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EXISTENCE OF ENTROPY SOLUTIONS TO NONLINEAR
DEGENERATE WEIGHTED ELLIPTIC P(.)-LAPLACIAN
PROBLEMS AND L1-DATA

ADNANE KADDIRI', AHMED JAMEA?*, MOHAMED LAGHDIR? AND EL MEHDI
HASSOUNE?*

ABSTRACT. Our aim in this paper is to study the existence result of entropy so-
lution for a specific type of nonlinear degenerate weighted elliptic p(.)-Laplacian
problems with Dirichlet-type boundary condition and L' data. In the frame-
work of the theory of weighted Sobolev spaces with variable exponents, we use
the regularization approach combined with a priori estimates.

1. INTRODUCTION AND PRELIMINARIES

Let Q C RY, (N > 2) be a open bounded domain with a connected Lipschitz
boundary 0%, and p(x) € (1,00) for all z € (0,00). In this work we investigates
the existence question of entropy solution for the nonlinear degenerate elliptic
following problem with variable exponent:

—div(w|Vu — 0(u) P2 (Vu — O(u)) + wlu[f™2u=f in Q (1.1)
u=>0 on 0f, '

where —div(w|Vu—0(u)|P®=2)(Vu—6(u)) is a Leray-Lions operator on Wy " (Q, w)
(1 < p(.) < N, the interesting and difficult cases are those of 1 < p < N, since
the variational methods of Leray-Lions (see [13]) can be easily applied for p > N)
and p(.) is a continuous function defined on Q such that p(z) > 1 for all z € Q.

Additionally, w is a weight function (i.e., a locally integrable function on R,
such that 0 < w(z) < oo a.e. x € RY) and the datum f is in L'. The absorption
function 6 is continuous and defined from R to RY which satisfy suitable condition
(see assumption (H3) below).

Over the past few years, the study of PDEs and variational problems with vari-
able exponent has received considerable attention in many models coming from
various areas of mathematical physics, such as elastic mechanics, electrorheolog-
ical fluid dynamics and image processing, etc. The notion of entropy solutions
was introduced by Ph. Bénilan, L.. Boccardo, T. Gallouet, R. Gariepy, M. Pierre,
J.L. Vazquez in [7], this notion was then adapted by many authors to investigate
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some nonlinear elliptic and parabolic problems with a constant or variable ex-
ponent and Dirichlet or Neumann boundary conditions (see for example [1], [9],
[10],[12] , and [19]). For instances illustrating the applications of problem (1.1),
we present the following two models:

e Model 1. The thermal model The analysis of induction heating pro-
cesses entails the model of heat transfer, which is predominantly influenced
by three factors: the dissipation of heat due to eddy currents within the
work piece, the diffusion of heat within the material, and the exchange of
heat at the interface between the work piece and the surrounding air.

pc—T — div(kVT) = Qem,
ot
In terms of temperature evolution within the work piece, it is governed by
the classical heat transfer equation. Where p is density of the work piece,
the specific heat ¢, and the thermal conductivity k are all temperature
dependent parameters in this context. Additionally, there is a heat source
term ()., caused by eddy currents. It is worth noting that the heat ca-
pacity can undergo significant changes in value as the temperature varies,
particularly during metallurgical phase transitions and in close proximity
to the Curie temperature. On the other hand, the thermal conductivity
exhibits a gradual decrease in value as the temperature increases.

e Model 2. Filtration in a porous medium. The filtration phenomena
of fluids in porous media can be represented the following equation,

P98 Calh () (T + o)),

where p is the unknown pressure, ¢ volumetric moisture content, k the
hydraulic conductivity of the porous medium, a the heterogeneity matrix
and —e is the direction of gravity.

Our problem in particular cases it have been considered by many authors, for
example, when w = 1, Sanchon and Urbano in [11] established the existence and
uniqueness of entropy solutions for the p(x)-Laplacian equation with L! data. In
the case when # = 0 and especially Chao Zhang in [10] study the questions of
existence and uniqueness of entropy solutions to the problem (1.1). In this work
and by using the regularization approach, we prove in the first step existence
of a sequence of weak solutions to approximate problems (1.1), we apply here
the variational method combined with a special type of operators (operator of
type (M), see definition 1.11 below). In the second step, we will prove that
the sequence of weak solutions converges to some function u and by using some
a priori estimates, we will show that this function w is an entropy solution of
nonlinear elliptic problem (1.1).

