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MULTIPLICITY OF HETEROCLINIC SOLUTIONS FOR THE
DISCRETE p(k)-LAPLACE KIRCHHOFF TYPE EQUATIONS
WITH A PARAMETER

BRAHIM MOUSSA ', ISMAEL NYANQUINI?> AND STANISLAS OUARO?*

ABSTRACT. In this paper, we prove the existence of at least one and at least
two nontrivial heteroclinic solutions for the discrete p(k)-Laplace Kirchhoff
type equations depending on a parameter. The proof of our main result is
based on a local minimum theorem for differentiable functionals due to Ricceri
and on the mountain pass theorem of P. Pucci and J. Serrin.

1. INTRODUCTION

In this paper, we are interested in the following Kirchhoff type problem with
heteroclinic condition at the boundary

—M(nu])[A(a(k—1, | Au(k—1)]) Auk—1)) —q(k)[u(k) [ 2u (k)]

— M f(k,u(k)), k€2, (1.1)
kEEn u(k) = —1, klgn u(k) =1,
where
ul = _ ulk — @ w(k)P*)
ol %(m Llsa(e - 1+ L i),

Au(k) = u(k+1)—u(k) is the forward difference operator, Z is the set of integers,

A > 0 is a real parameter, f : Z x R — R is a continuous function in the second

variable, f(k,t) = —f(—k, —t) for all k € Z and ¢t € R. Moreover, we assume that

the function a(k,§) : Z x [0,00) — [0, 00) is continuous, Ag : Z x [0, 00) — [0, 00)
t

which satisfies Ag(k,t) = /a(k,ﬁ)gdg, p(+) : Z — (1,00) is a function such that

0
1 <p~ = infp(k) < p(k) < p" =supp(k) < oo, (1.2)
keZ keZ
the function ¢ : Z — R satisfies
q(k) > qo >0 for all k€ Z, qo < p*, q(k) = oo as |k| — . (1.3)
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We suppose that M and a satisfy the following conditions.

/ 1
(H1) There exist a function a; € I”'") with —— 4 —~ =1 and a nonnegative
p(k) (k)
constant a, such that
la(k, [€)E] < ar(k) + asfe™,

for all k € Z* and £ € R.
(H2) There exists a positive constant ¢ such that

min {1, €15 (. €D + afi e } > e~

for all k € Z* and € € R.
(H3) M : (0,00) — (0,00) is continuous, nondecreasing and there exist two
positive constant mg and m, such that

mo < M(t) < my for t > 0.
We recall that a solution u = {u(k) : k € Z} of the problem (1.1) is heteroclinic
if lim w(k) = —1 and klim u(k) = 1.

—00

k——o0

Let x = {x(k) : k € Z"} be a solution to the following problem.
—M@fa])[Aa(k—1, | Ax(k=1)]) Az (k—1))—q(k)|(k) P22 (k)]

= N(k,z(k)+1), keZ*, (1.4)
z(0) = —1, kll_g)lo z(k) = 0.

Let u = {u(k) : k € Z} such that

z(k)+ 1, for k€ Z7,
u(k) =<0, for k=0, (1.5)
—z(—k)—1, for ke Z™,
then w is a solution to the problem (1.1). Therefore, in this paper, we will study
the existence of heteroclinic solutions to the problem (1.4).

The presence of the non-local term 7[u] is an important feature of this work.
Kirchhoff (see [27]) in 1876 established a model defined by the following equation.

2
0*u
or?’

L
0%u Ea

ou

b 7 o RO

P o Y
0

- (1.6)

where p > 0 is the mass per unit length, T} is the base tension, £ is the Young
modulus, a is the area of the cross section and L is the initial length of the string.

Equation (1.6) takes into account the change of the tension on the string which
is caused by the change of its length during the vibration. After that, several
physicists also considered such equations for their research in the theory of non-
linear vibrations theoretically or experimentally [8, 9, 34, 36]. On the other
hand, Kirchhoff equation received great attention only after Lions in 1978 (see
[31]) suggested an abstract framework of the problem related to the stationary
analogous of the equation of Kirchhoff type. In recent years, many authors have
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¢

investigated Kirchhoff type equations, we refer the readers to [2, 10]. We also
refer the readers to the recent results of the discrete Kirchhoff type problems
[11, 7, 28, 35, 37, 42, 43, 44] and the references therein. More recently, in [19]
the authors dealt with the discrete problems of the Kirchhoff type by using the
minimization method.

The nonhomogeneous differential operator in problem (1.1),

Ala(k — 1, |Au(k — 1)) Au(k — 1)), (1.7)

generalizes the usual operators with variable exponent. Obviously, when a(k,t) =
tP®)=2 " the operator (1.7) is the standard discrete p(-)-Laplacian operator, that
is,

Np—nyu(k — 1) == A (JAu(k — D)PED=2 Ak — 1)).

This operator was initiated by Mihailescu et al. in [32], where some eigenvalue
problems were investigated.

Differential equations represent the discrete counterpart of PDEs and are usu-
ally studied in connection with numerical analysis. We refer the reader to the
monograph of Radulescu and Repovs (see [39]) for a comprehensive qualitative
analysis of nonlinear PDEs with variable exponent using variational and topo-
logical methods. The operator (1.7) represents the discrete counterpart of the

anisotropic operator
0
u.
8.Ti

This operator was analyzed by I.LH. Kim and Y.H. Kim [26]. Consequently, the
problem (1.1) can be seen as the discrete counterpart of such PDEs under non-
homogeneous Dirichlet boundary conditions.

