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SOME RESULTS ON ULTRADIFFERNTIAL CONVOLUTION
PROPERTY OF ULTRADISTRIBUTIONS

ANSLEM UCHE AMAONYEIRO! AND KENNETH IFEANYT ISIFE?*

ABSTRACT. We consider some sequential conditions for the convolvability of
two ultradistributions, specifically the Roumieu ultradistributions defined on
the space of all ultradifferentiable functions in the space of ultradistributions
and show the similarities between these conditions in the sense of Mincheva-
Kaminska S. The sequential conditions are based on the use of approximate
identities which satisfy certain conditions to be a Banach algebra for the space.
We present an equivalent result involving the convolution of the differentiability
of two Roumieu ultradistributions with equivalent norm condition.

1. INTRODUCTION AND PRELIMINARIES

The extended form of generalized functions called ultradistributions has become
one of the top analysis areas of mathematics. Several investigations concern-
ing the tensor product and convolutions of different classes (such as Beurling and
Roumieu type) in the non-quasianalytic form have been carried, with refinements,
by Dimovski et al. in [7]. In the work, the authors established some accepted
definitions and presented some fundamental results of convolution of a class of
ultradistributions called Roumieu ultradistributions in a way analogous to the
known general approaches of Chevalley and Schwartz in case of distributions.
Also, several general sequential conditions for the convolvability of Roumieu ul-
tradistributions on R™ have been carried out by Svetlana in [2]. The author
presented that the two classes are equivalent in the sense of Pilipovic and Pran-
goski, and the conditions presented were based on the use of approximate units.
For more details, see recent concerning the quasianalytic case in [2, 4].

The purpose of this work is to present net conditions with its significant role in
the tensor product and convolution of Roumieu ultradistributions, and present
some equivalent results to those used in sequential approach to ultradistribu-
tions (see [2])and Beurling type ultradistributions (see [10]). The conditions to
be considered are basically established with the use of approximate identities in
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equivalence to the types of R-approximate units as counterparts of the used ap-
proximate units in the sense of Dierolf and Voigt (see [6]). The two classes UM}

and E{MP} of the approximate identities are used in the equivalent sequential
characterizations of the integrable ultradistributions, analogous to that proved
by Pilipovic in [12]. As a result, we give in this work sequential definitions of
the tensor product and convolutions of Roumieu ultradistributions. We prove in
many results that sequential approaches are equivalent to the ones defined using
the approximate identities like the Fejer kernel.

An important of aspect of this work is presented in the refinements of the condi-
tions placed on the defining sequences, and an inverse norm has been established
analogous to the one used in [2].

It is worth to recall that Mincheva-Kamitinska in [2] and Pilipovic in [12] used dif-
ferent classes of approximate units to characterize the same property in the cases
of convolution of Roumieu ultradistributions and Beurling ultradistributions, re-
spectively. Our proofs presented is based on equivalent notions with essential
concern on the Roumieu ultradistributions via the definition of the approximate
identities such as the Fejer kernel. The motivation for this work is derived on
based on the convolution of ultradistributions through the sequential approach
as seen in [2].

We present some vital definitions. In this sequel, we consider the C'*°-functions
and Roumieu ultradistributions defined on n-dimensional Euclidean space R"
with the use of the multi-dimensional notation in R"™.

With consideration given to the dimension of R", we denote the relevant space
of test functions and the corresponding space of ultrdistributions of the Roumieu
type by simply adding the index n at the end of the respective symbol. The
constant function 1 defined on R™ can also be denoted by 1,, and the value of the
ultradistribution 7" € D;{Mp} defined on the space of test functions ¢ € DiM”} by

(T, ¢). In the sequel, we may consider the respective spaces without n as with
D{Mp}_

Definition 1.1. The definitions of the spaces of the test functions and Roumieu
ultradistributions are given by the sequence (M),)yen, of positive numbers. The

extended conditions or the equivalent conditions to the conditions given in [2]
imposed on the sequence (M,) are given below:

(M.1) M2, < M,M,5 or 12— < M, provided M,,, # 0 for all p € N,

My —
M,
(M2) M, < AHng for § >1

(M.2") MMLZI < AHP™! provided M, # 0

M
WEY T < AgM, My, for g € N\ {0,1}

p+1

p=q—1
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o0

M
(M.3) g P < oo
p+1

p=0
for some constants A > 0 and H > 0. Conditions (M.2’) and (M.3’) are equivalent
to the conditions (M.2) and (M.3) respectively.