The plan of our paper is as follows: In Section 2, we give some preliminaries and
notations. In Section 3, the existence of entropy solution of (1.1) is obtained. In
the present section, we will introduce an adequate functional space, we give some
definitions, notations and results which well be used in this work where problems
of type (1.1) can be established.
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Let 2 be a bounded open domain in RY, we consider the following set
CH(Q) ={p:Q— RT continuous such that 1 <p~ < pt < oo},
where p~ = min (p(z)) and p* =max (p(z)).
e €S

Let w be a measurable positive and a.e finite function defined in RY. Moreover, in
all this paper, we suppose that the following integrability conditions are satisfied:

(H) we L (Q) and w1 € LL_(Q).
(Hy) w™@® ¢ L1 (Q), where s(x) € (-2

p(x)’oo) ﬂ(

1
p10 %k

For p(.) € C*(Q), we define the weighted Lebesgue space with variable exponent
LPO(Q,w) by

LPO(Q,w) = {u : 2 — R : u is measurable and/
Q

lu[P@w(z)dr < oo} :

endowed with the Luxemburg norm

el o = inf {A -0, / 20 p o < 1} |

We denote by LP')(€,w) the conjugate space of LP()(Q, w), where
1 1

p(z) +p’(l‘) -

?

and where
w*(z) = W@ for all z € Q.
On the space LPV)(Q,w), we consider the function g,(), : LPV(Q,w) — R*
defined by
Qp(.),w( u) = Orp()( Qw) / u(z |p(x)
The connection between o, and ||.||;»0) (o, is established by the next result
n [19].
Proposition 1.1. Let u be an element of LPY)(Q,w), and hypothesis (H) be
satisfied, the following assertions holds:
1) Jullp)w < l(respectwely >, =1) & op)w(u) < 1(respectively >,=1).
) I o < 1 then [[ull) < gpw(u) < [ulll),
+
i) If ullpy > 1 then [Jull2, o < 0p0(m) < Jull)
i) [ullpeye = 0 & 0p()w(u) =0 and Hqu Y T 00 & 0p()w(u) = 00
For other properties of LP)(€,w) spaces we refer to [20].

Proposition 1.2. Let u € LPY(Q,w), v € Lp/(')(Q,w) and hypothesis (Hy) be
satisfied, we have :

1 1
/w!uv!dx < (= + llullpowllvlly w < 2lullpowllvlly
Q b b
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The weighted Sobolev space with variable exponent is defined by
WO (Q,w) = {ue LPY(Q,w) such that Vu € Lp(')(Q,w)} :
With the norm
[l 1p0) e = Nullpeyw + 1 Vullp)w for allu € WHO(Q,w).

In the following of this paper, the space W™ (')(Q, w) denote the closure of C3°(2)
in W0 (Q,w) with respect the norm ||.|[1p()w-

Let p(.), s(.) are two element of space C'*(§2) where the function s(.) satisfies the
hypothesis (Hs), we define the following function

Np(x)

(x) = ————— for p(x) < N,
p ( ) N —p(m) p( )
_ plx)s(z)
ps(z) = T+ s(2) < p(z),
p(x)s(z) .
pi(z) = { TH@)N-—p@s) if N > p,(z),
) +00 if N < py(x),

for all most all z € 2.
The following statement is known (see [3]).

Proposition 1.3. Let Q C RY a open set of RN, p(.) € CH(Q) and let hypothesis
(Hy) be satisfied, we have

The following statement holds(see [8]).

Proposition 1.4. Let hypotheses (Hy), (Hy) be satisfied and p(.) € CT(Q), the
space (WIPO(Qw), |||l1p0)w) @S a separable and reflexive Banach space.

For the next statement we refer to [g].

Proposition 1.5. Assume that hypotheses (Hy) and (Hy) holds and p(.),s(.) €

Ct(Q), then we have the continuous embedding
WhPO(Q, w) — WH0(Q, w)
Moreover, we have the compact embedding

Wl’p(')(Q,w) e W”(')(Q,w)

provided that r € C*(2),1 <r <p* for all x € Q.

