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ASYMPTOTICALLY LACUNARY STATISTICAL EQUIVALENT
SEQUENCES IN PARTIAL METRIC SPACES

AHMET CAKI' AND AYKUT OR?2*

ABSTRACT. The present study deals with asymptotically equivalent sequences
in partial metric spaces. We define the notions of strongly asymptotically la-
cunary equivalence, asymptotically statistical equivalence, and asymptotically
lacunary statistical equivalence. We theoretically contribute to these notions
and investigate some of their basic properties.

1. INTRODUCTION AND PRELIMINARIES

Convergence is one of the fundamental concepts of Analysis and Functional
Analysis. Statistical convergence is a generalization of the convergence based on
the natural density of positive integers, which is essential in summability. Since
Fast [1] and Steinhaus [2] introduced the statistical convergence, applications
and some generalizations of this concept have been given by many researchers,
especially Buck [3], Salat [4], Fridy [5], and Fridy and Orhan [6].

The notion of convergence of a real sequence was extended to statistical con-
vergence as follows: A sequence (&) of real numbers is referred to as statistically
convergent to « if for any € > 0,

1
lim—|{k<n:|& —a] >} =0.
non

Where the | | denotes the cardinality of the set {k <n: [ —a| > e}. We ab-
breviate it as st — lim &, = a. The statistical convergence is based on the theory

of the notion of natural density [7]. §(K) represents the natural density of a set
K C N, which is defined as

5(K) = lim L Snike AN
n—0o00 n
If K is a finite set, with the help of density definition, §(K) = 0.
The new concept of convergence is explained by replacing the set {k : k < n}
along with a set {k : k,_1 < k < k,.} for some lacunary sequence (k,) by Fridy
and Orhan [8]. The authors compared this new convergence method with other
summability methods and considered certain questions of uniqueness of limit
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value. In the lacunary sequence 0 = (k,), we take terms with kg = 0 and h, =
k., — k.1 — oo when r — oo. Additionally, the interval I, = (k,_1,k,] are

determined by 6 = (k,), and its term ratio k., k,._; is expressed as ¢, i.e.,
G = kkil. Lacunary statistical convergence is one of our study’s additional

primary themes. Fridy and Orhan introduced the concept of lacunary statistical
convergence [8] in 1993. The sequence £ = (&) is a lacunary statistical convergent
to « if for all € > 0,

1
limh—]{kEIr e —al > e} =0.

In this case, we write Sgp — lim&, = «, and the set of all lacunary statistically
convergent sequences is denoted by Sp.

To compare the convergence rates of the sequences, the definition of an asymp-
totically regular matrix that preserves the asymptotic equivalence of two non-
negative sequences was given by Pobyvanets [9] in 1980. However, due to the
zero-valued terms of the sequences, in most cases, it was not possible to compare
the terms in § form. Therefore, Fridy [10] introduced new methods for comparing
convergence rates. Following the work of Fridy [10], Marouf [11] investigated some
necessary and sufficient conditions for a matrix to be asymptotically regular. Li
[12] studied the asymptotic equivalence and summability of sequences.

In [11], two nonnegative sequences £ = (&) and n = (1) are said to be asymp-
totically equivalent, if

&k

lim=—= =1
ko Mk
and this is denoted by £ ~ n. In 2003, Patterson [I13] introduced the notion
of asymptotic statistical equivalence by combining asymptotic equivalence and
statistical convergence and extended these notions by providing statistical corre-
spondences to the theorems. In Patterson’s study, let & = (&) and n = () are
two nonnegative sequences. These sequences are said to be the asymptotically
statistical equivalent of multiple « if, for all € > 0,

{kgn: g—a’Ze}
Mk

and this is denoted by & L n. Simply asymptotically statistical equivalent if

a = 1. Moreover, let S* denote the set of ¢ and 7 such that & L 7.

