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SOME RESULTS ON ULTRADIFFERNTIAL CONVOLUTION
PROPERTY OF ULTRADISTRIBUTIONS

ANSLEM UCHE AMAONYEIRO1 AND KENNETH IFEANYI ISIFE2∗

Abstract. We consider some sequential conditions for the convolvability of
two ultradistributions, specifically the Roumieu ultradistributions defined on
the space of all ultradifferentiable functions in the space of ultradistributions
and show the similarities between these conditions in the sense of Mincheva-
Kaminska S. The sequential conditions are based on the use of approximate
identities which satisfy certain conditions to be a Banach algebra for the space.
We present an equivalent result involving the convolution of the differentiability
of two Roumieu ultradistributions with equivalent norm condition.

1. Introduction and preliminaries

The extended form of generalized functions called ultradistributions has become
one of the top analysis areas of mathematics. Several investigations concern-
ing the tensor product and convolutions of different classes (such as Beurling and
Roumieu type) in the non-quasianalytic form have been carried, with refinements,
by Dimovski et al. in [7]. In the work, the authors established some accepted
definitions and presented some fundamental results of convolution of a class of
ultradistributions called Roumieu ultradistributions in a way analogous to the
known general approaches of Chevalley and Schwartz in case of distributions.
Also, several general sequential conditions for the convolvability of Roumieu ul-
tradistributions on Rn have been carried out by Svetlana in [2]. The author
presented that the two classes are equivalent in the sense of Pilipovic and Pran-
goski, and the conditions presented were based on the use of approximate units.
For more details, see recent concerning the quasianalytic case in [2, 4].

The purpose of this work is to present net conditions with its significant role in
the tensor product and convolution of Roumieu ultradistributions, and present
some equivalent results to those used in sequential approach to ultradistribu-
tions (see [2])and Beurling type ultradistributions (see [10]). The conditions to
be considered are basically established with the use of approximate identities in
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equivalence to the types of R-approximate units as counterparts of the used ap-
proximate units in the sense of Dierolf and Voigt (see [6]). The two classes U{Mp}

and U{Mp}
of the approximate identities are used in the equivalent sequential

characterizations of the integrable ultradistributions, analogous to that proved
by Pilipovic in [12]. As a result, we give in this work sequential definitions of
the tensor product and convolutions of Roumieu ultradistributions. We prove in
many results that sequential approaches are equivalent to the ones defined using
the approximate identities like the Fejer kernel.

An important of aspect of this work is presented in the refinements of the condi-
tions placed on the defining sequences, and an inverse norm has been established
analogous to the one used in [2].

It is worth to recall that Mincheva-Kamin̆nska in [2] and Pilipovic in [12] used dif-
ferent classes of approximate units to characterize the same property in the cases
of convolution of Roumieu ultradistributions and Beurling ultradistributions, re-
spectively. Our proofs presented is based on equivalent notions with essential
concern on the Roumieu ultradistributions via the definition of the approximate
identities such as the Fejer kernel. The motivation for this work is derived on
based on the convolution of ultradistributions through the sequential approach
as seen in [2].

We present some vital definitions. In this sequel, we consider the C∞-functions
and Roumieu ultradistributions defined on n-dimensional Euclidean space Rn

with the use of the multi-dimensional notation in Rn.
With consideration given to the dimension of Rn, we denote the relevant space
of test functions and the corresponding space of ultrdistributions of the Roumieu
type by simply adding the index n at the end of the respective symbol. The
constant function 1 defined on Rn can also be denoted by 1n and the value of the

ultradistribution T ∈ D
′{Mp}
n defined on the space of test functions ϕ ∈ D{Mp}

n by
〈T, ϕ〉. In the sequel, we may consider the respective spaces without n as with
D{Mp}.

Definition 1.1. The definitions of the spaces of the test functions and Roumieu
ultradistributions are given by the sequence (Mp)p∈N0 of positive numbers. The
extended conditions or the equivalent conditions to the conditions given in [2]
imposed on the sequence (Mp) are given below:

(M.1) M2
p+1 ≤MpMp+2 or

M2
p

Mp+1
≤Mp−1 provided Mp+1 6= 0 for all p ∈ N0

(M.2) Mp

Mq
≤ AHpM p

q
for p

q
≥ 1

(M.2’) Mp+1

Mp
≤ AHp+1 provided Mp 6= 0

(M.3)
∞∑

p=q−1

Mp

Mp+1

≤ AqMqMq+1 for q ∈ N \ {0, 1}
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(M.3’)
∞∑
p=0

Mp

Mp+1

<∞

for some constants A > 0 and H > 0. Conditions (M.2’) and (M.3’) are equivalent
to the conditions (M.2) and (M.3) respectively.