Remark 1.2. For clarity sake, we will assume that the sequence stated above
satisfies the extended conditions and their equivalents as presented above. It
follows that some of the conditions defined can be proved using the induction
hypothesis (see [12]).

It will be convenient to extend the defined sequence (M,),en, to the sequence
with dimension n as (Mj)rens. We define the length of & as contained in the
formula:

Mg = My, kytothn, k= (k1o kn) € Nj

Definition 1.3. The associated function of the sequence (M,) as defined in [2]
can be refined in an equivalent form as

M(p) = s;ll\% (log+ <%>> = piEHI\E) (@) B pienlgo (lOng <%>>
for p>0 and p? #D0.

We denote the differential operator DIl of the form, for the arbitrary k =
(kh T 7kn) € Ngu

1 0 \k 1 O \kn
DIkl — pkitkettkn _ Dk pk2 . Dk — (__) (_ ) )
! 2 " i 01y 1 0wy,

The monotonously increasing numerical sequences to infinity are considered. The
class of such sequence is considered in this work for clear understanding.

Definition 1.4. We define the product sequence (R,) corresponding to the class
of sequences (r,)pen, € R with the initial condition as ry = 1 as the elements of

p
the form: (R,) := {Rp 'R, = Hn}

=0
Recall the following similar form which establishes the symmetry of two assertions

as presented below:

Lemma 1.5. Let (a)gn, be a sequence of nonnegative numbers.

(I) The following two conditions are equivalent:
Qg

(A1) 3h >0 :up 7E <%0
€Np
ag )
1 ’
(B1) 3(rx) € R sup — < o0
keNg k

(I1) The following two conditions are equivalent:
(A3) 3h >0  sup(hfay) < oo,

keNy
(Bg) I(rx) € R sup(Rray) < 00;
keNy

where (Ry,) is the product sequence corresponding to the sequence (1) € R.
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We now present the equivalent form of the Lemma 1.5 which emphasizes the
symmetry of the two assertions. Before we present the equivalent result to the
Lemma, we shall use one of the properties of supremum and infimum for sequences
below:

Proposition 1.6. Let S be a subset of the real numbers which is bounded from
below such that inf S > 0. Let % denote the subset of the real numbers defined as

1 1
follows: 5= {E tx € S}. Then we have

(Ly= 1
SUPVS) T nf S

Lemma 1.7. Let (a,)nn, be a sequence of nonnegative numbers.

(I) The following two conditions are equivalent:

h
(A7) 3h >0 inf — < o0,
n€Ng Ay,
R
B 3(r, inf 27 < oo
(By) A(rn) €R nf o < 00
(IT) The following two conditions are equivalent:

. . 1 : "

(A5) 3h >0 nléleo(h"—an) < oo provided h"a, # 0,
B3) 4 inf
(B3) Arm) €R- i (5
where (R,,) is the product sequence corresponding to the sequence (r,) € R.

) < 00

Remark 1.8. Recall that Lemma 1.5 delivers the two characterizations which is
dual to each other by using the concept of Lemma 1.7. The sequence defined
above is of the slow increasing property satisfying condition (Aj), and of the
rapid decreasing property satisfying condition (Aj). The conditions are expressed
via the basic properties of the sequences of numbers, also described by product
sequences corresponding to sequences of the class R.

With the concept of majorization technique, one can prove the following inequal-
ity.
Lemma 1.9. For every (r,) € R, the following inequality holds:

(ror) - (rori72) "'(7“0"'7%)} . [(7“07“1) (rorirs) - - (TO...TZ)]

< [(7"0+07”1+1) “(Togor1417T242) <+ - (Toso0 - - 'Tk+l)] (1.1)

where the product sequence (r,) is the corresponding sequence to the product se-
quence (R,) defined previously.

We can define some of the properties of the sequence (r,) € R using the following
notation:

A(rp) = (7p), where 7,=1 and 7, =M, for peN (1.2)
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2. THE NOTION OF ULTRADISTRIBUTIONS AND ULTRADIFFERENTIABLE
FuNCTIONS

In this section, we consider some introductory concepts about ultradifferen-
tiable functions with some terminologies. We give the inverse norm defined for
the space of ultradistributions.