Definition 1.6. Given a constant k > 0, we define the cut function 7} : R — R
as

s if |s| <k,
Te(s) =< k if s>k,
—k if s < —k.
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For a function u = u(x) defined on ), we define the truncated function Ty (u)
as follows, for every x € ), the value of (Tju) at z is just Ty (u(z)).
By Ph. Bénilan, L. Boccardo, T. Gallouet [7] we define also the space

T (@) =
{u:Q — R ; uis a measurable function and Tj(u) € Wol’p(')(Q,w) vV k> 0}.

the weak gradient of a measurable function u € 7;” (')(Q, w) is defined as

Proposition 1.7. For every u € 761’p(')(§2,w), there exists a unique measurable
Junction v : Q@ — RY such that VTj(u) = vX{ju<k}, a-e. in Q for every k > 0,
where xg denotes the characteristic function of a measurable set E. Moreover,

if u belongs to Wol’p(')(ﬁw), then v coincides with the standard distributional
gradient of u, and we will denote it by v = Vu.

The next lemma was proved in [2]

Lemma 1.8. For £,n € RY and 1 < p(.) < oo, we have:

Lo Lm0 < 26 (o
el = Lol < |60, (¢ - ).

where a dot symbol denote the Euclidean scalar product in RV,
Lemma 1.9. Fora > 0,b>0 and 1 < p(.),q < co we have
(a4 b)P) < 2201 (qP() 4 pp)),
a4+ b? < (a+b)%.
We give the following definition of a monotonic operator introduced in [12].

Definition 1.10. Let Y be a reflexive Banach space and let A be an operator
from Y to its dual Y'. We say that A is monotone if

(Au— Av,u —v) >0 forall u,v €Y.
We give the following definition of an operator of type (M) introduced in [12].

Definition 1.11. Let Y be a reflexive Banach space and let A be an operator
from Y to its dual Y. We say that A is of type (M) if and only if

U, — u weakly in Y,

Au, — x weakly in Y, Then Au=x.
lim sup <A’U,n, un> S <X7 U) )

n—400

The next theorem was proved in [12].

Theorem 1.12. Let Y be a reflexive real Banach space and A :Y — Y’ be a
bounded operator, hemi-continuous, coercive and monotone on space Y . Then
the equation Au = v has at least one solution u € Y for eachv € Y.

The following statement is well-known (see [21]).
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Theorem 1.13. Suppose that Q C RY be a bounded set. Let p(.) € CT(Q). Then,
for allu € Wol’p(')(Q,w) , the inequality

[llpe)e < Coll Vellpe) e

is satisfied where the constant Cy depends on the exponent p(.), diam(S)) and the
dimension N.

Remark 1.14. Further down, Cy; i € {1;2;...} is a positive constant and meas{ B}
denotes the measure of the measurable set B C RV,

2. MAIN RESULTS

In this section, we will introduce the concept of the entropy solution of our
problem (1.1). Thus, we will add the following necessary assumptions for the rest
of the proof:

(H3) 6 is a continuous function from R to RY such that #(0) = 0 and for all real
numbers x, y we have |0(x) —0(y)| < Ao|z —y| where g is a real constant

such that 0 < g < min{(p*/Z)l/p_ ; (p*/Z)l/er}.
(Hy) [ € L),
In the present section, the proof of our main result is divided into two steps.
The first goal, we use the regularization approach by applying Minty-Browder
theorem to create a sequence of weak solutions of the approximate problem (1.1).
In the second step, we give some a priori estimates which will be used to prove the

existence of an entropy solution for problem (1.1). All the a priori estimates in
this section rely exclusively on the proof established by Boccardo and Gallouet.

Definition 2.1. A function u € 7" (')(Q, w) is an entropy solution of degenerate
elliptic problem (1.1) if and only if

/qu)(Vu — O(u)) VT (u — @) + /

Gl uTu = 9) < [ fTilu =) (21
Q Q
for all k > 0, ¢ € WoPY(Q,w) N L=®(Q) and  ®() = [£PEO-2¢, V¢ € RV,

Our main result of this work is the following Theorem:

Theorem 2.2. Let hypotheses (Hy),(Hs), (Hs) and (Hy) be satisfied, then the
problem (1.1) has a entropy solution.

