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FIXED POINT RESULTS FOR ALMOST Z-CONTRACTIONS IN
PARTIAL b-METRIC SPACES VIA SIMULATION FUNCTION

GURUCHARAN SINGH SALUJA

Abstract. In this paper, we investigate the existence and uniqueness of a
fixed point of almost Z-contractions via simulation function in complete partial
b-metric spaces using (α, β)-admissibility. Also, some illustrative examples are
given to validate the results. Furthermore, an application to the BVP is given.
Our results extend and generalize several previous works from the existing
literature.

1. Introduction

The study of fixed point is a well-established theory in mathematics which is
applied to solve a wide area of problems. The well-known Banach contraction
principle [8] established the existence and uniqueness of fixed point of a contrac-
tion on a complete metric space (see also, [16], [19], [24], [25], [30]). Since then,
several authors generalized this principle by introducing the various contractions
on usual metric spaces such as b-metric space, partial metric space, metric like
space, partial b-metric space etc. As a generalization of metric spaces, Bakhtin
[7] in 1989 initially introduced an extension version of metric, called b-metric
space, and later formally defined by Czerwik [13] in 1993. Czerwik also general-
ized the well-known Banach Contraction Principle within this generalized space.
The topological properties of such metric spaces and the fixed point theorems
of KKM mappings in metric type spaces were first discussed by Khamsi and
Hussain [22]. In 1994, Matthews (see, [26, 27]) introduced the notion of partial
metric spaces as a part of the study of denotational semantics of data flow net-
works and proved Banach contraction principle in such spaces. In this space, the
usual metric is replaced by partial metric with an interesting property that the
self-distance of any point of space may not be zero. Further, Matthews showed
that the Banach contraction principle [8] is valid in partial metric space. Shukla
[39] generalized both the notions of b-metric and partial metric spaces by intro-
ducing partial b-metric spaces. He proved Banach contraction principle as well
as the Kannan type fixed point theorem in partial b-metric spaces. Also some
examples are given which illustrate the results obtained in this new space.
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Later on, Mustafa et al. [28] proved some common fixed point theorems in
the setting of partial b-metric space. Recently, some authors have obtained fixed
point results in partial b-metric spaces, see for example, [15], [40], [2] and some
others.

2. Preliminaries

In this section, we need the following concepts to prove our main results.

Definition 2.1. ([7]) Let Ξ be a nonempty set and the mapping d : Ξ×Ξ→ R+

(R+ stands for nonnegative reals) satisfies:
(bM1) d(α, β) = 0 if and only if α = β for all α, β ∈ Ξ;
(bM2) d(α, β) = d(β, α) for all α, β ∈ Ξ;
(bM3) there exists a real number s ≥ 1 such that d(α, β) ≤ s[d(α, γ) + d(γ, β)]

for all α, β, γ ∈ Ξ.
Then d is called a b-metric on Ξ and the pair (Ξ, d) is called a b-metric space

with coefficient s.

Definition 2.2. ([27]) A partial metric on a nonempty set Ξ is a function P : Ξ×
Ξ→ R+ such that for all α, β, γ ∈ Ξ:

(PM1) α = β if and only if P(α, α) = P(α, β) = P(β, β);
(PM2) P(α, α) ≤ P(α, β);
(PM3) P(α, β) = P(β, α);
(PM4) P(α, β) ≤ P(α, γ) + P(γ, β)− P(γ, γ).
A partial metric space is a pair (Ξ,P) such that Ξ is a nonempty set and P is

a partial metric on Ξ.

Definition 2.3. ([39]) A partial b-metric on a nonempty set Ξ is a function
Pb : Ξ× Ξ→ R+ such that for all α, β, γ ∈ Ξ:

(Pb1) α = β if and only if Pb(α, α) = Pb(α, β) = Pb(β, β);
(Pb2) Pb(α, α) ≤ Pb(α, β);
(Pb3) Pb(α, β) = Pb(β, α);
(Pb4) there exists a real number s ≥ 1 such that Pb(α, β) ≤ s[Pb(α, γ) +
Pb(γ, β)]− Pb(γ, γ).

A partial b-metric space is a pair (Ξ,Pb) such that Ξ is a nonempty set and Pb

is a partial b-metric on Ξ. The number s is called the coefficient of (Ξ,Pb).

Remark 2.4. In a partial b-metric space (Ξ,Pb) if α, β ∈ Ξ and Pb(α, β) = 0, then
α = β, but the converse may not be true. A basic example of a partial b-metric
space is a pair (R+

0 ,Pb), where Pb(α, β) = (max{α, β})2 for all α, β ∈ R+
0 .

Remark 2.5. Every partial b-metric space is a generalization of the partial metric
space and the b-metric space. However, converse is not true in general.

Example 2.6. ([39]) Let Ξ = R+, where R+ = [0,+∞), p > 1 a constant and
Pb : Ξ× Ξ→ R+ be defined by

Pb(α, β) = [max{α, β}]p + |α− β| for all α, β ∈ Ξ.

