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FLOW OF MHD MICROPOLAR FLUID THROUGH POROUS
MEDIUM: A HODOGRAHIC APPROACH FOR EXACT
SOLUTION

SAYANTAN SIL'*

ABSTRACT. An analytical study of the motion of a steady, homogenous, incom-
pressible, plane electrically conducting micropolar fluid flow through a porous
medium subjected to a transverse magnetic field is carried out. The governing
non linear partial differential equations describing the continuity, momentum
and angular momentum are converted into a system of linear partial differential
equations by means of hodograph transformation. Further the flow equations
have been obtained in terms of Legendre transform function of the stream
function. Results are summarized in the form of a theorem. Lastly two ex-
amples have been taken as application to illustrate the developed theory and
exact solutions are determined. The expressions for velocity, micro-rotation,
streamline and pressure distribution are obtained in each case. The streamline
patterns are plotted and also the pressure variation with x and y are studied
for varying porous media parameter at constant density of fluid and also for
varying density of different fluids at constant porous media parameter value.

1. INTRODUCTION

The study of the interaction between the moving conducting fluid and magnetic
field is known as Magnetohydrodynamics (MHD). Research on MHD has become
increasingly important over the years as it has got various applications in liquid
metal cooling of nuclear reactors, electromagnetic casting, MHD pumps, MHD
flow meters, MHD power generation among others. The liquid metal cleansing
from non-metals by the use of attractive magnetic field is another basic com-
ponent of application of MHD [29, 1, 28]. Also, researchers have paid lots of
attention in the study and research on non-Newtonian fluids [63] as these flu-
ids have various applications in psychology, biology, technology and industry like
blood flow through arteries, vasomotion of small blood vessels, drilling of oil and
gas wells, production of synthetic fibers, food stuffs, clay coating and emulsions
ete.

Date: Received: Feb 28, 2024; Accepted: Mar 27, 2024.
*Corresponding Author.
2020 Mathematics Subject Classification. Primary 7T6Wxx; 76Axx; 35Cxx ; Secondary
T6WO05; 76505; 35F20.
Key words and phrases. Micropolar fluid, MHD, Exact solution, hodograph transformation,
micro-rotation, Legendre transform function, porous medium.
128



FLOW OF MHD MICROPOLAR FLUID THROUGH POROUS MEDIUM 129

Micropolar fluids [54] are the class of fluids which show certain microscopic
effects due to the local structure and microrotation of the fluid elements. In
these fluids the rotation of the rigid particles which are contained in a small vol-
ume element is described by micro-rotation vector [26]. Thus, a new equation
is added [11] which represent the principle of conservation of local angular mo-
mentum. This local rotation of the particles is other than the usual rigid body
motion of the entire volume element [1]. In the development of the theory of the
micropolar fluid credit goes to Eringen [21, 22, 20] who introduced and worked
out the micropolar fluid model. The study of the flow and behavior of micropolar
fluids have become prominent field of research with notable number of research
papers devoted to micropolar fluid flow investigations [24, 25, 40, 70, 18, 2, 54].
In addition, study of the flow of micropolar fluid in the presence of magnetic field
under various conditions and different physical parameters have been carried out
by many researchers [3, 30, 62, 8, 9, 10, 13, 12, 7, 41, 31, 29, 32].

The equations governing the flow of the micropolar fluid are nonlinear and
present a great deal of difficulty in solving for exact solution. Different transfor-
mation techniques are employed to transform the nonlinear equations into linear
solvable form. One of such techniques is the hodograph transformation method.
It consists of interchanging the dependent and independent variables in the equa-
tion to achieve linearity. In partial differential equations, if the independent
variables and dependent variables are switched, then the space of independent
variables is called hodograph space (in two dimensions, the hodograph plane). A
curve in which the radius vector represents the velocity of a moving particle is
called hodograph plane. The theory of hodograph transformation with various
applications has been provided by W.F. Ames [4]. In several research papers
of varied area such as gas dynamics [23, 19], viscous fluids [16], non-Newtonian
fluids [51, 44], and MHD Newtonian and non-Newtonian fluid flows [65, 17] hodo-
graph transformation method has been widely used. A large number of authors
[16, 14, 5, 15, 59, 61, 66, 2, 43, 42, 56, 36, 33, 53, 34, 54, 58, 69] applied this
technique to study various MHD and non-MHD fluid flows.