Partial differential equations have been widely used for the modeling of many
phenomena arising from the study of elastic mechanics [47], electrorheological
fluids [40] and image restoration [12].

Heteroclinic solutions of difference equations have been extensively studied by
many authors in the literature. We refer the readers to the following papers
involving the discrete p(k)-Laplacian operator and p-Laplacian operator [7, 17,
18, 29] and references therein. The discrete p(k)-Laplacian operator has more
complicated properties than that of the discrete p-Laplacian operator, mainly
because it is not homogeneous.

In [7], the authors studied the following problem

{—A (¢ (Du(k — 1)) = M (k, u(k)), k € Z,

N

0
Z; (9_1’Z-ai (xa

i=

o
3962-

u

u(—o0) = =1, wu(oo) = 1. (18)
By using the critical point theory, the authors proved the existence of at least
one solution of problem (1.8) for all A > 2/p.
In [29], the authors considered the case where 0 < A < 2/p of the problem
(1.8). By using the mountain pass lemma, they obtained the existence of at least
one nontrivial solution of problem (1.8) in the case where 0 < A < 2/p.
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For discrete problems with p(k)-Laplacian operator, in [18] the authors proved,
by using the minimization method, the existence of weak heteroclinic solution for
the following problem

—A (alk = 1, Au(k — 1)) + g(k, u(k))
u(0) =0, Jim u(k) = -1, lim u(k) =

k—o0

f(k:,u(k;)), keZr, (1.9)

In [17], the authors studied a slightly more general version of the problem (1.9),
that is,

{—A (a(k—1, Au(k—=1)))+a(k)g(k,u(k)) = o(k)f(k,u(k)), ke Z*,
u(0) =0, I};Igou(k) =—1, lim u(k) =1,

k—o0

(1.10)

by using a minimization method to obtain the existence of heteroclinic solutions.

In this paper, using the mountain pass theorem of Pucci and Serrin (see [38])
and the variational principle of Ricceri (see [11]), we prove the existence of at
least one nontrivial heteroclinic solution and two nontrivial heteroclinic solutions
of problem (1.4). This work is largely motivated by the papers [17, 29].

The paper is organized as follows. In Section 2, some necessary preliminary
results are presented. Section 3 is devoted to auxiliary results. The existence
of at least one nontrivial heteroclinic solution of problem (1.4) is investigated in
Section 4. Finally, in Section 5, we prove the existence of at least two nontrivial
heteroclinic solutions of problem (1.4).

2. PRELIMINARIES

In this section, we first define the functional spaces and some of their useful
properties which will be used later. We introduce for each p(-) : ZT — (1, 00)
and ¢(-) : ZT — R the spaces

", = {a: 27 = R 2(0) = —Land py, 5 (2) = ) _ (k)" < 00} :

k=1
PO ={2:Z" 5 R; 2(0) = —1and (z) := i ak) 2 (k)P™ < 0o
“14q() = ' ; = Pq(-)p+(H\T) -= (k)
k=1
and
Wit =227 - R; 2(0) = —1and (z): = f:—q(k>|x(k)|p<k>
—14,q() ’ ’ - PLa().p+() T < p(k)
| L (k) P™) }
+ — < 00 .
,; p(k)

¢) ¢)
On %y, and I,

|||, () = inf {,, >0
k=1

, we introduce the Luxemburg norms

p(k)
x(k) " _ 1}7
1%
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> q(k) |x(k) p(k)
el p+>—mf{v> Z—k> <1
1+q

and, on the space W
= qk) |2(k)[P® S 1 | Axk) PP
121,400+ () mf{y> kz_k v Z_k v st

We also consider the spaces

, the Luxemburg norm

I, = {x:Z+—>R; 2(0) = —Land [[zf[p - Z|x )| <oo}
and
1, = {:E Z" - R; z(0) = —1 and ||z]| := sup |z(k)| < oo} :
keZ+

Put
o)
K := sup (p_(k)) .
kezZ+ Q(M

Note that K < oo.
We use several inequalities which are connected to the above Luxemburg norms.

[2lloe < Kl /l190).0- ()- (2.1)
Indeed, since ||z[/1,4)p, () < v, there exists € > 0 such that

1,p(+)

Hleq p+()<V<HxH1q( )0+ (- +eforallx€W1+q()

Hence, for all k € Z*, we get

So,

which imply that
[2flce < K (l2]l190)p:0) +€) -

Letting € = 0, one has ||z|« < K||z|1,40)p. ). Therefore, we obtain that (2.1)
holds.
As in [13, 30], we have the following result.

Lemma 2.1. The embedding W"*©) s P

“14.40) i4g() ¥ compact.