Then (Ξ,Pb) is a partial b-metric space with coefficient s = 2p > 1, but it is
neither a b-metric nor a partial metric space.
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Example 2.7. ([2]) Let Ξ = [0,+∞) and k > 1 a constant. Define Pb : Ξ×Ξ→
[0,+∞) by

Pb(α, β) = [(α ∨ β)k + |α− β|k] for all α, β ∈ Ξ,

is a partial b-metric space on Ξ with coefficient s = 2k > 1. Also note that
Pb(α, α) = αk 6= 0. Thus Pb is not a b-metric on Ξ.

Now let α, β and δ ∈ Ξ such that α > δ > β. Then

(α− β)k > (α− δ)k + (δ − β)k.

Pb(α, β) = αk + |α− β|k

Pb(α, δ) + Pb(δ, β)− Pb(δ, δ) = αk + |α− δ|k + |δ − β|k.
Thus

Pb(α, β) > Pb(α, δ) + Pb(δ, β)− Pb(δ, δ).

Hence, Pb is not a partial metric on Ξ.

Every partial b-metric ”Pb” on a nonempty set Ξ generates a topology τPb
on Ξ

whose base is the family of open Pb-balls where τPb
= {BPb

(α, ε) : α ∈ Ξ, ε > 0}
and

BPb
(α, ε) = {β ∈ Ξ : Pb(α, β) < Pb(α, α) + ε},

for all α ∈ Ξ and ε > 0. Obviously, the topological space (Ξ, τPb
) is T0, but need

not be T1.
Now, we recall the following concept in partial b-metric spaces.

Definition 2.8. ([39]) Let (Ξ,Pb) be a partial b-metric space with coefficient s.
Then:
• a sequence {rn} in (Ξ,Pb) is said to be convergent with respect to τPb

and
converges to a point r ∈ Ξ, if limn→∞Pb(rn, r) = pb(r, r);

• a sequence {rn} is said to be Cauchy sequence in (Ξ,Pb) if limn,m→∞Pb(rn, rm)
exists and is finite.

• (Ξ,Pb) is said to be a complete partial b-metric space if for every Cauchy
sequence {rn} in Ξ there exists r ∈ Ξ such that

lim
n,m→∞

Pb(rn, rm) = lim
n→∞

Pb(rn, r) = Pb(r, r).

• A mapping G : Ξ → Ξ is said to be continuous at e0 ∈ Ξ if for every ε > 0,

there exists µ > 0 such that G
(
BPb

(e0, µ)
)
⊂ BPb

(
G(e0), ε

)
.

Note that in a partial b-metric space, the limit of a convergent sequence may
not be unique.

Example 2.9. ([39]) Let Ξ = R+, where R+ = [0,+∞), c > 0 be any constant
and define Pb : Ξ× Ξ→ R+ by

Pb(α, β) = max{α, β}+ c for all α, β ∈ Ξ.
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Then (Ξ,Pb) is a partial b-metric space with arbitrary coefficient s ≥ 1. If αn = 1
for all n ∈ N, then limn→∞ αn = β for all β ≥ 1. Thus, the limit of a convergent
sequence in partial b-metric space need not be unique.

Let (Ξ,Pb) be a partial b-metric space. The function b : Ξ × Ξ → [0,+∞)
defined by

b(ú, v́) = 2Pb(ú, v́)− Pb(ú, ú)− Pb(v́, v́), (∗)
for all ú, v́ ∈ Ξ, satisfies all axioms of the b-metric. The pair (Ξ, b) is a b-metric
space. It is called an associated b-metric space.

Another associated b-metric is defined as follows.
Let (Ξ,Pb) be a partial b-metric space and the mapping b : Ξ × Ξ → [0,+∞)

defined by

b(u, v) =

{
Pb(u, v), if u 6= v,

0, if u = v,

for u, v ∈ Ξ. Then b is a b-metric associated with Pb.
In 2012, Samet et al. [36] introduced the concept of α-admissible mappings.

Definition 2.10. ([36]) Let Ξ be a non-empty set. Let T : Ξ→ Ξ and α : Ξ×Ξ→
[0,+∞) be given mappings. We say that T is α-admissible if for all u, v ∈ Ξ, we
have

α(u, v) ≥ 1⇒ α(T u, T v) ≥ 1. (2.1)

The α-admissible mappings notion has been used in many works, see for ex-
ample [4, 5, 17, 21, 31, 35]. Later, Karapinar et al. [20] introduced the concept
of triangular α-admissible mappings in 2013.

Definition 2.11. ([20]) Let Ξ be a non-empty set. Let T : Ξ→ Ξ and α : Ξ×Ξ→
[0,+∞) be given mappings. A mapping T is called a triangular α-admissible if:
for all u, v, w ∈ Ξ, we have

(T1) T is α-admissible;
(T2) α(u, v) ≥ 1 and α(v, w) ≥ 1 implies α(u,w) ≥ 1.

Recently, Chandok [11] introduced the notion of (α, β)-admissible Geraghty
type contractive mapping with sufficient condition for the existence of a fixed
point of such class of generalized nonlinear contractive mapping in metric space
and proved some fixed point results (see, also [1], [12], [32], [33]).

Definition 2.12. ([11]) Let Ξ be a non-empty set. Let T : Ξ→ Ξ and α, β : Ξ×
Ξ→ [0,+∞) be given mappings, we say that T is an (α, β)-admissible if α(u, v) ≥
1 and β(u, v) ≥ 1 implies α(T u, T v) ≥ 1 and β(T u, T v) ≥ 1 for all u, v ∈ Ξ.