Remark 1.2. For clarity sake, we will assume that the sequence stated above
satisfies the extended conditions and their equivalents as presented above. It
follows that some of the conditions defined can be proved using the induction
hypothesis (see [12]).
It will be convenient to extend the defined sequence (Mp)p∈N0 to the sequence
with dimension n as (Mk)k∈Nn

0
. We define the length of k as contained in the

formula:

M|k| := Mk1+k2+···+kn , k = (k1, · · · , kn) ∈ Nn
0

Definition 1.3. The associated function of the sequence (Mp) as defined in [2]
can be refined in an equivalent form as

M(ρ) = sup
p∈N0

(
log+

( ρp
Mp

))
= inf

p∈N0

( 1

log+( ρ
p

Mp
)

)
= inf

p∈N0

(
log+

(Mp

ρp

))
for ρ > 0 and ρp 6= 0.
We denote the differential operator D|k| of the form, for the arbitrary k =
(k1, · · · , kn) ∈ Nn

0 ,

D|k| = Dk1+k2+···+kn = Dk1
1 ·Dk2

2 · · ·Dkn
n =

(1

i

∂

∂x1

)k1
· · ·
(1

i

∂

∂xn

)kn
.

The monotonously increasing numerical sequences to infinity are considered. The
class of such sequence is considered in this work for clear understanding.

Definition 1.4. We define the product sequence (Rp) corresponding to the class
of sequences (rp)p∈N0 ∈ R with the initial condition as r0 = 1 as the elements of

the form: (Rp) :=
{
Rp : Rp =

p∏
i=0

ri

}
.

Recall the following similar form which establishes the symmetry of two assertions
as presented below:

Lemma 1.5. Let (ak)kN0 be a sequence of nonnegative numbers.

(I) The following two conditions are equivalent:

(A1) ∃h > 0 sup
k∈N0

ak
hk

<∞,

(B1) ∃(rk) ∈ R sup
k∈N0

ak
Rk

<∞;

(II) The following two conditions are equivalent:
(A2) ∃h > 0 sup

k∈N0

(hkak) <∞,

(B2) ∃(rk) ∈ R sup
k∈N0

(Rkak) <∞;

where (Rk) is the product sequence corresponding to the sequence (rk) ∈ R.
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We now present the equivalent form of the Lemma 1.5 which emphasizes the
symmetry of the two assertions. Before we present the equivalent result to the
Lemma, we shall use one of the properties of supremum and infimum for sequences
below:

Proposition 1.6. Let S be a subset of the real numbers which is bounded from
below such that inf S > 0. Let 1

S
denote the subset of the real numbers defined as

follows:
1

S
=
{1

x
: x ∈ S

}
. Then we have

sup(
1

S
) =

1

inf S

Lemma 1.7. Let (an)nN0 be a sequence of nonnegative numbers.

(I) The following two conditions are equivalent:

(A∗1) ∃h > 0 inf
n∈N0

hn

an
<∞,

(B∗1) ∃(rn) ∈ R inf
n∈N0

Rn

an
<∞;

(II) The following two conditions are equivalent:

(A∗2) ∃h > 0 inf
n∈N0

(
1

hnan
) <∞ provided hnan 6= 0,

(B∗2) ∃(rn) ∈ R inf
n∈N0

(
1

Rnan
) <∞;

where (Rn) is the product sequence corresponding to the sequence (rn) ∈ R.

Remark 1.8. Recall that Lemma 1.5 delivers the two characterizations which is
dual to each other by using the concept of Lemma 1.7. The sequence defined
above is of the slow increasing property satisfying condition (A∗1), and of the
rapid decreasing property satisfying condition (A∗2). The conditions are expressed
via the basic properties of the sequences of numbers, also described by product
sequences corresponding to sequences of the class R.

With the concept of majorization technique, one can prove the following inequal-
ity.

Lemma 1.9. For every (rp) ∈ R, the following inequality holds:[
(r0r1) · (r0r1r2) · · · (r0 · · · rk)

]
·
[
(r0r1) · (r0r1r2) · · · (r0 · · · rl)

]
≤
[
(r0+0r1+1) · (r0+0r1+1r2+2) · · · (r0+0 · · · rk+l)

]
(1.1)

where the product sequence (rp) is the corresponding sequence to the product se-
quence (Rp) defined previously.