Let the operator
Ayt WP, w) — (WP (Q,w))
where (Wol’p(')(Q, w))" is the dual space of Wol’p(')(Q, w) and let

A, = A+ A2 — L,
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where for u,,v € Wol’p(')(Q,w)
(Alu,,v) = /w@(Vun—H(un))Vvdz,
Q
(A2u,,v) = /Tn(w|un|p(“")_2un)vdx,
Q
(Lp,v) = /Tn(f)vd:v.
Q
We will prove that A, satisfies the assertions of Theorem (1.12). Firstly, we

prove that A, is of type (M) and bounded, for that, let (u)ren be a sequence in
Wol’p(')(Q,w) such that

up — u weakly in Wol’p(')(Q,w),

Apup — x weakly in (Wol’p(')(Q,w))/, (2.2)
limsup (A ug, ug) < (x,u) .
k——+o0

According to the equation (2.2) the sequence (uy)ren converges weakly to u in
Wol’p(')(Q, w). Then, there exists a subsequence denoted (wy)ren such that wy, — u
in LP0)(Q,w). This implies that (wy,)gen is a bounded sequence in Wol’p(')(Q, w).
Then by using (H3), we have

N

(|Vw, — 0 (w,) [P 2 (Vw, — 0(w,))) is bounded in <Lp,(‘)(Q, w))

keN
So, we get

[V, — 0w, P2V, — (w,)) = [V — 6(u) P 2(Vu - 6(u))

’ N
in (Lp “(Q,w)) as k — 4o00.
Finally, using (Hs) and last results, we conclude that for all v € W, (')(Q, w)

(x,v) = lim (A, uy,v),

k—+o00

= kETm<Anwka v),

~  lim ( /Q wB(Vuy, — 0(wy))Vods + /

— /QTn(f)vdm,

= /Qw@(Vu—H(u))Vvdx—i-/ﬂ
= (Ayu,v).

Tn(w|wk|p(“”“)_2wk)vdaz)
Tn(w|u]p(“)QU)'de—/Tn(f)vdx,
Q

Consequently A,u = x. Therefore, the operator A, is of type (M).
One hand, using proposition (1.1), lemma (1.9) and hypothesis (Hj), we have
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1p() 171/(-)
for any u,, € Wy (Qw), ¢ € Wy (2, w)
(Alun, )| < / |Vt — 0(u) P | Voo
Q

<[ 2 [T P )P Vil
Q

IN

ot / ([Tt P4 10() P [Vl de

IN

Iy S
Q

IN

+_ - *— -
1 (Hwnuﬁz.),i,kupf(.),w N a5 LIVl )

27 L M a0 NVl

IN

IN

1
CullunlTy) ol p () w0
where
N =max (W3 07) ¢ = 2p**1(1 AT
IVallz L, = mac{ | Vull? s [Vl 0

AWl (1w

el —maX{IIUIlp()W

This implies that A} is bounded.
In the other hand, using Holder’s inequality, hypothesis (H3) and Proposition
(1.5), we get

(Al < [ il plds
Q

+_
lnllyyallelly )

< CQCgHuanll H@Hl

IN

P ()w?

where Cy, C5 are two constants of compact embedding given by Proposition (1.5).
This allows us to deduce that A? is bounded.

Finally, by Holder’s inequality, we get immediately the boundedness of L,,.
Hence, A,, is bounded.

Secondly, we well be proved that A, is coercive and hemi-continous operator.
Using Theorem (1.13) and hypothesis (H,), there exist a positive constant C}

such that
/Q To(Punde < 2lf |1 [tnlloos (2.3)

<
< 200[1 1 I Vunlpe) ws
< Cullunllipe)w;

where

Cy = 2Co| fly
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Now, using (2.3), lemma (1.8) and lemma (1.9), we obtain that

(Aptn, un) = /w|Vun — () [P "2V, — 0(uy)) Vugds + / W[t [P di
@ Q

- /QTn(f)undx,

1 1
> w|Vu, — 0(u,) [P dx — / w|60(w,) [P de

+ /wlunlp(“")dﬂﬁ—C4|’UnHl,p(.),wa
Q

-1 1
> /1/2p+ 1 w|Vun|p(“’”)d$+/w|un|p("")d$
Q Q

- p(un)
B / - W] (1) [P dar — |1,y

o p(un) ! B
> 1/p+21?+1/w|vun|p(un)dx+/ <1 _2>\18(un)/p—> w|un|p(un)dx

Q Q
- C4||un||1,p(.),wa
> min <1/p+2p+71;Mo> (/ w|Vun|p(u")dm+/w|un|p(u”)dx)
Q Q

= Cullunllipe)w:

. +-1
> min (1/p+2p ;Mo) (HVunllii),w HunHii),w) = Calltnll1p0).0:

_ . +—1

> 1/2P> 'min (1/p+2p ;M()) ||Un||z1),2p(_)7w — Cul|tn]1,p() s
> C5||“n”?,2p(.),w — Callunl1p()ew

where
N = min(\] M), My = (1= 20 /)
Cs = 1/21’2_1 min (1/p+27’+_1 : Mo)
72, = min{|full?) . lull b
IVul22) = min{||Vul? . [Vull? b
Then

T s 00 a8 [[Upll1p()w — +00
Hun”l:p(')’w

This implies that A, is coercive.
To prove that the operator A, is hemi-continuous, it suffices to show that A!

is hemi-continuous. For that, let (ug)ren C Wol’p(')(Q,w) and u € Wol’p(')(Q,w)
such that u; — u strongly in Wol’p(')(Q,w). This is implies that u, — w is
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a.e and (ur — u)pen is bounded. In addition, we have Vu, — Vu strongly
in  (LP)(Q,w))N. This is implies that Vu, — Vu is a.e and (Vuy, — V) ey is
bounded. Now, using (Hj), we have 0(uy) — 0(u) is a.e and (0(uy) —0(u))ken is
bounded. Then, ®(Vu,—0(uy)) — ®(Vu—0(u)) is a.e and (®(Vugp—V(u)))ken
is bounded. This is implies by using Lebesgue dominated convergence theorem
that

lim [ w(®(Vug — 0(ug) — &(Vu — 0(u))pdr =0,

for any ¢ € Wy (Q,w).

From where Alu, — Alu in (Wol’p(')(ﬂ,w))/. This is implies that A} is hemi-
continuous. Finally, we get A,, is hemi-continuous.

Consequently, using Theorem (1.12), there exists u,, € W, (')(Q,w) such that

/w@(Vun—H(un))Vvdx—i—/Tn(w|un|p(“")_2un)vdaj:/Tn(f)vda:. (2.4)
Q Q Q

for all v € Wol’p(')(Q,w).

Lemma 2.3. Let hypotheses (Hy), (Hs), (Hs) and (Hy) be satisfied, then (VT (un))nen
is bounded in (LPO)(Q,w))N.

Proof. Remark that
/Tn(w|un|p(“”)_2un)Tk(un)dx > / Tn(w|un|p("”)_2un)undx,
Q Qn(n)

where

Qp(n) = {Jun| < k}.
Using the characterization of the cut function 7,,(.), we have

/ Ty (wltty [P 20, Yu,dz > 0,
Qp(n)
This implies that
/Tn(w|un|p(“")_2un)Tk(un)dx >0, (2.5)
Q
Now, taking v = T (u,) as a test function in 2.4 and by using 2.5, we have that
/ wO(VTi(un) — 0(un))VTi(uy)de < k| fll1, (2.6)
Qp(n)
Using (2.6), lemma (1.8), lemma (1.9) and (H3), we get that

ML)y < 16" [ @IV P (2.7)
Qp(n)

) [
Qp(n)

/Q ( )wq)(ka(Un) — 0(uy)) VT (u,)dx

< Kl flh

IN
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This implies that

.
2

1T (un)llipy < G5
where
min (1/p+, <1 - )\g*/p_>>
o1

Co = (27 "k/My ) |1 £1

. Then, for any k£ > 0, (T} (un))nen is uniformly bounded in Wol’p(')(Q,w).

M, =

(2.8)

O

Lemma 2.4. Let hypotheses (Hy), (Hs), (H3) and (Hy) be satisfied, the sequence

(Up)nen converges in measure to some measurable function u.

Proof. To prove this, we show that (u,),en is a Cauchy sequence in measure. Let
k > 0 be large enough positive number. We take for T (u,) as a test function in

(2.4), we obtain that

z€Q

min (lw(z)|) & meas(|u, > k|) < /|w|k7’(“")dx,
Q
< /Tn(w|un|p(“")_2un)Tk(un)dx
Q
< /wq)(Vun — 0(uy,))VTi(uy)dx
Q

+ /Tn(w|un|p(“”)_2un)Tk(un)dx
Q

< /Tn(f)Tk(un)dx
Q
< klfl
this implies that
meas(|u, > k|) < k£71
where
= S
i
Therefore

meas(|u,| > k) — 0 as k — +oo, uniformly with respect to n.