Berinde [9, 10] extended the class of contractive mappings, introducing the
notion of almost contractions defined as follows:

Definition 2.13. Let (Ξ, d) be a metric space. A self mapping T : Ξ → Ξ is
called an almost contraction if there are constants λ ∈ (0, 1) and θ ≥ 0 such that

d(T u, T v) ≤ λ d(u, v) + θ d(v, T u), for allu, v ∈ Ξ. (2.2)
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Berinde [9] then proved every almost contraction mapping defined in complete
metric space has at least one fixed point. Subsequently, Babu et al. [6] demon-
strated that almost contraction type mappings have a unique fixed point under
conditions that present the notion of B-almost contraction (see, [37, 38]).

Definition 2.14. Let (Ξ, d) be a metric space. A self mapping T : Ξ → Ξ is
called an B-almost contraction if there are constants λ ∈ (0, 1) and θ ≥ 0 such
that

d(T u, T v) ≤ λ d(u, v) + θ N(u, v), for allu, v ∈ Ξ, (2.3)

where
N(u, v) = min

{
d(u, T ), d(v, T v), d(u, T v), d(v, T u)

}
.

Recently, Khojasteh et al. [23] introduced the notion of Z-contraction involving
a new class of mappings, namely simulation functions to prove the following result.

Theorem 2.15. ([23]) Let (Ξ, d) be a metric space and let T : Ξ → Ξ be a Z-
contraction with respect to a function ζ satisfying certain conditions, that is,

ζ
(
d(T u, T v), d(u, v)

)
≥ 0, (2.4)

for all u, v ∈ Ξ. Then, T has a unique fixed point, and for every initial point
e0 ∈ Ξ, the Picard sequence {T ne0} converges to this fixed point.

Remark 2.16. ([23]) Every Z-contraction mapping is contractive and therefore it
is continuous.

A simple example of Z-contraction is the Banach contraction, which can be
obtained by defining ζ : [0,∞)×[0,∞)→ R via ζ(t, s) = λ s−t for all t, s ∈ [0,∞),
where λ ∈ [0, 1).

Definition 2.17. ([23]) Let ζ : [0,∞)× [0,∞)→ R be a function. Consider the
following conditions:

(ζ1) ζ(0, 0) = 0.
(ζ2) ζ(t, s) < s− t for all t, s > 0.
(ζ3) If {tn} and {sn} are sequences in (0,∞) such that limn→∞ tn = limn→∞ sn >

0, then lim supn→∞ ζ(tn, sn) < 0.
(ζ4) If {tn} and {sn} are sequences in (0,∞) such that limn→∞ tn = limn→∞ sn >

0 and tn < sn for all n ∈ N, then lim supn→∞ ζ(tn, sn) < 0.

If the function ζ satisfies the conditions (ζ1)−(ζ3), we say that ζ is a simulation
function according to the sense of Khojasteh et al. [23]. If it satisfies (ζ2) and
(ζ3), it is a simulation function in the sense of Argoubi et al. [3] and if it satisfies
(ζ1), (ζ2) and (ζ4), then it is a simulation function according to sense of Roldan-
Lopez-de-Hierro et al. [34].

Remark 2.18. ([23]) It is clear from the definition of simulation function that
ζ(t, s) < 0 for all t ≥ s > 0. Therefore, if T is a Z-contraction with respect to
ζ ∈ Z, then for all u, v ∈ Ξ such that d(T u, T v) < d(u, v). This shows that every
Z-contraction mapping is contraction and therefore it is continuous.

The following are examples of simulation functions.
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Example 2.19. Let ζ : [0,∞)× [0,∞)→ R be defined by:
(i) ζ(s, t) = s

1+s
− t for all s, t ∈ [0,∞).

(ii) ζ(t, s) = λ s− t for all s, t ∈ [0,∞), where λ ∈ [0, 1).
(iii) ζ(t, s) = s− λ t for all s, t ∈ [0,∞), where λ > 1.
(iv) ζ(t, s) = 1

s+1
− (t+ 1) for all s, t ∈ [0,∞).

(v) ζ(t, s) = s
s+1
− tet for all s, t ∈ [0,∞).

(vi) ζ(t, s) = k
r
s− t for all s, t ∈ [0,∞) where k ∈ [0, 1) and r ∈ (1,∞).

(vii) ζ(t, s) = φ(s) − t for all s, t ∈ [0,∞), where φ : [0,∞) → [0,∞) is an
upper semi-continuous function with φ(t) < t for all t > 0 and φ(0) = 0.

Definition 2.20. ([18]) Let (Ξ, d) be a metric space and ζ ∈ Z. We say that
T : Ξ→ Ξ is an almost Z-contraction if there is a constant θ ≥ 0 such that

ζ
(
α(d(T u, T v)), d(u, v) + θ N(u, v)

)
≥ 0, (2.5)

for all u, v ∈ Ξ, where N(u, v) = min{d(u, T u), d(v, T v), d(u, T v), d(v, T u)}.