Patterson and Savas [14] introduced the concept of asymptotic lacunary sta-
tistical equivalence, a natural combination of asymptotic equivalence, statistical
convergence, and lacunary sequences.

Assume that 6 is a lacunary sequence, and consider two nonnegative sequences
¢ = (&) and n = (n,). These sequences are called asymptotically lacunary
statistically equivalent concerning the multiple « if, for all € > 0,

{/{:EIT: @—Q‘ZE}

Nk

1
lim — =0

n n

1
lim —

=0.

r
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S(X
This relationship is denoted as ¢ ~ 7 and referred to as simply asymptotically
lacunary statistically equivalent when av = 1. Moreover, let Sj denote the set of

Sa
¢ and 7 such that & ~ 7.
Assume that 6 is a lacunary sequence, and consider two nonnegative sequences

€ = (&) and 7 = (nx). These sequences are called strong asymptotically lacunary
statistically equivalent concerning the multiple « if for all £ > 0,

hmhi Z

This situation is denoted by 5 ~ ?7 and simply strong asymptotically lacunary

equivalent if & = 1. Besides, let Ng* denote the set of £ and 7 such that f .

In 1994, a new definition of partlal metric space was introduced by Matthews
[15]. Unlike the metric in the usual sense, the partial metric includes the concept
of a set whose distance to itself is different from zero. In this context, partial
metric is a broader concept. For further details on partial metric spaces, we refer
o ([16], [17]) and many others. Convergence and summability in partial metric
spaces have recently increased in popularity. Nuray [18] introduced the notions
of statistical convergence and strong Cesaro summability in the mentioned spaces
and investigated the relations between statistical convergence and strong Cesaro
summability. Giille et al. [19] defined the concept of ideal convergence, which is
a generalization of ordinary and statistical convergence and deals with relations
between newly comprehensive concepts. As a result, studies on generalized con-
vergence concepts in partial metric spaces maintain their popularity, and relevant
theories are being developed ([20], [21], [22]).

Let’s recall the partial metric space and its related comprehensive notions. In
the rest of the study, the set of nonnegative real numbers will be denoted by R=°.

Definition 1.1. [15] Let V be a non-empty set. A function p : V x V — R=0
is said to be a partial metric provided that, for each «, 3,7 € V, the following
conditions are satisfied:

(P1) a =B & p(a,a) =p(a, B) = p(B, )
(P2) p(a, a) < p(a, B)
(Ps) p(a, B) = p(ﬂ, )
(Pa) p(a, B) < pla,y) +p(7,8) —p(7,7)

In this case, the pair (V,p) is said to be a partial metric space (it is clear that
if p(a, 5) = 0, then from the axioms (P;) and (P,), o = ) besides, every metric
space is automatically a partial metric space, but the inverse does not hold.

Unless otherwise stated, partial metric space (V,p) will be denoted by V, in
the rest of the paper.

Example 1.2. Let p : V x V — R2° p(a, 3) = max{a, 3} be a mapping such
that p is partial metric on R=°. However, p is not metric because (P,) property
is not satisfied.
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Example 1.3. Let V = {[a, ] : @ < b} with a,b € R define p: Vx V — R0
such that p([a1, az], [b1,be]) = max{as, by} — min{ay, b}, then (V,p) is a partial
metric space.

Example 1.4. Let p" be a function on V x V such that
pw<aa 5) = QP(Oé, 6) - p(Oé, a) - p(ﬁa 5)

Then, (V,p") is a metric space.

With the function defined in Example (1.4), a metric space is obtained from
each partial metric space.

Definition 1.5. [15] Let @ € V and € > 0. Then, the set
By(a,e) = {# € V:p(a, f) < pla,a) + ¢}

is called an open ball of radius € with center x.

Each partial metric p on V generates a 7, topology that takes as a base the
family of p-open balls on V for each element a 7, of V and € > 0 with this 7
topology, (V,7,) is a 7y space.

