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ABSTRACT. In this paper, we present some fundamental results for the Parse-
val continuous K —frames in Hilbert space and we study some properties of an
equal-norm of vectors. Furthermore, we show that a set of K—norm vectors
can be extended to become a K —norm of K —frame.

1. INTRODUCTION AND PRELIMINARIES

The concept of frame in Hilbert spaces has been introduced by Duffin and
Schaffer [4] in 1952 to study some deep problems in nonharmonic Fourier series,
after the fundamental paper [3] by Daubechies, Grossman and Meyer, frame
theory began to be widely used, particularly in the more specialized context of
wavelet frames and Gabor frames. The majority of these applications requires
frames in finite-dimensional spaces. For example, Jamali et al. [9] and Javanshiri
et al. [10], were obtained results that are interesting in applications of frames.
The continuous frames has been defined by Ali, Antoine and Gazeau [1], called
these kinds of frames, frames associated with measurable space. The concept
of continuous K —frame in Hilbert space have been introduced by Gavruta, in
[6] for Hilbert spaces to study atomic systems with respect to a bounded linear
operator. Due to the structure of K —frames, there are many differences between
K —frames and standard frames. K —frames, which are a generalization of frames,
allow us in a stable way, to reconstruct elements from the range of a bounded
linear operator in a Hilbert space. For more, see [7, §].

In this paper we try to give a generalization of the results given in [15] moving
from the discrete case to the continuous case, we get some new results on the
Parseval continuous K —frames.

Throughout this paper, assume that (2(, 1) be a measure space with positive
measure i, H, Ho, Hi and Hy are Hilbert spaces. (2, 1) is a o-finite measures
pace, L(Ho; H) is the set of all linear mappings of Hgy to H and B(Ho; H) is the
set of all bounded linear mappings. Instead of B(H;H), we simply write B(H).
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Lemma 1.1. 2] Let I' € B(H, K) has a closed range, then there exists a unique
operator I' € B(K, H), called the pseudo-inverse of I', satisfying :

I'TT =T, (IT)* =IT

I[TT =TI, IT=(T)"
(D) = (T).

Lemma 1.2. [2] Let I' € B(H1,Hs) be a bounded operator with closed range

R(T). Then, there exists a bounded operator T € B(Hy,Hs), for which T'Th = h,
h € R(T).

Lemma 1.3. [2] Let V € B(H1, Hz), then, the following assertions hold :
1) (V) = (V)" i
2) The orthogonal projection of Ha onto R(V') is given by V'V

) d d
3) The orthogonal projection of Hi onto R(V') is given by V'V
4) kerV = R+(V) and R(V) = (ker(V))*.

5) On R(V) we have V = V*(VV*)1,

Definition 1.4. [13] Let H be a Hilbert space, and (2, 1) be a measure space.
Then a map F : 2 — H is called continuous frame in H if there exist 0 < A <
B < oo such that

AllfI* < /ﬂl(Fof)IQdu(g) < B|f|* VfeH. (1.1)

The elements A and B are called the continuous frame bounds.

If A= B, we call this a tight frame.

If A= B =1, it is called a Parseval frame. If only the right hand inequality of
1.1 is satisfied, we call F' a continuous Bessel map with bound B.

If Fis a Bessel map, then Tp : L*(2, 1) — H, defined by Tr(f) = [ (f, F(<)) F(s)dp(s),
is a bounded linear operator. Tx is surjective and bounded if and only if F' is an
integral frame. This operator is called the synthesis operator.

The adjoint of Tk, which is called the analysis operator, is defined by

Tp:H — LA p), Ti(f)s) = (f,F(<), s €2

The continuous frame operator is defined to be Sp =TT}, it is invertible and
positive.

Recall that a Bessel map F' is a frame if and only if there exists a continuous
Bessel mapping G is a dual of F if for any f,g € H

(f,g) = / (f, G()) g, F())du(s),

G is called a dual frame for F and S;'F is a dual of F.
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Lemma 1.5. [15] A set {F_.}. in H is a Parseval continuous frame if there exists
W 2 H and an orthonormal basis {a.} for W so that the orthonormal projection
P of W onto H satisfies F. = Pa., we have for f € W

/m (E )Py = / (F, PPy = / (P(E), f)2dp.