Remark 2.21. If T is an almost Z-contraction with respect to ζ ∈ Z, then

d(T u, T v) < d(u, v) + θ N(u, v), (2.6)

for all u, v ∈ Ξ.

Lemma 2.22. ([28], Lemma 1)
(1) A sequence {rn} is a Pb-Cauchy sequence in a partial b-metric space (Ξ,Pb)

if only if it is a b-Cauchy sequence in the b-metric space (Ξ, dPb
).

(2) A partial b-metric space (Ξ,Pb) is complete if and only if the b-metric space
(Ξ, dPb

) is b-complete. Moreover, limn→∞ dPb
(r, rn) = 0 if and only if

lim
n→∞

Pb(r, rn) = lim
n,m→∞

Pb(rn, rm) = Pb(r, r).

Proposition 2.23. ([28], Proposition 3) Every partial b-metric space Pb defines
a b-metric dPb

, where

dPb
(u, v) = 2Pb(u, v)− Pb(u, u)− Pb(v, v),

for all u, v ∈ Ξ.

In this paper, we investigate the existence and uniqueness of a fixed point of
almost Z-contractions via simulation function in complete partial b-metric spaces
using (α, β)-admissibility. Also, some illustrative examples are given to validate
the results. Moreover, an application to the BVP is given. Our results extend,
generalize and enrich several results from the existing literature.

3. Main results

Firstly, we give the following definition.

Definition 3.1. Let (Ξ,Pb) be a complete partial b-metric space with arbitrary
coefficient s ≥ 1, let U : Ξ → Ξ be a mapping and α, β : Ξ → [0,+∞) be two
functions. Then U is said to be a (α, β)-admissible almost Z-contraction, if it
satisfies the following conditions:

(1) U is (α, β)-admissible,
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(2) there exists a simulation function ζ ∈ Z such that

0 ≤ ζ
(
α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
, (3.1)

for all x, y ∈ Ξ, where

Ωb
P(x, y) = min

{
Pb(x,Ux),Pb(y,Uy),Pb(x,Uy),Pb(y,Ux)

}
.

Now, we are in a position to prove our main result.

Theorem 3.2. Let (Ξ,Pb) be a complete partial b-metric space with coefficient
s ≥ 1 and a continuous mapping U : Ξ → Ξ be a (α, β)-admissible almost Z-
contraction with respect to ζ ∈ Z simulation function satisfying the inequality
(3.1) and there exists e0 ∈ Ξ such that α(e0,Ue0) ≥ 1, β(e0,Ue0) ≥ 1. Then U
has a unique fixed point u ∈ Ξ such that Pb(u, u) = 0.

Proof. Let {en} be a sequence in Ξ such that en+1 = Uen for all n = 0, 1, 2, 3, . . . .
If en = en+1, then Uen = en+1 = en, that is, en is a fixed point of U . Thus, the
proof is finished. So, we consider en 6= en+1 for all n ∈ N ∪ {0}.

Since α(e0,Ue0) ≥ 1 implies α(e0, e1) ≥ 1 and U is an (α, β)-admissible, so

α(Ue0,Ue1) ≥ 1 ⇒ α(e1, e2) ≥ 1.

Now, continuing the above manner, we get for all n ≥ 0

α(en, en+1) ≥ 1. (3.2)

Likewise, for all n ≥ 0, we obtain

β(en, en+1) ≥ 1. (3.3)

From equation (3.1), we have

0 ≤ ζ
(
α(U(en−1),U(en))β(U(en−1),U(en)Pb(U(en−1),U(en)),Pb(xn−1, xn)

+θΩb
P(en−1, en)

)
,

that is,

0 ≤ ζ
(
α(en, en+1)β(en, en+1)Pb(en, en+1),Pb(en−1, en)

+θΩb
P(en−1, en)

)
, (3.4)

where

Ωb
P(en−1, en) = min

{
Pb(en−1,Uen),Pb(en,Uen),Pb(en−1,Uen),

Pb(en,Uen−1)
}

= min
{
Pb(en−1, en+1),Pb(en, en+1),Pb(en−1, en+1),

Pb(en, en)
}

= 0.
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Therefore, from equation (3.4) and (ζ2), we have

0 ≤ ζ
(
α(en, en+1)β(en, en+1)Pb(en, en+1),Pb(en−1, en)

)
< Pb(en−1, en)− α(en, en+1)β(en, en+1)Pb(en, en+1),

that is,

α(en, en+1)β(en, en+1)Pb(en, en+1) < Pb(en−1, en). (3.5)

Now, we know that

Pb(en, en+1) ≤ α(en, en+1)β(en, en+1)Pb(en, en+1), (3.6)

since α(en, en+1) ≥ 1 and β(en, en+1) ≥ 1.
From equations (3.5) and (3.6) for all n ≥ 0, we have

Pb(en, en+1) ≤ α(en, en+1)β(en, en+1)Pb(en, en+1)

< Pb(en−1, en),

that is,

Pb(en, en+1) < Pb(en−1, en). (3.7)

The sequence {Pb(en, en+1)} is non-decreasing. So, there exists c ≥ 0 such that
limn→∞Pb(en, en+1) = c. We claim that

Pb(en, en+1) = 0. (3.8)