We can define some of the properties of the sequence (rp) ∈ R using the following
notation:

λ(rp) = (r̄p), where r̄p = 1 and r̄p = λrp for p ∈ N (1.2)
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2. The Notion of Ultradistributions and Ultradifferentiable
Functions

In this section, we consider some introductory concepts about ultradifferen-
tiable functions with some terminologies. We give the inverse norm defined for
the space of ultradistributions.
In the sequel, take ϕ be a complex-valued function defined on Rn, and a compact
subset K in Rn. We define previous norms as

‖ϕ‖∞ := sup
x∈Rn

|ϕ(x)|; ‖ϕ‖K := sup
x∈K
|ϕ(x)|

Equivalently, we can re-define the norms as follow:

‖ϕ‖∞ := inf
x∈Rn

( 1

|ϕ(x)|

)
; ‖ϕ‖K := inf

x∈K

( 1

|ϕ(x)|

)
provided inf ϕ <∞.
Now, for a given sequence (Mp), compact subset K ∈ Rn and a constant h > 0,

the locally convex space of all C∞-functions ϕ on Rn, denoted by E{Mp}
K,n,h with its

topology can be defined by the family of semi-norms defined by

qn,K(ϕ) = inf
n∈Nn

0

( h|n|Mn

‖Dnϕ‖K

)
(2.1)

such that it is finite. The definition is valid provided |Dnϕ| 6= 0 since ϕ has
support in K.

Definition 2.1. Let the sequence (Mp) be fixed. The locally convex space of
ultradifferentiable functions defined on Rn is defined by the following topologies

D{Mp}
K,n := lim−→

h→∞
D{Mp}
K,h,n D{Mp}

n := lim−→
K⊂Rn

D{Mp}
K,n,h; (2.2)

E{Mp}
n := lim←−

K⊂Rn

lim−→
h→∞
E{Mp}
K,h,n (2.3)

We also define the Banach space of all C∞-functions ϕ defined on Rn with the
following inductive limit topology and the equivalent norm to the norm defined
in [2] as follow:

D{Mp}
L∞,n := lim−→

h→∞
D{Mp}
L∞,h,n

such that the following equivalent norm is finite

‖ϕ‖∞,h := inf
{(
‖Dkϕ‖

)−1

hkMk : k ∈ Nn
0

}
(2.4)

With the consideration of the sequences (Mp) and (rp) ∈ R, The Banach space,

denoted by D{Mp}
K,(rp),n, is the space of all infinitely continuously differentiable func-

tions defined on Rn with support in the compact subset K such that

‖ϕ‖K,(rp) := sup
n∈Nn

0

‖Dkϕ‖K
R|k|Mk

= inf
n∈Nn

0

R|k|Mk

‖Dkϕ‖K
<∞ (2.5)
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The following result is an equivalent result to the result due to Mincheva-Kaminska
[2].

Proposition 2.2. The following equality is established

D{Mp}
K,n := lim←−

(rp∈R)

D{Mp}
K,(rp),n

For a given sequence (Mp), the following projective description of the space D{Mp}
L∞,n

as the smallest topology generated by the family of the seminorms given by

D{Mp}
L∞,n =

⋂
D{Mp}
L∞,(rp),n

where the equality holds in the sense of locally convex space. We denote by B{Mp}
n

the completion of D{Mp}
n in D{Mp}

L∞,n.

The following assertion concerns the product of functions in D{Mp}
L∞,(rp),n which is

analogous to the result proved in [11].

Proposition 2.3. Let ϕ1, ϕ2 ∈ D{Mp}
L∞,n. Then ϕ1 · ϕ2 ∈ D{Mp}

L∞,n. Moreover, for
every (rp) ∈ R such that r1 > 2 the inequality holds:

‖ϕ1 · ϕ2‖2(rp) ≤ ‖ϕ1‖(rp) · ‖ϕ2‖(rp) (2.6)

Similarly, we have following important assertion is as result of Minkowski’s in-
equality

Proposition 2.4. Let ϕ1, ϕ2 ∈ D{Mp}
L∞,n. Then ϕ1 + ϕ2 ∈ D{Mp}

L∞,n. Moreover, for
every (rp) ∈ R such that r1 > 2 the inequality holds:

‖ϕ1 + ϕ2‖(rp) ≤ ‖ϕ1‖(rp) + ‖ϕ2‖(rq) (2.7)

with 1
(rp)

+ 1
(rq)

= 1 for 1
r̄p

+ 1
r̄q

= 1 and it is finite.

We now introduce the notion of Roumieu ultradistributions

3. Roumieu Ultradistributions

In this section, we introduce the concept of a special type of ultradistribu-
tions called Roumieu ultradistributions having dicussed the ultradifferentiable
functions defined on finite dimensional Euclidean space Rn.

