
¥; € LPi(Q) such that b; (z, Ty () , VI (w0,)) — 95 in LPi(Q). Therefore,

ea(n) = Z /{ T, Vi (=) DTy

s / 9, D'Ty(w)dz = 0,
(Il >k}

this implies that

Z /{| i bz (CC, Tm (wn) 7VTM (wn)) Diwndx > 82(n)_ (423)

i=1

According to (4.20)-(4.23), we may obtain

Z /Q (b; (2, Ty (wn) , VI (wn)) = b; (z, Ty (wn) , VIi(w@))) (DT} (w,) — D'Ti,(w)) da
<y /Q b (2, Ton () , Vs (@) Dicwnda + £3(n).

(4.24)
For the second term on the left-hand side of (4.19),in view of (4.39) we have

/{wnlgk}

In view of (4.19) and (4.24)-(4.25), we may have

o2 2k
W (Tk (wy) — Ti(w)) de | < —/ |, | de — 0 as n — oo,
{leon|<k}

(4.25)

Wn

84(”) = %
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M-

/Q (bi (2, T (@) , VTk (@) — bi (2, Ty (@) , VT())) (DT () — D'Ti(w)) da

=1

+ / D, (x, Ty, (wn) , VI, (wn)) wpdz
{lewn|<k}
&ni (Thi (wn)) D ' wnd + Z/ FyD'w,dx + £5(n).

< /Q(Ifn( 2)| + fola |wn|dw+2/
(4 26)

We have f,, — f in LY(Q) and w,, — Ty (w — Th(w)) weak-* in L>(£2), then

{lonl<M}

and

Z/FDwndx—Z/ Diwdx + e5(n). (4.28)

h<|w|<2k+h}

In view of (3.5), it’s clear that
‘ / B, (&, T (@) , VT () wnde
{loon|<k}

R N
= bk/ (C(x) + Z | DT, (wnﬂpi) |wy| d
{lwn|<k} i=1

< by, c(x) |wp| dx

{|wn|<k}
+ % Z/Q (b (2, Ty (wy) , VI (@) = b (2, T (wy) , VI(w))) (4.29)
X (D%%k (@n) — DiTk(w)) |lwy| dz

+ % z; /Q bi (2, Ty (@) , VIR(w)) - (DT}, (w,) — D'Ti(w)) |wn| dz

b o .

Since Ty, (w,) — Tk(w) — 0 weak-x in L>°(2), then

/ (@) |wn| dz = / (@) Tk (@) — To(@)| dz — 0. (4.30)
{lwn <k} {lon|<k}

and thanks to (4.26)-(4.30), one has
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=

( ~ D'Ti(w >) |wn| dz
> ] / [ wn,vwmndx\m( )+ [ U+ )T o~ Tif) o

N
+ / FiD'wdx + g9(n).
Z; {h<|w|<2k+h}

1=

X
U

(4.31)
For the first term on the right-hand side of (4.31), it’s easy to remark that

/(fn + fo)Tor (w — Th(w))de — 0 as  h — oo. (4.32)
Q

Finally, choosing v = w,, — nTo (w, — T}, (w,)) for n small enough, thus v is
an admissible test function in (3.7), we get

N
) 1
Z/ b (x, T, (wy,), Vw,) D'Toy, (w, — T}, (w,)) de + — / |wn|p°72 wnTog (wy, — Ty (wy,)) dz
- 0 n Jo
+

/ B(z, , Voo ) Tog (@ — T () dz + /Q U (z, @, Vo) Top (5 — T () da

Q
N
. / fuTok (@0 — Ty (@) do + Y / F;D' Ty (w, — T (w0)) da.
Q i—1

(4.33)
According to (3.2),(3.4),(3.6) and Young’s inequality, we get
0
5 Z/ }Dzwn Prde < /(fn + fo)Tok (wn — T (wn)) dz
N .
-+ 015 / ’E p; diE
; {h<|wn|<2k+h}
this entails that
0N
— Diw|Pde < = hm inf / Diw,|" dx
2 ;/{hqmgzmh] | 2 oo Z h<\wn|<2k+h| |
< lim [ (fno+ fo)Tok (wn — Th (wy)) dx + lim Cy5 Z/ |F; P dy
n—oo Jq n—00 (h<|wn|<2k+h}
/(fn+f0)T2k (?,TJ Th d.T—i-CmZ/ |E p; dx
Q [h<|w|<2k+h]

(4.35)
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By letting h — oo in (4.35), we may have

lim sup/ |Diw{pi dr =0
h—oo  J{h<|w|<2k+h}

Therefore,

lim |Fj| |D'w|dz =0 (4.36)
h=00 Jh<|w|<2k+h}

According to (4.32)-(4.32) and (4.36), by letting h,n — oo in (4.31), we may
obtain