In the sequel, take ¢ be a complex-valued function defined on R", and a compact
subset K in R™. We define previous norms as

[@lloc == sup [p()];  [lellx == sup |p(z)]
zEeR? zeK
Equivalently, we can re-define the norms as follow:

lolloe := inf (|¢(1x)|>5 el := nf <|<p(1:z:)|>

provided inf ¢ < oo.
Now, for a given sequence (M,), compact subset K € R™ and a constant h > 0,

the locally convex space of all C*°-functions ¢ on R", denoted by Sl{(ﬂff ,}l with its
topology can be defined by the family of semi-norms defined by

hlnan
. = inf (— 2.1
i) = inf (5 ) (2.1)

such that it is finite. The definition is valid provided |D"p| # 0 since ¢ has
support in K.

Definition 2.1. Let the sequence (M,) be fixed. The locally convex space of
ultradifferentiable functions defined on R is defined by the following topologies

Mp}y . g My Py e— 15 Mp} .
IDE(,TL} T hg ’Di(,h,’}z DT{LM} T hgl'l ,D%,n}zﬂ (22)
h—o0 KCR»
MY .— Jim lim £ (2.3)
= Al

We also define the Banach space of all C*°-functions ¢ defined on R"™ with the
following inductive limit topology and the equivalent norm to the norm defined
in [2] as follow:

DY~ Jim DI

such that the following equivalent norm is finite

il = inf { (1D%])) " REM < € N ) (24)

With the consideration of the sequences (M,) and (r,) € R, The Banach space,

denoted by Dgw(ii) .» is the space of all infinitely continuously differentiable func-
tions defined on R™ with support in the compact subset K such that

._ D ¢l . ¢ Ry M,
||90||K,(rp) = 8up 5, inf —————

— 2.5
o R My neby [DRollx (2:5)
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The following result is an equivalent result to the result due to Mincheva-Kaminska
[2].
Proposition 2.2. The following equality is established

My, L . My,
D}(,TL} T I&n D}{(,(ri),n

For a given sequence (M,,), the following projective description of the space Dg{”i
as the smallest topology generated by the family of the seminorms given by

D — D)

Loo7n Loo’(rp)7n

where the equality holds in the sense of locally convex space. We denote by B

DM} i D)

the completion of in Dy,

{Mp}

The following assertion concerns the product of functions in D, -

)n Which is
analogous to the result proved in [11].

Proposition 2.3. Let 1,0y € Dgg”i Then o1 - g € Dgg”,}; Moreover, for

every (rp) € R such that ry > 2 the inequality holds:
11 - wallawy) < llealley) - lealle) (2.6)

Similarly, we have following important assertion is as result of Minkowski’s in-
equality

Proposition 2.4. Let ¢, € Dg/o[”i Then p1 + pg € Dﬁ.{ﬂ,{ Moreover, for
every (rp) € R such that 1 > 2 the inequality holds:

le1 + @2l < llerll) + lle2lley) (2.7)
with ﬁ + 2 1 for % + % =1 and it 1s finite.

m:

We now introduce the notion of Roumieu ultradistributions

3. RouMIEU ULTRADISTRIBUTIONS

In this section, we introduce the concept of a special type of ultradistribu-
tions called Roumieu ultradistributions having dicussed the ultradifferentiable
functions defined on finite dimensional Euclidean space R™.

Definition 3.1. The strong dual of the space DM }, denoted by D;L{M” }, is called
the space of Roumieu ultradistributions.

The space of Roumieu integrable ultradistributions, denoted by D;lM ”}, is the

strong dual of the space B;{LMP}.