Definition 1.6. [12] Let K € B(Ho;H) and F : 2 — H be weakly measurable.
Then the map F'is called a continuous K-frame with respect to H,, if there exist
constants A; B > 0 such that for each f € H

AIKf* < /ﬂ\(Fg,ﬁVdu(C) < B|f|* VfeH. (1.2)

The constants A and B are called the lower and upper continuous K —frame
bounds.

If A= B, F is called a tight continuous K —frame.

If A= B =1, F is called the parseval continuous K —frame.

whenever for every f € H

/m (Fe ) Pdp(s) = |1 ]

We say that {F_}¢ is an equal norm K—frame for #, if {F }. is a K—frame
and ||F¢|| = .
If ||Ft|| = || K|, we say that {F.}. is a K— norm-frame.

Theorem 1.7. [12] Suppose that F' : A — H is a continuous K—frame for H
and @ € B(H) with R(Q) C R(K). Then Fis a continuous Q—frame for H.

Lemma 1.8. [12] Let Hy C H. Let F. : A — H be weakly measurable, and
K € B(Ho,H). Then the following assertions are equivalent:

1) F is a continuous K—frame for H with respect to Hy.
2) F is a continuous-Bessel mapping for H and there exists Q € B(Ho, L*(21))
such that

K1 = [ @unpan

Theorem 1.9. [5] Suppose that K € B(H) has closed range and F is a parseval
continuous K —frame of H with analysis operator Tr. Then F has a unique dual
continuous K-Bessel sequence if and only if R(Tr) = L*(2).

2. MAIN RESULTS

Lemma 2.1. Let {F.}.co be a continuous K—frame for H and K has a closed
range. If S(R(K)) = R(K), then

(i) {S%P(R(K))F.;h@ is a Parseval continuous frame for R(K).

(ii) {S%P(R(K))Fg}gem is a Parseval continuous Pg(ry)frame for H.

Proof. (i) The operator S is invertible and positive on R(K), then, S~ |s(rx))
has a unique positive root as S > and this operator commutes with S~! and so
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with S.
We have for f € R(K)

f=57'S s |
=575 |s(r(K)) 57 f
= /<S_21f, PR(K)F§>S_71PR(K)F§C£[L
2

= /<f, S%PR(K)F<>S%1PR(K)chN-

Therefore, || f||? = = Jul{f. 57 > Prooy FL) [2dp.
(i1) Let ! € H, such that f=fi+ fo, where f; € R(K) and f, € R(K)*.
Then < El PR f17f2> 0 and

14857 Pao PP = [ 107157 Paco B+ (a7 Prio P Pl
/’flu 2PR |dﬂ+/|f2, 2PRK)F>|d,u
/Re(fl,SPR K)F§><STPR(K)F§,f2>du
= [[141,5% P ) P

Then, we obtain [, [{/, S_TPR( VEO)2dp = || Pregoy 1|7 0

Proposition 2.2. Let K be a bounded operator on H with closed range, and let
F = {F.} be a continuous K-frame with A and B bounds, respectively. Then,
{K*Sp' Ps(ren Fe} is a K-dual of Prio)F with B™' and A7 K ||| K ||* bounds,

respectively.

Proof. Note that Sg is a bounded operator. The mapping Sr : R(K) — Sp(R(K))
is invertible, and {K*SEIPSF(R(K))FL} is a Bessel sequence.
We have Sp = TrT} is self-adjoint on H and Sz'Sr | R(K) = Ig).

Kf=(Sp'Sp) K f=Sp(Sp') K f
= SpPsp(rioy (Sp' ) K f
= /Q[<PSF(R<K>>( K f, Fo) P Fedp
= /Q[<f, K" Spt Psp(rio) Fe) Proo Fody.
Therefore, {K*Sz'PSEp(R(K))F.}. is a K—dual of P(R(K))F. with the lower

bound B~ _
We have [|(Sz)*fII> = (S (S f, £y S ATYKIPISED) AL
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Then, for Vf € H

/I (f, K*Sg' Py (rucy Fo) |Pdp = /| VK f,F)|*du
)KL (S K L)
<Kf( DK )

< ATYIEIPIK PP
O

Theorem 2.3. Let {F_.}cco be a continuous K—frame. Then {G }ccq is a con-
tinuous K—dual of {F.}cea if and only if {G }eca = {Voc}e where {o.} is the
standard orthonormal basis of L*(2) and V : L*(A) — H is a bounded operator
such that TeV* = K. In this case, {G}cen is a Parseval continuous V —frame.