We also have the following results (see [16, 17]).
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Lemma 2.2. Assume that the condition (1.2) is fulfilled. Then the following

properties hold.
(@) o102 )@ + ) S 27 (pop () (2) + Parpe()®)) for all my € 170 o

(b) for x € l}i(l'?Jr’q(.), if v > 1, then
Paror (@) < VP ()(®) SV Papr () (@)
< a0 0(12) <A Py, (0 ()
and if 0 < v < 1, then
Pa()p+ () (V) A7 Pa(pe (@)
VP4 () (T) < Pg(py () (2);

)\ {0}, pa(ype(y(y2) s continuous convex even

+
Y Pa()py () ()

IAINA

(c) for every fized x € l{%m

function in v, and it increases strictly when vy € [0, 00).
Proposition 2.3. If z,z, € lzi(&r and pt < oo, then the following properties
hold.
(1) [[z|lp.) <1(=1;>1) if_cmd only if pp. () () <+1 (=1;>1),
2) ||#llpy ) > 1 implies IIJIIIZI(.) < 2o )(@) < 2l
3) Nzl < 1 implies 2] ) < pp, (@) < 12l .
4) @l )y = 0 if and only if py, ()(zn) = 0 as n — oo,

(
(
(

Proposition 2.4. Let x € l’i(l'?#q(.) \ {0}. Then,

. X i
12llg)ps) = B if and only if py()p. () (5) =1

p(-)

Proposition 2.5. If x,x, €l and pt < oo, then the following properties

_17+7q()
hold.
(1) |zllgo)ype) <1(=1;>1) Zf and only if pg()p,.)(T) < Jlr (=1;>1),
(2) llzllg()py() > 1 imply |\$HZW+(.) < Pa()pr ()(E) < Hf"]qg(_.),m(.):
(3) Illycrpetr < 1 imply Illge, . () < Pacrpr (@) < Nl )
(4) |znllqe)prcy = 0 if and only if pe)py)(Tn) — 0 as n — oo.

Proposition 2.6. Let x € Wi’fi(:’q(.) \ {0}. Then,

12|1,q0)pe) = 0 if and only if  p1 ey ps () <g> =1

Proposition 2.7. If x,x, € Wi’lp(ﬁq(,) and pt < oo, then the following properties
hold.

(1) [zl g0pe) <1(=1;>1) zf and only if p1geype()(@) < 1+(: 1;>1),
(2) lzllg()pr) > 1 imply ||x||]1)f(.),p+(.) < Pra()wr () () < ||$||11J€(.),p+(.)f
(3) Nzl 1q()pr() < 1 imply ”xHIl),q(.),m(.) < Prgps()(T) < |’x”€’q(.),p+(.)7
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(4) |znll1,q)pec) = 0 if and only if p1 gy p.)(Tn) = 0 as n — oo.
One also has the following lemma (see [18]).

Lemma 2.8. (Discrete Hélder type inequality) Let x € lﬁ(') and y € l’fr’('), where
=1 foralk e€Z".

/ 1
PO denote the conjugate space of lp('), with —— +
N i p(k) — p'(k)
Then,

- 1 1
oleyl < (= + == ) 2l ollylly, o < 20l ollylly, o
Pt pm P

Our first tool and approach is based on the variational principle of Ricceri [41,
Theorem 2.1|, which is recalled below (see [3, Theorem 2.1(a)] or [4, Theorem
3.1 and Remark 3.1] for a different version of the result). We refer to the works
[1, 5,6, 14, 15, 20, 21, 22, 33] in which Theorem 2.9 below has been successfully
applied to show the existence of at least one nontrivial solution for boundary
value problems.

Theorem 2.9. (see [3]). Let X be a reflexive real Banach space and let ®,V :
X — R be two Gateauz differentiable functionals such that ® is (strongly) con-
tinuous, sequentially weakly lower semicontinuous and coercive in X and ¥ is

sequentially weakly upper semicontinuous in X. Let I\ be the functional defined
as I :=® — AU, A € R and for each r > in)f( O(u), let ¢ be the function defined
ue

as
sup  U(v) | — ¥(u)
w( )_ i vEP—1(—o0,r)
T u€<1>_11n(foo,r) r— (I)(U) ’
Then, for each r > in)f{@(u) and each \ € (O,ﬁ), the restriction of Iy to
ue

O~ ((—o0,7)) admits a global minimum (precisely a local minimum), which is a
critical point of I in X.

Our second main tool and approach is based on the critical point theory de-
veloped by Pucci and Serrin (see [38]). We refer to the papers [24, 25] in which
Theorem 2.10 below has been applied to obtain the multiple solutions for the
discrete problems involving the p-Laplacian operator.

Next, if X is a reflexive Banach space and X* is its dual, we recall that a
function J € C'*'(X) is said to satisfy the Palais-Smale condition ((PS) for short)
if every sequence (u,) in X such that (J(u,)) is bounded and J'(u,) — 0 in X*
has a convergent subsequence.

We recall the mountain pass theorem, due to Pucci and Serrin (see [38]).

Theorem 2.10. ([38, Theorem 1]). If X is a reflerive Banach space, J € C'(X)
satisfies (PS), and there exist u € X and real numbers 0 < r < 19 such that
@l > 7y and

inf  J(u) = o > max{J(0), J ()},

r1<||ul|<r2
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then there ezists a critical point o € X of J such that J(u) > «. Moreover, if
J(u) =« then r < ||u|| < 7.

3. VARIATIONAL STRUCTURE AND AUXILIARY RESULTS

In this part, we establish a variational structure and auxiliary results for prob-
lem (1.4), which will be used in the next section. We connect solutions to (1.4)
with critical points of the following functional.