Definition 3.1. The strong dual of the space D{Mp}
n , denoted by D

′{Mp}
n , is called

the space of Roumieu ultradistributions.

The space of Roumieu integrable ultradistributions, denoted by D
′{Mp}
L1 , is the

strong dual of the space B{Mp}
n .

Remark 3.2. The respective inclusion mapping between the spaces D{Mp} and
B{Mp} since the spaceD{Mp} is dense in B{Mp}. Furthermore, the space of Roumieu

integrable ultradistributions D
′{Mp}
L1 is the subspace of the space of Roumieu ul-

tradistributions D′{Mp}

In replace of the R-approximate unit, we define the approximate identity in the
space of ultradifferentiable functions.
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Definition 3.3. A sequence (un) of ultradifferentiable functions (un) ∈ D{Mp}
n is

called an R-approximate identity in D{Mp}
n if and only if

lim
n→∞

‖un ∗ f − f‖ = 0 ∀f ∈ D{Mp}
n

Equivalently, the sequence is called an R-approximate identity in D{Mp}
n if it

converges to 1 in E{Mp}
n such that for every product sequence (rp) ∈ R we have

the following:

sup ‖un‖(rp) = sup
n∈N

inf
k∈N0

(
R|k|Mk(‖Dkun‖)−1

)
<∞ (3.1)

Definition 3.4. The R-approximate identity is called a special R-approximate
identity if ∀ compact K ⊂ Rn and ε > 0 ∃ n0 ∈ N 3

|un(x)− 1| < ε ∀n 6= n0 and x ∈ K.
Denote the class of all R-approximate identities defined on Rn and class of all

special R-approximate identities defined on Rn by U{Mp}
n and U{Mp}

n respectively.

The defined approximate identity can satisfies the following properties as depicted
in the result below:

Theorem 3.5. Suppose that the sequence (un) ∈ D{Mp}
n has the following prop-

erties

(i) sup
n∈N
‖un‖(rp) <∞

(ii) 1
2π

∫ 2π

0
un(x)dx = 1

(iii) 0 < δ < π =⇒
∫ 2π−δ

0
|un(x)|dx = 0

Then (un) is an R-approximate identity for the Banach algebra D{Mp}
n .

Remark 3.6. An example of the approximate identity is given by the Fejer kernels
defined by

Fn(x) =
∑
|j|≤n

(
1− |j|

n+ 1

)
eijx

The above approximate identity can also be shown that

Fn(x) =
1

n+ 1

(sin(n+1
2
x)

sin(1
2
x)

)2

.

4. Notion of Integrable Roumieu Ultradistributions

We formulate some characterizations of integrable Roumieu ultradistributions
in different equivalent forms using the concept of the R-approximate identities,
which are analogous to the results of Svetlana, and Dierolf and Voigt involving
integrable ultradistributions and integrable distributions, respectively. We also
use the concept of the Beurling class of ultradistributions as given in [12]. The
proofs of the respective results are as well given in [2] and [11].
Now we present the equivalent result of the theorem 5.1 in [2].
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Proposition 4.1. Given T ∈ D
′{Mp}
n . The we have the following equivalent

statements:

(A) T ∈ D
′{Mp}
,L1,n is continuous on D{Mp}

n in the topology induced by B
′{Mp}
n if

there are a sequence (rp) ∈ R and a constant C > 0 such that the following

inequality holds for all ultradifferentiable functions ϕ ∈ D{Mp}
n ;

− C‖ϕ‖(rp) ≤ 〈T, ϕ〉 ≤ C‖ϕ‖(rp) (4.1)

Similarly, we have the satisfying condition imposed on T

C = sup
ϕ6=0

( 〈T, ϕ〉
‖ϕ‖(rp)

)
' inf

ϕ6=0

(‖ϕ‖(rp)

〈T, ϕ〉

)
(B) there is a sequence (rp) ∈ R such that for every ε > 0, there exists a

compact subset K in Rn such that the following condition is satisfied:

|〈T, ϕ〉| =

{
ε‖ϕ‖(rp) ε > 0

−ε‖ϕ‖(rp) −ε < 0

with suppϕ ∩K = ∅;
(C) for every (un) ∈ U{Mp}

n , the sequence (〈T, un〉)n∈N is Cauchy;

(D) for every (un) ∈ U{Mp}
n , the sequence (〈T, ūn〉)n∈N is Cauchy;

(E) there are a sequence (rp) ∈ R, a constant C > 0 and a regular compact K

such that inequality (5.1) holds for ϕ ∈ D{Mp}
n with suppϕ ∩K = ∅.