Now, we assume on the contrary that c > 0. By (3.6), we have

lim
n→∞

{
α(en, en+1)β(en, en+1)Pb(en, en+1)

}
= c. (3.9)

Since c > 0, letting sn = α(en, en+1)β(en, en+1)Pb(en, en+1) and tn = Pb(en, en+1)
such that limn→∞ sn = limn→∞ tn = c, then by (ζ3) lim supn→∞ ζ(sn, tn) < 0.
Since ζ(sn, tn) ≥ 0, so 0 ≤ lim supn→∞ ζ(sn, tn) < 0, which is a contradiction.
Thus, our assumption that c > 0 is false. Hence c = 0. Now, we show that {en}
is a Cauchy sequence in (Ξ,Pb), that is,

lim
n,m→∞

Pb(en, em) = 0. (3.10)

Suppose the contrary, that is, {en} is not a Cauchy sequence. Then there exists
ε > 0 for which we can find two subsequences {en(k)

} and {em(k)
} of {en} such

that m(k) is the smallest index for which

m(k) > n(k) > k, dPb
(en(k)

, em(k)
) ≥ ε. (3.11)

This means that

dPb
(en(k)

, em(k)−1) < ε. (3.12)

From equation (3.11) and using the triangular inequality, we have

ε ≤ dPb
(en(k)

, em(k)
)

≤ s[dPb
(en(k)

, em(k)−1) + dPb
(em(k)−1, em(k)

)]

−dPb
(em(k)−1, em(k)−1)

≤ s[dPb
(en(k)

, em(k)−1) + dPb
(em(k)−1, em(k)

)]. (3.13)
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Taking the limit as k → ∞ in the above inequality and using equations (3.10)
and (3.12), we get

ε

s
≤ lim inf

k→∞
dPb

(en(k)
, em(k)−1) ≤ lim sup

k→∞
dPb

(en(k)
, em(k)−1) ≤ ε. (3.14)

Also from (3.11) and (3.13), we have

ε ≤ lim sup
k→∞

dPb
(en(k)

, em(k)
) ≤ sε. (3.15)

Again, we have

dPb
(en(k)

, em(k)+1) ≤ sdPb
(en(k)

, em(k)
) + sdPb

(em(k)
, em(k)+1),

and hence

lim sup
k→∞

dPb
(en(k)

, em(k)+1) ≤ s2ε. (3.16)

Further,

dPb
(en(k)−1, em(k)+1) ≤ sdPb

(en(k)−1, em(k)
) + sdPb

(em(k)
, em(k)+1),

and hence

lim sup
k→∞

dPb
(en(k)−1, em(k)+1) ≤ sε. (3.17)

Again, we have

dPb
(en(k)−1, em(k)−1) ≤ sdPb

(en(k)−1, en(k)
) + sdPb

(en(k)
, em(k)−1),

and hence

lim sup
k→∞

dPb
(en(k)−1, em(k)−1) ≤ sε. (3.18)

Finally, we have

dPb
(en(k)

, em(k)−1) ≤ sdPb
(en(k)

, en(k)−1) + sdPb
(en(k)−1, em(k)−1),

and hence

lim sup
k→∞

dPb
(en(k)

, em(k)−1) ≤ s2ε. (3.19)

On the other hand, by the definition of dPb
and (3.10),

lim sup
k→∞

dPb
(en(k)−1, em(k)

) = 2 lim sup
k→∞

Pb(en(k)−1, em(k)
).

Hence by equation (3.13), we have

ε

2s
≤ lim inf

k→∞
Pb(en(k)−1, em(k)

) ≤ lim sup
k→∞

Pb(en(k)−1, em(k)
) ≤ ε

2
. (3.20)
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Likewise,

lim sup
k→∞

Pb(en(k)
, em(k)

) ≤ sε

2
, (3.21)

ε

2s
≤ lim sup

k→∞
Pb(en(k)

, em(k)+1), (3.22)

lim sup
k→∞

Pb(en(k)−1, em(k)+1) ≤
sε

2
, (3.23)

lim sup
k→∞

Pb(en(k)−1, em(k)−1) ≤
sε

2
, (3.24)

lim sup
k→∞

Pb(en(k)
, em(k)−1) ≤

s2ε

2
. (3.25)

Since α(en, en+1) ≥ 1 and β(en, en+1) ≥ 1 for all n = 1, 2, 3, . . . , we conclude that

α(en(k)−1, en(k)
)β(en(k)−1, en(k)

) ≥ 1. (3.26)

Since U is (α, β)-admissible Z-contraction. Hence from equation (3.1), we have

0 ≤ ζ
(
α(U(en(k)−1),U(em(k)−1))β(U(en(k)−1),U(em(k)−1))Pb(U(en(k)−1),

U(em(k)−1)),Pb(en(k)−1, em(k)−1) + θΩb
P(en(k)−1, em(k)−1)

)
= ζ

(
α(en(k)

, em(k)
)β(en(k)

, em(k)
)Pb(en(k)

, em(k)
),Pb(en(k)−1, em(k)−1)

+θΩb
P(en(k)−1, em(k)−1)