Remark 3.2. The respective inclusion mapping between the spaces DMr} and

BMr} since the space DIMr} is dense in B{M»}. Furthermore, the space of Roumieu

DM}
Ll

integrable ultradistributions is the subspace of the space of Roumieu ul-

tradistributions D' tM»}

In replace of the R-approximate unit, we define the approximate identity in the
space of ultradifferentiable functions.
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Definition 3.3. A sequence (u,) of ultradifferentiable functions (u,) € DM i
called an R-approximate identity in DM if and only if

lim |ju, * f — f]| =0 Vf e DM}
n—o0

Equivalently, the sequence is called an R-approximate identity in DT{lMp} if it

converges to 1 in MY guch that for every product sequence (r,) € R we have
the following:

sup ||t (r,) = sup inf <R|k|Mk(HDkunH)‘l) < 00 (3.1)
neN k€No

Definition 3.4. The R-approximate identity is called a special R-approximate
identity if V. compact K CR"™ and >0 3 npeN 3

lup(x) — 1| <e Vn#ny and z€ K.

Denote the class of all R-approximate identities defined on R™ and class of all

;{LMP}

special R-approximate identities defined on R™ by U and ET{IMP} respectively.

The defined approximate identity can satisfies the following properties as depicted
in the result below:

Theorem 3.5. Suppose that the sequence (u,) € DiMp} has the following prop-
erties

(i) sup [|unller,) < o0
neN

(i) o [ u,(z)de =1

(i) 0<d<m = [77°

0 |t (2)|dx =0

Then (u,) is an R-approzimate identity for the Banach algebra DM
Remark 3.6. An example of the approximate identity is given by the Fejer kernels

defined by
bl i
Fo(z) = (1 - —) ije
(=3 (1-57)
li|<n
The above approximate identity can also be shown that

sin(™Hz)\ 2
Fulw) = n—1|—1< sin(1z) ) '

4. NOTION OF INTEGRABLE ROUMIEU ULTRADISTRIBUTIONS

We formulate some characterizations of integrable Roumieu ultradistributions
in different equivalent forms using the concept of the R-approximate identities,
which are analogous to the results of Svetlana, and Dierolf and Voigt involving
integrable ultradistributions and integrable distributions, respectively. We also
use the concept of the Beurling class of ultradistributions as given in [12]. The
proofs of the respective results are as well given in [2] and [11].

Now we present the equivalent result of the theorem 5.1 in [2].
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Proposition 4.1. Given T € D;Z{Mp}. The we have the following equivalent
statements:

(A) T € D,fyﬁ} is continuous on DY in the topology induced by B, if
there are a sequence (r,) € R and a constant C' > 0 such that the following
inequality holds for all ultradifferentiable functions ¢ € D;gM”};

= Cllelle,) < (T, 9) < Clielle,) (4.1)

Similarly, we have the satisfying condition imposed on T’
T r
C — sup ( (T, ) ) ~ inf (HMI( p>)
o0 M@l /e N (T, )

(B) there is a sequence (r,) € R such that for every ¢ > 0, there exists a
compact subset K in R™ such that the following condition is satisfied:

elellp) £>0
(T, )| = )
—ellelly —e<0

with suppp N K = 0);
(C) for every (u,) € U;{LMP}, the sequence ((T',u,))nen is Cauchy;
(D) for every (u,) € ﬁiMp}, the sequence ((T', ) )nen is Cauchy;
(E) there are a sequence (r,) € R, a constant C' > 0 and a regular compact K
such that inequality (5.1) holds for ¢ € DM with supppe N K = (.
Moreover, if T satisfies any of the stated conditions (A)-(E), then

nlgrolo |t T =T,y = nhi& |t T — T,y =0

for arbitrary (u,) € UM and () € UiMp}~

In the next section, we formulate some extended and equivalent conditions of
convolvability of Roumieu ultradistributions.

5. EQUIVALENT SEQUENTIAL CONVOLUTIONS OF ROUMIEU
ULTRADISTRIBUTIONS

Having introduced the concept of R-approximate identity, it makes it easy to

consider several definitions of the convolutions of Roumieu ultradistributions with
reference to the conditions of convolutions. These conditions require some level of
correspondence of Roumieu ultradistributions via certain approximate identities
such as the Fejer kernels such that they are Cauchy sequences.
We will present some result on equivalence of convolvability of Roumiue ultra-
distributions as proved in [13], and prove that all the sequential definitions in
the form of approximate identities are equivalent to the general convolution of
Roumieu ultradistributions in the sense of Pilipovic and Prangoski [13]. The
proof will be established based on the integrability result presented previously.
The study of the convolution of Roumieu ultradistributions was actually based on
the € tensor product of the concerned spaces of test functions with some results
proved in [2] and [13].
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The locally convex space DX (M) " equipped with the topology defined by the family
{494,y - 9 € Co, (1) € R} of seminorms defined by

|g(2) D* ()]
o (r = sup sup -1
or2) () keNp zerr Ry My,

is denoted by D{ My} " and the strong dual of the space D{ } is given by <D{LMP}>

which is equal to DL{1 n”} )
The definition of the convolution of two Roumieu ultradistributions is given below
as contained in [13].