Moreover, if T satisfies any of the stated conditions (A)-(E), then

lim
n→∞

‖un ∗ T − T‖(rp) = lim
n→∞

‖ūn ∗ T − T‖(rp) = 0

for arbitrary (un) ∈ U{Mp}
n and (ūn) ∈ U{Mp}

n .

In the next section, we formulate some extended and equivalent conditions of
convolvability of Roumieu ultradistributions.

5. Equivalent Sequential Convolutions of Roumieu
Ultradistributions

Having introduced the concept of R-approximate identity, it makes it easy to
consider several definitions of the convolutions of Roumieu ultradistributions with
reference to the conditions of convolutions. These conditions require some level of
correspondence of Roumieu ultradistributions via certain approximate identities
such as the Fejer kernels such that they are Cauchy sequences.
We will present some result on equivalence of convolvability of Roumiue ultra-
distributions as proved in [13], and prove that all the sequential definitions in
the form of approximate identities are equivalent to the general convolution of
Roumieu ultradistributions in the sense of Pilipovic and Prangoski [13]. The
proof will be established based on the integrability result presented previously.
The study of the convolution of Roumieu ultradistributions was actually based on
the ε tensor product of the concerned spaces of test functions with some results
proved in [2] and [13].
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The locally convex space DL
∞,n
{Mp} equipped with the topology defined by the family

{qg,(rp) : g ∈ C0, (rp) ∈ R} of seminorms defined by

qg,(rp)(ϕ) = sup
k∈Nn

0

sup
x∈Rn

|g(x)Dkϕ(x)|
R|k|Mk

is denoted by D̃L
∞,n
{Mp} and the strong dual of the space D̃L

∞,n
{Mp} is given by

(
D̃L

∞,n
{Mp}

)′
n

which is equal to D
′{Mp}
L1,n .

The definition of the convolution of two Roumieu ultradistributions is given below
as contained in [13].

Definition 5.1. The two Roumieu ultradistributions S and T are convolvable if
the following condition is satisfied

(C) Vϕ := (S ⊗ T )ϕ4 ∀ ϕ ∈ D{Mp}
n

where ϕ4 is the function of the class E{Mp}
2n defined by

ϕ4(x, y) := ϕ(x+ y), x, y ∈ Rn (5.1)

If S, T are convolvable, then the convolution S ∗T of S and T in D
′{Mp}
n is defined

by
〈S ∗ T, ϕ〉 := 〈Vϕ, 12n〉2n, ϕ ∈ D{Mp}

n (5.2)

Definition 5.2. Let (un) be an approximate identity. Let S, T ∈ D
′{Mp}
n . Then

for every ϕ ∈ D{Mp}
n , the convolution of S and T is attained in the sense of the

following conditions below:

(P)
(
〈S ⊗ T, unϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

2n ;

(Q)
(
〈(u1

nS)⊗ (u2
nT ), ϕ4〉2n

)
is Cauchy for all (u1

n) ∈ U{Mp}
n ;

(R)
(
〈(unS)⊗ T, ϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

n ;

(S)
(
〈S ⊗ (unT ), ϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

n ;

respectively.

Consider the following definition of convolution of tow Roumieu ultradistribu-
tions in the sense of the conditions (P-S) as stated in the definition above.

Definition 5.3. Assume that S, T ∈ D
′{Mp}
n are convolvable in the sense of the

conditions (P-S) respectively, then the convolution of the two ultradistributions
in the sense of the stated respective conditions is defined by the corresponding
formular below:

〈S P∗ T, ϕ〉n =
(
〈S ⊗ T, unϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

2n ;

〈S
Q
∗ T, ϕ〉n =

(
〈(u1

nS)⊗ (u2
nT ), ϕ4〉2n

)
is Cauchy for all (u1

n) ∈ U{Mp}
n ;

〈S R∗ T, ϕ〉n =
(
〈(unS)⊗ T, ϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

n ;

〈S S∗ T, ϕ〉n =
(
〈S ⊗ (unT ), ϕ4〉2n

)
is Cauchy for all (un) ∈ U{Mp}

n ;
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respectively.