)
, (3.27)

where

Ωb
P(en(k)−1, em(k)−1) = min

{
Pb(en(k)−1,Uen(k)−1),Pb(em(k)−1,Uem(k)−1),

Pb(en(k)−1,Uem(k)−1),Pb(em(k)−1,Uen(k)−1)
}

= min
{
Pb(en(k)−1, en(k)

),Pb(em(k)−1, em(k)
),

Pb(en(k)−1, em(k)
),Pb(em(k)−1, en(k)

)
}
,

taking limit as k →∞ in the above and using equation (3.10), we obtain

Ωb
P(en(k)−1, em(k)−1)→ 0 as k →∞. (3.28)

From equations (3.27) and (3.28), we have

0 ≤ lim sup
k→∞

ζ
(
α(en(k)

, em(k)
)β(en(k)

, em(k)
)Pb(en(k)

, em(k)
),

Pb(en(k)−1, em(k)−1)
)
< 0, (3.29)

which is a contraction of our assumption. Consequently, {en} is a b-Cauchy
sequence in the b-metric space (Ξ, dPb

).
Finally, we prove that U has a fixed point. Since (Ξ, dPb

) is a complete partial
b-metric space, then from Lemma 2.22, (Ξ, dPb

) is a complete b-metric space.
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Therefore, the sequence converges to some u ∈ Ξ, that is, limn→∞ dPb
(en, u) = 0.

Again, from Lemma 2.22,

lim
n→∞

Pb(u, en) = lim
n→∞

Pb(en, en) = Pb(u, u). (3.30)

On the other hand, from equation (3.10) and (Pb2), limn→∞Pb(en, en) = 0, which
yields that

lim
n→∞

Pb(u, en) = lim
n→∞

Pb(en, en) = Pb(u, u) = 0. (3.31)

Now, since limn→∞Pb(u, en) = 0 or en → u as n→∞, the continuity of U implies
that Ue2n → U(u). Since e2n+1 = Ue2n and e2n+1 → u as n→∞, by uniqueness
of limit, we get U(u) = u. So, u is a fixed point of U .

Now, we shall show that the uniqueness of the fixed point u. Suppose that u′

is another fixed point of U such that U(u′) = u′ with u 6= u′. From the given
contraction (3.1), taking x = u and y = u′, we have

0 ≤ ζ
(
α(U(u),U(u′))β(U(u),U(u′))Pb(U(u),U(u′)),Pb(u, u

′)

+θΩb
P(u, u′)

)
= ζ

(
α(U(u),U(u′))β(U(u),U(u′))Pb(u, u

′),Pb(u, u
′)

+θΩb
P(u, u′)

)
, (3.32)

where

Ωb
P(u, u′) = min

{
Pb(u,Uu),Pb(u

′,Uu′),Pb(u,Uu′),

Pb(u
′,Uu)

}
= min

{
Pb(u, u),Pb(u

′, u′),Pb(u, u
′),Pb(u

′, u)
}

= 0.

From equations (3.32) and (3.33), we obtain

0 ≤ ζ
(
α(U(u),U(u′))β(U(u),U(u′))Pb(u, u

′),Pb(u, u
′)
)

≤ Pb(u, u
′)− α(U(u),U(u′))β(U(u),U(u′))Pb(u, u

′)

= Pb(u, u
′)− α(u, u′)β(u, u′)Pb(u, u

′)

= Pb(u, u
′)[1− α(u, u′)β(u, u′)] < 0,

which is a contradiction, since α(u, u′) ≥ 1 and β(u, u′) ≥ 1. Hence, we conclude
that Pb(u, u

′) = 0, that is, u = u′. This shows that U has a unique fixed point in
Ξ. This completes the proof. �

From Theorem 3.2, we obtain the following result as corollary.

Corollary 3.3. In Theorem 3.2, if we replace contractive condition (3.1) by
one of the following contractive conditions given below, then we have the same
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conclusion as in Theorem 3.2 and the proofs of these corollaries are similar to
that of Theorem 3.2.

0 ≤ ζ
(
α(x,U(x))β(y,U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
, (3.33)

0 ≤ ζ
(
α(x, y)β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
, (3.34)

0 ≤ ζ
(
α(x, y)β(x, y)Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
, (3.35)

0 ≤ ζ
(
α(U(x),U(y))β(x, y)Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
, (3.36)

for all x, y ∈ Ξ, where Ωb
P(x, y) is as in Theorem 3.2.

The following corollary is a result of Shukla type [39].

Corollary 3.4. Let (Ξ,Pb) be a complete partial b-metric space with coefficient
s ≥ 1 and let U : Ξ → Ξ be a mapping. Suppose that there exists a constant
λ ∈ [0, 1) such that

α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)) ≤ λPb(x, y) + θΩb
P(x, y),

for all x, y ∈ Ξ, where Ωb
P(x, y) is as in Theorem 3.2. Then U has a unique fixed

point u ∈ Ξ such that Pb(u, u) = 0.

Proof. The result follows from Theorem 3.2 by taking as simulation function

ζ(t, s) = λ s− t,
for all t, s ≥ 0 and λ ∈ [0, 1). �

From Corollary 3.4, we deduce the following result.