(2.9)

Moreover, for every fixed t > 0, every real positive k, let use n,m € N and ¢ > 0,

we know that

{un = um| >t} C{Junl >t} U{|un| >t} U{|T(un) — T'(um)| > t}.

(2.10)
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Since, Ty (u,) converges strongly in LP¢)(Q, w), then it is a Cauchy sequence in
LPO(Q, w).
This implies by Markov inequality that

meas(|Tx(un) — Tr(um)| > 1) < meas(|Ti(u,) — Tk(um)]p(“”) > zgp(un)>7

T, - T p(un)
< [ @) = Tilwn ™™, (2.11)
o Jop(un)
< 1R / Wl T (1) — T (1P iz,
Q
<

c

3

Then, using (2.9) - (2.11), we get that

< meas{|u,| >t} + meas{|u,| >t}  (2.12)
+ meas{|T(un) — T ()| >t}
<

g

meas{|u, — uy,| > t}

for all n,m > ngy(t,¢).

This proves that (u,),en is a Cauchy sequence in measure and then it converges
almost everywhere to some measurable function w.

Therefore

Ti(un) — Ti(u) in WyP(Q,w), (2.13)
Ti(un) — Tp(u)in LPY(Q,w), and a.e. in Q.
0J

Lemma 2.5. Let hypotheses (Hy), (Hs), (Hs) and (Hy) be satisfied, the sequence
(Vg )nen converges in measure to Vu.

Proof. Let e,t, k, u are positive real numbers and let n € N, we have the following
inclusion

{IVu, = Vu| >t} C {lu| >k} U{|u| >k} U{|VTk(u,)| >k} (2.14)
U {|VTe(u)| >k} U{|up, —u| > pu} U J
where
J pu—
(19t — Vul > t, ] < b, [u] < b, [VTi()| < b [VTa(w)] <k lun — u] < i}

Using the same method as for (2.9) and lemma (2.4), there exists an n; € N and
for k sufficiently large such that

meas({|u,| >k} U{|u| > k} U{|VT(u,)| > k}) < =, (2.15)

=1

and

meas({|u, —u| > p}) < (2.16)

1 ™
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for all n > n;.
Remark by using (2.13) that we get

Thr(tn) = Tep () in Wy (0, w), (2.17)
then, using (Hs), we have that
O(Tot(un)) = O(Tirp() i (L7O(Q,w))Y, (2.18)
and
VT Tyu(tn) = VT (T () in (L70(0,w)". (2.19)

Then, using (2.17) - (2.19), we get that

lim [ WOV () — (Tt () VT (T (1) — Ti(w))de =

n—-+o0o Q

Jow@(VTi(u) = 0(Ths () V(T (1) — Tho(w))da . (2:20)
Since the

lim VT, (T (u) = Ti(w)) = 0. (2.21)

Let p < 1, from (Hj) there exist a constant positive Cg such that

(
O(VTi(u) = O(Tp o (un)) VT (T (1) — Ti(u)) <
Cs(| T (W) P~ + VT (un) VT (Tia (u) — Te(w))] € LHQ). (2-22)
Then, we get by using the Dominated Convergence Theorem and (2.21) that
}Lir% w®(VTi(u) — 0(Thrp(w))) VT (Thyp(uw) — Ti(u))dx = 0. (2.23)
—Ja

Let 4 be a strictly positive number such that ¢ < £, there exist ny € N such that
for all n > ny, we have

. /Q WB(VT(t0) — O(Thg (1)) VT (Tho o (1) — To(w))da < g (2.24)

Now, the application
B:(s,&,&) = w(®(& —0(s) — ©(& — 0(s))) (&1 — &) (2.25)
is continuous and the set
L= {(5&,6%) e RxRY xRN : |s| <k, |&| <k, |&] <k, |6 — &] > t}(2.26)

is a compact.
Moreover, we have

w(P(& —0(s)) — P (& —0(s)) (&1 — &) >0 forall & #& (2.27)