Lw) = M(la]) = N> F(k, x(k) + 1), (3.1)

WhereM /M )ds and F'(k,t) /fks

Let us define the functionals @, ¥ : Wlf Ve — Riby
®(x) = M(n[x]) (32)
and
= F(k,x(k) +1). (3.3)
k=1
Then, for every = € Wlfgr)q( )» we have
Iy(z) = ®(z) — A\¥(z), A>0. (3.4)

It is easy to show that ® and U are two functionals of class Cl(Wi’lp (J'r)q(‘),]R{)

whose Gateaux derivatives at the point z € WP are given by

1+q()
@ (2)y) = M) [Zm 1|k — D) Ak — DAy - 1)
Y aRlek) PO 2x<k>y<k>], (3.5)
(U'(2),y) =Y flk,z(k) + Dy (k), (3.6)
for all yEW 1+q)

Then, the functional I, is of class C’l(Wi’f(Jr)q(.),R) with the derivative given
by

(I\(2),y) = ('(z),y) — A(¥'(2),9),

forallxy€W1+q)
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A critical point to I, is a point x € Wif (J'r)q(.) such that

M (ole]) | S ath = Ll = 1)) ek - 1)5y(k ~ 1)
k=1
3 0P Ry (0)] =AY fhah) 4 Do), 3T
k=1 k=1

which in turn is a weak solution to the problem (1.4) for any y € Wilp (J'r)’q(,).
Hence, to solve the problem (1.4), we need to find critical points of problem (1.4)
and further investigate their multiplicity.

Example 2.1 As examples of functions Ay and a satisfying assumptions (1.2),
(H1) and (H2), we can give the following.

. L e _ e~
I (ke = ~IEP), then ol €)= I
for all (k,§) € ZT x R.

R L 2\ _ _ 2) 25~
1 Aol e = = [ (14167 = 1] then e = 1+ )4

for all (k,&) € ZT x R.

1 1 2p(k)
o 1F Aglh,Je) = g 1 VI

P oy
|5|p(k) -
alk,[¢]) =1+ W 1€|P®)=2 for all (k,&) € ZT x R.

Lemma 3.1. Suppose that the hypotheses (1.3) and (H3) hold. Then, every

critical point x € Wifi)’q(.) of I\ is a solution to the problem (1.4) for all A > 0.

Proof. Fix A > 0. Assume that
I(z) = ®/(x) — \V'(z) = 0im (W' ).

~1,4+.g
From relations (3.5) and (3.6), we see that

M (n[x]) Z [a(k —1,|Az(k = 1)) Ax(k — 1)Ay(k — 1)
k=1
+q (k)| (k)N (k)y(k) — Af(k, 2(k) + Dy (k) | =0, (3-8)

Lp()
for all y € W71,+,q(-)‘

For each m € Z, we consider e, € Wilp &)q(~) setting by

1 if k=m,
em(k) = {0 it ke zZP\{m), (3:9)
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for all k € Z.
Thus, it follows from (3.8), with y = e,, that
—M(nlz])[Aa(m=1, [Az(m—1)])Az(m—1)) — q(m)]z(m)[""™ 2z (m)]
— Af(m,z(m)+1) = 0.
Therefore, x is a solution of (1.4).

Proposition 3.2. Assume that the hypothesis (H2) is fulfilled. Then, the follow-
g estimate
{alk, |2])z — alk, !y\)y, r—=y)
> Jellel+ " e =yl i 1< p(k) <2
427" | — g [PF) if  p(k) > 2.
holds true for all x,y € R and k € Z* with (z,y) # (0,0).
Proof. Let z,y € R such that (x,y) # (0,0). Define p(k,z) = a(k, |z|)z.
By (H2), we can write, for all x € R\{0},
O (k, )
Ox

da _
- |x|8_x(k’ |z]) + a(k, |z]) > c|z[P* 2. (3.10)
Note that

olha) —plhy) = [FEELEEZN a3y

0
Consider k € Z* such that p(k) > 2. Then, from (3.10) and (3.11), one has

Q’I«e

(k,y +t(z —y))(z —y)(z —y)dt

(alk |z])z — alk, [yl)y, = — /

/c\y + t(x — )PP 2|z — y|?dt.
0

Without loss of generality, we can assume that || < |y|. Then, for any ¢t € [0, 1/4],
we obtain

1 1
ly+t(x—y)| > |yl —1|x—y| > —|z —yl.

Thus,
1
(alkJel)e = alk opx =) = [ely+ tlo - P2 - o
0
> 427P+C|l‘ _ y|p(k)
Next, let k € Z* with 1 < p(k) < 2. As before, condition (H2) implies that
dp(k 0
BT 1oy 22k, ) + o, o)

> cfx|PH)2

)



DISCRETE p(k)-LAPLACE KIRCHHOFF TYPE EQUATIONS 109

for all z € R\ {0}. By the fact that |tz + (1 —t)y| < |z| + |y|, we conclude that

1

(alhlaa = alk o)y —5) = [ely+tla = 2o~ g
0
> c(lz] + )" 2 |z — gl
The proof of Proposition 3.2 is complete. 0
Lemma 3.3. Assume that (H1)-(H3) hold true. Then, the operator
O Wi’fi)q() — (Wif(j ())* is strictly monotone on Wif(ﬁq(.)

(S4) condition, i.e., for every sequence {x,} C VV1 p(

and verify the
) such that x, — x in

Wllp(Jr)q() as n — oo and limsup(®'(z,) — ®'(z),x, — ) <0, one has x, — x
n—oo

m W2 LeO s m = 0o Here, (-,-) denotes the duality pairing between w'he

—1,4,q(")

Lp(+) *
and its dual (W27 )"

1+q()

Proof. One shows that ®’ is a strict monotone operator.