Corollary 3.5. ([39], Theorem 1) Let (Ξ,Pb) be a complete partial b-metric space
with coefficient s ≥ 1 and let U : Ξ→ Ξ be a mapping. Suppose that there exists
a constant λ ∈ [0, 1) such that

Pb(U(x),U(y)) ≤ λPb(x, y),

for all x, y ∈ Ξ. Then U has a unique fixed point u ∈ Ξ such that Pb(u, u) = 0.

Proof. By taking α(U(x),U(y)) = β(U(x),U(y)) = 1 for all x, y ∈ Ξ and θ = 0 in
Corollary 3.4. �

Remark 3.6. Corollary 3.5 extends Banach contraction mapping principle [8] from
complete metric space to the setting of complete partial b-metric space.
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If we take ζ(t, s) = φ(s)− t, α(U(x),U(y)) = β(U(x),U(y)) = 1 for all x, y ∈ Ξ
and θ = 0 in Theorem 3.2, then we have the following result.

Corollary 3.7. Let (Ξ,Pb) be a complete partial b-metric space with coefficient
s ≥ 1 and let U : Ξ→ Ξ be a given mapping satisfying

Pb(U(x),U(y)) ≤ φ
(
Pb(x, y)

)
,

for all x, y ∈ Ξ, where φ : [0,∞) → [0,∞) is an upper semi-continuous function
with φ(t) < t for all t > 0 and φ(0) = 0. Then, U has a unique fixed point u ∈ Ξ
such that Pb(u, u) = 0.

From Theorem 3.2, we easily deduce the following fixed point theorem in partial
b-metric spaces.

Theorem 3.8. Let (Ξ,Pb) be a complete partial b-metric space with coefficient
s ≥ 1 and let U : Ξ → Ξ be a mapping. Suppose that there exists a simulation
function ζ such that

ζ
(
Pb(U(x),U(y)),Pb(x, y)

)
≥ 0,

for all x, y ∈ Ξ. Then U has a unique fixed point u ∈ Ξ such that Pb(u, u) = 0.

Remark 3.9. (1) Theorem 3.8 generalizes Theorem 5.1 of [29] from complete
partial metric space to the setting of complete partial b-metric space.

(2) Corollary 3.5 is obtained from Theorem 3.8 by taking as simulation function

ζ(t, s) = λ s− t,
for all t, s ≥ 0 and λ ∈ [0, 1).

Now, we give examples in support of Theorem 3.2 and Corollary 3.5.

Example 3.10. Let Ξ = [0,+∞). Define Pb : Ξ× Ξ→ R+ by

Pb(x, y) = [max{x, y}]2,
for all x, y ∈ Ξ. Then (Ξ,Pb) is a complete partial b-metric space with coefficient
s = 4 > 1.

Now, consider the mapping U : Ξ→ Ξ given by

U(x) =

{
x
4
, if x ∈ [0, 1],

x+ 1, if x > 1,

for all x ∈ Ξ.
Define two functions α, β : Ξ× Ξ→ [0,+∞) by:

α(x, y) = β(x, y) =

{
1, if x, y ∈ [0, 1],
0, otherwise,

for all x, y ∈ Ξ.
Let ζ(t, s) = λ s − t for all t, s ∈ [0,∞) and λ ∈ [0, 1). Note that U is (α, β)-

admissible. In fact, let x, y ∈ Ξ such that α(x, y) ≥ 1 and β(x, y) ≥ 1. By
definition of α and β, this implies that x, y ∈ [0, 1]. Thus,

α
(
Ux,Uy

)
= α

(x
4
,
y

4

)
= 1.
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Likewise

β
(
Ux,Uy

)
= 1.

Now, we show that the contraction condition (3.1) is verified. Let x, y ∈ Ξ and
suppose x ≥ y such that α(x, y) ≥ 1 and β(x, y) ≥ 1. So, x, y ∈ [0, 1]. In this
case, we have (

α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
=
(x2

4
, x2 + θΩb

P(x, y)
)
. (3.37)

Here θ ≥ 0 and

Ωb
P(x, y) = min

{
Pb(x,Ux),Pb(y,Uy),Pb(x,Uy),

Pb(y,Ux)
}

= min
{
x2, y2, x2, y2

}
.

Since x, y ∈ [0, 1], we have

Ωb
P(x, y) = 0.

From equations (3.37) and (3.38), we have(
α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
=
(x2

4
, x2
)
. (3.38)

It follows that

ζ
(
α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
= ζ

(x2
4
, x2
)

= λx2 − x2

4
.

If we take λ = 1
2
, we get

ζ
(
α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
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=
1

2
x2 − x2

4
≥ 0,

that is,

ζ
(
α(U(x),U(y))β(U(x),U(y))Pb(U(x),U(y)),Pb(x, y)

+θΩb
P(x, y)

)
≥ 0.

Also, let {en} be a sequence in Ξ such that α(en, en+1) ≥ 1, β(en, en+1) ≥ 1
for all n and en → u ∈ Ξ. Then, {en} ⊂ [0, 1] and [max{en, u}]2 → u2 as
n → ∞. Thus, en → u as n → ∞ in (Ξ, | · |). This implies that x ∈ [0, 1]
and so α(en, u) = 1 and β(en, u) = 1 for all n. Moreover, there exists e0 ∈ Ξ
such that α(e0,Ue0) ≥ 1 and β(e0,Ue0) ≥ 1. In fact, for e0 = 1, we have
α(1,U1) = α(1, 1/4) = 1 = β(1,U1). Thus, all the assumptions of Theorem 3.2
are verified. Hence, u = 0 is the unique fixed point of U .