Definition 5.1. The two Roumieu ultradistributions S and 7" are convolvable if
the following condition is satisfied

(C) V,:=(S@T)p” V ¢c DM}
where ©” is the function of the class &,, WMo} defined by
P (zy) = p(x+y), zyeR" (5.1)

If S, T are convolvable, then the convolution S*7T of S and T in DLL{M”} is defined
by
<S * Tv (10> = <V<pa 12n>2na @ S D7{1MP} (52)

Definition 5.2. Let (u,) be an approximate identity. Let S,7T € DM Then

for every ¢ € D{gM”}, the convolution of S and 7' is attained in the sense of the
following conditions below:

(P) ((S @ T, unp™) n) is Cauchy for all (u,) € UM

Q) ((( S)® (uT), ¢ >2n) is Cauchy for all (u}) € UM

(R) ({(4aS) ® T, %)) is Canchy for all (u,) € U

(S) ((S ® (u,T), cp%n) is Cauchy for all (u,) € USM,
respectively.

Consider the following definition of convolution of tow Roumieu ultradistribu-
tions in the sense of the conditions (P-S) as stated in the definition above.

Definition 5.3. Assume that S,T € DM} are convolvable in the sense of the
conditions (P-S) respectively, then the convolution of the two ultradistributions
in the sense of the stated respective conditions is defined by the corresponding
formular below

S®T, “n‘PA>2n> is Cauchy for all (u,) € U{MP}

(,9) @ (unT), so%n) is Cauchy for all (u!) € USM
(UnS) © T, 6%)2n) is Canehy for all (u,) € US™;

(S @ (uaT), @A>2n> is Cauchy for all (u,) € UEMP};
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respectively.

Remark 5.4. In this case defined above, the modified conditions of the additional

definitions of the convolution in D, replaces the definitions 7.1 and 7.2 in [2]
with the introduction of the R-approximate identities by the respective classes.
This modifies conditions, basically using the Fejer kernels, lead to equivalent se-
quential conditions of the convolution in D;L{M"} which also serve as counterparts
of the definitions of convolution in distributions. These are equivalent.

Also, the sequential definitions of convolution of S and T as presented in Defini-
tion 5.3 under the respective corresponding conditions do not necessarily depend
on the choice of the approximate identity even though we gave an example of
approximate identity as Fejer kernel.

The next theorem will be an equivalent result to the one proved in [2] as Theo-
rem 7.1, which states that all the conditions for the convolutions of two Roumieu
ultradistributions are all the same.

Consider the following result.

Theorem 5.5. Let S, T € D:@{MF}. Each of the following two conditions of tensor
product and convolutions is equivalent to condition (C) of convolvability of S and
T:

(C1) (S®T)xp=S(Txp) e DL for all p € DM,
(C2) (T ®S)xp= (5‘ x )T € Dz{lﬂﬁf’} for all p € DM
Furthermore, if any of the conditions (C), (C1), (C2) hold, then we have
(S* T, 0 = ((S@T) % o, Ln)n = (T © ) 0, 1) (5-3)

Theorem 5.6. Given that all the conditions formulated in Definition 5.3 are
equivalent to the condition (C) of the convolvability of ultradistributions. Assume
that one of the conditions is true, then all corresponding convolutions of Roumieu

ultradistributions S and T exist in D;L{M”}. Then the equalities hold
SET=T%8=85%T=8%T
with commutative law satisfied.