Z/Q (b; (2, Ty (wn) , VI () = b; (2, Ty () , VIk(@))) (DT} (w,) — D'Ti(w)) dx — 0,

and since Ty (w,) — Tr(w) in LP°(Q)), then

Z/ﬂ (b; (2, Ty (wn) , VI (wn)) — b; (z, Ty (wn) , VIi(w@))) (DT} (w,) — D'Ti,(w)) da

+ /Q (1T (@)% T () — |T(@) [~ Ti(@)) (T () — Th(@)) d — 0 as n — oo

(4.37)
By using the idea of Lemma 3.3 and (4.8), we can obtain
Ty (w,) = Tp(w) strongly in Wol’ﬁ(‘)(Q), (4.38)
Diw, — D'w a.e. in Qfori=1,..., N. '
4.1.4. Step 4: The equi-integrability.
i) The equi-integrability of (1 |, [P0 W), -
Here, we establish that
1 Po—2 : 1
— |@wn|"" " @, — 0 strongly in L"(2). (4.39)
n

By using the approach of Vitali’s Theorem, it is suffices to prove that (% |, |? 02 wn)
is uniformly equiintegrable. Indeed, taking v = w,, — T} (@, — T (w,)) as a test
in (4.2) for n small enough. Using (3.2), (3.4) and using the idea Young’s inequal-
ity, we may get

N
a g / ‘Dzwn Prde + —/ ]wn|p°_2 w, T (ww, — Ty, (w,)) dx
i—1 71 {h<|wn|}

h<|wn|<h+1} n

s/ Ifn|d$+/ fol)] da,
{h<|wnl} {h<|wn|}

n
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this implies that

1

_ 1 _
—/ ymwlwg—/ (o2 o T (w2 — Th () d
" J{ht1<|wnl} " J{h<|wnl}

<[ ldes [ Jp@lds
{h<|wnl} {h<|wnl}
Let n > 0 be fixed, then there exists h(n) > 1 such that

1
_/ |wn|p071 dr <
v J{h(n)<|wn|}

Now, for any measurable subset £ C €2, we have

, (4.40)

N3

1 _ 1 - 1 _
—/ |, | da < —/ Ty ()| 1dx+—/ |, |7 da,  (4.41)
nJe nJe v J{h(m)<|eon|}

It’s clear to remark that : there exists 3(n) > 0 such that, for all £ C Q with
meas (E) < f(n), we have

1

n

/E\Th(n) (@n)|" ™ do < g (4.42)

Consequently, according to (4.40),(4.41) and (4.42), we may have

1
—/ @, [~ da < n for all E such that meas(E) < B(n). (4.43)
nJe

We conclude that (2 |, |" 02 @, ), is uniformly equi-integrable, and since

1
— @, [ @, — 0 a.e in Q.

n

Consequently, the convergence (4.39) is deduced (Vitali’s Theorem).

ii) The equi-integrability of (?, (z, w,, Vw,)), and(¥, (z,w,, Vw,)),

Here, we shall show that

?, (v,w,, Vw,) = &(z,w, Vo) and ¥, (z,w@,, Vo,) = ¥(z,,w, Vo) in L'(Q).

(4.44)

By using Vitali’s Theorem, it is suffices to show that (®,, (z, w,, Vw,)), and
(¥, (2, w,, Vw,)),, are uniformly equi-integrable. We set

D@:zAuWWr

«
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By taking T} (w, — T), () eP==D) as a test function in (4.2), we have
N —
Z/ bl (1‘7 Wn, an) Dle (wn — Th (wn)) eD(|wn|)dx
i=1 7O

N
2 4 .
. a Z/ bz (.1', Wn, an) Dlwnd (’wn’) ’Tl (wn - Th (wn»’ €D(|w”‘)d$
— JQ

+ / D, (x, @y, Vo) Th (w, — T, (w,)) oDwn)) 7

f (2, @n, Vo) Ty (wn — T, () €2 1= D de

fnTl — Ty (wn)) ePU=nl gy

According to (3.2) and (3.6), we obtain

N
o / b; (z,ww,, Vo) Diw, e (17D gy
{h<|wn|<h+1}

i=1

N <
+ 2 Z / ’Diwn
i=1

{h<lwn|}

" d (‘wnD |Tl (wn — Th (wn)” eD(‘wnDdx

+ &, (x,w,, Vo) T (w, — Th (w,)) ePU=nD) gy (4.45)
{h<|wn|}

< / (1l + 1fo]) P0= Dl

{h<lenl}

+Z/ D" T (@0 — Th () d (o) 71

h<\wn|}

Consequently

Z/ d (|wn]) ‘Dlwn
{h+1<|wn|}

Thus, for all n > 0, there exists h(n) > 1 such that

Z/ d (|wn]) ‘D’wn
n)<|wnl}

Now, we put

‘dx—i-/ |D,, (x,wn,anﬂdxgeD(oo)/ (If1+ | fol) dx
{h+1<|wn|} {h<|wn|}

" d +/ B, (2, @, Veon)| da < L.
{h(n)<|wnl} 2

(4.46)

by = max{b(s) : |s| < h(n)} and dpy) = max{d(s) : |s| < h(n)},

for any measurable subset £ C (), we have
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P d:c—i—/ P, (v, ,, Vo,)| dz
E

N .