Then, the application B attains its minimum on L, we shall note it by £, we can
prove that g > 0.
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Then, using (2.4) and (2.24), we deduce that

meas(J) = 1/8 /J Bdz, (2.28)

< /Qw[q’(vun — 0(un)) — (VI (u) = 0(Tirp(un)))]
VT, (T () — Ti(u))de,

/Q WO(Vaty — O(tn) )V T (T (1) — To(10) )

IN

- / WO(VT() = (T (10))) VT (T (1) — Telw))da,

IN

)

)
1u09+§a

IN

VANVAY
] S

where

Eventually, using (2.14) - (2.16) and (2.28), we get that
meas{|Vu, — Vu| >t} <e. (2.29)

This implies that the sequence (Vu,),en converges in measure to Vu.

Now, we well prove that limit function v is an entropy solution of problem
(1.1).
Let ¢ € Wol’p(')(Q,w) N L>(Q) and we take v = Ty (u,, — ¢) in equality (2.4), we
get

/ WOVt — 0(un)) VTt — p)d + | To(wlun ) " 2u,) T (u, — p)da
Q

To( /)Ty (uy, — p)dx. (2.30)

S— 55—
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Let k =k + [|¢lloo and Q, 7 = {|T5(ua) — ¢| < k}, we obtain that

WB(Vtty — 0())V Tt — o) (2.31)
w® (VT (up) — 0(Tpun)) VT (Ti(un) — ¢)dz,

w® (VT (un) — (T (un))) VT (un)xa, do

w®(VT(un) — 0(Tr(un))) Vexa, dr,

w (P(VT(wn) = O(T(un)) VI(un) + 1/ 10(Ti(wn))I")) xa, pdo

n,k

[l
S— S— S— S— 5

- /qu)(VTk(“n) — 0(T5(un))) Vioxo, cdx,

where y is the characteristic function of the measurable set B C R".
This implies that

/Q @ (B(VT5(tn) — O(T5(1n))) VT (un) + 1/p"wl0(T5 (1) PO) xa, 1da

—/qu)(VTk(un) — G(Tg(un)))VgaxgnIdx - /QTn(wg(un))Tk(un — ¢)dx

— [ DTt~ o)z Up* [ BT e, (232
Q Q

where

g(un) = |un|p(un)_2un'
As the function T3(u,) is bounded in Wol’p(')(Q,w), then by hypothesis (Hj),
0(Truy)) is also bounded in (Lp(')(Q,w))N.
This implies that ®(VTi(u,) — 0(T5u,)) is bounded and weakly converges in
(LP(')(Q,w)) , where (Lp(‘)(Q,w)) is the dual space of LP)(Q,w).
However, we have

u, — u a.ein (2.33)

Vu, — Vu aein €.

Hence,
O(T5(uy)) O(Tx(u) a.ein €, (2.34)
VTi(u,) — VIi(u) aein €.

1

This implies that
O(VT(up) — 0T (un)) — (VTi(u) — 0(Tx () in (LPY(Q,w))  (2.35)
As,

/

Voxa, . converges in (LPO(Q,w)) . (2.36)
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Where
Q5 = {T(w)] <k}
Then, using (2.32) - (2.35), we obtain that

/Q WO(V () — O(Tg(10n))) V() X, 4 /Q whi(w)yde,  (2.37)
where,
hi(u) = ®(VTE(u) — 0(T5(u))) VI (u).

Now, by using (H3) and properties of the truncated function, there exist a positive
constant (g such that

0T (un)) P < (RCo)P" (2.38)
This implies by using (2.34), (2.38) and Dominated Convergence Theorem that

1/ [ 0T o, e = 1/ [ AP na s (239)
Q Q
Now, by using lemma (1.8), we obtain that
(@(VT5(0) — BT ) VT(w,) + 1/ (T )F)xe, ) 2 0 (2.40)

a.ein €

Therefore, by using (2.33), (2.38), (2.39) and Fatou’s lemma, we have

Jow (B(VTH(u) — 0(Ti(w)) VT (u) + 1/pT|0(Th(w)) P)) xo dz (2.41)
< liminf (S(VTi(un) — 0(Ti(un))) VI(un) + 1/p"10(T(un)) 7)) X,  d.

n,k
Finally, taking limits as n goes to infinity in (2.32) and using the above results
to conclude that u satisfies the entropy inequality (2.1). O
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