Proof. Suppose that {G }.cq is a continuous K —dual of {F_}.cq with the syn-
thesis operator T;. If V. = Tg, then TpV* = K. On the other hand, if
V € B(L*(Q),H) with TrV* = K and G. = Vo.. Then, {G }.cq is a Bessel
sequence and we have for Vf € H

/ (f. Go) Fudy = / (V* oo Fudp = TeV*f = K f.
A A

Then, {G.} is a continuous K —dual of { .} and {G.} is a continuous K*—frame.

J1rGoPdu= [ 1V pogPau= v s e n
2 2
Then, {G.} is a Parseval continuous V —frame. O

Corollary 2.4. Let K € B(H) be a closed range operator and {F.} a continuous
K—frame for H . Then {D.} satisfies for f € R(K), f = [,(f, De)Fedp if and
only if {D.}. = {Vo.}., where {o.} is the standard orthonormal basis of L*(2l)
and V : L2(A) — R(K) is a left inverse of Ty | R(K). In this case, {D_ }.ca is a

Parseval continuous V —frame.

Proposition 2.5. Let {F.}.caq be a Parseval continuous K—frame for H and
{a;}i, 1 <i < n be the eigenvalues for the frame operator S, where n = dim™H.
Then, a; > 0 for each i = 1,2,3,...n and n||[K*e]* = [, [|F|*dp, where
{ei}1<i<n 1s an orthonormal basis for H.

Proof. We note that Y"1 | |[(F., a;)|* = || Ft||*. Suppose that {a;},; are the eigen-
values of S and Sf = a;f, for f € H. Since S = KK*, therefore |K*f||* =
;|| f]|* and we conclude that a; > 0 for each ¢ = 1,2, ...,n and we obtain

nl| K f|?
e / | F|du.

O

Theorem 2.6. If F = {f.}.ca is a set of K—norm vectors in H, then there is a
K—norm frame for H that contains the set F'.
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Proof. Let 1 < i < n and {ag}.cq be an orthonormal basis for H that contain

the vector v; where v; := ”[é” For Vf € H we have

nl[ K FII* < nll KP)LAIP < Z/ﬂ [(f 1K lagi) [*dp.
i=1

Therefore, {||K|aci}ic, is a continuous K —frame for H with bounds n and
n|| K2 O

Corollary 2.7. Let F' = {F }.cn is a set of continuous K—norm vectors in H
and || K|||| K| = 1 such that K has closed range, then there is a K—norm-tight
frame for R(K) that contains the set F.

Proof. Suppose that f € R(K), such that | K||||f]| = | K|||K*K*f|| < |[K*F||
then, we obtain ||K* f|| = || K||||f]|-
By Theorem 2.6, if {a¢; }ccq be an orthonormal basis for R(H), then {|| K ||ac; }cea
is a continuous K —norm tight frame for R(K).

0J

Theorem 2.8. Let {F_}.co be a Parseval K—frame for H and K be closed range.

Then, there is a larger Hilbert space W 2 R(K) and an orthonormal basis {ug} e

for W' so the orthonormal projection P of W onto R(K) satisfies f. = K Puc for
each ¢ € 2.

Proof. Suppose that {F.}.co be a Parseval K —frame for H. By Lemma 1.8, there
exists an orthonormal basis {v.}. such that F. = Tv,, Vs € 2.
Since {F_}ceq is a Parseval continuous K —frame, we have KK* =TT".

By lemma 1.8, we obtain R(T) = R(K). Then, F; € R(K).
If f e R(K), by Lemma 1.3, we have

/I(f, KF)[Pdu = / (K" f, F)lPdp = | KK £ = || £
A A

Hence, {KF.}, is a Parseval continuous frame for R(K). By Lemma 1.5, there
exists space W D R(K) and an orthonormal basis {uc}. for W, then KF, =
Pu, Vs € A or F. = K Pu.. This completes the proof. OJ

We give a general case for continuous K —frames in finite dimensional Hilbert
spaces.