Definition 1.6. [15] Let () be a sequence in V.
(1) (&) is referred to as convergent to a € V, if
lim p(&, a) = p(o, @)
k—o0
or equivalently, for all € > 0, there exists a k. € N such that
(& @) —pla, o) <e

whenever k > k..
(2) (&) is properly convergent to « € V| if klirn p* (&, a) = 0.
—00
(3) A sequence (&) is said to be bounded in Vj if for all k,1 € N, there exists
a C' > 0 such that p(&, &) < C.
Nuray [18] characterized the following definition of statistical convergence in

Vp.

Definition 1.7. A sequence (&) in V, is referred to as statistically convergent
to a € V if for all € > 0,

0({k € N : [p(&, @) —pla, )| = €}) = 0.

The lacunary statistical convergent in V, conceptualized by Giille et al. [20] is
expressed in the following Definition (1.8):

Definition 1.8. A sequence (§) in V; is said to be lacunary statistically con-
vergent to a € V if for all ¢ > 0,

lim hi (ke L |p(€a) —pla,a)| >} = 0.

r—00 r

We denoted by S§ — kh_)Iglop (&, ) = pla, ).
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2. MAIN RESULTS

In this section, we present exhaustive definitions and theorems with regard to
asymptotic equivalence, asymptotic statistical equivalence, asymptotic lacunary
statistical equivalence, and strong asymptotic lacunary equivalence in V. In
addition, we deal with the relations between these notions.

Definition 2.1. Two nonnegative sequences { = (&) and n = (1) in V;, are said
to be asymptotically equivalent if for all e > 0 and a € V,

’ <§k > B
mp|=>,a)]=
k—o0 Nk

We abbreviate it as & X .

Definition 2.2. Two nonnegative sequences £ = (&) and n = (7;) in V, are
referred to as asymptotically statistical equivalent of multiple « if for all € > 0
and o € 'V,

This situation is denoted by & i~ n and simply asymptotically statistical equiv-
alent if p(a, a)=1.

Definition 2.3. Let & = (&) and n = () be two nonnegative sequences in
Vp. These sequences are called properly asymptotically statistical equivalent of
multiple « if for all e > 0 and o € V|

L w_ge
We abbreviate it as £© ~~ 1.

Theorem 2.4. Let £ = (&) and n = (1) be two nonnegative sequences in V.
Then,

w_ gor _go
P et .
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Proof.

. 1
¥ e lim

n—oo N,

{kﬁn:pw(%,a)ZE}‘:()

Sp? <£—k, a) < ¢ for almost all k
ke

<:>‘2p <§—k,a> —p (@,g—IC) — p(a, a)| < e for almost all k
Mk Nk Tk
€k § Sk
<pl>=,a) —plo,a)| <eand |p|>=,> | —p(a,a)| < e for almost all k
Tk Mk Mk
, . &k _
(:)nhjgoﬁ {kﬁn.’p<%,a —p(a, ) 25} =0
(S Sk -
and lim — {k‘gn. pl—,~ ] —pla,a) 25} =0
_g«@
ST~

O

Definition 2.5. Let 6 be a lacunary sequence and § = (&), n = (%) are non-
negative sequences in V,. These sequences are referred to as the asymptotically
lacunary statistical equivalent of multiple « if for all e > 0 and oo € V,

{kEIT : ’p <%,a> —p(a, )

_ g

and is denoted by & Foe 7. In addition, the set of aforesaid sequences is denoted
by p — Sy. If p(a,a)=1, the sequences mentioned are simply asymptotically
lacunary statistical equivalent.

) 1
lim —
r—00 r

26}‘ =0,

Definition 2.6. Let 6 be a lacunary sequence and £ = (&), n = (%) are non-
negative sequences in V,. These sequences are called properly asymptotically
lacunary statistical equivalent of multiple « if for all e > 0 and o € V,
1
lim — {k’ el :p" (g—k,a> > 5}‘ =0.
Nk

T—00 r

w_ ga
We abbreviate it as & P

Theorem 2.7. Let £ = (&) and n = () be two nonnegative sequences in V.