Remark 5.4. In this case defined above, the modified conditions of the additional

definitions of the convolution in D
′{Mp}
n replaces the definitions 7.1 and 7.2 in [2]

with the introduction of the R-approximate identities by the respective classes.
This modifies conditions, basically using the Fejer kernels, lead to equivalent se-

quential conditions of the convolution in D
′{Mp}
n which also serve as counterparts

of the definitions of convolution in distributions. These are equivalent.
Also, the sequential definitions of convolution of S and T as presented in Defini-
tion 5.3 under the respective corresponding conditions do not necessarily depend
on the choice of the approximate identity even though we gave an example of
approximate identity as Fejer kernel.
The next theorem will be an equivalent result to the one proved in [2] as Theo-
rem 7.1, which states that all the conditions for the convolutions of two Roumieu
ultradistributions are all the same.

Consider the following result.

Theorem 5.5. Let S, T ∈ D
′{Mp}
n . Each of the following two conditions of tensor

product and convolutions is equivalent to condition (C) of convolvability of S and
T :

(C1) (S̆ ⊗ T ) ∗ ϕ = S(T̆ ∗ ϕ) ∈ D
′{Mp}
L1,n for all ϕ ∈ D{Mp}

n ;

(C2) (T̆ ⊗ S) ∗ ϕ = (S̆ ∗ ϕ)T ∈ D
′{Mp}
L1,n for all ϕ ∈ D{Mp}

n .

Furthermore, if any of the conditions (C), (C1), (C2) hold, then we have

〈S ∗ T, ϕ〉n = 〈(S̆ ⊗ T ) ∗ ϕ, 1n〉n = 〈(T̆ ⊗ S) ∗ ϕ, 1n〉 (5.3)

Theorem 5.6. Given that all the conditions formulated in Definition 5.3 are
equivalent to the condition (C) of the convolvability of ultradistributions. Assume
that one of the conditions is true, then all corresponding convolutions of Roumieu

ultradistributions S and T exist in D
′{Mp}
n . Then the equalities hold

S
P∗ T = T

Q
∗ S = S

R∗ T = S
S∗ T

with commutative law satisfied.

Proof. Let S, T ∈ D
′{Mp}
n be two Roumieu ultradistributions. We will prove that

all the convolution definitions are equivalent in the sense of the R-approximate
identities. To do this, we will follow the scheme of implications below:

(Q) (C1)

(P ) (C) (S) (P )

(R) (C2)
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Assume that the first condition (P) is satisfied, that is, for a fixed ϕ ∈ D{Mp}
n ,

then there a number α ∈ C such that

lim
n→∞
〈S ⊗ T, unϕ4〉2n = 〈S ⊗ T, ϕ4〉 = α (5.4)

since un −→ 1 as n→∞ for all (un) ∈ U{Mp}
n .

We show that (P) implies both (Q) and (R). To see this, fix (u1
n), (u2

n) ∈ U{Mp}
n .

Then (un)ϕ4 ∈ U{Mp}
2n for n ∈ N. From the simple property of the tensor product

in D{Mp}
n and D

′{Mp}
n , we get the following equality,

〈(u1
nS)⊗ (u2

nT ), ϕ4〉2n = 〈S ⊗ T, unϕ4〉2n
By taking the double limit, we have

lim
n,m→∞

〈(u1
nS)⊗ (u2

mT ), ϕ4〉2n = 〈S ⊗ T, ϕ4〉2n

for all ϕ ∈ D{Mp}
n and n ∈ N. Then (P ) =⇒ (Q) and thus, we have

〈S P∗ T, ϕ〉n = 〈S
Q
∗ T, ϕ〉n = 〈T

Q
∗ S, ϕ〉n (5.5)

since ∗ is commutative in the sense of the conditions of the approximate identities.

Next, we show that (P ) =⇒ (R). Similarly, fix (un) ∈ U{Mp}
n . Then unϕ

4 ∈
U{Mp}

2n for n ∈ N. From the notion of the ε-tensor product in Dn and D2n, we
have

lim
n→∞
〈(unS)⊗ T, ϕ4〉2n = lim

n→∞
〈(T ⊗ unS), ϕ4〉2n

= lim
n→∞
〈T ⊗ unS, ϕ4〉2n

= 〈T ⊗ lim
n→∞

unS, ϕ
4〉2n

= 〈T ⊗ S, ϕ4〉n = 〈S ⊗ T, ϕ4〉n
Next, we assume (Q) and (R), and show that they imply (C1) and (C2), respec-
tively. To see this, fist assume (Q), that is, (〈(u1

nS) ⊗ (u2
nT ), ϕ4〉2n) is Cauchy.