1 L
fiq() — R is given by

Let us consider the functional ¢ : W~
| A (k—1)] ®
q 1
o(z) = nlz] = ; / a(k —1,s)sds + mp:(k)\p(’“) , forallz e W er ()
= 0
Then, ¢ € C’l(Wi’i (J:q(.), R) and its Gateaux derivative given by

[e.9]

= a(k—1,|Azx(k—1))) Ax(k—1) Ay(k—1)+ _ q(k)|x(k) PPz (k)y(k),
k=1 k=1

for all yEWl’ P()
For all z yEVV1

()

1,+,9(+)

(¢ (z) — ¢'(y),z —y)

= > (alk=1,|Ax(k=1)) Ax(k=1) — alk—1,|Ay(k=1)]) Ay(k—1)) Ala—y) (k1)

+ ) alk) (le(k) P92 (k) — [y ()PP ~2y (k) (2(k)—y(k)) -

such that = # y, we see that

From Proposition 3.2 and the following well-known inequality, for all x,y € R,

(Jx[P®) =2y — |y |2 ) (x —y)

>{QOM+WW“ o~y i 1< p(k) <2,
- 2.

3.12
B ) > (3.12)
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Therefore,
(@) = ¢'(y),z —v)

min {c, e} Y~ #(k)PF 7| Ax(k) — Ay(k))* > 0 if 1 < p(k) < 2,
> o0
min {42—p+c, (;2} 3 |Axk) - Ayk)P® >0 it plk) > 2,
k=1
where Z(k) = |Az(k)|+|Ay(k)|. This implies that ¢’ is strictly monotone. Then,
from Proposition 25.10 of [45], it follows that ¢ is strictly convex. However, as M

is nondecreasing, then M is convex in (0,00). Therefore, for all z,y € whp
with x # y and any 7,75 € (0,1) such that 7, + 75 = 1, one has

M (p(miz + may)) < M (T19(z) + 120(y)) < 1M (6(2)) + 72 M (6(y)) -
This proves that ® is strictly convex and therefore @ is strictly monotone in
Lp()
W2y al)
Next, let {x,} C w'?

n — oo and

1+q )

be a sequence such that z, — z in W as

1+q( 1+¢1()

lim sup(®'(z,) — ®'(x), z, — x) <0.

n—o0

By the above inequality and the strictly monotonicity of @' we know that
lim (®'(z,) — ®'(x), x, —x) = 0.
n—oo

Thus,
nh—>Holo<(I) (), xp — ) =0,
hence,
lim M (n [Za — 1, |Azy(k — D)) Az (b — DA(z, — z)(k — 1)
k=1

-+ Z k) zn (k) P® 22, (k) (2, — 2) (k)| = 0. (3.13)

Furthermore, condltlon (H1) combined with Lemma 2.8 and Proposition 2.7,
imply that

|Awy (k—1)]
Tp| = 3 a(k —1,s)sds @x p(k)
e =3 / (k= 1) + 2l (1)

Az, (k—1)PED - 2 q(k)
S I e Yy Gl

< 2”A$n”p+(-)”a1”p’+(- + max{ay, 1}p1 a() ,p+(-)($n>
< K ll@alligp )+ Kamax {@alll ). 0 10l g0 -
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So, it follows that (n[xz,]),~, is bounded.
As M is continuous, up to a subsequence, there is tq > 0 such that

M (nlx,]) — M(tg) > mp as n — 0. (3.14)
Relations (3.13) and (3.14) imply that

lim [Za(k — 1, |Azy(k — D)) Az (k — DA(2, — 2)(k — 1)

+ > q(k) | (k) PRz, (k) (2, — 2) (k)| = 0.

Since the embedding W'Yy ¥

Lt is compact, one has

1+ a()

and so
nl;noloz — 1, |Azy(k — D)) Azy(k — DA(z, — 2)(k —1) = 0.
Therefore,
Then,
lim (¢'(z,) — ¢'(z), 2, — x) = 0. (3.15)

On the other hand, by Proposition 3.2 and using (3.12), we deduce that
(¢'(2n) — ¢'(x), 2, _055>
min {c, e} Y #(k)PF 7 Ax, (k) — Ax(k)]> >0 if 1< p(k) <2,

> =L (3.16)
min {42—10*(;, cz} N |Aza(k) = L(R)PW >0 i p(k) > 2,
k=1

where (k) = |Ax, (k)| + |Az(k)].

Therefore, by using discrete Holder type inequality (see Lemma 2.8), we obtain

S A (k) — Da(k) PO

_ Z i’(k}) p(k)(22—p(k)) (i’(/{}) p(k)(p2(k')—2) |A:L‘n(k3) B A]}(k‘) |p(k)>

k=1

Mip . pO)(P()=2) )
|z 22 [ Awa(k) = Ax(k)O]| 2

IN

2||z

o0 ﬁ
< 2zl (Zf(k)p(’“)‘zlﬁxn(/f)—Ax(k)IQ) : (3.17)

k=1
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where « is either p~(2 —P)/2 or p(2 — p~)/2 and f is either p~ /2 or p/2 with
D= sup p(k). Hence, by using (3.15)-(3.17), we obtain
{keZ+t:1<p(k)<2}

lim > " |Ax, (k) — Az(k)[P® = 0. (3.18)
k=1

Using Proposition 2.3(4), we deduce by relation (3.18) that
Az, — Az|p, ) =0 as n— oo
and then
|20 — z||140)pr) = 0 as n — o0.
Therefore @’ is of type (S ). Thus, the proof of Lemma 3.3 is complete. OJ