A porous medium consists of pores between some particulate phase, contained
within a vessel or some controlled volume. In the last few decades has been of
considerable interest because of ground water flows and variety of tertiary oil re-
covery processes. Also, there are many practical applications of fluid flow through
porous medium, including filtration flow in packed column, permeation of water
or oil within matrix of porous rock, cooling of electronic components, casting
and welding of manufacturing processes, food processing, packed-bed reactors,
storage of nuclear waste material, thermal insulation engineering, geothermal ex-
traction, liquid metal flow through generic structures in alloy casting, and the
dispersion of chemical contaminants in various processes in the chemical industry
(27, 50, 56, 54]. ete. Quite a large number of research studies have been reported
for the flow of fluid through porous media medium in different flow problems
[46, 60, 67, 68, 6, 56, 36, 33, 37, 52, 47, 38, 53, 55, 34, 58, 45, 35, 57, 39, 48, 64].



130 SAYANTAN SIL

In this paper we have considered the flow of a steady, homogenous, incompress-
ible, plane, electrically conducting micropolar fluid through a porous medium in
the presence of a transverse magnetic field. We have applied the hodograph
transformation method to convert the governing non-linear system of partial dif-
ferential equations into linear form. Further we have obtained the flow equations
in terms of Legendre transform function of the stream function. We have con-
sidered two examples as application to illustrate the developed theory and found
out exact solutions of the flow.

2. BASIC EQUATIONS

The basic equations governing the motion of steady plane flow of homogenous,
incompressible, electrically conducting micropolar fluid through porous media are

V.V =0, (2.1)
V.B =0, (2.2)
VxB = ., (2.3)
VxE = 0, (2.4)
J=0(E+V x B), (2.5)
p(V-V)V = -Vptr(Vxv)—(ut+r)Vx(VxV)- ZV+J><B (2.6)

pj (V- Viv=(a++7)V(V-v)=7V X (VXxv)+k(V-V)=2kv (2.7)
where V =velocity field vector, p = pressure function, E =electric field, J =current
density, p, = magnetic permeability, ¢ =electrical conductivity of the fluid,
p =the constant fluid field density,rr =micro-rotation vector, n =coefficient of
viscosity, k = permeability of the medium, 7 =micro inertia or gyration and
I, K, o, 3, vare the material constants.

Also B is the total magnetic field so that B = Byo+b, B is the induced magnetic
field, Bois the applied magnetic field.

The applied polarization is assumed to be zero, which implies that the electric
field E is zero. The electric current flowing in the fluid gives rise to an induced
magnetic field. In the low magnetic Reynold’s number approximation, in which
the induced magnetic field b can be ignored, the electromagnetic body force J x B
in equation (2.2) becomes

JxB=c[(V xB,) x B,],
= —0[Bo X (V xB,)],
=—0[V(Bo-Bo) — B (B, - V)],

Also if (BX, By, Bz)are the components of the magnetic field vector B | here the
magnetic field is applied along the Z- axis, then from the solenoidal equation
V -B = 0,B, =constant= B,

Since the magnetic field is applied along the Z- axis i.e. perpendicular to the
velocity field giving

B, - V=0.
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Therefore,

J x B= —0B%V,
If the velocity and micro-rotation components are (u (x,y) , v (x,y))and (0,0, Q (z, y))respectively
then the governing equations (2.1), (2.6) and (2.7) takes the form as follows:

% + g—z =0, (2.8)

P @% + vZ—Z) = —% + /{Z—Z — (n+K) g—(’; - gu—aBgu,, (2.9)

p (u% + vg—Z) = _% — ng—f + (1 + k) g—z — %v—aBiv, (2.10)
pJ (u%jtv%) = —2&9+mw+7<227?+227?) ; (2.11)

— Ov
T Oz
Equations (2.8)-(2.11) form four partial differential equations four unknown func-
tions u (z,y), v(z,y),Q(z,y) and p(z,y) .

Let us define a generalized energy function h(x, y) as:

where w (x, y) - %,being the two-dimensional vorticity function.