Then,
w_ ga _g«
e "Ny,
Proof. This theorem can be proved similarly to the Theorem (2.4). O

Definition 2.8. Let 0 be a lacunary sequence and £ = (&), n = (1) are nonneg-
ative sequences in V. These sequences are called strong asymptotically lacunary
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equivalent of multiple « if for all ¢ > 0 and a € V,

p (% a) —pla, @)

-N
and is denoted by & P 1. In addition, the set of aforesaid sequences is denoted
by p — Ng. If p(a, «)=1, the sequences mentioned are simply strong asymptoti-
cally lacunary equivalent.

=0,

Definition 2.9. Let 6 be a lacunary sequence and & = (&), n = (nx) are nonneg-
ative sequences in V;,. These sequences are called properly strong asymptotically
lacunary equivalent of multiple « if for all e > 0 and a € V|,

.1 &k
lim — E == =0.
Lim . . p (nk,a) 0

[e%

We abbreviate it as €& ~ 7.

Theorem 2.10. Let { = (&) and n = (nx) be two nonnegative sequences in V.
Then,

pY—Ng' p—Ng'
~nel ~.

§
Proof. This theorem can be proved similarly to the theorem (2.4). O

Theorem 2.11. Let 6 = (k,) be a lacunary sequence and two nonnegative se-
quences & = (&) and n = (ng) in Vy. Then,
. fed _Sa
(1) €720 = P30y,
_go _ N
(2) &€l and €7 = €7~ 0,
(3) S5 Nlse = N§ Nloo.

>e.

|
> e lim —

r—00 r

£ £
> p(—k,a —p(o, @) > > p(>*a)-pla,a)
ker, | N\ kel, M
g’
RNAL
{ke[r. pl—,a)—pla,a) 26}
Tk
the following expression is obtained:
.1 &k ) ‘ (fk >
lim — = a) —pla,«a {k:e],,: = a| —pla,a 25} :
lm =) P (nk p(a, ) Pl p(a, )
(2) Let &,m €l and & P 7. Then, for all e > 0 and a € V,
{k: el : ‘p (f—k,a> —p(a, ) 25}

1
lim — =0
T—00 r

_N&
Proof. (1) Assume that ¢F~" p foralle >0and a €V,
(5t} e
If both sides of the inequality are multiplied by h% and the limit is taken as r — oo
—_N& e
Since & e 7, then & Foe 7.
Mk




8 AHMET CAKI, AYKUT OR

and there exists C' > 0 such that

o (8) s

_ ! S\
= 5 % p(nk,a) p(a, @)

Sk o) —
’p(nk ,a) p(a,a)‘zs

CLs () e

kel
’p(slC oc)fi)(a,oc)‘<6

p (%7 O_/) - p(aa a)

The following expression is obtained if the limit is taken as » — oo on both sides.

<C.

For all € > 0,

C
< =
S

{ke_fr:

25}‘—#5.

1 C
lim — Z p (é,a> —pla,a)| < lim — {k €l : ‘p (é,a) —pla,a)| > 8} +e.
r—oo h, = Mk r—o0 h, Mk
Consequently, & i 7.
(3) It is clear from 1 and 2. O

Theorem 2.12. Let & = (&), n = (k) are two nonnegative sequences in Vo, 0
be a lacunary sequence with liminfq, > 1. If ¢ S n, then (&) and (nx) are
asymptotically lacunary statistical equivalent of multiple o.