Z/d(hﬂnl)‘Dzwn

i=1 Y

< dny Y /E | D' Ty (@) |”" diz + bagy /E (C(QJHZ}DZTh(n) (@)
i=1 i=1

N
+Z/{ d(|wa|) | D',
=1

h(n)<|on|}

pi> o

P dx + / |y, (2, @y, Vw,)| dx.
{h(n)<|eon|}

(
According to (4.38), there exists 7(n) > 0 such that, for any meas (F) < 7(n)
we have

N
Prdr + bh(ﬂ) / (C([L’) + Z ‘DiTh(n) (wn) Pi) de < g
B i=1

N
dnim) Y /E | D" Ty (w0m)
=1

Furthermore, according to (4.46), (4.47) and (4.48), we may get

N
Z/ d (|ewn]) | D', [ dm—i—/ P, (2,0, Vo,)|de <n forall meas(E) < 7(n).
i=1 7 F B

(4.49)

Thanks to (3.6), we deduce that (¥, (z,w,, Vw,)), and (2, (z,w,, Vw,)), are
uniformly equi-integrable, and since

v, (z,w,, Vo,) = ¥(z,,w,Vw) and &, (z,w,, Vo,) = ¢(r,w, Vw) a.e. in .

By using the approach of Vitali’s theorem, the convergence (4.44) was verified.

4.1.5. Step 5: Passing to the limait.
Let v € K, NL>*(Q), by taking w, —nT} (w, —v) as a test in (4.2), with 1 smal
enough, one has

N
Z/ bi (2, Ty, (@) , Voo,) DTy, (w0, — v) dx + / , (x, @y, V) Ty, (w, —v)dx
=1 7/ Q

L F
+ — / @, [P % @, T (w0, — v) da < / JoTk (@, — v)dx + / v, (x,wn, Vo) Ty (w, —v) dz
nJa Q Q

N
+) /Q E.D'T, (w, — v) da.
=1
(4.50)
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Now, let Ml = k + ||v||o then {|w, —v| < k} C {|w,| < M}, and we obtain
/Q b (z,T), (@), Vw,) DTy (@, —v) dz
= / bi (x, T (wn) , VI (@n)) (DT (w0) — D'0) X{jm,—v/<i}d
= /Z (i (2, Tha (wn) , VT (@) = b (2, T (@) , V) (DT (w0) — D) X{jam,, o] <k}
+ /Q b; (z, Ty (wwn) , V) (DiTM (o) — Div) X{|on—v|<k}dT.
It’s clear that
nh_}rgo/ bi (z, Tv (wn) , Vv) (DT (,) — D'0) X{jmwn—v|<k}dT

= Zzbi (z, Tu(w), Vv) (D'Tw(w) — D'v) x{|o — v| < k}dz.

Fatou’s Lemma implies that

n—oo

N

lim inf ) ° / b (z, Ty, (wy) , Vo) DTy, (w, — v) dz
i=1 v

N

>3 /Q (b (2, Tha(), VTia(@)) — by (2, Toe(), Vo)) (DTis() — D*0) Xgjorvinyde

i=1

N
+ lim > / bi (z, Tw (wn) , V) (DT (@) — D'0) X{jo—v|<k}d
n—o00 £ ) Q

1=

N
-y / bi(r, @, Vo) D' Ty(w — v)da.
i=1 7§

(4.51)
Here, since Ty (ww,, — v) — Tp(w —v) weak—x* in L>°(£2) and according to (4.39)
we may obtain

1
—/ || wn T (w0, — v) dz — 0, (4.52)
nJa

and

/ B, (&, @, Vo) Ty (@ — v) dz —> / B(z, , Vo) Ty (w0 — v) dz, (4.53)
Q Q

/ 0, (2, @, Vo) Th (0 — ) da — / U(z,, @, Vo) Ty (@, — v) dz, (4.54)
Q Q

Now, as f, tends to f in L'(Q) we get
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11.
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13.

14.
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/anTk (wp, —v)de —> /Qka(w —v)dx. (4.55)
since T (w, — v) = Ti(w — v) in W, P(Q), then
/Q F,D'Ty, (w, —v) dx — /Q FiD'Ty.(ww — v)du. (4.56)
view of (4.50)-(4.56), the proof of Theorem 4.2 is achieved.
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