Example 3.11. Let Ξ = {1, 2, 3, 4} and Pb : Ξ× Ξ→ R be defined by

Pb(x, y) =

 |x− y|
2 + max{x, y}, if x 6= y,
x, if x = y 6= 1,
0, if x = y = 1,

for all x, y ∈ Ξ. Then (Ξ,Pb) is a complete partial b-metric space with the
coefficient s = 4 > 1.

Define the mapping U : X → X by

U(1) = 1, U(2) = 1, U(3) = 2, U(4) = 2.

Now, we have

Pb(U(1),U(2)) = Pb(1, 1) = 0 ≤ 3

4
.3 =

3

4
Pb(1, 2),

Pb(U(1),U(3)) = Pb(1, 2) = 3 ≤ 3

4
.7 =

3

4
Pb(1, 3),

Pb(U(1),U(4)) = Pb(1, 2) = 3 ≤ 3

4
.13 =

3

4
Pb(1, 4),

Pb(U(2),U(3)) = Pb(1, 2) = 3 ≤ 3

4
.4 =

3

4
Pb(2, 3),

Pb(U(2),U(4)) = Pb(1, 2) = 3 ≤ 3

4
.8 =

3

4
Pb(2, 4),

Pb(U(3),U(4)) = Pb(2, 2) = 2 ≤ 3

4
.5 =

3

4
Pb(3, 4).

Thus, U satisfies all the conditions of Corollary 3.5 with λ = 3
4
< 1. Now

by applying Corollary 3.5, U has a unique fixed point namely u = 1 ∈ Ξ is the
unique fixed point of U .
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4. Application to the BVP

This section contains an existence theorem for the solution to the following
boundary value problem (BVP):

−d
2ȳ

dt2
= g(t, ȳ(t)); ∀ t ∈ [0, 1] = J, ȳ(0) = ȳ(1) = 0. (4.1)

The associated Green’s function G : J ×J → J to (4.1) can be defined as follows:

G(t, s) =

{
t(1− w), if 0 ≤ t ≤ w ≤ 1,
w(1− t), if 0 ≤ w ≤ t ≤ 1.

Let C(J) represents the set of all continuous functions defined on J . Let the
mapping b : C(J)× C(J)→ [0,+∞) be defined by

b(f, h) = ‖(f − h)2‖ = sup |f(t)− h(t)|2, ∀ f, h ∈ C(J), and t ∈ J.

The pair (C(J), b) is a complete b-metric space with s = 2. The associated
integral operator R : C(J)→ C(J) to (4.1) is defined by:

R(f)(t) =

∫ 1

0

G(t, b)g(b, f(b))db.

It is remarked that the fixed point of the operator R is a solution of (4.1). The
following theorem states the condition under which the BVP has a solution.

Theorem 4.1. Let the function g : J ×C(J)→ R is continuous and satisfies the
following conditions:

(1)

|g(t, f)− g(t, h)|2 ≤ φ
(
|f(t)− h(t)|2

)
,

for all t ∈ J and f, h ∈ C(J), where φ : [0,∞)→ [0,∞) is a nondecreasing upper
semi-continuous function with φ(t) < t for all t > 0 and φ(0) = 0.

(2)
(

sup
∫ 1

0
G(t, b)db

)2
≤ 1 for all t ∈ J .

Then the BVP (4.1) has a solution.

Proof. The proof of Theorem 4.1 will be done by the application of Corollary 3.7.
Since, the function g is continuous, so, the operator R : C(J) → C(J) defined
above is continuous. To show that the function R form a contraction, we now
proceed as follows:

|R(f)(t)−R(h)(t)|2 =
∣∣∣ ∫ 1

0

G(t, b)[g(b, f)− g(b, h)]db
∣∣∣2

≤
(∫ 1

0

G(t, b)

√∣∣∣φ(|f(t)− h(t)|2
)∣∣∣db)2.

Using condition (2) and taking supremum on both sides of above inequality, we
have

Pb(R(f),R(h)) ≤ φ(b(f, h))∀ f, h ∈ C(J).
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Now for any partial b-metric Pb on C(J), we can have a b-metric b on C(J) by

b(f, h) =

{
Pb(f, h), if f 6= h,

0, if f = h.

The last inequality can be written as:

Pb(R(f),R(h)) ≤ φ
(
Pb(f, h)

)
∀ f, h ∈ C(J).

Hence, by Corollary 3.7, the BVP (4.1) has a solution in C(J). �

5. Conclusion

In this paper, we investigate the existence and uniqueness of a fixed point of
almost Z-contractions via simulation function in complete partial b-metric spaces
using (α, β)-admissibility. Also, some illustrative examples are given to validate
the results. Moreover, an application to the BVP is given. Our results extend
and generalize several previously published results from the existing literature.

Acknowledgement. I would like to thank the anonymous learned referee and
the Editor-in-Chief for their careful reading and valuable suggestions that helped
us to improve the present work.
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