Let (u1
n), (u2

n) ∈ U{Mp}
n . Then for α ∈ C and fix n ∈ N, then for the limit, we

have

lim
n→∞
〈(u2

mT )⊗ (u1
nS), ϕ4〉2n = 〈(u2

mT )⊗ S, ϕ4〉2n

Then since u2
mT → T in D

′{Mp}
n as m→∞ and

supp
[
((u2

mT )⊗ (u1
nS)) · ϕ4

]
⊂ supp

[
((u2

mT )⊗ S) · ϕ4
]
∀ n,m ∈ N

since the support is compact.
Consequently, we have

lim
m→∞

〈(umT )⊗ S, ϕ4〉2n = lim
m→∞

〈S ⊗ (umT ), ϕ4〉2n

= 〈S ⊗ T, ϕ4〉n = 〈S(T̆ ∗ ϕ), 1n〉n
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for all (um) ∈ U{Mp
m and ϕ ∈ Dn. That is,

〈T
Q
∗ S, ϕ〉n = 〈S(T̆ ∗ ϕ), 1n〉n

Thus we have shown that (Q) implies (C1).
by symmetry, we conclude that (R) =⇒ (C2) as we have

〈T R∗ S, ϕ〉n = 〈S P∗ T, ϕ〉n, ϕ ∈ D{Mp}
n

Thus

〈T ∗ S, ϕ〉n = 〈S ∗ T, ϕ〉n = 〈(S̆ ∗ ϕ)T, 1n〉n (5.6)

which are true under conditions (Q) and (S), respectively.
Finally, we show that (C) =⇒ (P ). Assume that (C) holds, that is, (S⊗T )ϕ4 ∈
D

′{Mp}
L1,2n . To do this, fix (un) ∈ U{Mp}

n and take the limit

lim
n→∞
〈S ⊗ T, unϕ4〉2n = 〈S ⊗ T, lim

n→∞
unϕ

4〉2n

= 〈S ⊗ T, ϕ4〉n
since supp[(S ⊗ T )unϕ

4] ⊂ supp[(S ⊗ T )ϕ4]. This completes the proof that all
the conditions in Definition 5.3 are equivalent via the use of the R-approximate
identities. �

6. Main Results

In this section, we will present an equivalent result involving the convolution
of the operation of the differentiability of two ultradistributions. We start with
the definition of the ultradifferentiable operator.

Definition 6.1. We define an ultradifferential operator of class {Mp} of order p
as an operator of the form

P (D) =
∑
|k|≤p

ckD
k, ck ∈ C (6.1)

if for every L > 0 there is a constant depending on L, CL such that the following
inequality holds

|NLck| ≤ LkM−1
k , k ∈ Nn

0

where C−1
L = NL > 0 and Dk = ∂|k|

∂x
k1
1 ···∂x

kn
n

.

The condition in Definition 6.1 can be presented in an equivalent form as

inf
k

(Lk(MkNL)−1) <∞

In other words, an ultradifferential operator of the form (6.1) is of class {Mp} if
there are C > 0 and (up) ∈ R such that

(U|k|Mk)
−1|ck| ≤ C, k ∈ Nn

0 (6.2)

The above operator P (D) defines the respective continuous mappings D{Mp}
n −→

D{Mp}
n and D

′{Mp}
n −→ D

′{Mp}
n . The series P (D)S converges absolutely in the

following sense:
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〈P (D)S, unϕ
4〉 =

〈∑
|k|≤p

ckD
kS, unϕ

4
〉

=
〈
S,
∑
|k|≤p

(−1)|k|Dk(ckϕ
4)unBig〉

Applying the limit as n→∞ and absolute value condition, we have
〈S,
∑
|k|≤pD

k(ckϕ
4)〉.

Before we present the important result, we state the useful result in an alternative
form as in [13]:

Lemma 6.2. For every approximate identity (sp) ∈ R, there exists a sequence
(up) ∈ R such that up ≤ sp for p ∈ N and

Rp+q

RpRq

≤ 2p+q, provided RpRq 6= 0, ∀ p, q ∈ N0 u0 = 1. (6.3)

Theorem 6.3. Let P (D) be an ultradifferential operator of class {Mp}. For every

S, T ∈ D
′{Mp}
n , then convolution holds in both P (D) with T and S with P (D)T

in the following form:∑
|k|≤p

α!