1
hiw,y) = 5p (v + %) +p, (2.12)

also V2 = 0%/0x + 0%/0y?
Using the above the equations (2.9), (2.10) and (2.11) becomes

oh o0 0
E :pvw+ﬁa—y—(u+ﬁ)a—:—Gu, (2.13)
oh o2 o
3 —puw—m%jt(u—l—fﬁ)a—:—Gv : (2.14)
Q Q
pJj <ug—x + Ug_y> = —2kQ + Kw + V3, . (2.15)

Where,G = (% + 0B2), is a constant.

The above system of three partial differential equations (2.13)-(2.15) along with
equation (2.8) and equation for vorticity function w contains five unknown func-
tions u, v, wQ and h as functions of (x, y) govern steady plane flows of an in-
compressible homogenous, electrically conducting micropolar fluid flow through
a porous medium. Once a solution of these equations are found, the pressure
function is determined from the expression for h(x, y) given in (2.12).

3. EQUATIONS IN HODOGRAPH PLANE

Letting the function u = wu (z, y) and v = v (z, y) to be such that, in the region
of flow, the Jacobian

oudv  OuOv
J = —— — ——#£0, |J . 3.1
We may consider x and y as functions of u and v. By meansof z = z (u, v) ,y =

y (u, v), we derive the following relations:
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Ju _dy Ou Jax

or “ov’ oy o
ov dy Ov ox
We also obtaian the arelations. 5 5 5 5
99 _ 99y _ 99y 99 _ 09gx) _ ;0z49) (3.3)

dr  d(z,y) Ouw,v) Ay Iwy) CI(w,v)
(??)Where g = g(x, v) = g(x(u, v), y(u, v)) = g(u, v) is any continuously
differentiable function and

J=J(x,y) = ggz: 3 = {géz:iﬂ_ = J(u,v). (3.4)

Employing these transformation relations for the first order partial derivatives
and the transformation equations for the functions w, h,defined by

W($,y) :w(m(u,v),y(u,v)) :w(u>v) )
Q(z,y) =Q(x (w,v),y (u,v)) = Q2 (u,v)
h(z,y) =h(z(u,v),y(u,v)) =h(uv),

equation (2.8) and the system of equations (2.13)-(2.15) is replaced by the fol-
lowing system in the hodograph plane (u, v) :

0 0
£ + a—z ~ 0, (3.5)
_gEE’U; = pow+kJQ1 — (1 + k) Jw; — Gu, (3.6)
Jg((i’ 2; = — puw—+rJQy + (1 + k) Jwy — Go, (3.7)
_ _[o(x,J a(J
pjd (VQ1 + uQs) = =2k + Kw + WJ{ ((;(;7 vQ)l) + é(ii;)y) } (3.8)
— (0 0
J(a_j_a_g) —w. (3.9)
where,
Q Q
= Q) =520 - Q) -G )
wy; = wy(u,v) = ?9((9;7 L:)) , we = wa(u,v) = (23((:’3)) : (3.11)

System of equations (3.5) to (3.9) is a system of five equations for the five unknown
functions z(u, v), y(u,v), w(u, v) , Q(u,v) and h(u,v).

The equation of continuity implies the existence of a stream-function ¥(x, y)
such that
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_ O o
dy = —vdx + udy or il i =u. (3.12)

Likewise equation (3.5) implies the existence of a function L(u, v) , called the
Legendre transform function of the stream-function v (x, y) , so that

L L
dL = —ydu + zdv org—u——y, g—v:x, (3.13)
and the two functions ¢ (x, y)and L(u, v) are related by
L(u,v) =vx —uy +¢(z,y) . (3.14)

Introducing L(u, v) in the system (3.5)-(3.9), with J, Q1. Q2, W1, Wy, given by
(3.4), (3.10) and (3.11) respectively, it follows that (3.5) is identically satisfied
and the system may be replaced by

j% = prw+rJQ; — (1 + k) Jw, — Gu, (3.15)
I(u,v)

J% = —puw—rJ Qs+ (11 + k) Jwy — Gu, (3.16)
i ] (VQ1 + uQs) = —2k8 + Kw + %7{ (5)(”‘];)21) + (8%1;,{)6)22) } . (3.17)
Jl%+%} =w, (3.18)

where . 2 -
T
b AR o AL
wi = —a;?_i’s) L wy = —@(fgf“_i’:;) (3.21)