Theorem 2.9. Let K be closed range and P be an orthonormal projection on H

onto R(K) such that KP be a rank-s.
Define
C = {all Parseval K-frames for K PH}
B={V <H,dimV = s}.

Then, there exists a natural one to one correspondence between C and B.
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Proof. Let H be an n—dimensional Hilbert space and F' = {F;} € C, there exists
an orthonormal basis {«;} such that F; = K Pq; for 1 <i < n. Define a unitary
operator U on H by Ue; = ;. Hence, we have F; = K PUre;, which is unitarily
equivalent to F; = U*K PUe;.
Define
¢p:C—B

o(F;) = UpKPURH.
Assume that V' € B, there exists a unitary operator Ur on H such that UpV =
KPH. Then , we obtain UK PUrH =V and {K Pe;}; € C, this implies that ¢
is surjective.
Suppose that G = {G;}1<;<n € C and Uy is a unitary operator on H such that
Up KPUrH = UL K PUgH which gives Ue; = f3;, and G; = KPB; = KPUge,.
We have UpKPUpe; = ULKPUge; for each 1 < ¢ < n, then, UpF, = ULG,.
Hence, F' and G are two identical continuous K — Parseval frames, then ¢ is
injective.

0J

Theorem 2.10. Let {F.}.co be a Parseval continuous K—frame for H with the
synthesis operator Tp and {G }ceq be a Parseval continuous K*—frame for H
with the synthesis operator Tg. If {G }eea is a K—dual for {F }cca, then we
have
(Tr = TE) 2 = KK f|I? = |2, Vf € H.
Moreover, if K has closed range, then we can obtain the following inequality:
IEE) P = K[ < 1T = KTa|* < [KP(1K])? - 1).
Proof. For f,g € H, we have TpT}5 = K and TpTy = KK* | then Tr(T} —
TEK*) =0 and
(Trg,(Tp = TEK")f) =9, Tr(Tp = TGK™) f) = 0

We have
ITEK fIIP = T f — Trf + TEK fI?

= |Tpf — (Tp — TEK) fIP?

= (1 Trf 17 + (TF = TEK) P = (T f. (T = TEK) f) = (Tif (T — TEE) f)

= | Tr 1P + (T5 = TEE) fI1*.
We have || Ty f[|* = [|K*f||* and [|TEf? = [ K £
Then,

AP < (B E) PR
Moreover, ) )
IKfI* = [KKK"fI]? < | K| KK f]*.

Hence, we deduce that
(75 — T&K) f11?

”TF—KTGH2 = HT;’_TEK*”Q > Hf”2

> (KK P~ 1K)

O
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In the next result, we define K as a left inverse of K and {3 }. is the orthonor-

mal basis for L?(2A).

Theorem 2.11. Let {F_.}ccq be an equal -norm-Parseval continuous K—frame
for the finite Hilbert space H with the synthesis operator T such that T*H L V*H
and K*F. 1L V., where V € B(L*(A),H) and K are two isometries. Then, {F.}
has infinitely many dual equal-norm continuous K — frames.

Proof. Choose Z = AV*, where A # 0. we have (KT + V)T* = K*, if G, =
(KT + Z*)f. then, {G.} is a continuous dual K —frame of {F.}..

Let P : L*() — T*H is an orthonormal projection so that P3. = T*F. and
{e1,...,en} be an orthonormal basis for H. Since, T3, = F., then G, = KF. +
Z*(I — P)B.. We can easily to check that (KF., Z(I — P)j3.) = 0.

From Proposition 2.7, we obtain

IFC|? = n| K ey
for j =1,2,...,n, and
IPBN* = IT*Fell* = | K" Fo||* = nl| K™ e; %5,

where 9§, is the eigenvalue of the frame operator Sp.
We have

<6§7P6<> = <ﬁ<>P2ﬁ§> = <Pﬁcapﬁc> = HPﬁGHQ
and

H(I - P)B<H2 - <5§ - PB<7B§ - P6<> =1- ||P5<H2'
We conclude that

”GCH = <[~(F§+Z([_P)5c>
= |KF|*+12(I - P)s |
= | E1? + X[I( = P)B?
= n|[K7ejl|* + A1 — nl| Ke;]|*)d;
= A2+ (1 — N6, || K* e
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