Proof. Let S,T € D;L{M”} be two Roumieu ultradistributions. We will prove that
all the convolution definitions are equivalent in the sense of the R-approximate
identities. To do this, we will follow the scheme of implications below:

(@) — (C1)
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Assume that the first condition (P) is satisfied, that is, for a fixed ¢ € DiMp},
then there a number o € C such that

lim (S @ T, up, 0™ )on = (S T, ") = « (5.4)

n—oo

since u,, — 1 as n — oo for all (u,) € UM,
We show that (P) implies both (Q) and (R). To see this, fix (ul), (u2) € UM,
Then (u,)p” € Ug\f"} for n € N. From the simple property of the tensor product
in DM and DM , we get the following equality,

<<u71LS) ® (UZT), (pA>2n - <S &® T7 unSOA>2n
By taking the double limit, we have

lirLl (urS) @ (WA T), p™)on = (ST, ™) on

for all p € DM and n € N. Then (P) = (@) and thus, we have

(SET @) = (SET, )0 = (TS S, ) (5.5)
since * is commutative in the sense of the conditions of the approximate identities.
Next, we show that (P) = (R). Similarly, fix (u,) € UM Then u,p? €

Uéfy "} for n € N. From the notion of the e-tensor product in D,, and Ds,, we
have

n—oo

= lim (T ® u, S, =) an
n—oo
= (T ® lim u,S, ")an
n— o0
=(T®85,¢)n=(S®T,¢%)n

Next, we assume (@) and (R), and show that they imply (C1) and (C2), respec-
tively. To see this, fist assume (Q), that is, ({(ulS) ® (u3T), p*)a,) is Cauchy.
Let (ul), (u?) € UM Then for o € C and fix n € N, then for the limit, we
have

i (427) @ (1), )0 = () & 5. )
Then since u2,7 — T in D, as m — 0o and
supp[((12,7) @ (u1,8)) - ] Csupp|((WET)©5)-9*] ¥ nmeN

since the support is compact.
Consequently, we have

lim ((unT) @ S,9%)20 = lim (S ® (unT), ¢")2n

%

= (SR T,¢%)n = (S(T % ¢), 1n)n
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for all (uy) € UL and ¢ € D,. That is,

v

(T3S, 0)n = (S(T* ), L)

Thus we have shown that (@) implies (C1).
by symmetry, we conclude that (R) = (C2) as we have

(TS, ¢), = (S

*T, ), € DM

Thus

(T % S, 00 = (S T, 0)n = (S % )T, 1) (5.6)
which are true under conditions (Q) and (S), respectively.
Finally, we show that (C) == (P). Assume that (C) holds, that is, (S®T)p> €

DIL{%’; b To do this, fix (u,) € UM and take the limit

Hm (S @ T, tpp™)on = (S @ T, lim ™2,
n—oo n—roo
—_ <S ® T, @A>n

since supp[(S @ T)u,p”] C supp[(S @ T)p?]. This completes the proof that all
the conditions in Definition 5.3 are equivalent via the use of the R-approximate
identities. U

6. MAIN RESULTS

In this section, we will present an equivalent result involving the convolution
of the operation of the differentiability of two ultradistributions. We start with
the definition of the ultradifferentiable operator.

Definition 6.1. We define an ultradifferential operator of class {M,} of order p
as an operator of the form
P(D)= ) aD" c¢eC (6.1)
[k|<p

if for every L > 0 there is a constant depending on L, C', such that the following
inequality holds
|Npep| < LFM, ke Ny

where C;' = N, > 0 and D* = o

Oyl oxkn
The condition in Definition 6.1 can be presented in an equivalent form as
i%f(Lk(MkNL)‘l) < 00
In other words, an ultradifferential operator of the form (6.1) is of class {M,} if
there are C' > 0 and (u,) € R such that
(U Mi) e <C, ke Ng (6.2)
The above operator P(D) defines the respective continuous mappings D,{IMP} —

DM and DM — DM The series P(D)S converges absolutely in the
following sense:
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(P(D)S, u, ™) = < Z e, D*S, ung0A>

|k|<p
<S > (=)D (erp™ yu, Big)
|k[<p

Applying the limit as n — oo and absolute value condition, we have

(S, Z|k|§p D¥(exp®)).
Before we present the important result, we state the useful result in an alternative
form as in [13]:

Lemma 6.2. For every approxzimate identity (s,) € R, there exists a sequence
(up) € R such that u, < s, for p € N and

gp}r%q < 2P%4 provided R,R, #0, ¥V p,qeNy ug=1 (6.3)

Theorem 6.3. Let P(D) be an ultradifferential operator of class {M,}. For every

S, T € DM, then convolution holds in both P(D) with T and S with P(D)T
wn the following form:

S e 79 D) = Y D ST = 5e Y DT (64)

k| <p |kl <p

Proof. We show that both P(D)S and 7', and as well as S and P(D)T are con-
volvable.