Lemma 3.4. Assume that (H1)-(H3) and (1.2) hold. Then, ® is weakly lower

semi-continuous, i.e., x, — x in W as n — oo imply that ®(z) <

L44()
lim inf ®(x,,).
n—oo
Proof. Indeed, assuming that x, — = in W 1p+)q() as n — oo. From (3.5) and

Lemma 3.3, it follows that ® is convex (see [46, Proposition 42.6]),s0 we deduce
that for each n € N,

D(x,) > O(x) + (P'(2), &y — ).

Then,
liﬁi;}f@(xn) > O(x) + liﬁicgf(q)/(x), T, — ).
Therefore,
liggiorgf O(z,) > ().
Hence, the proof of Lemma 3.4 is complete. 0

4. EXISTENCE OF A HETEROCLINIC SOLUTION

In this section, we establish the existence of at least one nontrivial heteroclinic
solution of problem (1.4), by using Theorem 2.9.

We make the following additional assumptions.

p+
(H4) sup — © < 00.

=t max F'(k,t+ 1)

\t|<5

k=

(H5) Zmaxfk:t+1)<oof0rallT>0

|t|<T
(H6) There exists ko € Z* such that
.. F(ko,t+ 1)
liminf inf —————~ =

ltl—so0 ko€Zt |t|P~
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Theorem 4.1. Suppose that the conditions (H1)-(HG6) are satisfied. Then, there
exists \* > 0 such that for any A € (0,A), problem (1.4) has at least one non-

trivial solution xy in WP Moreover, 1/p1q()ps)(T2) = 0 as A — oo.

1+q()'

Proof. We aim is to apply Theorem 2.9 to the problem (1.4). Take X = T/VllpJr )
and put &, U, I, as in (3.2), (3.3) and (3.4), respectively. By Lemma 3.1, the

critical point x € Wif (J'r)q(_) of I is a solution to the problem (1.4). The functional

The func-

()
—1,4,q(-)"

We will prove that the functional ® is coercive. Let x € Wllp (+) o) with
|z|l1.q¢),p.() > 1. Using the condition (H3), we get

® is O and is sequentially weakly lower semicontinuous in W f ()

tional W is also C'' and is sequentially weakly upper semicontinuous in whr

n[x]
¢@=MMWZ%/%-

0

For z in W'? 1+q )
(H2), one has

Bz) > m (}jmx #3 L e |W>
zmwMQ@mmMMﬂ (@)

Hence, it follows from Proposition 2.7(2) that

with ||z||140)p.) > 1, from the above inequality, by using

|pk 1)

Therefore, ® is coercive.
+
Choosing K > ¢ and put 7 := momin{1,c} (£)” . One has r > inf ®(z).

zeX
Moreover, for all x € Wi’ﬁ(ﬁq(.) such that ®(z) < r, by (4.1), we get
1 r e\»"
SPE PR NS P £
PLaOp+0(2) S momin{1, c} (z) < momin{1, c} K

and so [|z||1,4¢)p, () < 1. Taking (3) of Proposition 2.7 and (4.1) into account,
one has

1 1

1 CI)(:(:) pt r pt
1210000 ) < (Prae)pe ()77 < (—) = <—) '
(4.2

momin{1, ¢} momin{1, c}

Then, by (2.1) and (4.2), we obtain
—
ol < Kllelgerno < & (mto)” =
momin{1, c}
It follows that
o7} (~o0,r) C {w e WY | such that |la]l < e}
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Therefore,
sup  W(x) = sup (k, max F'(k,t 4+ 1).
2€P~1(—c0,r) d(x)<r kz:; z:: t|<e
Since ®(0) = ¥(0) = 0, one has
sup  V(x) f‘ﬂgg F(k,t+1)
1/}(7‘) < zeP 1 (—o0,r) < k=1 =
r r

max F(k,t+ 1)

Krt Pt [t|<e
momin{1, c} er’
Hence,
momin{1, c} = - 1
kvt & — ()
max F(k,t + 1)
— [t|I<e
On the other hand, by (H4), one has
= e’
= < sup — < o0.
e>0
maxF(k: t+1) max F'(k,t+ 1)
- [t|<e — [t|<e
Thus, if we choose
= Mo min{1, c} sup P’
Ker e>0 = ’
max F'(k,t+ 1)
[t|<e

k=1

then by the above inequality, \* > 0. Therefore, owing to Theorem 2.9, for any
A € (0,\"), the functional I, admits one critical point =, € Wilp (J'r)jq(.) such that
P(xy) <.

Next, we prove that x, is nontrivial. From (H6), there exists a sequence {c,}

in Wlfi o) \ {0} with ¢, — 0 as n — oo, such that
F(ky,c, +1
liminf inf LU0l (4.3)
n—00 kocZ+t |cn|p

Let us fix K7 > 0. Choosing L such that

Kymy (patlead] + (cab)” (a2 +q(ko)))

L >
P |cnb|p_

(4.4)
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and using relation (4.3), we deduce that there exists a constant K5 > 0 such that
for any ky € Z", with |c,| > K3, one has

F(ko,c, +1

Flko,en +1)
|cal?