By using the integrability condition

R (f”gﬂ) e - T ] <JM>

Judv Qv ov? Ju 0(u,v) Ju? Ov Oudv Ou d(u,v)

i.e 9°h/0x0y = 0*h/dyOx in the (x,y) plane, we eliminate h (u, v) from (3.10)
and (3.11) and obtain
O(OL/ov, JQy)  O(OL/ou, JQ>) O(OL/ov, Jwy) ~ O(OL/Ou, Jwy)
| ey s [ S
J(OL/0v,u)  O(OL/Ou,v) B

G { . v) i v) pluwy +vwy) =0, (3.22)
where J, Q1, Qq, W1, Wy are given in (3.19) , (3.20) and (3.21). Summing up we
have the following theorem:
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Theorem 3.1. If L(u, v) is the Legendre transform function of a stream-function
of steady, plane, incompressible, flow of an electrically conducting micropolar fluid
through porous media then L(u, v) must satisfy equation (3.17) and (3.22) where
w (U, ’U), j(u; U): Ql(U,U), QZ(uav); wl(uf ,U)? W (u7 U) are gz"uen by (318)?
(3.19), (3.20) and (3.21).

On finding L(u, v) and Q(u, v), the velocity components are obtained from (3.13).
Then p(x, y) and €(x, y) can be determined in the physical plane using the
velocity components u(x, y), v(x, y).

4. EXAMPLE 1

Let,
L (u,v) = A (u* —07%), (4.1)
be the Legendre-transform function, where A is arbitrary non zero constant and.
Using (4.1) in equations (3.18) -(3.21) we obtain

J=—75, w=0,w (u,v)=ws(u,v)=0

Q1 =2A%r  Qy=2A%.

Using (3.15) and (3.16), in equations (3.14) and (3.12) give the following system
of equations for € (u,v)

(4.2)

Q. *Q 0
ouz o2
o0 o0
P00 2k 4
pj(u8 +vau) K (4.3)
Solving (4.3), we get
4Ak
Qu,v) =C, (u—i——,v) : (4.4)
PJ
PJ
=1 (4.5)

and % =1, (?7)
where (] is an arbitrary non-zero constant.
Using (4.1) in (3.13) and solving the resulting equations we get

— __t
Using (4.6) in (4.4) and (2.13), (2.14) we obtain (x, y) and p(x, y) given by
N G
v 2y\ _ p . s G
p(z,y) = rC <_ﬂ+?) —@(95 Ty ) +Z$3/+po )
or,
r 2Ky P9 9 (}+0B?2)
p— — E— - T o] 4'
p(z,y) /101< 2A+pj> s @ HY) + 2ty +pe (48)
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And the streamlines are given by 22 — y?> = Constant. This shows that the
streamlines of the flow equations are concentric hyperbolas.
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Theorem 4.1. If L (u,v) = A (u* — v?) is the Legendre transform function of a
stream function for steady, plane, incompressible, flow of an electrically conduct-
ing micropolar fluid through porous media, then the flow in the physical plane is
a flow with concentric hyperbolic streamlines with flow variables given by (4.6),

(4.7) and (4.8).
5. EXAMPLE 2

Let,

L (u,v) = uv, (5.1)
be the Legendre- transform function.
Using (5.1) in (3.18)-(3.21), we find that

L(u,v) =uv ,

j:—l,wzo,wlsz:O, (52)
Ql - %_?a QQ - _(?9_2 .
Using (5.1) and (5.2) in equations (3.22) and (3.17)
Q. *Q 0
o2 v
0N o2
| v=— —u—) = 2kQ2. 5.3
m(vav “au) K (5.3)
Solving these equations , we get
Q(u,v) = Cyv, (5.4)
2K
— =1, 9.9
PJ (5:5)

where C is an arbitrary constant.
On proceeding as in Example 1, we get

u(z, y) =, v(z,y)=-vy, (5.6)
Q (X, y) = —C2y7
and 1
p(ey) = =Comr = 5 (2% =) = 5p (2 +47) + 1.
or,

(ﬂ +oB?