To see this, let S,T € D;;{Mp ! be convolvable. Using the definition of the ultrad-
ifferential operator of order p and S * 7" and then, we have

< Z cxDM(S *T)vQDA> — <(S xT), Z(_l)llek(ck(pA)>

[k|<p =
= ((8®T) 3 (~1)" D cxg™), Tan)
[k|<p
- nh—{go <(S ®T), un [ Z (_1>|k|Dk(ck@A)} >2n

|k|<p
for all (u,) € @énMP} and ¢ € DYV
We show that the sequence ((P (D)S®T, unnpA)) is convergent. Let (P(D)S®
neN
T, u,®) be given. Then Ve > 0 there is ng € N such that

‘(P(D)S ® T, unp™) — [(P(D)S & T, u<pA>‘

_ ‘<(S®T) ZDkaS®T,un<,0A> _<ZchkS®T,ug0A>‘

|kl<p |kl <p

‘<S®T Z |"3|Dk (crune > <S®T Z DM DF (cpup )>) <e

[k[<p [k|<p
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The above confirms the absolute convergence of the series. We also the inequali-
ties

P(=D)(u,”) = u, P(=D)p"> + v, (6.5)
on R?" for all n € N where v,, are certain functions in DiM”} such that
lim (S®T,v,) =0 (6.6)
n—o0

Using the Leibnitz rule in [1], then we get, V n € N, the equalities

PDe) = X (-1a X () (D)0 )?

|a|<p [B<a
= 0 S 0 (s
Ba |lal<p p

= u, P(—D)¢” + v,
on R?" with the function v,, defined for z,y € R" by

ot n) = 3 Dluntaty) Y0 (Y eraDeta ) 01

AN\{0} laf<p

Clearly, this shows that 1, depends on the initial sequence (u,).
Now, it suffices to show that |(S ® T)v, — (S ® T)v| < € for all n € N. Let

Y E DM be given such that p(z) = 1 for all € suppyp. By (6.7), we have
(ST, v,) = {((S®T)p> v,), neN
We show that for every (r,) € R
inf | < oo (6.8)

Since (uy,) € U{ Mo} and 6.8 implies

71116112 [T, + v < 00

Fix an arbitrary (r,) € R. Putting sy := max{ry, u;} for £ € N, we have
(sp) € R. By Lemma 6.2, there exists (r,) € R such that r; < s; and inequality
(6.3) hold. We have

r, > 16H? for peN (6.9)
where H > 1 is a constant from condition (M.2)
Let o € Ny be fixed arbitrarily. Fix n € N and (r,) € R as provided above, then
using the representation of v, (x + y), we have

(RiaMa) [ Dgvalloe < > Z( ) (Rlasivji Mavi) 1 DS |

1€N\{0} j<a

B+i - .
Z( i |casil - (Ripji Mpss) " I DEH 0% oo
BeN?

(Ria)) ™ Riawizj| Rpyj - (Mo) ™ Miasioj Mpyj.  (6.10)



160 ANSLEM UCHE AMAONYEIRO, KENNETH IFEANYT ISIFE

According to assumption 6.9 and the part of the proof in [2], we have

inf ||vnl/¢r,y = inf inf Bto Mo < 00
noN ' (rv) n—N aeNj ||Dg‘Vn

and, since r, < si, we have
nlr_lg\] [Vnll(sp) < gg%”ynu(rp) <00
Hence the proof. O

Acknowledgement. The authors would like to gratefully appreciate those
who participated in the preparation of the manuscript for their remarks and
comments. This work was sponsored by the authors involved.

REFERENCES

1. Amaonyeiro, A. U. (2019). On The Extended Generalized Leibnitz Rule for Differentia-
bility of Distributions. International Journal of Science and Research. 8(6). Paper ID:
ART20197976. ISSN: 2319-7064. 1797-1799.