Moreover, there exists 0 < b < 1 such that

F(ko, cnb+ 1
% > L forall |¢,| > Ky and ko € Z*. (4.5)
C’I’L

On the other hand, set x, = ¢,7 for all n € N. Now, pick = € WP , defined

as follows.
z(k) == ’
#(k) {o it ke 2zt — {ko).

So, by (3.2), (3.3), (4.5), (H1) and (H3), we get ¥(z,,) = F(ko, c,b+1) > L|c,b|P
and

1+q

Q(ko)

d(x,) < Cn bpk°+—cnbp(k°))
(2] ( Flenbl + b+ 200

(ko)
my ( !l nb|+( il (G2+Q(ko))>-

IN

Consequently,
V() P~ Llcabl?”
() — (p a, |Cnb| + (enb)P” (ag + q(kO)))

Therefore, there exists a sequence {y,} C W o) Yn = 0 as n — oo such that,

D(yn)

— 00 as n — Q.

< A

for n large enough, y, € ®'(—o0,r) and for any A > 0, one has

Then, ®(y,) — A¥(y,) < 0.
So, it follows that

L(yn) = @(yn) — AV (yn) < 0.
Since z) is a global minimum of the restriction of Iy to ®~!(—o0,r), we obtain
I,\(x,\) < I,\(yn) < 0.

Hence, we conclude that x, is a nontrivial solution to the problem (1.4).
Finally, we claim that 1/p1 ¢()p. ()(zx) = 0 as A = oo. From I, = ® — AV, we
get

(@' (xa), ) = (Th(za),2a) + Ak, za(k) + Das(k).

Since z) is a critical point of I for any A € (0, \*), one has

(I\(z)),x) =0 forany A € (0, \¥).
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It follows that

(@ (x2), 22) = A [k, 2x(k) + Dz (k) for any X € (0,A%). (4.6)

On the other hand, condition (H5) implies the existence of a constant K3 > 0
such that

Z\fkm )+ D|za(k)] < Zmaxfkt—l—l)\:m( )|

[t|<T
< K3||$)\||17q(.)7p+(.) for any A € (0, )\*) (4.7)
Since I is coercive, it follows that the sequence {z,} is bounded in Wif &)7q(_).
Then,
Hx/\Hl,q(-),er(') < C* for any A€ (0, /\*), (48)

where C* > 0 is a constant number.
Moreover, by (3.5) and (H2), one has

(®'(x2),22) > M (ges]) min{l,c} | [Axy(k — 1)P* 1)+Z k)| (k) [P
k=1
> M (n[zy]) p~ min{1, c}p1q0)py ) (@) (4.9)

Hence, by (4.6)-(4.9), for any A € (0, \*), we get
M (glza]) p~ min{1c)

> - (4.10)
PLa0) w1+ () (T2) AKGC
Thus, it follows from (3.14) and (4.10) that, as A — oo,
1/ prgeype ) (@n) = 0.
The proof of Theorem 4.1 is complete. 0

5. EXISTENCE OF TWO NONTRIVIAL HETEROCLINIC SOLUTIONS

To prove that problem (1.4) has at least two nontrivial heteroclinic solutions,
we apply Theorem 2.10.
We assume the following additional assumptions.

Sk, t+1)

. — . +
(HT7) 1;1% N 0 uniformly for all k € Z*.
(H) sup |F(-,t+1)| € IL, , for all p> 0.
[t|<p
F(k,t+1
(H9) limsup % < 0 uniformly for all k € Z*.
[t|—o0

(H10) F(m,d+ 1) > 0 for some m € Z*, d € R.
One has the following result.

Theorem 5.1. Assume that the hypotheses (H1)-(H3) and (H7)-(H10) are ful-
filled. Then, the problem (1.4) has at least two nontrivial solutions for all X > 0.
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For the proof of Theorem 5.1, one needs the following lemma.

Lemma 5.2. Assume that (H2)-(H3) and (H8)-(H9) hold true. Then, the func-
tional I 1s coercive and satisfies the Palais-Smale condition for all A > 0.

Proof. Let us fix A > 0. We first show that I is coercive. By (H9), for all
0 < € < moqo/(2PAp™), there exists p > 0 such that

mOQO | |p(k mOQ(k) |t|p(k)

Fk,t+1) < et < 2
(ot 1) < et < o w1 = 5o

forall k € Z* and all ¢t € R, with |t| > p.
Besides, by (H8) there exists o € I', , such that

|F(k,t+1)| < u(k), forallk € Z™ and all t € [—p,p].

So, it follows that

3
Flk,t+1) < %W“ + u(k), for all (k,t) € Z™ x R.

Let z € Wif&{q(_) with ||2[[1,4()p, ) > 1. The above inequality, Proposition 2.7(2)
and assumptions (H2)-(H3) yield

n[x]
I\(x) zmo/df—)\ > Fka(k =X > F(ka(k)+1)
0 [2(k)]>p o (k)|<p

[e.9]

(me —1|p kz l]z )_%Z%’x<kﬂp(k)

—AZu(kJ)

. 1 -
> mpmin {c 1—2—p} HxHiq(_),m(.)—)\HMHP_H — 00 a8 [|z][1,q()p4 () = 00,

since p~ > 1. Therefore, I is coercive.