Proof. Let liminf g, > 1. Then there exists a £ > 0 such that ¢, > 1+ ¢ for
sufficiently large r, which signify 2= > £ If ¢ v 7, then for all ¢ > 0 and

k'r - 1+Z
a €V, and for sufficiently large r, we have

P (%,a) —pla, )| > E}
P <§—Z,a) —pla,a)| > 5}

P (%a) —plo, @)
The following expression is obtained if the limit is taken as r — oo on both sides.
&k : 33 a) —pla,a
p(nikva)_P(ara) 28} . p(nk’ ) P( ) ) 28}

Since & e~ n, then (&) and (1) are asymptotically lacunary statistical equiv-
alent of multiple a. O

{ksmz

> e} z%
14

1
> —

{keh:

L
kr

{kelr:

l . 1
> lim —
“ 14+ 4€r— h,

R 1
lim —
r—o00 k.

{kgkr:

Theorem 2.13. Let & = (&), n = (k) are two nonnegative sequences in Vy, 6 be

— S«
a lacunary sequence with limsup g, < co. If r n, then & = (&) and n = (k)
are asymptotically statistical equivalent of multiple .
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Proof. Let limsup g, < oo, then there exists M > 0 such that ¢. < M, for all
_ga
r > 1. Let & i n, € > 0 and a € V. There exists J > 0 such that, for every
1
’Yl — h

i>J,
{k €l;: ‘p (f—k,a) —pla, @) 26}
i Mk

We may further find K > 0 such that v; < K, for all © = 1,2, .... Now, let n be
any integer with k. 1 < n < k,, where r > J. Then we have

p(%,a)—p(a,a)’ka} Skrl—l {k<kT: p(%,a)—p(a,a) 25}

kil {ren: ‘P (%G) *p(a,a)‘ >}
+k1 {’“EIWIP(%»Q)—p(a,a) ze}
k,«l_l {rer: ‘P <%a> —P(a,a)‘ >e}

*k,«]j/ﬁ {keh:‘f’ (%a) —plo, @) zs}
sl (%) pto|
ks — ks {keIJ;’p (%,a>—p(a,a)’25}

kr—1(ka2 — k1)
kr—1(ks —ks-1)
{k €l :|p (%a> —pla,a)| > 6}

kr - k'r—l
kr'fl(k'r - k'rfl)
ka ks — ki ks —ky_1
_kT7171 + krfl 72++ krfl

ki1 —ky kr — kr—1
s Yi+1 + .+ oy

< {Sup%} ka n {Sup%} krk— ks
i>1 r—1 i>J r—1

k.
<K
k

<e.

%‘{kﬁn:

+... +

+

+... +

4.+

vJ

Yr

+eM.

r—1

Since r — 0o as n — oo, it follows that

{k<n: ‘p (%a) ~ple,a)| >}

_So
Since £ '~ 1), then £ = (&) and n = (ny) are asymptotically statistical equivalent
of multiple . O

< K lim ks T+ eM.

r—00 r—1

o1
lim —
n—oo N,

Theorem 2.14. Let & = (&), n = (k) are two nonnegative sequences in Vy, 0
be a lacunary sequence with 1 < liminf ¢, < limsup g, < co. Then,

p—5§ p—S*
~n=E"~ .

Proof. Tt is clear that to obtain the proof using Theorem (2.12) and Theorem
(2.13). O
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3. CONCLUSION

Partial metric spaces, a generalization of metric spaces in which the distance of
an arbitrary element to itself need not be zero, have been studied in many fields,
especially in fixed point theory. The notions of convergence and summability the-
ory, which have a vital role in understanding the behavior of sequences, have been
little studied in partial metric spaces. Hence, in this study, we first introduced
the concepts of asymptotical equivalent and asymptotically statistical equivalent
in partial metric spaces. Afterward, the notions of asymptotically lacunary sta-
tistical equivalents are introduced, and their relations are analyzed. By defining
the notions of properly asymptotic statistical equivalent and properly asymptotic
lacunary statistical equivalent in partial metric spaces. Similar studies for double,
triple sequences and even sequences of sets can make important contributions to
the development of summability theory.
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