2. Mincheva-Kaminska, S. (2021). A sequential approach to the convolution of Roumieu ul-
tradistributions. Advances in Operator Theory 26(6). https://doi.org/10.48550/arXiv.
1911.00503

3. Debrouwere, A., Vindas, J. (2019). On weighted inductive limits of spaces of ultradiffer-
entiable functions and their duals. Math. Nachir. 292(3), 573-602. https://doi.org/10.
1002/mana.201700395

4. Debrouwere, A., Vindas, J. (2019). A projective descriptive of generalized Gelfand-
Shilov spaces of Roumieu type. Analysis, Probability, Applications, and Computa-
tion. Trends in Mathematics, pp. 407-417. Birhduser, Cham https://doi.org/10.1007/
978-3-030-04459-6_39

5. Debrouwere, A., Prangoski, B.., Vindas, J. (2019). On the projective description of spaces
of ultradifferentiable functions of Roumieu type. Preprint arXiv: 1912.11938 [math.FA]
https://doi.org/10.1007/978-3-030-87502-2_37

6. Dierolf, P., Voigt, J. (1976). Convolution and S*-convolution of distributions. Collect. Math.
29, 185-196. http://eudml.org/doc/43721

7. Dimovski, P., Pilipovic, S., Prangoski, Vindas, J. (2016) Convolution of ultradistributions
and ultradistribution spaces associated to translation-invariant Banach spaces. Kyoto J.
Math. 56(2), 401-440. https://doi.org/10.1215/21562261-3478916

8. Dimovski, P., Pilipovic, S., Prangoski, Vindas, J.(2015). On a class of translation-invariant
spaces of quasianalytic ultradistributions. Novi Sad J. Math. 45(1), 143-175. https://doi.
org/10.30755/nsjom.dans14.07

9. Kaminski, A. (1982). Convolution, product and Fourier transform of distributions. Stud.
Math. 74, 83-86. https://doi.org/10.4064/sm-74-1-83-96

10. Kamitiski, A., Perisic, D., Pilipovic, S. (1995). Existence theorems for convolution of
ultradistributions. Dissertationes Math. 340, 93-114. https://dx.doi.org/10.18778/
7525-971-1.05

11. Mincheva-Kaminski, S. (2019). Sequential conditionsof integrability of Roumieu ultradis-
tributions. Preprint arXiv.1910.14173v2 [math.FA] https://doi.org/arXiv:1910.14173

12. Pilipovie, S. (1991). On the convolution in the space of Beurling ultradistributions. Com-
ment. Math. Univ. St. Paul 40, 15-27. MR1104777

13. Pilipovic, S., Prangoski, B. (2014). On the convolution of Roumieu ultradistributions
through the e tensor product. Monatsh. Math, 173, 83-105. https://doi.org/10.1007/
s00605-013-0503-4


https://doi.org/10.48550/arXiv.1911.00503
https://doi.org/10.48550/arXiv.1911.00503
https://doi.org/10.1002/mana.201700395
https://doi.org/10.1002/mana.201700395
https://doi.org/10.1007/978-3-030-04459-6_39
https://doi.org/10.1007/978-3-030-04459-6_39
https://doi.org/10.1007/978-3-030-87502-2_37
http://eudml.org/doc/43721
https://doi.org/10.1215/21562261-3478916
https://doi.org/10.30755/nsjom.dans14.07
https://doi.org/10.30755/nsjom.dans14.07
https://doi.org/10.4064/sm-74-1-83-96
https://dx.doi.org/10.18778/7525-971-1.05
https://dx.doi.org/10.18778/7525-971-1.05
https://doi.org/arXiv:1910.14173
MR 1104777
https://doi.org/10.1007/s00605-013-0503-4
https://doi.org/10.1007/s00605-013-0503-4

RESULTS ON ULTRADIFFERNTIAL CONVOLUTION PROPERTY 161

! DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AGRICULTURE, MAKURDI, NIGERIA.
Email address: anslemamaonyeiro@uam.edu.ng

2 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AGRICULTURE, MAKURDI, NIGERIA.
Email address: kenneth.isife@uam.edu.ng



	1. Introduction and preliminaries
	2. The Notion of Ultradistributions and Ultradifferentiable Functions
	3. Roumieu Ultradistributions
	4. Notion of Integrable Roumieu Ultradistributions
	5. Equivalent Sequential Convolutions of Roumieu Ultradistributions
	6. Main Results
	References