β!(α− β)!
(∂βS) ∗ (∂α−βT ) =

∑
|k|≤p

ckD
kS ∗ T = S ∗

∑
|k|≤p

ckD
kT (6.4)

Proof. We show that both P (D)S and T , and as well as S and P (D)T are con-
volvable.
To see this, let S, T ∈ D

′{Mp}
n be convolvable. Using the definition of the ultrad-

ifferential operator of order p and S ∗ T and then, we have〈∑
|k|≤p

ckD
k(S ∗ T ), ϕ4

〉
=
〈

(S ∗ T ),
∑
|k|≤p

(−1)|k|Dk(ckϕ
4)
〉

=
〈

(S ⊗ T )
∑
|k|≤p

(−1)|k|Dk(ckϕ
4), 12n

〉
= lim

n→∞

〈
(S ⊗ T ), un

[ ∑
|k|≤p

(−1)|k|Dk(ckϕ
4)
]〉

2n

for all (un) ∈ U{Mp}
2n and ϕ ∈ D{Mp}

n .

We show that the sequence
(
〈P (D)S⊗T, unϕ4〉

)
n∈N

is convergent. Let 〈P (D)S⊗
T, unϕ

4〉 be given. Then ∀ε > 0 there is n0 ∈ N such that∣∣∣〈P (D)S ⊗ T, unϕ4〉 − |〈P (D)S ⊗ T, uϕ4〉
∣∣∣

=
∣∣∣〈(S ⊗ T )

∑
|k|≤p

DkckS ⊗ T, unϕ4
〉
−
〈∑
|k|≤p

DkckS ⊗ T, uϕ4
〉∣∣∣

=
∣∣∣〈S ⊗ T,∑

|k|≤p

(−1)|k|Dk(ckunϕ
4)
〉
−
〈
S ⊗ T,

∑
|k|≤p

(−1)|k|Dk(ckuϕ
4)
〉∣∣∣ < ε
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The above confirms the absolute convergence of the series. We also the inequali-
ties

P (−D)(unϕ
4) = unP (−D)ϕ4 + νn (6.5)

on R2n for all n ∈ N where νn are certain functions in D{Mp}
n such that

lim
n→∞
〈S ⊗ T, νn〉 = 0 (6.6)

Using the Leibnitz rule in [1], then we get, ∀ n ∈ N, the equalities

P (−Dx)(unϕ
4) =

∑
|α|≤p

(−1)|α|ck
∑
β≤α

(
α

β

)
(Dβun)(Dα−βϕ)4

=
∑
β≤α

Dβun
∑
|α|≤p

(−1)|α+β|
(
α + β

β

)
cα+β(Dα−βϕ)4

= unP (−D)ϕ4 + νn

on R2n with the function νn defined for x, y ∈ Rn by

νn(x+ y) =
∑
βN\{0}

Dβun(x+ y)
∑
|α|≤p

(−1)|α+β|
(
α + β

β

)
cα+βD

α−βϕ(x+ y) (6.7)

Clearly, this shows that νn depends on the initial sequence (un).
Now, it suffices to show that |(S ⊗ T )νn − (S ⊗ T )ν| < ε for all n ∈ N. Let

ϕ ∈ D{Mp}
n be given such that ϕ(x) = 1 for all x ∈ suppϕ. By (6.7), we have

〈S ⊗ T, νn〉 = 〈(S ⊗ T )ϕ4, νn〉, n ∈ N
We show that for every (rp) ∈ R

inf
n∈N
‖νn‖ <∞ (6.8)

Since (un) ∈ U{Mp}
2n and 6.8 implies

inf
n∈N
‖un + νn‖ <∞

Fix an arbitrary (rp) ∈ R. Putting sk := max{rk, uk} for k ∈ N, we have
(sp) ∈ R. By Lemma 6.2, there exists (rp) ∈ R such that rk ≤ sk and inequality
(6.3) hold. We have

rp > 16H2 for p ∈ N (6.9)

where H > 1
4

is a constant from condition (M.2)
Let α ∈ Nn

0 be fixed arbitrarily. Fix n ∈ N and (rp) ∈ R as provided above, then
using the representation of νn(x+ y), we have

(R|α|Mα)−1‖Dα
xνn‖∞ ≤

∑
i∈N\{0}

∑
j≤α

(
α

j

)
(R|α+i−j|Mα+i−j)

−1‖Dα+i−j
x un‖∞

∑
β∈Nn

0

(
β + i

i

)
|cβ+i| · (R|β+j|Mβ+j)

−1‖Dβ+j
x ϕ4‖∞

· (R|α|)−1R|α+i−j|Rβ+j · (Mα)−1M|α+i−j|Mβ+j. (6.10)
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According to assumption 6.9 and the part of the proof in [2], we have

inf
n→N
‖νn‖(rp) = inf

n→N
inf
α∈Nn

0

R|α|Mα

‖Dα
xνn

<∞

and, since rk ≤ sk, we have

inf
n→N
‖νn‖(sp) ≤ inf

n→N
‖νn‖(rp) <∞

Hence the proof. �
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