Now, we prove that I, satisfies the Palais-Smale condition. Let {x,} C W 2l + q()
be a (PS)-sequence such that {I(z,)} is bounded and |1} (a:n)||< e Y’ — 0.

—1+rJ()

Since I, is coercive, we get that the sequence {z,} is bounded in whe Up

Lp()
—14,q(-

-1 + q( )
to a subsequence, x,, — x weakly in W ) and x, — x strongly in PO

From I, = & — \V¥, we see that
(D (), xn — ) = (I3(20), X0 — ) + X (V' (2,), 2, — ),

—1,4,q()"

therefore

(D' (x,) — D' (2), xp, — ) = (I\(20), xn — ) + N (V' (2,), 2, — ) . (5.1)
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. / o : : lvp()
Since HI)‘(x"”l(Wi’fﬁ),q(A))* — 0 and {z, — «} is bounded in W7/, we deduce

by the inequality | ((r, )., — )| < |5 (.)l (10 -l = o] that
—1,+,q9(-)

(I\(z),xp — ) = 0 as n — oo.

Lp()

Next, using the compact embedding W™} Sl

n — oo,

) < lp ()’ it follows that, as

(W' (), 20 — ) = Y f(k, 20 (k) + 1) (20 — 2)(k) = 0.

Hence, by relation (5.1), one has
lim (®'(z,) — ®'(x), z, —x) = 0.

n—oo

By the strict monotonicity of &', we get
lim sup(®'(x,,) — ' (z), x, — x) = lim (P'(x,) — ®'(x), 2, — ) = 0.

n—oo n—00

We conclude that
lim sup(®'(z,,) — ®'(x), x, — ) <0

n—oo
and then from condition (Sy), x, — « strongly in Wilp (J'r)q(.). O]

Proof. of Theorem 5.1
Note that 1,(0) = 0. Moreover, from Lemma 5.2, I, satisfies the Palais-Smale
condition. The rest of the proof is divided into two steps.

Step 1. We first show that 0 is a strict local minimizer of I for all A > 0. Fix
0 < e < mpqo/(2PAp™). Condition (H7) implies that there exists o € (0,1) such
that

Fk,t+1) < et]”” < eltf'™ forallk € Z and all |t| < o. (5.2)
Set ry = KU and r; = 2{min{1,c}}1/ﬁr2' For + ¢ W lerq 0 with r <

Zl1,4()ps() < T2, by (2.1) and Lemma 2.1, it follows that

|z||o < o forallx € By,

where B, = {:1: € Wli"’+ 4 such that [|zfle < 0}.

Using (5.2), (H2) and (H3), we deduce that

o(k — p(k—1) >
I(z) > < Z ’A D) ’ Z% |pk)> —)\EZ|$

) pt
> momin{l, c}ry — Ae@ﬂg(-mm(m)

(mo Aep™ ) 5
- 7”2 .
2p qo

Vv
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Therefore,

Aept\ 5
inf L(z)=a> (ﬂ— L >r§>0,

r1i<|l@llig(),py () ST2 2P qo
P . p- 0t
where ry = min ¢y , 15 ».

Now, show that 0 is not a global minimizer for I,. By (H10), we get
F(m,d+1) >0 for somem € Z*, d € R. (5.3)
On the other hand, set ¢y = de,, with ¢,, in (3.9). Now, choose

my (af ld] + 4= (a2 + q(m)))
F(m,d+1)
Then, by (3.2)-(3.4), (H1) and (H3), one has

A >

p(m)

Lir) < m (af!d|+ rd|p<m>+m)\drp<m>)—AF(m,dH)

p(m)
< m <af|d! + C;i_ (ag + q(m))) — AF(m,d+1).

Therefore, I)(xg) < 0 for all A satisfying (5.4). Consequently, 0 is not a global
minimizer for 1.

Step 2. We prove that for any A satisfying (5.4), I has a global minimizer.
Choose ¢ € R such that I(zg) < 0 < 0. Let

M = {a: € Wi’f(ﬁq(.) such that I)(z) < g}.

One has M # @. By Lemma 5.2, it follows that I, is coercive and satisfies
the Palais-Smale condition, hence I, is bounded from below. We prove that I,
is bounded below on M. For that, assume by contradiction that there exists a
sequence {x,} in M such that

I\(x,) - —c0 as n — oo.
Since {x,} is a bounded sequence in M, then there exists a subsequence still
denoted by {x,} such that

p(°)

2, — zin WY and z, — zin P

71’+7q()
Using (3.6) and Lemma 3.4, we assert that

liminf I (z,) > I\(z).
n—oQ
On the other hand, set ¢ = in]\f/[ I\(z) = inf  I,(xz). Now, let {z,} be a
ze

sequence in M such that
I\(xz,) = ¢ as n — oo.

As before, we obtain that up to a subsequence

T, — % in Wi’f’(ﬁ’q(_) and x, — & in l’i(i)ﬂﬁq(.),
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~, 1>p()
for some = € W—17+,q(~)'
of I,. By Theorem 2.10, there exists a critical point & € Wif (J'r) o) of I such that
I\(%) > «. Hence, it follows that & # &. Thus, our problem (1.4) has at least
two nontrivial solutions. O

Consequently, I)(#) = ¢ < 0 and thus & is a critical point

Acknowledgement. Acknowledgements could be placed at the end of the
text but precede the references.
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