; 1
p(z, y) = —Cora — ~E 5 ) (xz - y2) — 3P ($2 + 92) =+ p1, (5.8)

where p; is an arbitrary constant.
And the streamlines are given by yx = Constant.
This shows that the streamlines of the flow equations are rectangular hyperbolae.
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FIGURE 19. Variation of P
with  at y = 1 for p varying
from 10 x 10% to 13.6 x 10% at
constant £=5 x 106.

FIGURE 21. Variation of P
with « at y = 1 for p varying
from 10 x 10% to 13.6 x 10® at
constant =5 x 10%.
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Theorem 5.1. If L (u,v) = uv be the Legendre transform function of a stream
function for steady, plane, incompressible, flow of an electrically conducting mi-
cropolar fluid through porous media, then the flow in the physical plane is a flow

with rectangular hyperbolae streamlines with flow variables given by (5.6), (5.7)
and (5.8).

6. MAIN RESULTS

In this paper, an approach has been carried out where hodograph transforma-
tion method has been applied for the exact solution of the equations governing the
flow through porous media of a micropolar fluid which is electrically conducting.
Two different forms of Legendre transform function of the stream function have
been considered as examples to illustrate the technique of solving for the exact
solution. The expressions for velocity components, micro-rotation and pressure
distribution are found out in each case. The main results of the present work is
listed below:

(1) In example 1 the streamlines are given by 2% —y* = constant and the vor-
ticity is zero. The solutions for the components of velocity, microrotation
and pressure are given by equations (4.6), (4.7) and (4.8) respectively.

(2) In example 2 we see that the streamlines are given by yx = constant
and the vorticity is zero. In this example the components of velocity,
microrotation and pressure are given by equations (5.6), (5.7) and (5.8)
respectively.

(3) The Streamline patterns are plotted in each case. In example 1 the stream-
lines are found to be concentric hyperbolas shown in figure 9 and in ex-
ample 2 the streamlines are rectangular hyperbolae as seen in figure 24.

(4) For each examples the pressure variation with y keeping = = 1 and pres-
sure variation with x keeping y = 1 are plotted for varying porous media
parameter 7 (permeability of the medium is varied) at constant density
pand also for varying density p of different fluids at constant  value.

(5) In example 1:

e [t is evident that the pressure increases linearly with y as well as x
for varying i at constant density p in figure 1 and 2. The rate of
change in pressure with respect to yorz increases with increase in .

e For varying density p at constant ] there is a inverted parabolic
variation of pressure which is symmetric about y = 0 or x = 0 as
observed in figure 3and figure 6. The width of the inverted parabola
is seen to be narrowing with increasing p. Also, the inverted parabola
seems to flatten if the value of ] is decreased as in figure 4, figure 5,
figure 7 and figure 8.

(6) In example 2:

e From figure 10 and figure 11, it is observed that pressure increases
with y for varying  at constant density p, converging at y = 1
and goes on increasing with similar manner. The rate of change in

n

pressure with respect to y increases with increase in ;. From figure

12 and figure 13, it is clear that pressure decreases with = for varying
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1 at constant density p with pressure value converging at » = 1 and
further decreases with a similar way. The rate of change in pressure
with respect to yincreases with increase in .

e For fluids of different density p at constant i there is a parabolic
variation of pressure with ywhich is symmetric about y = 0 as can
be seen in figure 14, figure 15 and figure 16. For higher values of ] ,
the plots for different p overlaps with each other and a single curve is
observed (figure 14). On decreasing the values of 7, different curves
are obtained and width of parabola becomes wider with increasing
p in figure 15 and figure 16. On further decreasing the value ] the
parabolas seem to invert and the extent of inversion is most prominent
for higher pvalues (figure 17 and figure 18). As observed in figure
19, the pressure variation with = for different density p at constant
%, is inverted parabolic, symmetric about x = Owith the variation
overlapping for any value of density for higher # value. And from
figure 20, figure 21, figure 22 and figure 23, it can be seen that on
decreasing the value of # the curves for different pgets separated with
the width of the inverted parabola found to become narrower with

increasing p.

The present analysis is more general and results of Indrasena [2] and Sayantan
Sil & Manoj Kumar [54] can be recovered in the limiting cases.
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